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11 [0 SEQUENCES, SERIES, AND POWER SERIES

11.1  Sequences

1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers.

(b) The terms an approach 8 as n becomes large. In fact, we can make a,, as close to 8 as we like by taking n sufficiently

large.

(c) The terms a» become large as n becomes large. In fact, we can make a,, as large as we like by taking n sufficiently large.

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a, exists. Examples: {1/n}, {1/2"}

n—o0

(b) A divergent sequence is a sequence for which lim a,, does not exist. Examples: {n}, {sinn}
00

3. an =n® — 1, so the sequence is {1® — 1,2° —1,3% - 1,4* - 1,5 - 1,...} = {0,7,26,63,124,.. .}.

4 a 1 so the sequence is ! 1 1 1 1t 11 1
TP T g4 1’ 4 314173241733 +173441°354+17"""f 7 147107287827 244" "

5. {2" 4+ n}32,, so the sequence is {2° +2,2° +3,2* +4,2° +5,2° +6,...} = {6,11,20,37,70,...}.

(%],
e so the sequence is
n?+1 } ’

n=3

{32—1 42-15-16"-17-1 }w{s 15 24 35 48 }

3T +1’42+1'52+1'62+1° 72417 10°17°26°37°50" [

(...]_)"_1 .
1. an = ~—%5—, so the sequence is
n

{(—-13;—1, <~12>j“, (—gj‘l, (—g“l, <~?j“,...} _ {1,_71,.;,__1. L }

5o _ (D

. anp = I so the sequence is

{(—1)1 (=1)® (=1 (=1)* (-1)° }
T 0Tz g3 a0

_f11 1.1 1
- 4’16 64’256 1024’ " [°
9. an = cosnm, so the sequence is {cosw, cos 2w, cos 3w, cos4dn, cos 5, ...} = {-1,1,-1,1,-1,...}.

10. an =1+ (—1)",sothesequenceis {1 —1,14+1,1—-1,1+1,1-1,...} ={0,2,0,2,0,...}.

n

1. a, = M, so the sequence is

2! (2° (2’ (2* (2° \_f 24 8 16 3 \_f 2 12 2
20 ' 3t > 4 5 8 T 276> 2471200 7207 f '3’ 8’15’ e

2n+1
n!+1

12, ap =

so the sequence is 2+14+1 641 8+1 1041 = §§Z_9-_1_1.
’ q 23T

141°241°64+1"2441"1204+1""""
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1040 [J CHAPTER11 SEQUENCES, SERIES, AND POWER SERIES

Bar=lan1 =2+l a2=2a1+1=2-1+1=3. a3 =2a2+1=2-3+1=T7T.as=2a3+1=2-7+1=15.
as = 204 + 1 ==2.15+ 1 = 31. The sequence is {1, 3,7,15,31,...}.

- T O @ _6_ _%_3_ 1
14. a1 =6,an41 = o 2= ~1—~6- as =3 —2-3. w =3 —3—-1. as = =7
The sequence is {6,6,3,1,,...}.
5. 01 =9 a _ an o = ay _ 2 __2_ s = aQ _ 2/3 ___?_ ay = as - 2/5 __g
T T e T T e P T Tvar 142 3 P T 1¥a 1+2B8 5 T 1xas 1+2/5 T
as 27T 2

as = The sequence is {2, 3, 2,2,2,...}.

T+as 1+2/7 9

16. a1 = 2, a2 = 1, Gny1 = Gn — an—1. - Each term is defined in term of the two preceding terms.
ms=a-—u=1-2=-1 au=a—a=—1-1=-2 as=as4—az3=~-2—(-1)=—1L
The sequence is {2,1,-1,—2,—-1,...}.

17. {3, 3. % 4. 55, ---}. The denominator is two times the number of the term, n, 50 @, = o

@ {4, -1,%, -%. & .} THeﬁrstterm is 4 and each term is—l‘times the preceding one, so a :4(—3)"_1

> —h 3 Ti6 84 S 1 p g one, n 1 .
19. {-3,2,-%,2,—45,...}. Thefirst term is —3 and each term is —2 times the preceding one, so an, = —3(—%)"‘1.

20. {5,8,11,14,17,...}. Eachterm is larger than the preceding term by 3,50 an =a1 +d{(n — 1) =5+ 3(n~ 1) =3n + 2.

