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11.6 The Ratio and Root Tests

1. (a) Since lim 9—23'—1 =8 > 1, part (b) of the Ratio Test tells us that the series . an is divergent.
(b) Since Lim E—Z—ﬂ = 0.8 < 1, part (a) of the Ratio Test tells us that the series ) a,, is absolutely convergent (and

therefore convergent).

(c) Since lim Sntl

n—oo | Ap

= 1, the Ratio Test fails and the series ) a» might converge or it might diverge.

2. Lm |22t = lim 1 = 1 = 1 < 1 Thus, the series ) a,, is absolutely convergent (and therefore convergent)
n—oo an n—oo an/an+1 2 2
by the Ratio Test.
N LR Y D £ 8 O i 1 n41) 1 . 141/m 1. 1 LR,
S e N =5.m 7 =5 =g < Lsotheseries 32 s

absolutely convergent by the Ratio Test.
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=2 lim Gy

2
= lim l(—2)z—n—n_;—l—)—5 = 2(1) = 2 > 1, so the series

TP OO

(=2) is divergent by the Ratio Test.
2

(_1)n3n+1 . 2nn3
2n+1(n + 1)3 (___1)11—1311.

=3 hmo— L
T 2niee (141/n)3
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= lim —§ ______n3
T n—eo 2 (n + 1)3
3"

(=]
so the series Z(—l)""1 s is divergent by the Ratio Test.
n=1

‘m l (=)~  (2n+1)!
n—oo|[2(n + 1)+ 1! (=3)"

=3(0)=0<1
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th ———t— i3 absolutel by the R .
so the serles nzz:() Cn+ 1) is absolutely convergent by the Ratio Test

k41
223

. 1
7. Jim = Jm =

!
oy kl

. 1 o1, .
= lm lm T = () < 1, so the series kz:l s absolutely convergent by the Ratio Test.

Since the terms of this series are positive, absolute convergence is the same as convergence.

k+ 1)+ E+1 .
8. lim |22 = Jim (_+_)_e___ = lim Bl et) = 1 lim 1—_’;1/—k = l(1) = 1 < 1, so the series
koo | ap k00 ke—* ko0 k € k—oo 1 e e
o0
Z ke™* is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the
k=1

same as convergence,
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is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the same as

convergence.
| e oo 1
- lim a;_:l = lim [%%6’2.};)1_ . l%?._} = nango %—1- = 00, 50 the series ngl 1(?671 diverges by the Ratio Test.
. lansr (n+ )7 (=3)"! . T n+l| 7w, 1+1l/n =« m
1 - . p=d ¢ = = - — e
oo | an | novee|  (—3) e e Y e g1 =3 > Lsothe

N n
series Z (—%Z)r;_‘f diverges by the Ratio Test. Or: Since lim |an| = oo, the series diverges by the Test for Divergence.
—_ n—oo
n=1

@i |+ (10! . 1 (n+1\° 1 1\° 1 1

1 - . = ol isanme = —— — = [, 1
m an n]_l_,n;o (=10)+2 110 nh_f‘; 10\ 7 nILII;O 14 n 10(1) 10 <1,

oo 10
so the series Y, ——————— is absolutely convergent by the Ratio Test.
n==l (___10)n+1
.| Gngr . lcos{(n+ 1)7/3] n! cos[(n + 1)w/3] . ¢
—_— = h . = 1 e P | e B

nlgrgo an ns00 (n+1)! cos(nm/3) nroo (n + 1) cos(nn/3) nlf—»rgo n+1 0 <1 (where

o0
0 < ¢ < 2 for all positive integers n), so the series . 28—%?-@

n=1

is absolutely convergent by the Ratio Test.

(n+1)! ™|

" . (n+1n n” 1
(n+1)m+ nl|

Gn+1 m St = Hm = = lim -
A i T A G A T )

QAn

= lim

n—eco

lim
n—rod

= —1— < 1, so the
e

0 pl
series _n: is absolutely convergent by the Ratio Test.
n=1"

h |@mt] oy [eEDIP100M w100 (nt] 0 100/ L1 100
niwoo | an | n—oo (n+1)! nl00100" | n—ocom+1 n T n—eont1 n
=0-1=0<1
. &= nt%%100m .
so the series Y, s absolutely convergent by the Ratio Test.
n==1 .
. ann R+ D] (nh)? . (Gn+2)@n+1) L (2+2/n)@2+1/n) 2.2
o — TS e | 1 e s = — ==
A e | T A D @) A mF DD e e 11T
.= (2n)! . .
so the series ) ()7 diverges by the Ratio Test.
n=1 .
. ana| . (=1)*(n+1)! 1-3-5----- @n—-1)] .. =n+l
A T AR TS e DR+ ) (—1)"1n! =TT
oo 1+1/m 1
= e s T <
3! 4! n!

he series 1 2!
so the series “{3t1T33E 13357

oo (1) T + -+ is absolutely convergent by

3.5 (2n—1)
the Ratio Test.
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2.5 2.5.8 2.5.8-11 © 2.5.8.11---- (3n—~1)
18 2428 -
T35t 3s T 350 T L3579 o 2ng))
fo Jontt| (2058 (3n-1)Br42) 357 (2n+1)
n—oo| Gn | mn—oo|3.5.7. .. @n+1)(2n+3) 2.5.8---.- Bn—-1)

- lim 3n+2 . 3+2/n_

R Ly e R

so the given series diverges by the Ratio Test.

