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3. Our goal is to write the function in the form 7 , and then use Equation 1 to represent the function as a sum of a power

L ! = i (—z)" = i (—D)"z" with|—z| <1 & |z|<l,soR=1and]=(-1,1).

series. f(z) = il e s R ) »

_ T _ 1 _ ke - n . . >, . n_n+4+1 L Yo
4. f(z)= T = 1(1 — (—3:)) =z 3 (—xz)", or, equivalently, 3 (—1)"z"". The series converges when

70 7=

|—z] <1 & |¢|<lsoR=1and]=(-1,1).

5 f(z) = 1—11:2 = 3 (#*)™ = ¥ 2. The series converges when |2?| <1 & |z| < 1,so R=1land I = (-1,1).
- n=0 n=0
5 - 1 = 2\n = n,2n . . 2
6./f(x) = i =0\ i) =0 3 (42%)" =5 3 47", The series converges when |42°| <1 <
— 4z —4x n=0 n=

@<} o bl<isoR=}mdl=(-}3).

7. f(z) = 3—% = %(-1%/3) g i ( )7 or, equivalently, 2 Z . 3m +1 ™. The series converges when l—' <1,

that is, when |z] < 3,50 R=3and I = (—3,3).

2n+2

4 4 1 4 1 4 = . = "
o 10 = 5= 5 () = 3 (cmm) - 3 5 (%) oncaatents, 301 Z

).

.’172 12 1 _1'2 1 IZ o0 r\4 n oo ( 1)n An+2
f (%) = 2 +16 16 (1 +m4/16> ~ 16 (1 _ [—(1’/2)]4> 16 EO [" (‘2‘) ] or. equivalently, n§o YU

("Y1 <1 = [El<1 = jel<2s0R=2and]=(-2,2).
2 2

3

(M1
(ST

The series converges when ————\ < 1, thatis, when jz| < 3,so R= 2 and I = (-

The series converges when

f(z) = 2m2$+ T =7 (1 — ! - ) =1z 3 (—~22%)" or, equivalently, 3 (—1)"2"z%"*!. The series converges when

("27'2) =0 n-=0

. 1 1 1 1
—22%| <1 = |o%] <} = |m|<ﬁ,soR=EandI:(—ﬁ,7§).

z—1 w+2-3 3 3/2 3 1
. = = =1 — =] - —t =1 - 2 —_—
M= = r+2 22+ 1 2 1= (—2/2)
. 3 oo _1- 'n,— _§_,§ & 7£ n._,ml” 80 (—l)nSIn
=1 23;0( 2) =1-3 2,1;( 2) T2 ,El nil °

The geometric series S (——g)n converges when '—;’ <l & |z|<2soR=2and] =(-2,2).
n=0

. L 1 . 1
Alternatively, you could write f(z) =1 -3 (x—+2> and use the series for prag

found in Example 2.
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———————

2 f(2)= = [a>0] Z%{?7£W§ﬂ+%[?iiﬁﬁﬂ

(71)7»‘1‘2724-1 oo (__1)n1:2n

o0 172 n 00

X

2
The geometric series ——2‘ <1l & |rl<a,s0 R=aand ] = (—a,a).
a

1t

I\ T
x
——5 | converges when
a

20 —4 2z -4 A B
oy T Sl e § e Tt & = Az ~3)+ B(x —1). Letw = 1 to get

—2=-24A & A=landx=3toget2=28B < B =1 Thus,

13 f(x) =

20 — 4 1 1 -1 1 1 2 . l@&ay & 1,
+ = +—_3[1—(z/3)]*"n:0‘” 320(3) ‘,,,5::0( 1 3n+1)“"

22 —4r+3 z-1 z-3 1-a
We represented f as the sum of two geometric series; the first converges for z € (—1,1) and the second converges lor

z € (-3, 3). Thus, the sum converges forx € (—1,1) = I.