2. {3,—%,2,-%,%, ..}, The numerator of the nth term is n® and its denominator is » + 1. Including the alternating signs,

nti1 n?
we get an = (—1) peEE
b s . nT (n—1)w
2. {1,0,-1,0,1,0,-1,0,...}. Two possibilities are an = sin —- and an = €08 "=
3n a
23. n=-—" "
n|a T on
0.51 e & & o o s & o
1 0.4286 04t * °
2 0.4615
3 0.4737
4 0.4800 e
5| 04839 3 0
6 0.4865 It appears that lim a,, = 0.5.
7 0.4884 (3n)/ 5 5 )
i —— L0 7 AL P . S
8 0.4898 A T 6 A T 6n)n A T/mt6 6 2
9 0.4909
10 0.4918
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4n*~3n (4?2 —-3n)/n®  4-—3/n 4-0
29, a, = CRCE @ ¥ 1)/ 2+1/ 2,soan—»2—_—‘_—6_2asn——>oo. CorTverges
4n® —3n  (4n®—-3n)/n  4n—3 . . . 1
0. an = mtl - (@ntl)/n —2_{_1/”‘,50%——>o<>asn—>oosnrxcenl—lq’n;o(4n—3)—ooandnli'n;o 2+; =2
Diverges
@ = nt = n'/n’ = o S0 an — 0o asn — oo since lim n = co and
TS Zon T (P 2n)/nd | 1-2jn2> 0 0n oot

N OO

lim (l - %) =1-0=1. Diverges

2. a, =24 (0.86)" — 2+ 0=2asn — cosince lim (0.86)™ = 0 by (9) with» = 0.86. Converges

B.a,=3"7T"" ?n (—3) ,80 lim an = 0 by (9) withr = % Converges

o, - 3 __3YA/VE 3 3

= — =3asn — oo. Converges

T Vn+2 T (Va+2)/vm 142/ 140

35. Because the natural exponential function is continuous at 0, Theorem 7 enables us to write

lm ap = lim e V/V7 = e YVR _ o _
T OO TLd OO

g 479 (4/9)" 0 . (4N
a"“1+9n (14_971)/‘(“_(1/9)n+1—-»O_*‘l“.Oasn——>oosmcenll)nolo 5 =0 and

lim <%> = 0by(9). Converges

Converges

n—300

14 4n? (1 +4n?)/n? (1/n?) +4 . . 2
. Qp = = = 4 =92 =0.
e an =\ T =\ Trmmym — | @y 1~ VA= 2esm — oosines lim (1/n%) = 0. Converges

38. an:cos(ﬁj> co! (%) s(l—fm)soan——»cosvr:—lasn—aoosincenl_i_,noxcl/nzo.

Converges

n?  a*Amd vn
Vi +dn B FdniNn®  \1+4/n2

lim 4/1+44/n? =1. Diverges

39 a, =

S0 an — oo asn — oo since lim /n = co and
n—oo

40. If b, = —1-2—235 then nhm by, = nli)ngo % = nan;o I +22 /n 2 = 2. Since the natural exponential function is

2

continuous at 2, by Theorem 7, lim e/ ("+2) = glimn—cobn — 2 Converges
n—oo

1

n—voo ’nl/2

. lim |an] = lim | Y

1
==(0) = li n = .
n__m N 3 (0) =0, s0 Jim an =0 by (6). Converges

~ L1y
2
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_1yn+1
42. lim n/ n i ! 1 1. Thus, a, = (——Q———ﬁ has odd-numbered terms

n
= lim = 1 ey | T e T

that approach 1 and even-numbered terms that approach —1 as n — oo, and hence, the sequence {a,,} is divergent.

43. ap, Gl ) (2n— 1)! = ! — 0asn — oco. Converges
T @D T @n+ )R)(2n—1)  @n+1)(20) : g
a _ lan_ __ Inn (nn)/lnn _ 1 — ! _ lasn — oo, Converges
"Th(n)  Wm2+hn  (m2+lhn)/me BZ1p 041 ' g

45. a, = sinn. This sequence diverges since the terms don’t approach any particular real number as n — oco. The terms take on

values between —1 and 1. Diverges

tan—1
46. an = ann " lim tan~'n = lim tan"'z = g by (4),s0 lim a,, = 0. Converges
n-—00

n-—rod &b OO

n? 22 g 2z § 2 .
an =nle " = peg Since hm — = lim — = lim — ==, it follows from Theorem 4 that lim a. =0. Converges

—00 €% z—o0 % L-r 00 € n—oo

4. 0, =In(n+1)~Inn=1In (n : 1) =]In (1 + %) — In (1) = 0 as n — oo because In is continuous. Converges
cos?n 1 . 2 . 1 cos?n
49. 0 < o < o [since 0 < cos®n < 1], sosince lim o = 0, {———2:——} converges to 0 by the Squeeze Theorem.

