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710 O CHAPTER7 TECHNIQUES OF INTEGRATION

7.4 Integration of Rational Functions by Partlal Fractions

A B
O(a) 3)(:1:+5) P R

2z +5 A B Cz+D

Ol ey s gy Sl A ) R B
z—6 A B
O(a) 2+w— (a:+3)(a:—‘2)~a:+3+a;—2
1 1 A B Cz+D
®) m2+a;4—:c2(1+m2) +Z:—i+ 1+ a?
?+4 44 _ z2 44 A B C
3@ x3—322+2m~w(w2—3w+2)na:(a,‘—~1)(m—2)—?c‘+a:——1+:z:~2
2+ A B c Dz+E  Fz+@G
®) e@r 2@ +3F o Zm-1 T @m-12 " P+3 t@rap
5 5 B 5 A4 B Cz+D
‘@ a:‘*—lm(m2+1)(.'1:2~—1)-(a:2+1)(a:+1)(m~—1)“m+1+a:~—1+ 2?2 +1
®) e+l bzl a1
(28 — 1)(2? ~ 1) E-DE+z+Da+)(z—1) @+ 1)(z—1)2(z2 +z+1)
__4 " B + c Dz +FE
z+1 z-1 (z-1)2  z?+z+1
®(a) a1 _ a®+1 _A, B  CotD BztF
22 —z)(zt +222+1)  w(z-D@E2+12 2 z-1 241  (a241)?
z? —z+46 —z+6 A B
(b):z:2+a: 6~1+m2+m——6-1+(m~2)(w+3).—1+w—2+:z:+3
z® 4 2 64
a) m2_4=m + 4z +16+W5 by long division)
A B
=a* + 427 + 16 + ——— T+ 3 )
z* Az -+ B Cz+D Ez+F

R g T sy Rl Byt B M B D

5 A B . .
7. G- DE+d  z-1 + oL Multiply both sides by (z — 1)(z + 4) toget5 = A(x +4) + B(z ~ 1) =
5 = (A + B)z + (4A — B). The coefficients of 2 must be equal and the constant terms are also equal, so A + B = 0 and
= -1, Thus,

4A — B = 5. Adding the equations together gives 54 =5 <& A =1, and hence B

5 1 1
/G—‘_—l)—md’v—/(;_—l +4)dm Injz -1 —Injz+4}+C.
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e-12 2212 AL B \fuiply both sides by s(e — 4) to get o — 12 = A(z—4) + Bz =

8 22—4z wz(z—-4) =z z-4
z — 12 = (A + B)x + (—4A). The coefficients of = must be equal and the constant terms are also equal, soc A+ B =1
and —4A = —12. The second equation gives A = 3, which after substituting in the first equation gives B = 2. Thus,
z—12 3 2
5z +1 A B . . _
9, Gr i D=1 ~ 211 = Multiply both sides by (2 + 1)}{z ~ 1)togetbz +1 = A(z — 1) + B2z +1) =
b2+1=Az—A+2Bz+B = bz+1=(A+2B)z+ (—~A+ B).
The coeflicients of = must be equal and the constant terms are also equal, so A + 2B = 5 and
—A + B = 1. Adding these equations givesus 3B =6 <& B = 2, and hence, A = 1. Thus,
5+ 1 1 2 .
P e d _ — e d = = — .
Gzt )—1) " /(2z+1 + w—l) 2 =3z +1]+2nle 1] +C
Another method: Substituting 1 for z in the equation 5z + 1 = A(z — 1) + B(2z + 1) gives6 =3B < B=2
Substituting —1 forz gives — = —34 & A=1
10. Y -4 + B . Multiply both sides by (y +4)(2y — 1) togety = A2y —~ 1) + By +4) =
(y+49)(2y-1) y+4 2y-1
y=24y— A+ By+4B = y=(2A+ B)y+ (—A+4B). The coefficients of y must be equal and the constant terms
are also equal, so 24 + B = 1 and —A + 4B = 0. Adding 2 times the second equation and the first equation gives us
9B=1 & B=}andhence, A= 2. Thus,
4 1
y 5 ) 4 11
e Yy = —f dy = =1 44+ =--zInj2y—1
/(y+4)(2y-1) v /(y+4+2y~1) y=ghltdtg ghby-1+0
=fihlly+4/+Eh)2y-1/+C
Another method: Substituting § for y in the equationy = A(2y — 1) + B(y + 4) gives : = 2B & B=1.
Substituting —4 fory gives ~4 = —~94 <« A=13%.
2 2 A B . .
@2$2 e Sl g eyl + e Multiply both sides by (2z + 1)(z + 1) to get

2 = A(z + 1) + B(2z + 1). The coefficients of = must be equal and the constant terms are also equal, so A + 2B = 0 and

A + B = 2. Subtracting the second equation from the first gives B = ~2, and hence, A = 4. Thus,

