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7.3 Trigonometric Substitution

O (2) Use z = tan 6, where —m/2 < § < m/2, since the integrand contains the expression /1 + z2

b)z=tanf = dz=sec?0dfand 1+ z2=+/1+tan20 = /sec? = |sec 8] = sec

an’0 sec?0df = /tan30sec9d0.

en [ o= [ g

@ (a) Use z = 3sin g, where —m/2 < 6 < m/2, since the integrand contains the expression /32 — z2

(b) x =3sinf = dz=3cosfdfand

VO —2% = /9 — 9sin?0 = \/9(1 — sin?

= 3 |cosf] = 3cosh

2 27 sin’0 . 3
Then/ﬁdm—/m3cos9d9—/27sm 6deé.

3. (a) Use £ = v/2secf, where 0 < 6 < 7/2 or w < § < 3w/2, since the integrand contains the expression v/z2 — 2

= 1/9 cos28

b) z = V2secd = dz = +/2secHtanfdf and
=2 = /2sec?0 — 2 = /2(sec?0 — 1) = V2tan?0 = /2 |tan 6| = V2 tand

Va?
2 sec?0 3
V2secftan8dd = | 2sec’6db.

Then/ \/____ \/i =

4. (a) Use z = 3 sin§, where —7/2 < 0 < /2, since the integrand contains the expression

(9 — 4 )3/2 43/2( $2)3/2_

b)z = %sin@ = dm:%cos&d@and

(9 - 422)%? = (\/9 - QsinZG)3 = ( 9(1 — sin?6) )3 = (W)B = (3 [c059]>3 = 27 cos®8.

/ 8 sin’ cos 6 d9 / 2 sin®0 sec?6 db.

27 cos 30

23
Then | ——"—odz =
(9 — 422)%/2

5. Let z = sin 0§, where —7/2 < 0 < /2. Then dz = cos 8 d6 and

VIZ 2?2 = \/1 —sin?0 = Vcos20 = |cos §| = cos 6. Thus,

.3
/ S0 s do = /(1 — cos?6) sin 6.d6
cos 6

3
T
dzr =
V1-—x2

é/(l—u2)(—du):/(—1+u2)du=—u+%u3+0

—cosB+%coss6’+C:—\/1—m2+§(\/1—m2)3+0
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SECTION7.3 TRIGONOMETRIC SUBSTITUTION £ 699

6. Let 2 = 3tan, where —7m/2 < 0 < w/2. Then dz = 3sec®6 df and

V9 + 22 = /9 + 9tan?0 = /9 (1 + tan?) = vV9sec?d = 3 [sec §] = 3secd. Thus,

z® 27 tan® 9 o 3
8df) = [ 27tan"Gsechdb

/\/m‘z" / 3secd o ) / an eee X +9

= 27 [ (sec®0 — 1) tanfsec 6 df *

=27f(u2—1)du [u:sec@,du:sec@tanGdG] 6 3

= 27( ud — u) + C = 9sec®0 — 27secd® + C

o3 3 S
=9< m3+9) _ ‘;’ 9 0= %(m2+9)3/2—9\/a:2+9+0
7. Letz = $secl, where 0 < 0 < Zorm < 0 < 3%, Thendz = £ secftanddo
2x
and 422 — 25 = /25sec?0 — 25 = V25tan2 0 = 5 |tan §| = 5tan @ for Jaxt—-25
the relevant values of 8, so s
5
Nz
/‘Mdz:/EtanG 5se<:0tan9d0 /tan29d9
z 5 sect
= 5(tand — 0) +C [by Exercise 7.1.59 or integration by parts }
AT
= 5(——@—5—2—5 — gec™? (2—:)) = v4z? — 25 — 5sec” <§w> +C
@Letm = /2 sin6, where —7/2 < 0 < /2. Then dz = v/2cos8df and
V2 =z? = /2 — 25in?0 = V2 cos?6 \/5[0039[ = /2 cos§. Thus,
o)
/udx:/ ‘/i,c";e\/icosedezfcos 0d9_/cot29d9
z?2 2sin“6 sin®6
2
:f(cscze—l)dﬁz—cote—e-{—c ¥
v2—22 | [ = 4
= —sin™H —= C
p sin (\/i + \/~—~
9. Let z = 4tan 6, where —7/2 < 0 < /2. Then dx = 4sec?0 df and
V16 +x?