50. a, = Yol an — (21+3n)1/n — (212311)1/71 — 21/1123 = 8. 21/71.’ so

lim an =8 lim 2'/™ = 8. 2!mn—w(l/7) — 8. 9% — 8 by Theorem 7, since the function f(x) = 27 is continuous at 0.

T OO n—oQ
Converges
51. an = nsin(l/n) = _s_xg_(_l_/_@' Since lim sin(1/) = lim sint [where t = 1/z] = 1, it follows from Theorem 4
1/n z—oo 1/z t—0+ ¢

that {a,} convergesto 1.

CosnNmT

52. ap = 2 " cosnm. 0 < | }_ o (%) ,50 lim |an| = 0by (9), and lim an = Oby (6). Converges

53y = (1—’;—2) = lny:mln(l-}—g),so
x z

1 2
. o Im(1+42/z) W (1+2/z> (‘335) _

=
: 2 ¢ In 2 " 2

lim {1+ p = lim e™¥ = €2, so by Theorem 4, hm 14+ —] = Converges

T—00 Td OO

54 y =2/ = lnymllna:,so hmlny—hm——mglim}ﬁzlimlzo =
T

T—0 T T—00 z—00 T

lim /% = lim e™¥ = =1, so by Theorem 4, lim n'/™ =1. Converges

00 00 n-—00
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on? +1 2+ 1/n
. 2 . 2 et -
@an—ln@n +1) = In(n®+1) 1n<n2+1> ln(1-5—1/712

2
56, lim U220 B w =2 lim 1—"55 L9 lim 1—{-”9 =0, so by Theorem 4, lim

) — In2asn — co. Converges

2
g—n—n—)~ = 0. Converges

T OO T T OO =00 T OO

57. an = arctan(Inn). Let f(z) = arctan(lnz). Then lim f(x) = % since Inz — oo as z — oo and arctan is continuous.
T—00

Thus, lim @, = lim f(n) =%. Converges

n—oo

—vVn2+dn+3 n+vnZ+4dn+3
8. an=n—vntivati=n— V2 tdn +3 = = .
a n n 4 n n n? 4+ 4n 1 Y o

_nP=(n*+4n+3) —4n —3 _ (—4n —3)/n B —4—3/n
n+vVrR2+dn+3 n+vVrPt+dn+3  (n+vRit+dn+3)/n 1++/1+4/n+3/n2
so lim a, = —4-0 o Converges

nioo ™ T 14 /IF0+0 2

59. {0,1,0,0,1,0,0,0,1,...} diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to

either value (or any other value) for n sufficiently large.

1 e . .
6. {1,3,3, 15,5 5.%...}. aen-1==andaz. = for all positive integers n. lim @, = 0 since
n n n—oo

+2

lim agp—1 = lim 1 =0and lim ag, = lim L 5= 0. For n sufficiently large, a,, can be made as close to 0

n-—s00 n—oo N n—oo N

as we like. Converges

nl 1 2 3 n—1) n_1 n n )
Oy TR oo TI o e e 4 e e L S— S e T e —3 —s 3 n 3
Man=oo=553 3 525 g lorn>1] == —coasn — oo,50 {an} diverges
3 3 3 3 3 27
T [ bi _—— — —
m-1 n12n [forn > 2] o™ 0as n — oo, so by the Squeeze

From the graph, it appears that the sequence {a,} = {(—1)" #1-} is
divergent, since it oscillates between 1 and —1 (approximately). To prove this,

suppose that {a, } converges to L. If b, = E—L:-—l_’ then {b, } convergesto 1,

and lim 22 = L_ L.Butle = (-1)",s0 lim 2% does not exist. This
n—oo by, 1 by n—oo by,

contradiction shows that {a, } diverges.

From the graph, it appears that the sequence converges to 0.

sinn

1
n g = < -"" i n —_— . N i
lan| " W Sn so nlin;o|a | = 0. By (6), it follows that
lim a, = 0.
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