/1——2—(1 —/1 4 2 V= 2o 2lnje+1 1—(21113—21112)—0—21 3
s 202 +3z+1" Jo \2a+1 =+1)%7 |2 0 sy

Another method: Substituting —1 for z in the equation 2 = A(z + 1) + B(2z + 1) gives 2= —-B & B = -2,

Substituting —% forz gives2= 1A & A=4.
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z—4 A B . .
@932—5:1:+6 = m~2+$_3.Multlplyboth31desby(:1:~2)(a:—-3)t0getm~4~—A(:c—3)+B(a:—2) =

z—4=Az—3A+Bz—-2B = z—4=(A+B)z+(~34-2B).
The coefficients of © must be equal and the constant terms are also equal, so A+ B = 1and —34 — 2B = —4,

Adding twice the first equation to the second givesus —A = -2 & A =2, and hence, B = —1.Thus,

'oz—4 Y2 1 1
/0_——_:1;2—5:1:-{—6(1:1:_/0 <$_2—————m_3)dm—[2ln]m~2l—1n[a:—3[]0

=(0-In2)— (2In2—1n3)=-3In2+1n3 [or In §]
Another method: Substituting 3 for z in the equation z — 4 = A(zx — 3) + B(z — 2) gives —1 = B. Substituting 2 for z

gives —2=—A & A=2

13, ! -4 + B . Multiply both sides by 2(z — a)toget 1 = A(zx —a)+ Bz = 1= (A+ B)z+ (—aA).
z(t—a) = =z—a

The coefficients of = must be equal and the constant terms are also equal, so A + B = 0 and —aA = 1. The second

equation gives A = —1/a, which after substituting in the first equation gives B = 1/a. Thus,

/:c_(a:l—_.ajdm:/< 1/a+$£a )d ~*—~1n[a:[+—ln|a:—al+0

1 1 1 1 .
14'Ifa7éb’(m+a)(a:+b)mb~ (z+a—w+b),801fa#b,then
1 1 1 |z+a
/(m+a)(m+b)dm~b_a(ln[m+a| Infe+b) + 0 = ——In| 2284 ¢
If a = b, then ————1———dm-————1—-+C'
o (z+a)? " z+a
2 2 _ _
15, 2 = (@ -D+1 = @rDE—1D+1 =m+1+———1—. [This result can also be obtained using long division.]
z—1 z—1 z—1 z—1

2
Thus,/mm_ldmz/(z+l+———>dm—§m +z+Injz— 1|+ C.

3t—-2 3t+3-5 3(t+1)—5 5 /3t / 5
. == = =3 — . dt = o —
16 S P " 3~ oy Thus, [ S 3= oy )dt =3t —5fi+1]+C.

4y% — Ty — 12 A B .
v —Ty +- o 4 —7y—12= Ay +2)(y - 3) + By(y — 3) + Cyly +2). Setting

17. ==
yy+2)y-3) vy y+2 y-3

y = 0gives —12 = —6A4,s0 A = 2. Settingy = —2 gives 18 = 10B,s0 B = %. Setting y = 3 gives 3 = 15C, s0 C = %

Now

2 gy? 7y —12 /2(2 9/5 1/5)
— S dy= [ (24224 dy=[2Inlyl+ 2|y +2/+ Injy—3
/ly(y+2)(y 5 Gyt [21n]y| ly + 2| ly-3|];

=2In2+ 24+ {Inl1-2In1—In3—}In2
=22+ ¥m2—1m2-fm3=Lm2-m3=2(Bm2-n3)=2{mn$

B 3
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3z +63+2 ~3z—4 . —3z-4 A B oo .
18. o N +(m+1)(m+2).Wr1te GIDEED) —m+1+w+2.Multlplymgbothmdesby(a:+1)(m+2)

gives —3z — 4 = A(z + 2) + B(z + 1). Substituting —2 for x gives 2 = —B & B = —2. Substituting —1 for z gives

—1 = A. Thus,
2 9.2
3z°+6z+2 , 1 9 e B ,
, 22+ 3z +2 dm_/l (3 z+1 z+2>dm"[3” In |z +1] 2111lﬂv+2!]1
=(6-In3~-2In4)~(3-In2-2I3)=3+mh2+mIn3—-2In4,or3+mn3
2 .
9 torl = A B + ¢ . Multiplying both sides by (z + 1)*(z + 2) gives

"GrPE+d) e+l @t Tor2
22 +z+1=A(z+1)(z+2)+ B(z + 2) + C(z + 1), Substituting —1 for z gives 1 = B. Substituting —2 for = gives

3 = C. Equating coefficients of z° gives 1 = A + C = A + 3,50 A = —2. Thus,

1 2 17 1
/M_dw:/( 2 1,3 )dz:[—21n{m+1[————+3ln|3’+2!]
T g +1 0

z+1)2(z+2) z+1 (z2+1)2 =242
=(-2In2-4+3mn3) - (0-1+3m2)=4~5In2+3n3,0or§ +InZ
111(3-'511)) _ A B C . . . _ 1\2 o8
@ Go-D@-17  3o—1 + ] + Go1)p Multiplying both sides by (3z — 1)(z — 1)* gives

