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Ny=z® = 3y =3% = = 6x.

LHS = 2%y” — 6y =22 . 6z — 6 - 2® = 62° — 62° = 0 = RHS, so y = z* is a solution of the differential equation.

y=he = y=1/z = y'=-1/7%
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@ y=—tcost—t = dy/dt=—t(—sint)+cost(--1) —1=tsint —cost — 1.
LHS =t % = t(tsint — cost — 1) = t?sint — tcost — ¢ = t®sint + (—tcost — t) = ¢ sint +y = RHS,
so y is a solution of the differential equation. Also, y(7) = —wcosw — m = —w(—1) — # = = — 7 = 0, so the initial

condition, y(7) = 0, is satisfied.

U y=5e"+z = dy/dz = 10e%® 4+ 1.
LHS = j—z — 2y = 10e®* + 1 — 2(5¢%>® + &) = 1 — 2z = RHS, s0 y is a solution of the differential equation. Also,

y(0) = 56X + 0 = 5, so the initial condition, y(0) = 5, is satisfied.

15. @y=¢€¢" = y' =re”™ = y"=r’e"" Substituting these expressions into the differential equation
%ty —y=0,weget2rie™ 4 re™ — =0 = @2 +r-1e"=0 =

(2r—1)(r +1) =0 [since ™ isneverzero] => r=%or—1.

(b) Letry = 1 and r2 = —1, so we need to show that every member of the family of functions y = ae®/2 + be™* is a
solution of the differential equation 2y” + ' —y = 0.
y=ac®?+be™* = ¢ = %aez/2 -k = y'= iae”/2 + be™ ",
LHS=2y" +¢y —y= 2(%0,61/2 + be“’) + (-;-aezl2 - be_z) - (aez/2 + be™%)
= %aem/2 + 2be™" + %ae’/2 ~be™® — ae®/? —be~®
= (%a + %a — a)e"”/2 +(2b-b-b)e "
= (0 = RHS

16. () y =coskt => y = —ksinkt = y” = —k?coskt. Substituting these expressions into the differential equation

4y” = —25y, we get 4(—k®coskl) = —25(coskt) => (25— 4k®)coskt=0 [forallt] = 25-4k>=0 =

2 __ 25 _—
=2 o k=x5

(b) y = Asinkt + Beoskt = o = Akcoskt— Bksinkt = vy’ = —Ak’sinkt — Bk? coskt.
The given differential equation 4y’' = —25y is equivalent to 4y + 25y = 0. Thus,
LHS = 4y" + 25y = 4(—Ak? sin kt — Bk? coskt) + 25(Asin ki + B cos kt)
= —4AK? sin kt — 4Bk? cos kt -+ 25A sin kt + 25B cos kt
= (25 — 4k?) Asin kt -+ (25 — 4k?) B cos kt

=0 sincek? = 2.
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§ I
@y=sinz = y =cosz = y’ = —sinz
LHS=y" +y = ~sinz +sinz = 0 # sinz, so y = sinx is not a solution of the differential equation.
byy=coszr = y =-sinz = ¥y’ =—cosz
LHS = 4" 4y = — cosz + cosz = 0 5 sinz, S0 y = cosx is not a solution of the differential equation.
(©)y = jxsing = ¢ = i(zcosz+sinz) => ¢’ = i(—zsinx+cosx + cosz).
LHS =y" +y = §(—zsinz + 2cosz) + $Tsinz = cosx # sinz, S0y = 1z sinz is not a solution of the
differential equation.
dy=—3zcosz = y =—L(—zsinzx+cosz) = y”"=-1(-zcosr—sinz—sinz).
LHS = y" +y = —3(—zcosz — 2sinz) + (— 4z cosz) = sinz = RHS, so y = — Lz cosx is a solution of the
differential equation.
_Inx+C ,_z-(z)=(lnz4+C) 1-Inz—C
B@y=—— = y= p = o .
1—Ilnzx— In C
LHS = 2%y + zy = 2% - I;;: C+:v- zt
=1l~Inz—-C+Inxr+ C=1=RHS, soy is a solution of the differential equation.
® 3 A few notes about the graph of y = (Inz + C)/z:
1,2 - . .
&L @ g; ‘;‘ 2 (1) There is a vertical asymptote of x = 0.
/g: EO p (2) There is a horizontal asymptote of y = 0.
0 5 (=1 B)y=0 = Inx+C=0 = z=¢9,
so there is an z-intercept at e,
-1
@Dy=0 = lhx=1-C = z=¢€"°, .
so there is a local maximum at z = !~ ©,
©@y(l)=2 = 2= w = 2 =(, so the solution is y = nz+2 [shown in part (b)].
T
In 2 —
Dy2)=1 = 1= 2—2_'_6-1— = 2424+ C = (C=2-In2 sothesolutionisy = z+2-1n2
T
[shown in part (b)].
19. (a) Since the derivative y’ = —y? is always negative (or 0, if y = 0), the function y must be decreasing (or equal to 0) on any
interval on which it is defined. .
Oy=— = =L IHS—’———l———(——l )2—~2*RHS
YWrxC T VT T Gror TV T T wrop z+0C v=

(c) y = Ois a solution of ' = —y that is not a member of the family in part (b).