V16 + 22 = /16 + 16 tan?0 = /16 sec20 = 4 |sec §] = 4 sec §. Thus, x
J2*V16 + 22 dz = [ 64tan®0 (4sec 6)(4sec?0 df) = 1024 [ tan®0sec®0 df o 7

= 1024 [ tan®0 sec®0 sec f tan 0 df = 1024 [(sec®0 — 1) sec*0 sec§ tanf df

= 1024 f(u2 — 1)'u,2 du [u = sec, du = sec 6 tan 0 df)

5\° 7\3
__1024(5114 ..% >+C= 1()524(\/164+:l: ) _1%24(\/164+:E ) i

s/2f1 16 a/2f1 5 32
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10/ Let 2 = 3sin 6, where —n/2 < 6 < 7/2. Then dwz = 3 cos 6 df

and /9 — 22 = /9 — 95in%0 = V9 cos?20 = 3 |cos ] = 3cos¥. .
9s1n 6 .2 [/
8do =9 6do

/\/~——_-z§ Toosf ———— 3cos /sm ==

:9/—%(1—cos29)d9: 2(0— 3sin26) +C = 20 — 2(2sind cosd) + C

9. a3y 9 =z V92 9./ 1 =

=3 (3) 3’3 3 TC=gsin (3) SRAA

M. Letz =sec,where0 <9 < Zorm <6< 2L, Thendz = sec tan6df
X
and /22 — 1 = v/sec26 — 1 = Vtan = |tan §] = tan 8 for the relevant -1
values of 8, so f]
/—i-———ldmzftane secl tan@de/tan% cos’0 do
T4 sectd

=/sin29cos¢9d9é/u2du:%ua—l—C: —é-sin39+C’

3T\ 3 _1\3/2
(V1Y o 1@ =1
3 z 3 x8

@Let © =36 — z?, 50 du = —2xdz. When z = 0, u = 36; when = = 3, u = 27. Thus,

f \/3—6_—? /2771_;(—%@):-%[2\/17}2:—(@—\/36):6-3\/5

Another method: Letx = 6sinf,sodz = 6cosfdf,z =0 = O0=0,andz=3 = 0 = %. Then

3 T /"/6 6sind /% Gsind =/6
— = ——————————60039d9:/ ——-6cosf)d9=6/ sin 8 df
/o V36 — 22 o /36(1—sin®0) o Bcosd 0

:6[—cos9]o/ -6( +1)—6 3v3

13. Leta::atane,wherea,>0and—§<9<§.Thendm:asec29d9,:c=0 = #=0andz=a =

0 = Z. Thus,

/“ do _/“/4 asec? do _/"/4 asec?0do _ -1-/"/4(:050(19
o (@+2232 " [y [e2(1 +tan20)? Jo aPsec a2 [y

1., %4 1(2 1
=2 [ —a—z(T—‘))—mz-
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14, Lett = dsect, where 0 <0< Jormr <0< %’5. Then dt = dsecf tan @ df and

V12 =16 = /16sec?6 — 16 = 16 tan20 = 4 tan 6 for the relevant

values of §, so ! gy
dt 4sect tanfdo 1 1 1
/t2«/t2 —16 _/ 16sec20 - 4tand “E/secede_ E/cos@d& 9 n
1, 1 /t2 \/t2 - 16
=eindtO=gm— S+C o ¢
_15,‘ Letx =secf,sodx =secl tanfdf,z =2 = §=%,and
=3 = 0=sec™}3. Then : N
3 dz _ /’“_la secd tanfdf /“C_la cos a0 9
s (@—1%3727 [ g tan’0 T .5 sin :
vB/3 VB
= %du=[~}-] ____§ ~2—=—~§\/§+2\/§
Vij2 U u] /a/a IV 3
16, Letz = Zsinf, sodzr = cosfdf,z =0 = 6=0,andz=2% =
2
6 =%. Thus, 3x
2/3 /2 .
vd— 9$2dw—/ ‘/4 9- ~sm29 ~cos(9d9 0 ]
4-9x?

=/ 2cos8 - —cos(?d@- / cos?8 do
o 3 3

4 (71 2f, 1. 1% 2y
=3/, 5(1+cos29)d9—§[9+-2-sm29] —5[(5+0>—(0+0)]—-

0

1/2 \/""“; 0 1/2 1 u=1-4z?,
21— 4z (Jl:r::h/1 u (—-B—du> [du::-&z:dzj'

0

18. Lett = 2tand, so dt = 2sec’0df,t =0 = 6=0,andt=2 = 6=, Thus,

/ " M = K w = /‘Tf/4 secfdf = [ln |sec9+tan9[]“l4
Vi +7§2 o VA4-+4tan?6 0 2secd o 0

=In|v2+1| -Inj1+0]=In(v2+1)

@Letmz3sec9,wher60$9<%orﬂ59<%’5.Then
da = 3sech tan6db and /22 — 9 = 3tan b, so Mm
/12— 2
/ mms gda:: 3tan0 35ec6tau9d0=%/£a—l—l———qd9 6 3

