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(b) The interval of convergence of a power series is the interval that consists of all values of « for which the series converges.
Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a}, (ii) all real numbers; that is,
the real number line (—o0, 00), or (iii) an interval with endpoints  — R and a + R which can contain neither, either, or
both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of

convergence.

mn-{»l

= lim

n—eo

—| = lim

Ifa, = — then lim .
n+1 zn n—co

o0

Qn

ne . 1 .
ml = nllm (1 y [m]) = |z|. By the Ratio Test,

oo T . .
the series =, converges when || < 1, so the radius of convergence is R = 1. Now we’ll check the endpoints, that is,

=1
- N - o (=Dt
z = +1. When z = 1, the series ) - diverges since it is the harmonic series. When = = —1, the series )
n=1 n=1 n

converges by the Alternating Series Test. Thus, the interval of convergence is [~1,1) .

@If an = {(—1)"na", then

"

Qnt1
an

Lm

n—oo

( 1 n+1(n+1)$n+1
(=1)" na

l( 1) ' lim {(14— %)lx[] = |z|. By the Ratio Test, the

n-&oo n-—boo

o
series ) (—1)"nz™ converges when |z| < 1, so the radius of convergence R = 1. Now we’ll check the endpoints, that is,

z = +1. Both series Y (—1)"n(+1)" = > (F1)"n diverge by the Test for Divergence since Lim |(F1)"n| = oco. Thus,
n=1 n=1 n—oo

the interval of convergence is I = (—1,1).

/ n+1
. Ifa, = /nz", then lim Intll = lim vntle™ | lim n+la: = lim 1/1-{——1- |z| = |z|. By the Ratio
n—oo | QAn n—oo \/ﬁz" n—oo n n—oo n

oo O
Test, the series Y /na™ converges when |z] < 1,s0 R = 1. When z = +1, both series > /n (£1)" diverge by the Test
n=1 n=1

for Divergence since lim |v/n (£1)"| = oo. Thus, the interval of convergence is (—1, 1).
n—oo

—1)*z™
. Ifan = '(-"'\3/-2-5"—"', then
e . (=)rtigntd ¥ (-Dz¥n 1 .
— =1 . PO A S S 3f = .
e i B I 7mar A e ey Rl ey i {/ T3 17m o1 = lal. By the Ratio Test,

L& (=1)"a" A e B I .
the series ) , ~— —=— converges when |z| < 1, so R = 1. When z = 1, the series ), converges by the Alternating
n=1

\3/5 ’ ’ n=1 \3/:’;
Series Test. When z = —1, the series Z dlverges since it is a p-series (p = :l; < 1). Thus, the interval of convergence
n=1
is (—1,1].
n o, N T N B L R Vi i n+1 | 1 |z
.Ifan—‘gga) ,thennli’n;o “‘*GT:" mnlzar{olo ———-s—n_rl—_‘m —nLII;o - T nli»m - 57’L l f—— Bythe
Ratio Test, the series Z —- & converges when 15—‘ <1 « |z| < 5,50 R=5 Whenz = =5, both series
n——l
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> n(:;:5) Z (£1)™n diverge by the Test for Divergence since hm |(£1)"n| = co. Thus, the interval of convergence
n=1 n=1
is (—5,5).
5" e . |5ttt g n . 5
8. Ifa, = — z", then 1 =1 P e | = = .
S e Y S T n+1w 3320 Hl/,,, le] ) = 8lzl. By
the Ratio Test, the series > —E;—L—:z:" converges when 5|z| <1 & |z] < —,50 R= <. Whenz = - the series Z ;
n=2 n=2
. N . S 1 = G B L . .
diverges since it is the (partial) harmonic series. When z = — 5 the series Y .- converges by the Alternating Series
n==2
. . 11
Test. Thus, the interval of convergence is {—-5—, g).
n n+1 n
T An4-1 T n3 l '
8 Ife, = li = 2 — Lm
a Tl3 then nl—{%o an n—oo (TL - ]_) 3"+1 frAdd n—vH;o n—oo (3 + 3/n 1 ‘)

z" z =N
the Ratio Test, the series Z — converges when 13—! <1 & |z]<3,50R =23 Whenz=3,theseries ) ~ diverges
ne=l

ne=1

. L& (="
since it is the harmonic series. When z = —3, the series (1)
n

n=1

converges by the Alternating Series Test. Thus, the

interval of convergence is [—3, 3).