#(3 — 5z) = A(z — 1)® + B(z — 1)(8z — 1) + C(3z — 1). Substituting 1 for z gives —2 = 2C & C = -1

Substituting 3 for z gives § = §4 < A =1. Substituting 0 forz gives0 = A+ B~ C =1+ B+1,50B = —2,

Thus,
8 (3 5z) 511 2 1 1 1 7
. (3z~1)(z~1)2dz—/2 [3z—1”z—1”(m—1)2]d‘”—[§ln[3m_1t—2lnlm—1l+m—1 )
=(}m8-2m2+3%)—({l5-0+1)=-Im2—-3l5-1
1 A B C D
— — . . 1 « . 20 2 .
s el T R + L + 1 + R Multiplying both sides by (¢ + 1)?(¢ — 1)* gives

1=A(+1)(t—1)2+B(t—1)%+ C(t —1)(t+1)* + D(t + 1)°. Substituting 1 fort gives 1 =4D <« D=1
Substituting —1 for ¢ gives 1 =4B <« B = 1. Substituting O for¢ gives1=A+B—-C+D=A+ ;- C+ 1,50
1

1 = A — C. Equating coefficients of t* gives 0 = A + C. Adding the last two equations gives 24 = 1 ¢« A =1 andso
2 q 2 1

C = —2. Thus,

. 1/4 1/4 1/4 1/4
/(t?——l)?"/[t+1+(t+1)2“t—1+(t~1)2]dt

1 1 1 t+1 ¢
—4[h1|t+1[ 1 Inlt— 1| ]+C’or ( lt—«l 1—t2)+0
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3224122 —-20 32 +120—20  32®+122-—20 A B C D : .
22, F 82116 (4 —(m_2)2($+2)2—$_2+(m_2)2+m+2+($+2)2.Multlplyboth51des
by (z — 2)%(z + 2)* to get 322 + 12z — 20 = A(z — 2)(z + 2)® + Bz + 2)® + C(z ~ 2)%(z + 2) + D(z — 2)% Setting
z = 2 gives 16 = 16B, so B = 1, and setting x = —2 gives —32 = 16D, so D = —2. Now, using these values of B and D
and setting z = 0 gives ~20 = ~8A +4+8C ~8 & —2=-—A+C (1). Also, setting = 1 gives
—5=—-9A4+94+3C -2 & —4=-3A+C (2). Subtracting (2) from (1) gives2 =24 < A =1, and hence
C = —1. Thus,
32° + 122 — 20 1 1 1 2
ot — 827 + 16 dm’/ (m-2 te-27 w2 (m+2)2>d“’
—lnje—2/— —— —je+2+——+C
= z—2 7 z+2
@ DT~ o1 + Multiply both sides by (z — 1) (z® + 9) to get
10 = A(zz:2 +9) + (Bz+ C)(z — 1) (). Substituting 1 for = gives 10 =104 < A = 1. Substituting 0 for = gives
10=94—-C = C=09(1)— 10 = ~1. The coefficients of the z*-terms in (x) must be equal, s0 0 = A+ B =
B = —1. Thus,
10 1 —z—1 1 T 1
/(m—l)(m2+9)d$ —/(m-1 + m2+9)dm—/(w-1 S z249 x2+9)dm
=Injz— 1] — $In(z® +9) — S tan™ ' (£) + C
In the second term we used the substitution u = z2 + 9 and in the last term we used Formula 10.
322 -z+8 322-24+8 A Bzx+C . . 2
24, Fide - o@id @ + o Multiply both sides by z(z* + 4) to get
322~z +8=A(@®*+4)+2(Bzx+C) = 32°—z+8=(A+ B)z® + Cx + 4A. Equating constant terms, we get
4A =8 <& A =2. Equating coefficients of z gives C = —1. Now equating coefficients of 2 gives A+ B = 3, so
B = 1. Thus,
3z —z 48 2 z-—1 2 T 1
/ 23 + 4z dx_/(;+w2+4)da'_/;+m2+4_ a:2+4dm
=2In(z) + 1 In(z® +4) — L tan™'(£) + C
® —dr+1 3z—5 . 3z -5 A B _
25, o Py z+ 3+ CESCEDk Write G-DE-2  s-1 + 5 Multiplying

both sides by (z — 1)(z — 2) gives 3z — 5 = A(z — 2) + B(z — 1). Substituting 2 for z
gives 1 = B. Substituting 1 for z gives -2 = —A << A = 2. Thus,

0 .3 0
/:_L‘__L_lfi.ldm:/ <m+3+i+_i_>dm=[%w2+3m+21n|m~1l+ln[m—2]]

0
132 —-3z+2 -1 z—-1 =z-2 —~1

=(0+04+0+In2)— (3 -3+2In2+In3) =% -In2—In3,0r2 —In6
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