. |anst . 1246 (2n)(2n + 2) n! n+2 . 2(n+1)
19. 1 =1l . = = - =2
S lm . ni’;; (n+1)! A6 (O] A T A T > 1,50
the series Z ——-4—%'——-(—2-@- diverges by the Ratio Test.
n=1 '
. ants . 27+ (4 1)1 5.8.11-..- Gn+2)|_ . 2n+l) 2
2 . = . = — 1
i nli»n3°15-8'11 ----- (3n+2) (3n +5) 2nnl I Bnys T3 < hsothe
nnl
series 21 (~1)" i 2 n' CES) is absolutely convergent by the Ratio Test.
. . n+1_.1+1/n__ & 7+ .
@ nll'n;o Vlan| = nll»oo 1 nll»oo 2+ 1/n? 2 < 1, so the series E (2 5T 1) is absolutely convergent by the
Root Test.
@ lim %/jan|= lim 7} % = lim % =0 < 1, so the series Z (_n )" is absolutely convergent by the Root Test.
23, lim Ylan|= lim ¢ w = lim 1 0 < 1, so the series Z C i is absolutely convergent by the
" oo ™ n— 00 (ln’n,)" n—oo InM ’ n—2 (1 )
Root Test.
. on e —on \*" . 25 b . 1 1
2. lim {flan|= lim (m) = dm Gt A s = R i
n
=32(1)=32> 1,
- -2n \™" .
so the series Y | —— diverges by the Root Test.
n=]1 n + 1

2

7L2 n oo ki3
25, lim Y¥l|a.|= lim { (1 + %) = lim <1 + %) = e > 1 [by Equation 3.6.6], so the series (1 + %)
n—oo n—oo n—=1

n—oo

diverges by the Root Test.

26. lim Y/lan] = lim %/|(arctann)| = hm arctann = £ > 1, so the series Z (arctann)™ diverges by the Root Test.
n—od n—oo0

n=0

hesd oo (_1\n o0
2. Y an= Y, ( 1)n Inn = 3 (=1)"b,. Now b,, = linﬁ > 0forn > 2, and {b,.} is decreasing for n > 3 since

"= n=2 n=2

(klﬁ) == 211:12 =1 lnm<0whenlnx>10ra:>e~27Also hm b, = lim hm’ﬁlm_l_ﬁl:o’
v ’ ¥ n—oo N n—eco
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2
36. By the recursive definition, lim |22*l| = lim l——ﬂ =
n--oo | Qn n—00 \/7'—2,

= 0 < 1, so the series converges absolutely by the Ratio Test
37. The series Z m

=1

= Z( 1)" b ,where b, > 0forn > 1 and lim b, = =

. |Gn41 . (—1)7*ipntt n . b cosnT |
1 = . = ki bn - 1 Lt
nesoo | “an 1}3-{20 n+1 (=1)mby nvoo "1y + (1) < so the series :;1 n
absolutely convergent by the Ratio Test.
38, lim |22 = Lim (=)™ (n+1)! n biby - bal|
" oo Qn T nseo (n + 1)”+1b1b2 .

) (-D{(n+1)n"
e bnbn+1 (-—1)" n n—oo

brti(n+ 1)+t
lim L ( n \" lim L ( 1 )" o 1
n—eo bn+1 n + 1 n—oo bn+1(

n

Il

n-l—>H<}o bn+1(n -+ 1)"
n—co buyy

Sl
1+1/n 1+1/n)  Lle e
so the series Z e lf blg is absolutely convergent by the Ratio Test
1b2b3 -
3 3
(39)@ tim |MEED | gy
n—oo ]_/n n—00 (n e 1)

® 1
lim -z =1, Inconclusive for
nco (14 1/n)° 2

n3’

@i 2D 2

ne=1

_om+l /1 1) _1 , = n
Jim (ot = nli»ngo o = nlgr;o ( 3 + 2n> =3 Conclusive (convergent) for ; o
. (=3)" : 1 . . e (—3)"!
c) lim =3 lim 3 lim /-———— = 3. Conclusive (divergent) for A
© Jim |2 | = =3B T m (divergent) for 3% —m
[T T 2 oo
1im ntl 2.1+n = lim ‘/1+— _1/71_—}—_1_____ =1 Inconclusiveforz—-\—/——;i—é-
n=oo |1+ (n+ 1) Vn n—oo n 1/n2 4 (1+1/n)? Zil4n
(n1)?
40. We use the Ratio Test for the series Z Dk
n=1
- ann [(n + 1)/Tk(n + D] (n+1)°
lim |22 = = 1i
nieo | an | neseo )/ (k) Tkt D R+ 1) — 1] [kn + 1]
. . . |n+1)? L . e
Now if & = 1, then this is equal to lim —(-7;——— o0, so the series diverges; if & = 2, the limit is
lim

2
(—2—7;_(7_%4}—;)&—1—)’ = % < 1, so the series converges, and if & > 2, then the highest power of n in the denominator is

larger than 2, and so the limit is 0, indicating convergence. So the series converges for k > 2

4. (a) lim Gntd AL im |——| =z [ = |z| - 0 = 0 < 1, so by the Ratio Test the
) nsoo| Gn | n—oo|(m+ 1) z7|  neeo|n - 4
% pn
series Y 7; converges for all z.
n=0

(b) Since the series of part (a) always converges, we must have lim

= 0 by Theorem 11.2.6.
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