10. fa, = —2
¥

1 ", then

(n+Daz™ n+1]

an41 .
n+1)+1 mnazv

an

lim

n—ec

= lim

n—eQ

n? +2n+1 - Im 1+2/n+1/n? 2] ) = Ja|
n2? +2n —n—voo 1+2/7’L - ’

T OO

o0 o0 1 n
By the Ratio Test, the series > z™ converges when |z| < 1,s0 R = 1. When z = =1, both series Y, n{+1)
n=1 T+ 1 n=1 N+ 1

diverge by the Test for Divergence since lim

n—oo N

i 1= 1#0and lim nTE::)l does not exist. Thus, the interval of

convergence is (—1,1).

" . a . 2n . 2—-1/n .
GDIfan =5 1,then Jim = lim (Qn—i— I [m[) nler;o <2+ 1/n ]m[) = |z|. By

the Ratio Test, the series E — converges when |z] < 1, s0 R = 1. When = = 1, the series E

n—l n=1

fed
direct comparison with }: 2i since ——— o ! 2i and % > % diverges since it is a constant multiple of the harmonic
n=1 n=}1

2"t 9ap—1
2n+1 fiidd

n—0o0

an

n

—3 diverges by

(=2
series. When o = —1, the series Z ( ) ] converges by the Alternating Series Test. Thus, the interval of convergence

is[—1,1).
2. 1 an = T ihen
n
. lant . (=)rrigntl n? (~1)zn? n \’ 2
—— ] . = e | - 1. = [x].
nh—»ngo an nli;ngo (n + 1)2 (—1)":1:" n—oo ('n, + 1)2 n—o0 n+1 lm[ [:El ':LI

[continued]
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_ 1\ _1\n
By the Ratio Test, the series Z g——»)— converges when |z} < 1, so R = 1. When « = 1, the series Z ( ) converges
n=1 n=1
. . oo & 1 . .
by the Alternating Series Test. When x = —1, the series ) oo} converges since it is a p-series with p = 2 > 1. Thus, the
n=1

interval of convergence is [—1, 1].

n

13. Ifay = ?—— ,then lim

n—ee

z"t nl
(nr1)l zn

a

. 1
n+1]—[m[nlingom—lw]-O—0<lforallrealm.

im = lim
an Tk OO T OO

So, by the Ratio Test, R = oo and I = (—o0, 00).
Here the Root Test is easier. If a, = n"z", then lim /lan| = lim n|z| = oo ifz # 0,50 R =0and I = {0}.

n

T
15. If a, = ;{4—5, then

nt1 4 4 4 4
. langa] T nt4 . n T . n l=| .4 |=| =]
i |22 = i || = i [ 1] = () T = =
z" || o2l
Ratio Test, the series E — converges when — T < 1 & |z] <4,s0R =4 Whenz = 4, the series ), o
n=1

o0 —_ n
converges since it is a p-series (p = 4 > 1). When z = —4, the series ) ( ni)

n=1

converges by the Alternating Series Test.

Thus, the interval of convergence is {4, 4].

nt1| lim 2n+l(n+ 1)2$n+1
- 2mn2gn

Qn Nt OO

16. If a, = 2"n?z"™, then lim
n—0o0

= lim 2(” + 1) |z| = 2|z|. By the Ratio Test,

n—oQ

D0
the series > 2"n’z™ converges when 2|z| <1 < |z| < 1,50 R = 3. Whenz = +1, both series

n=1

2 2"n?(+3)" = 3 (£1)"n? diverge by the Test for Divergence since lim |(£1)"n?| = co. Thus, the interval of

1\ 4" _1yn+1 4ndl  ntl
17 Ifa, = (Z°4° 2", then lim |Z2*1| = lim (G2 S V) = lim dlz| = 4|z|.
\/_ﬁ n—oo| Qg n—oo vn+1 (—1)" 4n gn 100 + 1
By the Ratio Test, the series Z (= i}_ a™ converges whend |z| <1 & |z| < 1,50 R= . When z = 1, the series
n=1
) (_1)11 . . 1 . e 1 . . PPy .
> Tn converges by the Alternating Series Test. When z = — ¢, the series 3 | 7= diverges since it is a p-series
n=1 n n=1
(p = 3 < 1). Thus, the interval of convergence is (—3, 3.
o (—1)! an|_ | (D s - n Nl _ lal _ sl
. n = e "’ 1 —— | = . fud el e bl = L2
18 Ifan = 5, ~—p— et then lim == = lim oy e | i \n¥1) 5 15 ~ 5

By the Ratio Test, the series Z g—n—;;- z™ converges when I—:;-I- <1 & |z| <5,50R=>5 Whena = b, the series
n=1

© 2021 Cengage Leaming. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.




