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SECTION10.2 CALCULUSWITH PARAMETRICCURVES O 955

10.2 Calculus with Parametric Curves

dy _ dy/dt _ 4-10t

“ dz dy
043 2 2 _
@I—-—Zt +3t, y=4t -5t = ——t-6t + 3, t-—4 10t, and it~ 6213

_ dz _ dy - dy dy/dt  2t+2t7 2 2t 42
. —_— — 2 p— 2 — — 1 —— T 3 — =y = .
2, z=1t~—Int, y=t t = 7 11—t dt 2t +2¢t77, and dz drz:/dt 1 — -1 3 PR
. dz dy dy  dy/dt 1+cost
ot QT by bt 4y _ ay _ ey/er 17 cost
deste, y=tesint 5 Hote e =e(t+1l), g =ltcostand G = o T wT )
. 2 2 dz 2 dy 212
4 z=t+sin(t’*+2), y=tan(t*+2) = %=1+2tcos(t +2)’EE = 2tsec?(t* + 2), and
dy _ dy/dt _ 2t sec?(t? + 2)
dr — dz/dt 1+ 2tcos(t? +2)
dy dz dy dyfdt 2°In2-2
— 2 = 9t _ 9¢: bl A } -2 = = — = =
5.z =t"+2t, y=2°—2¢ (15,2). 7t 2°In2 — 2, 7 2t + 2, and & = dojdt %12

At(15,2),z=t*4+2=15 = *+2t—-15=0 = (t+5)(t—3)=0 = t=-50rt=23. Onlyt=3 gives

. dy 22In2-2 4ln2-1 1
= 9. — e fromd B — — =~ {0.44.
y=2. Witht =3, e 303) +2 n In2 i 0.4
. dy dz .
6. x =t+coswt, y = —t +sinwt; (3,—-2). pri -1+ 7 cos nt, i 1 — wsin~t, and

@ __dy/dt =1+ mcosmt

_ _ 2.0 (7 _ )2 -
4o~ dojdi =~ 1—nsmnt . Whenz =3, wehavet +cosmt =3 = cos®nt=(3—1¢)° (1). Wheny 2, we

have —t +sinmt = —2 = sin®nt = (t —2)? (2). Adding (1) and (2) gives sin®xt + cos®nt = (t —2)> + (3 —1)? =
1= 4t+4+9~6t+12 = 0=2>—-10t+12 = 0=2(t—2)(t—3) = t=2ort=23 Onlyt=2 gives
ii_;y__—1+7rcos27r_—1+7r

y= Q'Wltht_—Q’da:— 1-msmer  1-0 1~ 214
dy dx dy dy/dt 4341
— 43 4 . — — 443 — 942 A — e —
Tz=t+1, y=t"+t t=-1 dt_4t +1, dt_3t’andda:_da:/dt— T . Whent = -1, (z,y) = (0,0)

and dy/dz = —3/3 = —1, so an equation of the tangent to the curve at the point corresponding to t = —1 is

y—0=-1(z—0),0ory = —=z.

dy _ . d:z:__l_~ Ei_g_dy/dt_ _ _ _ _
=2 ,dt_2\/z,anddw_-——dm/dt_(2t 2)2vE = 4(t — 1)v/f. Whent = 4,

(z,v) = (2,8) and dy/d=z = 4(3)(2) = 24, so an equation of the tangent to the curve at the point corresponding to t = 4 is
y—8=24(z — 2), ory = 24z — 40.

8.x=+1I y=1>—-2 t=4

d
9, z = sin2f 4 cost, y = cos2t —sint; ¢t = 7. % = —2sin 2t — cost, -—i = 2cos 2t — sint, and

d .
Whent =, (z,y) = (—1,1), and a—% = %, so an equation of the tangent to the curve at

dy _ dy/dt _ —2sin2t —cost
de — dz/dt  2cos2t—sint

the point corresponding tot = misy — 1 = 3[z — (—1), ory = 3z + 3.
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dy dy
3 3 2 2
=3 =3 — 3¢2, — 6t = -/
@z " -3t y=1t" -3t s = 3t° — 6t = 3¢(t — 2), so 7t 0 &

t=0or2 & (2,y)=(0,0)or(2,—4). %?_3t2-3_3(t+1)(t—1),
so%:O & t=-lorl & (z,y)=(2,—4)or(~2,—2). The curve

has horizontal tangents at (0, 0) and (2, —4), and vertical tangents at (2, —4)
and (-2, —2).