20 +3 _ 2z + 3 A B _ . _
14'f(‘v)—m2+3r+2v(m+l)(m+2)—z+1+ﬂs+2 = 2r+3=A(c+2)+ Bz +1).Letz=—1togetl = A

andz=—-2toget —1=—-B <« B=1 Thus,
1L __ 1 .1 1
z+2 1—(—z) 21— (-x/2)

n={ n=0

2e+3 1
22 +8x+2 x+1

+

We represented f as the sum of two geometric series; the first converges for z € (—1, 1) and the second converges for

x € (—2,2). Thus, the sum converges forx € (—1,1) = 1.

15. (a) f(z) = ( L. d—’i( -1 ) = _E(f? [i(—l)”x"] [from Exercise 3]

1 + 93)2 1 +z n=0
= Y (=1)"!ng" ! [from Theorem 2()] = 3 (—1)*(n+ 1)z” with R =1.
n=1 n—0

In the last step, note that we decreased the initial valuc of the summation variable n by 1, and then increased cach

occurrence of n in the term by 1 [also note that (—1)™'2 = (—1)].

010 = s = 5 a [T = |V | fhom )

=L S ()t Dnam = 13 (<) (n+ 2)(n + Da” with R = L.

=0

3
3

2 1
= z2. — .2

z)? (I+z)p

S (1) (n+2)(n+ e [from part (b)]

n=0

N =

T
i (=1)"(n+2)(n+ )a™ 12

+

To write the power series with 2™ rather than 22, we will decrease each occurrence of n in the term by 2 and increase

the initial valuc of the summation variable by 2. This gives us % S {(-1D)*(n)(n - 1)z" with R = 1.
n=2

(© 2021 Cengage Learning, All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part



gec 11,9

1122 O CHAPTERM™ SEQUENCES, SERIES, AND POWER SERIES

(a) r = —In(l — x) + C and

1 _ 2 o 2 4P L X" y
/lﬁmdx_/(l—}—a:—{—x +---)dx_<x+—2—+ 3 +---)+(‘,_Z ” + C for |z} < 1.

n=1
So—In(l—-z2)=TY T + (0 and letting z = 0 gives 0 = C. Thus, f(z) =In(1 — 1) =~ ¥ T with R = 1.
n=1 Tt n=1 N
) = a” oo "t
(b) flz)=zIn(l—z) = Z —=-%
n=1 T n=1 n

1 = 2 17 x 1
(c) Lettingw = = glvcsln = = Inl-Iln2=- 2 — = In2=Y .

2 — 1 n2n = n2r

@We know that T +14m =1 (174oc) = 20(—41)“. Differentiating, we get
—4 n e _Aantl T
Aoy = 2( Hna™ n;o( 4H™ e+ 1)z™, so

[(x) = m = :4£ . ﬁ == %0(—4)"+1(71+ Da" = 3 (~1)"4%(n + 1)z

~|

for|—4x} <1 & |z <3, s0R=

Bl

1 1 L& oy & 1 d [ 1 d [ 1
. = = — —_ = n_N — —— = — x”
el TE ) 2,20(2) X g Now o (2—:1:) dx (Eo 2ni1 ) =

& d 1 d & 1
-1 el - - = g 2l §
( —3:)2 — nE 2n+1 and I <(2_x)2) dr (ngl ont1 ne ) =

2 = 1

- o n—2 __ = (n+2)(n+l) n

Goap ~ il D e
3 3 3 3

- z o o 2 _ &2 (n+2)(n+1) o= 2 (n+2)(n+1) RS
ThU59 f(m) - (2 ._ ’L') - (2 _ 1‘.)3 - 2 (2 _ '[7) 2 = 2n+3 - r;::o 2n+4
Ibr{%l <l & |z]<2s0R=2.