@ IFy(e) = ——. theny(0) = -z =

1 1 1 1
= Si =05 = = = =
c FYsinls ince y(0) = 0.5, = C=2,s0y

Cc ™ 2 z+2
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20. (a) If z is close to 0, then xy is close to 0, and hence, v is close to 0. Thus, the graph of y must have a tangent line that is
8

nearly horizontal. If x is large, then «y® is large, and the graph of y must have a tangent line that is nearly vertical.

(In both cases, we assume reasonable values for y.)
®y=(c—z*)"? = ¢ =z(-52)"%2 RHS=azy®= z[(c - :1:2)_1/2]3 =xz(c— z2)'3/2 =y = LHS

(©

j- =1._, When z is close to 0, 3’ is also close to 0.
/

>~
It
[\
s

As x gets larger, so does |y'|.

_ZL JZ

-1

@y0)=(c—0""?=1/Veandy(0)=2 = ve=% = c=1s0y= (22?2
2 4 4

dP P dP P . P

P <4200 = the population is increasing for 0 < P < 4200.

(b)%«) = P> 4200

(c)%:O = P=42000rP =0

@ () %’ti = v — (1 +a)v+a] = —v(v—a)(v— 1),30'2—: =0 & w=0,q,0rl.
(b) With0 <a < 1,dv/dl = ~v(v—a)(v—1) >0 < wv<0ora<w< 1,so0vis increasing on (—oo,0) and (a, 1).
© With0<a<1l,dv/dt =—v(v—a}{v—1) <0 & 0<v<aorv>1,s0visdecreasing on (0, a) and (1, 00).
23. (a) This function is increasing and also decreasing. But dy/dt = €*(y — 1)* > 0 for all £, implying that the graph of the
solution of the differential equation cannot be decreasing on any interval.

(b) When y = 1, dy/dt = 0, but the graph does not have a horizontal tangent line.

The graph for this exercise is shown in the figure at the right. y
A.y' = 1+ zy > 1 for points in the first quadrant, but we can
see that y* < 0 for some points in the first quadrant.
B. v’ = —2zy = 0 when x = 0, but we can see thaty’ > 0 forz = 0.

Thus, equations A and B are incorrect, so the correct equation is C. 0
C. v = 1 — 2xy scems reasonable since:
(1) Whenz =0, %' could be 1.
(2) Whenz < 0, y’ could be greater than 1.

i-y

(3) Solvingy’' =1 — 2zy fory givesus y = py

. If ¢/ takes on small negative values, then as z — oo, y — 0T,
as shown in the figure.
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—m—
@ @y =1+22+4%>1andy — oo asz — oo. The only curve satisfying these conditions is labeled TII.

)y =ze =¥ > 0ifz >0andy’ < 0ifz < 0. The only curve with negative tangent slopes when = < 0 and positive
tangent slopes when i > 0 is labeled I.

©v = -—elgTyg > 0andy’ — 0asx — oo. The only curve satisfying these conditions is labeled TV.

(d) ' = sin(zy) cos(zy) = 0 if y = 0, which is the solution graph labeled II.

26. (a) The coffee cools most quickly as soon as it is removed from the heat source. The rate of cooling decreases toward 0 since

the coffec approaches room temperature.

(b) % = k(y — R), where k is a proportionality constant, 1 is the (©) 9;
temperature of the coffee, and R is the room temperature. The initial
condition is y(0) = 95°C. The answer and the model support each
other because as y approaches R, dy/dt approaches 0, so the model 2(:) .

seems appropriate.

21. (&) P increases most rapidly at the beginning, since there are usually many simple, easily-learned sub-skills associated with
learning a skill. As ¢ increases, we would expect d P/dt to remain positive, but decrease. This is because as time

progresses, the only points left to learn are the more difficult ones.

Pt
W) %IT) = k(M — P) is always positive, so the level of performance P ©) (M)
is increasing. As P gets close to M, dP/dt gets close to 0; that is,
the performance levels off, as explained in part (a).
P(0)
0 t
dL . L)
28. (a) i k(Loo — L). Assuming Lo, > L, we have k > 0 and (b)
Lo
dL/dt > 0 forall t.
L)

29, If ot) = cs(l - e"’f”) =0, —coe™ " fori >0, where k > 0,¢5 > 0,0 < b< 1,and o = k/(1 — b), then

de

a(l —b)
dt

= ¢ [O —emot' " % (—atl_b)} = —ce ot ", (—a)1 -t = D

- k
coe " = t—b(CS —¢). The

cquation for ¢ indicates that as t increases, ¢ approaches c,. The differential equation indicates that as ¢ increases, the rate of

increase of ¢ decreases steadily and approaches 0 as ¢ approaches c..
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