27 sec38 sec?f

=13 [sin®0d0 =3 [ $(1—cos20)df = 10— % sin20+C = 16— Lsinf cosf +C

()R = () B
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20)Letz = tanf, sodz =sec’fdf,z =0 = @=0,andz=1 = 6=7I Then

/1 dv /’f/‘* sec’0df /"/4 sec?d df
o (#4127 J, (tan20+1)2 " J;  (sec26)?
/4 2 /4 1
:/ cos 6d0=/ = (1+ cos26) d6
o o 2

= o+ gom2]S =[G+ -0 = +}

2. Letz =asind, dz =acosfdf,z=0 = O=0andz=a = §=73. Then

a w/2 /2
/ 2 o? — a2 de= / a®sin® 6 (a cos§) acos§ df = a* / sin@ cos?0 d6
0 0 0

/2 4 pn/2 4 /2
=a4/ [L(2sin cos6))® df = a,_"/' sin® 20 d9 = 9——/ 1(1~cosd8)dd
0 4 Jo 4 Jo
4

= %[9— 1 sind6]7/* = %[(% —0) —0] =T

22. Letz = %sinO, so dz = —;—cosede,w =

V3/4 x/3 1 1 w/3 1 /3 1
1—-4da?dz= / 1-—sin?¢ (— cos@dB) =z / cos*0df = —/ =(1+ cos26) do
1/4 w/6 2 2 =/6 2 =/6 2

1 1, "/317r1.27r T 1, w
_.Z[O—}-—z-sm%]w/a—-Z[(§+§sxn-§~)—(E-I-Esxng)]

PP

1{/7 V3 T V3 o
“Z[(§+T>”(E+T>]‘ﬁ
23.Letu=z2—7,sodu=2a:dm.'1hen/%dm=-;—f—i:du:%'2\/?7+C'=\/-’B2-7+C'.
22 —

28) Letu = 1 + 2, so du = 2edz. Then
/-—m——dwzf-l— Lo =}-/u_l/zduzl-2u1/2+C=\/1+w2+C’
Vit Vi \2 2 2

25. Let » = tan 8, where — % < 6 < Z. Then dz = sec® §.df

and V1 + 22 = sec#, so 1+x*
x
Mx o
/ 1+ dm:/secﬁ se029d9=fsece (14 tan® 8) d§ [
z tan@ tand :
= [(csc+sec8 tand) dd

=Inlcscf —cot O] +secf+C  [by Exercise 7.2.41]

2 2 2
=1n‘—————"1;“”——:; + I o=m --———-——"1+;”1}+\/1+m2+c
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2. Letz = $sinf,s0dz = $cosfdf,z =0 = @=0,andz=03 = @=Z.Then
0.3 z /«/s sin 8
L do= [ BT ($cosfdf)
/0 (9= 2522)2/2 o (Vo—9si®0)
9 [™/% sing 1 /% ging . 1 Y32,

- 2_5/0 (3cos8)? cosfdf = 75/ cos?0 0 = ~%/1 u? du
__L[ a2 N 23 o1
ST uf, T 75\V3 225 75

@Letm:%sin&,sodz:%cos@d@,sz = #=0andz=06 = 6=3. Then

/0 9_25m2 3COS 0 £ cos =% | sin .
_T%fo"/z—;-(l—cos%)d@ o250 — 4 sin26]77* 9
. V9 —25x2
=555 ((5 —0) —0] = 5557
28. Let z = tan 6, where —F < 6 < Z. Thendz = sec®6 df,
vaz?+1l=secfandz =0 = 6=02=1 = 6=15,s0 Vai+1 .
fol Va2 +1lde= 0"/4 sec 0 se029d9=f0”/4se039d9 5
/4 1
=1 [sec 6 tan 6 + In|secd + tan 6] ]0 [by Example 7.2.8]
=3[V2-1+In(1+v2) —0-In(140)] = 1[V2+1In(1 + v2)]
29/ dzx :/ z _ 2sec?0 df [m+1=2tan9, ]
) V2P ¥zt s Viz+1)2 +4 Vdtan?0 +4 dz = 2sec?0 df
2
_/?_f;;‘ﬁeiq /sec@d@mlnlsec9+tan9|+01
sec Vx4 2x+5
5 +1
—In v +2m+5+m+1l+01, x
2 o
or 111{\/:1;2+2m+5+z+1[+C,whereC’:01—ln2. 2

30./0 :c-:z:2dm_/ \/%~ (2% —z+ 3 )dx_/ Vi—( —%
\/-1- lsm29~0080d0 @ =3 =gsind,
—n/2 4 4 dzx = —;-cos9d9
/2 /2 2 /2
-—2/0 5c0392c039d0~'5/0 cos 0df = %/0 %(1+c0520)d0

=1[0+isin20];" =1(5) =1
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