SEC 1\.¥%

114 O CHAPTER11 SEQUENCES, SERIES, AND POWER SERIES

converges by the Alternating Seties Test. When z = —5, the series Y e diverges since it is a constant
n=1

oo (_1)yn—1
multiple of the harmonic series. Thus, the interval of convergence is (—5, 5]
19. Ifan = 'w_(F;z'lT) 2™, then
m 1% = i (n+ z™*! 2"(n2+1) - lim n®+n?+n+1 =l
nooo | ap n—oo | 271 (n2 + 2n + 2) nxt nooo N3+ 2n2+4+2n 2
lz| _ |zl

~ Jim 1+1/n+1/n%+1/nd =l 1=l
- 1+2/n+2/n? 22

n—o0

n n |z .

S Lo L | 2 =9. =
2 1) z™ converges when 5 <1 & |z} < 2, s0 R = 2. When z = 2, the series
00 (—1)"”
] converges by the

n=1

By the Ratio Test, the series )

s n
:‘/‘__:17&24-1

diverges by the Limit Comparison Test with b, = ;1; When z = —2, the series
Alternating Series Test. Thus, the interval of convergence is [—2, 2)

2
19°1_ 6 <1 for alt reat . So, by the Ratio Test,

2n 2n+2 |
Ifan =2 then lim |2 = Jim |-~ —— . 2| = lim
A e | T A D | T A T
R =ooand ] = (—o0, c0).
_(z—2)" il (z—2"  a’+1 . n®+1
. n = el e . = — 2 P A _ .
21. Ifa AT , then l}-aoo o 8 3 - il e z [nl_l_,ngo CEE 2]. By the
-l1<z—-2<1 & 1<z<3 When

Ratio Test, the series E G 3 +)1 convergeswhen [z — 2| <1 [R=1] &

n=0

converges by the Alternating Series Test; when z = 3, the series Z —l_’_—iconverges by
n=0T

z = 1, the series Z( 1)
n=0

> [p =2 > 1). Thus, the interval of convergence is I = [1, 3].

direct comparison with the p-series Z

_ = 1y
@Ifan =7 (z —1)", then
. lant1 =DM -t (2n—1)2" . -1 |z—1 |z-—1 .
= : =1 : = . By the Ratio Test, th
A e | T T e ) L)) el 2 g oY e Ratio fest, the
lz~1l<2 [R=2] & -2<z-1<2 &

(1) (z — 1)™ converges when _[_m__;_l_[ <1l &

series E m
(~ 1 )" . .
converges by the Alternating Series Test. When o = —1, the series

3, the series Z

—1<z <3 Whenz =
n_~l
> r— diverges by the Limit Comparison Test with b, = % Thus, the interval of convergence is (—1, 3}
n=1 -
(z+2)" (z +2)"H 2%Inn . Inn le+2] Jz+2] .
. n TS e s h . fumed
23 Ifa o Tnm , then hm S In(n + 1) @ on Jm T(n 1 1) 5 since
hm Inn = z11’11010 In(}vn: ) L4 EILr& 1/(1/1 ) = mll'n;o z —: ! = zli>nclo (1 + —3;) = 1. By the Ratio Test, the series

n—oo In(n + 1)
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Z(m+) convergeswhen&;—Q—l<1 & lz+2/<2 [R=2] & -2<z+2<2 & —-4<z<0.
n=2

When z = 4, the series Z ( nl)

n=>2

converges by the Alternating Series Test. When z = 0, the series Z —_ dlverges by

the Limit Comparison Test with b, = - (or by direct comparison with the harmonic series). Thus, the interval of convergence

is [~4,0).

Ifa, = %/nﬁ— (z +6)", then

. lant1 .|Vt I(z+ )" 8" : ntl |z+6|
lim |——| = lim . = lim .
n—oo | QGn n—oo gn+i \/1'—1,(:1; + 6)" n—oo n 8
o 1 |jz+6]  |z+6]
TARVMRTTE T
By the Ratio Test, the series E \8/— (z + 6)™ converges when l= —:; 6| <l & |[z+6/<8 [R=8] &
n=1

o0
—8<z+6<8 & -—14<z <2 Whenz =2, theseries > /n diverges by the Test for Divergence since
n=1

lim |a,| = lim +/n = oo > 0. Similarly, when = = —14, the series >_ (—1)™y/ diverges. Thus, the interval of
n—oo n—oo n=1

convergence is (—14, 2).

