, SEC 11,10 SOLUTIONS

SECTION 1110  TAYLOR AND MACLAURIN SERIES [
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")(0 1 2 8 32
10. Zf_,()(x—())“:—' O—§“L2+II’4 = 25
n f(n)(x) f(n)(o) o m! 0! !
0 cos? z 1 =1-a’+ %174 - 212_5556
1| ~2cosx sinx = —sin2x 0
2 —2cos2x —2
3 4sin2x
4 8cos2x
5 —16sin2x
6 —32cos2x -32
" 0 1" 0 . (4) 0
0= 50+ 0o+ L0 1 L 35 b o 190,

] M [P0 - ~
0 (1~x)_2 n _~1+2T+61_2+24 3+122fr4+

-3 o0
1 2(1 - =) =142 432 +42® +5z* +--- = Y. (n+1)z"
2| 6(L—z)" 6 n=0
3| 24(1-2)7° 24 ot ,

( )_6 lim Sntl| _ Lim ,(_"_"'i)%_ = || lim Hj=|$|(1):|m[<1
4 | 120(1 — o) 120 n-oo | ap noeo | (n41)x noom+ 1
: \ for convergence, so R = 1.
@ In(1 + ) = £(0) + f'(0)= + fz(,o) a?
n| Y@ |10 " o
11 4 3

0 In(l+x) 0 Jrf (O)w3+f '(O)z4+f (0)15+
] (142)" 1 3! 4! 5!
2| —(1+2)7 -1 =0+z—g2°+ 3% ~ g R T

-3 2 3 4 5 . n—1
3| 201+2) 2 S S z( 2
4| -6(1+z)*| -6 5
5 | 24(1+a)”? 24 ) ani1 ) = N 2|

nll»n;o = T}Lnolc e ) Jim 7n = |z| < 1 for convergence,
so BR=1.

Notice that the answer agrees with the entry for In(1 + ) in Table 1, but we obtained it by a different method. (Compare with
Example 11.9.5.)

f// (0> f/// (0) f(4) (0>

13. cosz = [(0)+ f'(O)z + z ot zt+---
n | f™ ) | F(0) . 2! 3! 41
_ 2
0 cos T 1 =1- 3 %+ ik
1| —sinz 0 2
oo n .1; T .
2| —cosz -1 = n:O(—l) 2 |Agrees with (16).]
3 sinx 0 p
2142 271)'
4] cos 1 N 255N D B C L)L) P
cose oo | an oo (2n+2) 22 nlﬁngo (2n+ 2)(2n +1) 0<l
for all z, so R = oo.
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n
0| cosz 0 =l oomNt 1wy =Ly oy L TN L
1| —sine . T (m 2) t3 (z 2) * (“’ 2) T (“’ 2) +
2 | —cosz 0 _ i (=~ (x ﬂ)2n+1
3 sinx 1 n=o (2n + 1)1 2
4| cosx 0 L2 Zntd
e R N e ) S e
6 —COS T O n— oo (7% - 100 (2n+3)' TV B _73 2n4-1
, (-1) (z 2)
7 sinx
2
= lim ﬂ——:0<1 forall z, 30 R = o0
n— 00 (2’)’1, =+ 3)(272, + 2) ’ ‘ ’
! I
29, f(x)=sin2x = f(7) + ! 1('7‘-) (z —m) + ! 2('7r) (x —m)?
n | f@) | M) ' "
10
0 sin 2 0 -+ ! 3(,70 (z—7m)° + ! 4,(7T) (x—m)* 4+
1| 2cos2ax 2 ’ )
rin2 o 2 8, 32,
2 | ~4sin2x =0+E(:c—7r)+0—_~3—!(1—7r) +0+3T(£L—7T) -
3 | —8cos2zx -8
2 8 . 32
4| 16sin2x 0 =ﬁ(w~7r)"g(x—ﬂ)"+—5~!(wv7r)5—---
5 | 32cos2x 32
_e eyttt e
=2 el @ ™)
‘ _1ytl 92n48 (4 y2n48 1)
Hm Gotl) — im ( ) 2 (r m) . , (2n +1) 2nt1
n—00 | (ln n-—r00 (2n+3)' (—1)n 22n+1 (.T——ﬂ') n+
2 2
:(.’):—TI‘) T}er;om=0<lforallx,soR=oo.
oo pin)
30. fl@)=vVe=3 f—i'@ (z — 16)"
n f(")(:x) f(")(16) n=0 T
0 Vz 4 . SYSRRPSST SO S ISR Pt S I M PAC
1 1, -1/2 11 o (z—16)° + 5°1 (2~ 16) 15 21(:2 16)
2%® 21 3 1 15 1 1
L. 16 — == . —. 4
L1 tyE a1 g e
2| T 1 1.3.5 M —3
—at iy S i3 2o gy
3 1 n=2 4 n!
3 %$45/2 gE
o ,1:3:5---- (2n — 3)
= —_ —_ 1 n—l - ;16 i
4 15 —T7/2 15 l 4+ S(x 16)+ngl( ) 25’".—2nl (T )
6v 16 ¢
[continued]
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1+l(£)+ﬁ(£)z+w<3)g+

2! 8

n=1.19.5..... 7 — 4
:2[1+ +Z( D) ;2 Zn.n!(?’ 4)]1-"}

1 = (- t2-5--- (3n~4)] ,
=2 — o
Tty 24" -l ¢

and‘%.<1 & |z| <8 s0 R=8.

