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1092 O CHAPTER11 SEQUENCES, SERIES, AND POWER SERIES

21. (a) A series ) an is called absolutely convergent if the series of absolute values Y | |an| is convergent. If a series is absolutely

convergent, then it is convergent.

(b) A series 3 an is called conditionally convergent if it is convergent but not absolutely convergent; that is, if > a,

converges, but 3 |a, | diverges.

(c) Suppose the series of positive terms 3, b, converges. Then 3 [(—1)™ by| = >~ |[bn| = 3 by also converges, so

> oo 1 (—1)™ by, is absolutely convergent (and therefore convergent).
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1 . > 1. . .
= Z — . Since ) —; is a convergent p-series [p = 4 > 1], the series ), 5
n n=1 T n=1 N

2. Z lan| = Z

=1

is absolutely
n=1

convergent.

1 . . (—1)=!
23, b, = —= > 0forn > 1. {b,} is decreasing forn > 1, and lim = (), so the series St converges by the
Ve {ba e lim - 2, g comenssty

oo
_ 2
Z is divergent since it is a p-series with p = : <L

=)t
Vn?

Alternating Series Test. Also, observe that Z

n=1

_1\yn=1
Thus, the series }: L_)__ is conditionally convergent.

=1 Vn2

does not

» n? 1 1 n
I = lim ———— = ——— =1 Lim (—1)**+! ; i qynt1
O Since Jim nhm T¥i/m =150 # 0 and Jim (—1)™** does not exist, nhm (-1) T

o0
exist, so the series 3 (~1)"*!

n=0

n . .
o diverges by the Test for Divergence.

25. b,

= 5n]:+~ 7 > 0forn > 1, {bn} is decreasing forn > 1, and nlingo b, =0, so 712::1 é;? 1 converges by the Alternating

. . 1
Series Test. To determine absolute convergence, choose a, = -~ to get

an . 1/n o+l e 1 . . . .
nango 3= nli'n;o Gnt D) A ——— = 5>0,s0 ngl o diverges by the Limit Comparison Test with the
. . R ) g .
harmonic series. Thus, the series > — 1 conditionally convergent.
n=1
26. i LI {2 —"__ Use the Limit Comparison Test with a,, = —" _ andb, = 1
=n?41 i n?41 n?2+1
e m/e+D) w11
A = e s e T I e T 10

Since Z is a divergent p-series [p = 1 < 1], the series Z _—T-L%:i also diverges, and hence, the negative of this series,

n=1T

o0

by

™ diverges
a2+ £es.
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,‘_/'
27, i lan] = i O i ! Since 1 — and Z 1s a convergent p-series [p = 2 > 1], the series
n=1 " n=1 7'1«2+1 n=1 n2+1' n2+1

00 00 —1\n
1 is convergent by the Direct Comparison Test. Thus, (=1 is absolutely convergent.
2 + 1

n=1 T n=1 n?+1
sinn 1
28.0< o < 5z forn > 1and Z — is a convergent geometric series [r = — < 1],s0 Z 2 converges by direct
n=1
2. sinn
comparison and the series Z on is absolutely convergent.
n=1
2si .
28.0< ‘_1_—%;7_15521_3 3 5 forn > 1and3 Z — is a constant times a convergent p-series [p = 3 > 1], so Z l_i%_:}_n_n
n=1 T n=1
1+ 2sinn
converges by direct comparison and the series Z — 3 is absolutely convergent.
n=1
o<
bn = n27—z+- 1> 0 forn > 1, {b,} is decreasing forn > 2, and nl—l-l;%o bn =0, so ngl(--l)"'l nQT—L}— 7 converges by the
Alternating Series Test. To determine absolute convergence, choose a, = % to get
1 ? .
nli’n;c %; = nllooo —n-‘-/—(;l—é—%jl)- n;oo n n_: 4 = nlgrolo 1+4/n’ =1>0,50 Z + 1 diverges by the Limit

OO
Comparison Test with the harmonic series. Thus, the series S (~1)"7?1 2”
n

n=1

1 is conditionally convergent.