. 1 0 n
By Example 4, -(1_—93)2 = ngo(n -+ 1)z™. Thus,
1 +T 1 x " il
f(w):(l—z)2:(1—x)2+(1 v Zo(n+1)a: +Z(n+1)

=S (n+Dz"+ 3 na” [make the starting values equal]
n=1

n=0

L+ S [(n+1)+nja" =1+ 3 (2n+ 1" = S (2n+ 1)z with R = 1.

n=1 =1 n=0

n=0

n=0 n=1
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SECTION 11.9 REPRESENTATIONS OF FUNCTIONS AS POWER SERIES I

x° +x x x 2 2 x 2

00 o0 o0 oQ
==Y (n+Lnz""" + 2 S+ Dna™ =30 (ntLn 1)na;”+1 + > (nt1n 1)n1:”
2 n=1 2 n=1 n=1 2 n—1 2
&=, 1 x, 1
=3 n(n2 ) + 3 (n—; )n‘l/" [make the exponents on 2 equal by changing an index}
n=2 n=1
oo p? > n?4n
3 5 "4+ Y 3 " [make the starting values equal]}
n=2 n=
::c—&—inQ inx’ with R =1
n=2 n=1

2. fz)=In(5—x) = — %z_é/%:_%/[i('%)n]dx

Ry

100
=C-3 1% (n+1)‘c S 5

n=1 n5n

Putting z = 0, we get C = In 5. 'The series converges for |z/5]| <1 <« |z| < 5,50 R = 5.

2n+1

( )2n+1 6n+3+2 o0 6n+5
@f(.l )= tan”' (&%) = 2? Z( 1)"2=—— [by Example 7] = Z( s 2(— y 2 for

3. f(x) =

24,

n+1 2n+1

.

|2*| <1 & |e|<LsoR=1

2 oo
o = 2? ( . (1_$2)) =z n;o(—xQ)n p3 0( 1) z®**+2. This series converges when |—2%| <1 &

2> <1 & |z| <L soR= 1. The partial sums are s1 = x°, !

so=s81—x" s3=sp+2", 84 =53 — 12" 85 =s4+2"°
Note that 51 corresponds to the first term of the infinite sum,
regardless of the value of the summation variable and the value of the

exponent. As n increases, s» (z) approximates f better on the

interval of convergence, which is (-1, 1).

o0 T ¢ LA

From Example 5, we have In(1 + ) = 37 (-1)""1! L with l#| < 1,so f(z) =In(l + %) = 3" (—1)"1 L with
n=1 n n=1 m

|zt <1 & |z| <1 [R=1]. The partial sums arc s1 = z*, 59 = 51 — 32°, 53 = 52 + 32'%, 54 = 83 — 3276,

5 = sq + £2°°, ... Note that s corresponds to the first term of 4

the infinite sum, regardless of the value of the summation variable

e
i
1
13
1
1
. . \
and the value of the exponent. Asn increases, s, (x) approximates ]
3

f better on the interval of convergence, which is [—1, 1]. (When

x = =1, the series is the convergent alternating harmonic series.)

-1
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2. f(a) = mG ik

>~ln(1+m)~ln(l—x):/
-/12

n=0

dx _
1+:v l—a: 1~ —

5+ 1
(1) +n;0m”] dm:/[(1~m+m2—m3 4
=/(2+212+21 e Ydr =

+z —

Y+ +z+2”+2 2+ )] de
2T2n -1
2 2n dr =
'nZD s C+n202"“‘1
oo 2p2ntl o0 1
But f(0) =1In1 = 0,s0 C = 0 and we have f(z) = n;ﬂ 1 with R = 1. If z = =1, then f(2) iQnZO T
which both diverge by the Limit Comparison Test with b, = — PR
" 3 N/
4 j ;f Ty
2z 223 2z°
The partial sums arc 57 = —, 52 = 51 + ——, 53 = sz+?,....
-2 2
As n increases, s, (z) approximates f better on the interval of
convergence, which is (—1,1) ~ — ~
2. f(r) = tan"'(2z) _2/ T /‘EO(—l)n (4;59)“ do =2 5‘( 1)"4"g?" da
oo _1 n4n12n+1 oo —1 n22n+1$2n+1
n=0 2” + 1 n=0