1 1 1 -3 1 = (-3 T\" . . . .
31. = =-{1+ = - =] . The binomial coefficient is
2+2)7°  [20+2/2))P 8( ) s,go(n>(2)

B n! n!

(—3) (=35 (Bont]) (A=) [ (n+2)]

(-0)"-2-3-4-5----- n+Dn+2) (-D)*"(n+Hn+2)

2.n! - 2
1 1 & (=)"n+l)n+2)2" & (=1)*(n+D{n+2)z" z N B
Thus,m—éngo 5 2”_,”2:“0 Snid torl2‘<1 S Jz{<2,s0R=2

< (3/4 3(_1 3(_1y(_5
B (11— =1+ = X ( / )(—x)"=1+%(—x>+ el FECI Lo V1SS LA

n=0 T 2' 3'
o0 =i _1.3./1-5-G- ... - —_
B W ) Gl (LY YECRE S TRRI (Ve
4 n—2 4””'
_ 3 < 1.5:9---(dn—-7) ,
=1- 1" 3,1;2 4n . nl ¥

and |—z| <1 & |z{<l,soR=1

&, 2t &= (T )2n+l >, . 1 4|2

39. arctanx = E ) s0 f(z) = arctan(z®) = go " ETya ;U(—l) il R=1

_ oo gt Cn oo . (%mf"“ oo ; a2ntl i

SlnI = n;o('*l) '(2—:'1—)’, S0 f(fE) = sin (ZLE) = H;O(—l) m = ngo(—l) m x N R = oc.
o0 . Q,:Qn ) " (2$)2n o . 22nm2n

M. cosz = :L;O(—l) @) = cos2z = ngo(fl) @y ED(—I) Gy SO

flz) =zcos2z = i (-1)” 2 22" R = sc.

- = (2n)!
. oo x—ri o 3 2o oo (3 n oo n oo 3n$n 3 oo an" oo 3r _gn n _

42 " = :L;O SR flz) =™ —e** = nE::O ; EO - n,;o ~ :L:“o - R=o0
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‘ L2 oo . (1 2)2" o0 Lot
43. cosr = n;O(— ) (2 )i = cos(3z”) = n;o( 1) —————( ) Z( 1) o )V 50
flz)= a"coq( ) 720( " 55;(12_71), 4, R = oo,
2™ o0 3” 50 x3n V2
@ln 1+zx) = nzl( Nt =5 Im(l 4+ = n§1( ne- 12 s f(z) =2 In(1 +2%) = 21( )"“l—n—M

R=1

45. We must write the binomial in the form (1+ expression), so we'll factor out a 4.

s .z = :£(1+1)_”2:£§ - (»ﬁ)"
Vitae?  Ji(l+a2?/a)  24/1+2%2/4 2\ 4 2.2\ n 4

2 1 3 2\ 2 1 3 5 2\ 3
_ 2 EHER) 2 ) ) (=3) (Y
=gt DTy i) F 3 i)t
= nl-3:5.---- (2n—1) 4,
=277 .5 2 2% 4n -l
_ T nl-3-5----- (2n - 1) 21 _Ji x| ) _
=7t 21 ot and T <1 & 5<1 & [f<2 soR=2

[

8
(N
N

4. \/;+il' - V21 +2/2) - %(1+ §>—1/2 - %72)(_”2) (%)n

2 1 3 . 1 5
_ iy, C3ED ey E5)(EE)(8) oy
=5 05+ (3) 3 (3) +
_ x? z? &= al-3-5----- (2nf 1) n
AR Iz
z? 2= Z1-3-5----- (2n—1) , z
=5+ 2D e and ’§]<1 & |o]<2 soR=2

n—0 (27’74)' n—=1 (271)' (Zn)
R =00
_ oo _ 1\ p2ntl oo _1yn,.2n+1 oo _1yn+1,.2n43
s, TSz LSI_Z(_UL_, S R S o Acauiii e N el A i
T z o (2n+1)! 3 = (2n+1)! | = (2n+3)
1 == l)u 2n4+3 oo 71)n 2n
_;‘5‘0 (2n +3)! ; (2n +3)!

and this series also gives the required value at z = 0 (namely 1/6); R = oo.
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2 3 -
@1/1\0/5_—:6—1/10 and e” Zf—'-_l-q-x—}—a'—-g—%_;_

o L (1/100  (1/10)° + (1/10)* _ (1/10)°

10 5] 31 ] s T Now

2 3 4 5
1- Tlﬁ + (1/21‘0) (1/;‘0) + (1/;,0) ~ 0.90484 and subtracting (1/51‘0) ~ 8.3 x 1078 docs not affect the fifth

decimal place, s0 e 71/1° = 0.90484 by the Alternating Series Estimation Theorem.