M > (;117)1 converges by the Alternating Series Test since lim 1 = 0 and {El_ﬁ} is decreasing. Now Inn < n, so
=2 n—

oo Inn
o > ! , and since )" % is the divergent (partial) harmonic series, Y, — o dlverges by the Direct Comparison Test. Thus,
n=2 n==2

i (=1)" is conditionally convergent.

s Inn
n s n
32 by = ——— > 0 forn > 1, {b,} is decreasing forn > 2, and lim b, =0, so —1)" —=—= converges b
L iy =050 £ (-1 g cnversty
the Alternating Series Test. To determine absolute convergence, choose a, = —\-/1——_ to get
n

. n . 1 nd4+2\ .. vni42 2 . .

nango e nll’n;o <_n . _—n-—_> = T}LH;W = nlgrée 1+ 5= =1>0,s0 Z ‘/_____ diverges by limit

x 1 o n
comparision with the divergent p-series —_— = 1 < 1]. Thus, —1)* —==—— is conditionally convergent.
p gent p Py p=3<1] 2 (1 s y g

33 a, = :(;OSTWF (__ )n

= (—1)"bn. {bn} is decreasing forn > 1,and lim b, =0,s0 ), CORTT converges by

3n + 2 +2
the Alternating Series Test. To determine absolute convergence, use the Limit Comparison Test with a, = o

[continued]
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37. The series 5
— n
n=1

1 1
. 3 of I . . 1 PN S
satisfies (i) of the Alternating Series Test because ~————-—(n 16 < 5 and (ii) nlingo o 0, so the

series is convergent. Now bz = —15 = (0.000064 > 0.00005 and bs = 615 ~ 0.00002 < 0.00005, so by the Alternating Series

5
Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to get the

sum to the desired accuracy.)

e (=)= D . . 1 1
38. The series 112::1 = ’;1( 1) o satisfies (i) of the Alternating Series Test because CFSEEs < e and
1 1 . 1 1
(ii) nh_)rr;(> e 0, so the series is convergent. Now bs = 55 = 0.0008 > 0.0005 and bg = 53 = 0.0002 < 0.0005,

so by the Alternating Series Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to

add the first 5 terms to get the sum to the desired accuracy.)

“—5 5 satisfies (i) of the Alternating Series Test because CEm = < —ign and (ii) nll.néo

n22

e 2 D
39. The series Y =0,
n=1

n22n
. 1 1
so the series is convergent. Now bs = 58 = 0.00125 > 0.0005 and b = 596

Series Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to

= 0.0004 < 0.0005, so by the Alternating

get the sum to the desired accuracy.)

& 1\" o 1 1
. i —=1] = —1)"— satisfies (i) of the Al ting Series Test —e < — and
40, The series n§=:1 ( n) "Z;:l( 1) — satisfies (i) of the Alternating Series Test because R < o an

(i) lim ;z}; — 0, 50 the series is convergent. Now bs = 5—15 — 0.00032 > 0.00005 and b = 6i6 ~ 0.00002 < 0.00005, 50

by the Alternating Series Estimation Theorem, . = 5. (That is, since the 6th term is less than the desired error, we need to add

the first 5 terms to get the sum to the desired accuracy.)

1 1
#. b = g7 = g5ggg ~ 0000025, 50
0 (—I)HN _ 3 ("l)n____l _];___l-N_
n2=:1 @n)t % _HZ::I @n)l T3 t51 g 0.459722

Adding b4 to s3 does not change the fourth decimal place of s3, so by the Alternating Series Estimation Theorem, the sum of
the series, correct to four decimal places, is —0.4597.
@t oLl L, 1 1 1 1 1 11 085552 Subtracting bro = 1/10° f
'ngl_nT—NSQ_IG-—.2—6—+3_6—E+5§—§+%—8—6+§EN .985 552. Subtracting bio = 1/10° from so
does not change the fourth decimal place of sq, so by the Alternating Series Estimation Theorem, the sum of the series, correct

to four decimal places, is 0.9856.

i 1,2 3 4 5 .
> (-D)rtne ™ x5 = ~% 5~ 5t~ o &~ ~0.105025. Adding bs = 6/e'” = 0.000037 to s5 does ot
n=1

change the fourth decimal place of s5, so by the Alternating Series Estimation Theorem, the sum of the series, correct to four

decimal places, is —0.1050.
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