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7.r=4+3sin6, —F <6< I —

/2 7 /2
A:/ %(4+35in9)2d9=%/ (16 + 24 sin 8 + 9sin’6) df
-2 —w/2

/2
=3 / (16 4 9sin®6)dé  [by Theorem 5.5.7]
2

-7

/2
=1 2/0 [16 +9- 3(1 —cos20)]df  [by Theorem 5.5.7]

I

/2
/0 (4 — $c0s26) d6 = [£0— 25in20]7% = (4= —0) — (0 - 0) = 4ix

@r:x/lne, 1<0<2n,
2 2 27 A 27 . _
A=/ 3 (Vino) d9:/ }1n6do = [161n0] —/ 1dp {“—“‘9’ dv = 3 d0
1 1 1 1

du = (1/6)ds, v=16

= [rln(27) — 0] — [%9]? =wln(2r) -7+ 3

9. The area is bounded by r = 4 cos8 for § = 0to 6 = . (2J2, n/d)

A:/ %ﬁd@:/ %(40039)2d9=/ 8cos’0do
[0} 0 0

" T
:8/
(¢}

Also, note that this is a circle with radius 2, so its area is 7(2)% = 4.

r=4cosf

4.0)

(1+cos29)d9:4[0+-§-sin29};=47r 0

[T

(-2v/2,37/4)
27 21
10. A:/ §r2d0=/ 1(2+2cos)’dd r=2+2cosf
0 0 2,7/2)
2 9
:/(; 2(4+8cos8 + 4 cos’d) df © m (4,0)
o
27
:/ %[4+8c039+4-%(1+cos20)]d9
0 (2, 37/2)
27
= (3+4cosf +cos20)df = [30+4sin9+%sin29]§”:67r
0
27 27
"N A= / %1‘2 dé = /0 %(3 — 2sin6)%de 1, /2)
0
3, ,
=1 (9 — 12sin 0 + 4sin®0) d6 0
0
2
= .;/ [0 12sin6+ 4. 1(1 — cos26)] df
o
27 2m r=3—2siné
=1 / (11— 12sin6 — 2cos26) df = %[1194— 12cos8 — sin29}0 (5 3m/2)
0

= 3l(22m +12) - 12] = 11r
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SECTION 10.4 CALCULUS IN POLAR COORDINATES I 991

U
17) The curve passes through the pole whenr =0 = 4cos30 =0 = cos30=0 = 30=%+mmn =

8 = % + §n. The part of the shaded loop above the polar axis is traced out for

6 =0to 6 = /6, so we’ll use — /6 and 7 /6 as our limits of integration. r=4cos 3¢
/6 /6
A= . 1 (dcos 36)2do = 2/0 £(16 cos” 36) df

/6
= 16/ 1(1+ cos66) d6 = 8 [0+ L sin66]7/® = 8 (T) = &r
0

18. The curve given by 7 = 4 cos 26 passes through the pole whenr =0 = 4cos20 =0 = cos20=0 =
20 =3 +mn = 6= %+ Zn. The part of the shaded loop above the polar axis is traced out for § = 0 to = 7 /4,

so we’ll use —m/4 to /4 as our limits of integration.

r*=4 cos 20
/4

/4 /4
A= 1(4cos26) df = 2 / 2c0s20d0 = 2 [sin 29]
o]

T
- /4 0

=2sin§ = 2(1) =2
18.7=0 = sindf=0 = 40=mn = 0=In

/4 /4 /4
A:/O %(sin4o)2d9=§/0 sin249d0=%/(; 1(1 - cos86) do

= 40— fomsal;/ = 1(3) =

2. 7=0 = 2sinb8=0 = sindd=0 = 58=mn = 0= gn.

/5 /5
A:/0 g(zsmsa)?dezgfo 4sin” 56 do

/5
= 2/0 1(1—cos109)df = [0 — sin106]/° = T

21. r

This is a limagon, with inner loop traced

r==1+2sin @ (rect.) r=1+2siné

out between 6 = IF and 1= [found by

solving 7 = 0].

o=1z"
3n/2 31 /2 3mw/2
A:2/ %(1+2sin0)2d9=/ (1+4sin0+4sin29)d9=/ [1+4sin6+4- 1(1—cos20)] df
7r/8 Tn/6 /6

3n/
Kt

- [e—4cose+29-sin29] /:z(ﬁg)_(%mx/g_{é)zﬂ_z@
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992 [ CHAPTER10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

22. To determine when the strophoid » = 2 cos 8 — sec @ passes through the pole, we solve

r=0 = 2cos6—c~1—-:0 = 2cos?0—-1=0 = cos’f== =

os 6

1
cosf = +—
V2
2f"/4 3(2cos0 — secd)? d@“f’r/4(4cos20 4 + sec®8) do

T/4
=fo/

[ 29+sm29+tan9]"/4 ( %-}—1—%—1)—0:2—%

@4sin9:2 = sinf=31 = f0=Zod¥ =

= O=Zorf=3for0< 0 < mwithf # L.