23. & = cosf, y = cos 36. The whole curve is traced out for 0 < 8 < 7. p 2 \
dy dy (21 1wy
= —3sin30,50 = =0 <« sin3d=0 < 30=0,7 27, 0or3r <& 6=2m/3 =0
de do
0=0,5 %07 & (z,9)=(L1),(3-1), (-3 1),0r(-1,-1). /
-2 2
do =—sint9,so£1-az =0 & sind=0 & O=00rw &
de de 1
=1,-1) 3.-)
(z,y) = (1, 1) or (—1,-1). Both and @ equal 0 when 8 = 0 and . k0=1r o=m3 )
-2

To find the slope when 8 = 0, we find hm Ay _ = lim —3sin39 £ Jim —9cos3h
odz 6—0 —sinf -0 —cosf

Thus, the curve has horizontal tangents at (3, —1) and (—3, 1), and there are no vertical tangents.

= 9, which is the same slope when 8 = 7.

24, = e¥"® y = ¢°3% The whole curve is traced out for 0 < 6 < 2. 3,
dy_ . cos 8 d
0= sinfe sode—e & sinf=0 & =007 &

_ dfl)_ sin 6 _C_l_ _
(z,y) =(1,e)or (1,1/e). @—cosé’e , SO de—O & cosf=0 &

8 & (z,y) = (e, 1) or {1/e,1). The curve has horizontal tangents

Fl
at (1,e) and (1, 1/e), and vertical tangents at (e, 1) and (1/e, 1).

25, From the graph, it appears that the rightmost point on the curve z =t — t%, y = &t

is about (0.6, 2). To find the exact coordinates, we find the value of ¢ for which the
graph has a vertical tangent, thatis, 0 = dz/dt = 1~ 6t° & t=1/V6.
Hence, the rightmost point is

(1/¥8 -1/ (6 ¥6), e ¥) = (5-67%/%,¢57"") ~ (0.58, 2.00).

26. From the graph, it appears that the lowest point and the leftmost point on the curve

& =t*— 2ty =t +t* are (1.5, ~0.5) and (—1.2,1.2), respectively. To find the
exact coordinates, we solve dy/dt = 0 (horizontal tangents) and dz/dt = 0

(vertical tangents).
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29. z = cost, y =sintcost. dz/dt = —sint, 4

dy/dt = —sin®t +cos®t = cos 2t. (z,4) = (0,0) <« cost=0 & tis

an odd multiple of 5. Whent = %, dz/dt = —1 and dy/dt = —1,so dy/dz = 1.

When ¢ = 3%, dz/dt = 1 and dy/dt = —1. So dy/dz = —1. Thus, y = z and

y = —x are both tangent to the curve at (0, 0).

30. z = —2cost, y =sint + sin 2¢t. From the graph, it appears that the curve

2
crosses itself at the point (1, 0). Ifthis is true, thenz =1 < [ [\ ]
—2cost=1 & cost=—3 & t=ZLor¥ for0<¢< 2m ~2.5 k/ 2.5

\/\ .
Substituting either value of ¢ into y gives y = 0, confirming that (1, 0) is the { /N ]
point where the curve crosses itself. % = Zzﬁi = t;;iic;os 2t. 2
When ¢ = —23;1, g{; = _1/2(—\*—/;551/2) = ﬂj? = —?, so an equation of the tangent line isy — 0 = -—?(m - 1),
ory = —?z + -\? Similarly, when t = %7{, an equation of the tangent line is y = 3/2—§:c - g:
M. z2=rf—dsinb, y=r—dcosé.
(a) Z—z =7 —dcosd, —Z—z = dsin#, so % = %.

(b) If0 < d < r,then|dcosf| < d < 7,507 — dcosf > r — d > 0. This shows that dz/df never vanishes,

so the trochoid can have no vertical tangent if d < 7.
32. x =acos®h, y =asin® 6.

dz 2pe o QY o g dy  sind
(a) = 3acos® fsin, 20 = 3asin® f cos b, so o= osd = tan 8.

(b) The tangent is horizontal ¢ dy/dz =0 & tanf=0 & O=nr <« (z,y)= (%a,0).