2\1—1/2 1 2 ("%)(*%) 232 (“é _%)(_%) 243
57. (a) 1/vVT—a? = [1+ (- :v)] =1+ (- i)(~-m)+-———2!—(—gc) +—————?~———(—x) +-
*® 135+ 2n—-1) 4,
1+r;1 2"'”'
o1 i _ 0 1.3.5..-.. (2’!1—1) 2n+1
(b) sin 1—/—\/1___?dz-0+x+n§1 ESWIRD
=x+§ 1-3:5: (Qn—l)mzn*’l since0=sin '0=C.

T Cn+ 2 al

5. (0 1/m=(1+m)_1/4=i(—%)wnzl_w( DD ENCHE
5

n=0\ T
B 0 1-5-9.... (4n—3) .,
__1~—:c+n;2( 1) PER
D)1/ VTFo=1—-1a+22"— 228+ Fa" — ... 1/V1.1=1/¢T+0.Lsoletz = 0.1. The sum of the first four

terms is then 1 — 2(0.1) 4+ 3(0.1)* — 3&(0.1)* ~ 0.976. The fifth term is 555 (0.1)* = 0.000 009 5, which does not

allect the third decimal place of the sum, so we have 1/ /1.1 2 0.976. (Note that the third decimal place of the sum of the

first three terms is aftected by the fourth term, so we need to use more than three terms for the sum.)

59-m=<1+w3>”2=§(5)<w i() - /mdm~c+§<%>—“3"“,

n=0 n=0 n=o\n/ on+1
with R = 1.
2ntl ) oo ( 2y2n+1 oo L2
, — n sin(: — B | Lo Sl 1y
60. sinx = Z( 1) @nr D = sin(z) ng()( ) @ 1) HZ::O( 1) Bt 1) =
g . oo 1y x4n+4 Q. 2 p C oo 1 " w4n+5 . h
T sm( ) = :;0( ) m = /I Sll’l(l‘ ) x=(C+ ngo(* ) m. with R = x.

22n oo 22" 08 T — 2 2!
cosw = Z( " Y = coszr—1= Y (-1)" i - & 1 _ > (=" ] =

n=0 ( n=1

COST — 1 &2 372""
—_— ————_ with B = oo.
/ T n;l( n- (2n)l’ h OO
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————
2nt1 ,
@/27"7 (-‘;1) [from Table 1]

o0 2n+1 o
T
. E -1V = E —1 na e
i n:U( 1 22041 (2m + 1) ,,,:0( ) 2n+1

2n+1
(2/2) = sing by (15).

0 n xgn,pl & ke
82. nzz:o(“l) 22n+1(2n 4+ 1)1 n;o(_ ) (2n+1)!
- iy —1 3
83. > ( ]') is the Maclaurin series for e” evaluated at z = —1. Thus, 3 Ln'—) =e " by (11).
n=0 n n=0 '
m\27n
o (-7 &, @) .
84 :;0 & (o) __:L;O( 1) 2] =cos § = %5, by (16).
8
:1 —
i

=, (_1)n—~1 (3/??) — 11’1 (]_ -+ g) [from Table 1]
3}

(3/*?) = ¢¥/5, by (11).
n!

s -1 n(m 2n 1
( ) (4) =Sin%:%,

o (_l)nﬂjn{l _
7. n};o 42n+1(2n 4 1)1 T 2;0 (2n +1)!
(In2)* (In2)° o (—In2)” I P
@1~-ln2+ TR +---:§0 = 2= (™) =27 =3, by (11
31— Lbyan,

g 27 81 3t o3 3@ 3t o 3"
89'3+§+§+7ﬁ '.'-—_1?+§+§+Z+“._":1H_,gom_

1 1 1 o 1
o= ;0(—1) (2n + 1)22n+1

+
ot
o]
5
\]
o]
2

oo 2n+1
=3 (—1)"L(—1213)+—1—— = tan™! (%) [from Table 1}

n=0
n (%) (a)

=

z) = 0 for i > n, so its Taylor series at a is p(z) = Y

91. If p is an nth-degree polynomial, then p{(
7 p("’) ((L)
Putxz —a=1,sothate = a+ 1. Thenpla +1) = > .

)

i
=1

This is true for any @, so replace a by z: p(ex + 1) =

92. Using the geometric series from Table 1, we have
n_2n — Z (_l)nl_2n+l_

T 1 oo 9 oo
= . = . — V" ==z ’—1
T+22 15 (—=22) ’ nzt:o( =) : nz::()( ) =0
2190 = 2101 So the coellicient of 1% is 1 which, by Equation 7,

The 2'°" term is obtained when n = 50 and is (—1)*

. F1%(0) ) A01) /My — 1011
must equal o1 . Thus, 101! =1 = f (0) = 101
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