[4- 2(1+cos26) —4 + secze] dé = f"/4( 2 + 2 cos 20 + sec?6) df

fs;rs/s ; [(4sin6)* — 2°]df = 2f"/6? 21,(16311129 —4)df
=Ie [16 3(1 — cos20) — 4] d6 = [T%(4 — 8cos 20) df

:[49—4sin20] 7 @r—0)— (Z-2/3) =4 +2/3

24 1—sinf=1 = sinf=0 = O6=0o0rm =

A=ff”:}[(1—sin9)2_1]d9:%/

b

27

(sin®6 — 2sin ) d6

=1 [2"(1 - cos20 — 4sinf) df = 1[0 — L sin20 + 4cos6]’"

= ;11—7r + 2
25. To find the area inside the leminiscate 72 = 8 cos 26 and outside the circle r = 2,
we first note that the two curves intersect when 72 = 8 cos 20 and r = 2,
that is, when cos 26 = . For ~r < § < m,cos20 =1 & 20 =+r/3
or£57/3 < 6= +m/6 or 57 /6. The figure shows that the desired area
is 4 times the area between the curves from 0 to /6. Thus,
A=4[7"% [L(8cos26) — 1(2)%] d6 =8 [7/®(2cos 20 — 1) d6
/6
=8 [sinzo - 0}0 =8(V3/2—/6) =43 —4r/3
26. 1+cosf@=2—cosf = 2cosf=1 = cos@:% = =
0=gor .
A=2 [T L1+ cos8)® — (2 —cos6)?|df  [by symmetry]

1, m

LO=(,2m

r=1-—siné

2—cos@

r=1+cosf

:fo”/3(1+20089+cos26’~4+4cos(9—cos29)d0

/3 T
= [7/3 _ = |6sing — =g(L)-3(ZL
= J"*(6cos0—3)dp = [6sin0-30] " =6(F) -3(3)
=33 -7
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SECTION 10.4  CALCULUS IN POLAR COORDINATES T 995

'—’.
6.7r=0 = 1-+2cos30=0 = cos30=—é = 39—2;,4; [for 9=%

0<30<2r] = 6= %’5, %", The darker shaded region (from 8 = 0 to

0 = 27 /9) represents é of the desired area plus % of the area of the inner

loop. From this area, we’ll subtract 3 of the area of the inner loop (the lighter ‘ 3,0

shaded region from § = 27 /9 to 6 = n/3), and then double that difference to r=1+2cos38

obtain the desired area.

A_g[ 7"/% $(1+2c0s36) dB — [/5 11+ 2c0536)? b

Now = (1+2c0s30)% =1+4cos30 +4cos’30 =1+4cos36 +4- 3(1 +cos66)
=1+4+4cos30+ 2+ 2cos60 = 3 + 4cos36 + 2cos66
and [ r?df =360 + £ sin36 + % sin60 + C, so

27 /9 w/3

2w /9
$ 841 50) o) - [ +0+0) - (B4 £+1.=5)]

- 3V3-m=3++8

A=

J—

30 + %1n30+—sm69]

(

[39 + % sin 36 + % sin 69]

ml;"
+

i
ey

i

P
wl§
+
[SIE
)

@The pole is a point of intersection. sinf =1 —sinf = 2sinf=1 =

r=sin 8

sin @ = % = =% or 2%, So the other points of intersection are

(3, %) and (3, %) )
=1-—sing

38. The pole is a point of intersection. 1 + cosf =1 —sind = r=1+cosf
cosf = —sinf = g?f—ez—l = cotf=-1 = 0:—‘34E /\
sin@
or ZX. So the other points of intersection are (1 — 1v/2, 27) and
1+ 1v2,15).
(1+32v2. %) 7=1-sing

: _ . 1 _m Bbr 18w . 17x

39. 25in20 =1 = sin20=35 = 20=%, 3L, L or 1E,
By symmetry, the eight points of intersection are given by

r=2sin26

. & 13 17
(1,0), where 8 = %, 3%, 5% and 2%, and

- — Tz 11z 197 28w
(~1,0), where 6 = 12, Lix L3 and 257,

[There are many ways to describe these points.]
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