The tangent is vertical < cosf =0 <« Oisanoddmultipleof I <& (z,y) = (0,=%a).

(©dy/dz=%1 & tanf=+1 & OisanoddmulipleofZ & (z,y)= (:i:—;i‘/—z_-a, i%a)

[All sign choices are valid.]

dy dy/dt 3t t . 1 t 1
— 2 — 43 —_ — — 2 st oo o
@m_3t +1, y=t¢ 1 = da:_dm/dt" of _2.Thetangentlmehasslope2when2—2 & t=1,sothe

point is (4, 0).

dz dy dy 6t
2 3 2 -
M= +1Ly=2t +1,——dt—6t,——-dt-—6t,sodm— oL =1t [even wheret = 0].

So at the point corresponding to parameter value ¢, an equation of the tangent line is y — (2t + 1) = t[z — (3t2 + 1)}

If this line is to pass through (4, 3), we musthave 3 — (2t + 1) = t[d — (3t +1)] & 2w°-2=3>-3t <
p
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s

45. z =t —2sint, y =1 — 2cost, 0 < t < 4m. da/dt = 1 — 2cost and dy/dt = 2sint, so
(dz/dt)® + (dy/dt)® = (1 — 2cost)? + (2sint)? = 1 — 4 cost + 4 cos®t + 4sin®t = 5 — 4 cost. Thus,

L= [?\/(dz/dt)> + (dy/dt)2 dt = [™ \/5— dcost dt ~ 26.7298.

46. © = tcost, y =t — 5sint. dz/dt = cost — tsint and dy/dt = 1 — 5cost, so

(dz/dt)? + (dy/dt)® = (cost — tsint)? + (1 — 5cost)?. Observe that when t = —, (z,y) = (x, —7) and when ¢ = ,

(z,y) = (—m, ). Thus, L = f: V(de/dt)? + (dy/dt)?> dt = [T _/(cost — tsint)? + (1 — 5cost)? dt ~ 22.8546.

@ z=2t% y=1t>-2 0<t<3 dz/dt=2t" and dy/dt = 2t, s0 (dz/dt)* + (dy/dt)* = 4* + 48> = 4%(¢* + 1).
Thus,

L= /b V(dz/dt)? + (dy/dt)? dt = /3 VA2(e2 + 1) dt = /3 2t\/t2 + 1 dt

10 10
= | Vudu [u=@+ia=2a] = (3] " =310%7-1)=3(10v10-1)
1

4.z =¢ —t y=4e?, 0<t <2 dz/dt=e' —1anddy/dt = 22, s0
(dz/dt)® + (dy/dt)® = (e — 1)* + (2¢"/?)? = & — 2e* + 1 4+ 4e’ = ®* 4 2¢* + 1 = (e’ + 1)2. Thus,

L=/02 (et+1)zdt=/02[et+1g dt=A2(et+l)dt=[et+t]z___(e2+2)_(1+0)=62+1.

d d
49, z =tisint, y=tcost, 0 <t < 1. —Cg- =tcost+sintandd—i{ = —tsint + cost, so

2 2
(%%) + (%) = t? cos®t + 2tsint cost + sint + 2 sin®t — 2¢sint cost + cos®t

= t*(cos®t + sin’t) + sin®t + cos’t = 1% + 1.

‘Thus, L= [} VE+1dt 2 [yE+ 1+ tin(t+vET1)], = 1v2Z+ i (1 +v2).

50. z = 3cost — cos3t, y =3sint —sindt, 0 <t < 7. %% = —3sint + 3sin 3t and % = 3cost — 3cos3t, so

2 2
(%{-) + (%) = 9sin?t — 18sint sin 3t + 9sin® 3¢ + 9 cos’t — 18 cost cos 3t + 9cos® 3t

= 9(cost + sint) — 18(cost cos 3t + sint sin 3t) + 9(cos? 3t + sin? 3¢)
= 9(1) — 18 cos(t — 3t) + 9(1) = 18 — 18 cos(—2t) = 18(1 — cos 2t)

= 18[1 — (1 — 2sint)] = 36sin’t.

Thus, L = [ V36sin’tdt = 6 [ |sint|dt = 6 [ sintdt = —6[cost]] = —6(—1—1) =12.
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