2n+1
The serics converges when |42°| <1 & |z| < 4,s0 R =

[f/(0) =tan"10 = 0,50 C = 0]
22 1
— 41 = 1)y .
If o = 43, then f(z) nZO( 1) Tl and
f@)= > (-t 5 1+ i’ respectively. Both series converge by the Alternating Series Test. The partial sums are
n=0 7
2x s 238 s $o 4 2525
§1 = —,82 = - s = 8 PR
1 1° 2 1 3 3 2 5 R
55 3 s
'\ 2 \ o
e T N
|‘ f
_2 \“ \“ 2

\\‘ \‘

‘\

1

\

\. y J
-2
As n increases, s, (z) approximates f better on the interval of convergence, which is [-%— %]
t 1 &2
—_— =l — =1 t
@ 1-18 1—1¢8 =
when |t8| <1

8n+2
&

)= et s /1_t8dt C+2

Bt 2 ‘The series for I !
[t] < 1,s0 R = 1 for that series and also the series for ¢/(1 — ¢°). By Theorem 2, the series for
=1.

]__

78 converges
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t 1 00 3vn 00 3nt1 / oo " t3n+2 .
. =t- =t )" = i ——dt = C — . Th fi
28 e = () Wgo( " = Z( 1) = T C+ ngo( 1) 35 Lhe series for
1 converges when | -#*| <1 & |t] < 1,50 R = 1 for that series and also for the serics L By Theorem 2, the
1413 14143
series for =1
0o x”ﬂ o mn+2
29. From Example 5, In(1 +z) = ¥ (—1)”'1—7—1— for {z] < Lsoz?In(l+2) = 3 (1)t and
n=1 L n=1
oo :L,'n,—-}-S
/12 In(l+2z)de=C+ 3 (-1 A F3) R =1 for the series for In(1 + ), so R = 1 for the series representing
n=1

2% In(1 + z) as well. By Theorem 2, the series for /x2 In(1 + z)dz also has R = 1.

2'n+1 tan™ 11: ) 2n
30. From Example 6, tan™' z = E (~1 )" 7 for lz] < 1,50 Z( n” 1 and
tan”* & Ir=C + f: (—l)"ﬂi—— R =1 for the series for tan ™' x, so R = 1 for the series representin
r eV =, (2n +1)2° - ’ ' o - 3 &
tan™ 'z , tan~tx
as well. By Theorem 2, the series for p dralsohas R = 1.
3 T - 1 =z i (—.’1‘3)” — 5.:; (hl)nz_3n+1 =
s 1 (—x3) = fror
oo 3ndl n I3n+2
/1+T3dm—/ngo( ) d:c-("+nzO ) s Thus
0.3 2 5 8 11 0.3 2 5 8 11
I = r dr = x_,%__+_l_vf__+... =(03) _(0?) +( 3) (03) 4
o 1+a 2 5 '8 11 . 2 5 8 11

The series is alternating, so if we use the first three terms, the error is at most (0.3)“/11 ~1.6x 1077,

So I = (0.3)%/2 — (0.3)%/5 + (0.3)%/8 = 0.044 522 to six decimal places.
@ We substitute x/2 for z in I:xample 6, and find that

. m/2)2n+l 00 p2nt
/arctan dr—/z —-1) e dﬁ—/;( " 2271 (20 + 1) dx

12n+2

(2n+1)(2n + 2)

=C+ ngo(—l)" BT

Thus,
1/2 z 22 4 8 o 210 1/2
! ZA arctan g &= [za)m TEE@ T FG6)  TME | PO0) }
1 1 L 1 1 N 1

TREMER) @)@ 2(5)(6)  25(7)(8) | 219(9)(10)

The series is alternating, so if we use four terms, the error is at most 1/(2'% - 90) ~ 2.1 x 1078, So

1 1 1 1 . .
I == 16 ~ 1536 + 61440 1835008 ~ 0.061 865 to six decimal places.

[continued]
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