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11.3 The Integral Test and Estimates of Sums
. h 1 1y y
1. The picture shows that ag = 5 < ) —iE T,
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The integral converges by (7.8.2) withp = 1.5 > 1, so the series
converges.
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2. From the first figure, we see that ff f{z)dz < 3 ai. From the second figure, we see that 3 a; < fls f(z) dz. Thus, we
i=1 1=2

6 5
have 3" a: < [} f(z)dz < 3 ai.
i= =1
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3. The function f(z) = =2 is continuous, positive, and decreasing on [1, co), so the Integral Test applies.
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Since this improper integral is convergent, the series Z n~% is also convergent by the Integral Test.

n=1

4. The function f(z) = z =% is continuous, positive, and decreasing on 1, o0), so the Integral Test applies.
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/ z7%%dz = lim z7%%dz = lim [m } lim (t ! ) = 0.
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Since this improper integral is divergent, the series Z n~%3 is also divergent by the Integral Test.

n=1

@The function f(z) = —5?2:—1- is continuous, positive, and decreasing on [1, co), so the Integral Test applies.

/°° 2 dz = lim T2 dz = lim gln(Sat:—l)t—lim 2ln(5t——1)——2—1n4 = 00
1 5z —1 T teo 1 5c—1 T oo 5 l_t—.oo 5 5 - :
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Since this improper integral is divergent, the series Z —5;2_—1 is also divergent by the Integral Test.
n=1

0 The function f(z) = Zgz——l——lF is continuous, positive, and decreasing on [1, o), so the Integral Test applies.
1 . 4 ) 1 Y A 1 1 1
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Since this improper integral is convergent, the series Z ~(§;L—_1_——i—)—4 is also convergent by the Integral Test.

n=1
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12, 3 n 70990 = Z T ;999 is a p-series with p = 0.9999 < 1, so it diverges by (1). The fact that the series begins with

n=3

n = 3 is irrelevant when determining convergence.

1 1 1 1 | . L .
13. 1+ 3 + 7 + ol +T§5 = n{:l;g. This is a p-series with p = 3 > 1, so it converges by (1).

11,1 1 1
14'3+7+§+'1_1+I§+' meeﬁmctlonf()

3 is continuous, positive, and decreasing on [1, oo},

so the Integral Test applies.
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/1 2a:+3dm_t1_1.1§°/1 2$+3dm—t1.§§o [5 ln(2m+3)]1 —}_1}27 [5 ln(2t+3)——§ln5] = 00, S0 the series
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’1}::1 i3 diverges.
15, = .:,. + — + 4 ! )= ! is continuous, positive, and decreasing on
377 5 19 T &A1 Tdz-1 » POSIEVG, €

[1, 00), so the Integral Test applies.
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/1 g de=lim [ ——do= lim [4 In(dz — 1)}1 = lim [4 In(4t — 1) — 4 1n3] = 00, 50 the series

t-—00 1 T — 1 t—o0
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nz=:1 4n1— T diverges.

1 1 &
16. 1+—+ o= e e = . This is a p-series with —3>1 so it converges by (1).
2/2 3f 4/4 55 n=1 n\/_ n; P P ges by (D
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b -% =4% —1—2 is a constant multiple of a convergent p-series with p = 2 > 1, so it converges. The sum of two
n n

ne==1 ne==1

convergent series is convergent, so the original series is convergent.
18, The function f(z) = T8 8 continuous and positive on [1, co).

fi(=) = = 2% 2 2 <0Oforz>1,s0fis
(1 + 2372)2 (1+ 23/2)2 2\/5(1 + 3/2)2 =

decreasing on [1, 0o), and the Integral Test applies.

{e o] . ‘ .
= Hm / ‘/_ dz = hm [ In(1 4+ :1:3/2)] 1 [ substitution o ]

Y 3/2 tr 00 3/2 withu =1+

. 3/2
:tl_ggo [gln(l—]—t 2y — %1112] = 00,
= N .
so the series E —t— diverges.
n=1 1 + n3/2
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is continuous, positive, and decreasing on [1, 0o}, so we can apply the Integral Test.

@ The function f(z) = = + 1

© 1 . t o M1 =z 1 ift a1
—_—  dr=1 —d = St 2 == 2N z
/1z2+4dm tlf&/l Zra® tl-’."é‘o[z an 2}1 g g, ten (g) ~ten {3
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Therefore, the series Y

1
Z m converges.

20. The function f(z) = is continuous, positive, and decreasing on [1, co), so the Integral Test applies.

1
z2 + 2z + 2

© 1 . t 1 . t
/1 P R / Gy e = dim [avctan(z + 1]
hm [arctan(t +1) —arctan?2] = 5 — arctan 2,

so the series Z converges.

2+2n+2

3

T . . P . . .
=7 is continuous and positive on [2, 00), and is also decreasing since
T

21. The function f(z)
(@' +4)(32%) —2®(4e®) 122° — 2% (122!

Y] ( ) 4 o~
fl(z)= @+ 07 = AR T (e < Oforz > ¥12 =~ 1.86, so we can use the

Integral Test on [2, c0).

0 3 i 3 t
/2 $4+4dm—thL $4+4dm~ lim [ 1n(z‘*+4)]2 = lim [%ln(t4+4)—%ln20] = 00, 50 the series

e n3 o0 TL3
i i <ot di IL.
nz=:2 AT diverges, and it follows that n};l s, diverges as we
. 3z —4 2 1 . ) ) _ N ' o
22, The function f(z) = P T + P [by partial fractions] is continuous, positive, and decreasing on [3, o) since it

is the sum of two such functions, so we can apply the Integral Test.

©3zx—4 . ) 1 T L -
/3 g de=jm | {“%-2] dm_tli'n;[21na;+1n(x-2)]3__tlgg[21nt+1n(t—2)—21n3}_

t— o0 T

The integral is divergent, so the series Z —:% is divergent.
n=3 T
23 f(z)= ! is continuous and positive on |2, 00), and also decreasing since f’(z) = 1tz < 0 for z > 2, so we can
’ T zlnz P e g T 22%(lnz)? ’
<1 . 1 .
use the Integral Test. /2 poy o dz = tlgg) In(lnz)f = hm [In(Int) — In(In 2)] = oo, so the series n;z g diverges.

24, The function f(z) = ~— 2 is continuous and positive on [2, co), and also decreasing since

2%(1/z) — (nz)(2z) z—2zlhe 1-2hz 1/2

@) = por = = < Oforz > e/* = 1.65, so we can use the Integral Test

f'(=) =
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