Ifa, = @—%?—)—, then lim %/|a.| = lim = ; 2l = 0, so the series converges for all z (by the Root Test).

R =coand I = (~o0,0).

_ (2z-1)"
Ifan = MS"\/E , then

21.

. lents 2z — 1) 5" /A . 2e—-1 [n w1221 |2z - 1
lim |[—=| = . = lim *——— Iy
n—soo | Qpn n—oo | Gl /n 4 1 (2(E - 1)" - 00 5 n+ 1 n—»oo 5 1+ l/n 5
( -n" |2z — 1] _ 1 5
By the Ratio Test, the series Z OV converges when <1 & |22-1<5 & |z-1|<% &
n=1
fed

~f<z-1i<% & —2<2<3 s0R=3% Whena =3, the series 21 ——% is a divergent p-series (p = £ < 1).

L& (-1)n . . .
When z = —2, the series T converges by the Alternating Series Test. Thus, the interval of convergence

n=1
isI =1[-2,3).
Ifa, = %—— z™, then
n-41
tim 124 = i In(n+1)z""  n - lim | In(n +1) :1:
n—ooo| an n—oo n+1 (lnn)z*| =n-oin+1 Inn
=1-1- o] =al
. . In(n+1) w ,. 1/(n+1) n . 1 . . & lnn
S —t—ee ol — —_— = | — 1. o n

since nlgrolo o nh_'x& Tn 7113130 i lim Y 1. By the Ratio Test, the series n§4 —

© 2021 Cengage Leaming. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.




SECTION11.8 POWERSERES O 1117

s
o — n2z™ _ nlz™ . nz™ s
T 2460 (2n) — 2npl T 2n(n - 1)V
n+1 n _ |
lim |2 = fim (nt1)lal 2 (n nl)' = lim = +1 m = 0. Thus, by the Ratio Test, the series converges for
n—oo| Qn n—oo0 ant+inl n[zl n—oo 2 2

all real z and we have B = oo and I = (—o0, 00).

@Ifan = —(—5—$—%f1—)——, then
n

34,

35,

36.

An+1
an

lim

n—eo

G Vi n® L B n 3_ . _ 1 8
= T Geoar| A o) = A e

|5z —4}-1= |5z — 4]

i

; & (5z—4)" 4 1 1 4
By the Ratio Test,  ~——— converges when |5z — 4| <1 & |z—%|<i & —-i<z—-f<3i &
n

n=1

ol

> 1
% <z<l,soR= % When 2 = 1, the series Zl o is a convergent p-series (p = 3 > 1). Whenz = %, the series
ne=

21 (_nlg)n converges by the Alternating Series Test. Thus, the interval of convergence is 1 = [£,1].
Ifan = ;{{;%)3 then lim "'2:1 = Jim | 1)”[:’:1:;+ o n(:;zl)Q = [2?| tim W%%%ﬁ-)? =22,
By the Ratio Test, the seriesni::2 -T;—(‘}B;JQ— converges whenz? <1 & |z| < 1,50 R=1. Whena = %1, 2®™ = 1, the
series 22 E-(—lil.;;ﬁ converges by the Integral Test (see Exercise 11.3.31). Thus, the interval of convergence is I = [—1, 1].
Ifa, = 135 '?}.n.(Qn_l),then
Jim |7 = lim | ?:(1121:—1)(2n+1) = ra = =, 273011 =0 <1 Thus, by
the Ratio Test, the Sferies’g1 T35 xn @n=1) converges for all real z and we have R = oo and I = (—o0, o0).
Ifan, = nta” then

1-3.5. - -(2n—1)
i 2| = i | R 2800 D)y G

OO
By the Ratio Test, the series ) a, converges when 3 |2} <1 = |z| < 2,50 R =2. Whena = %2,

n=1

nl 2" 1.2:3. - .n)2"
jan] = = - ]

1-3.5----(2n—1)  [1-3:5----.(2n—1)]

g 60 2n > 1, so both endpoint series

2.
135 (n—1)

diverge by the Test for Divergence. Thus, the interval of convergence is I = (—2,2).
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