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SECTION9.3 SEPARABLEEQUATIONS O

(c) From part (a), dy/dt = —%(y —20). With ¢o = 0, yo = 95, and h = 2 min, we get
y1 = yo + hF(to,y0) = 95+ 2[—g5(95 — 20)] = 92
y2 = y1 + hF(t1, 1) = 92 + 2[— (92 — 20)] = 89.12
ys = y2 + hF (t2,y2) = 89.12 + 2[—55(89.12 — 20)] = 86.3552
ya = y3 + hF(ts,ys) = 86.3552 + 2| —75(86.3552 — 20)] = 83.700992
Y5 = ya + hF(ts,ya) = 83.700992 + 2[— 5(83.700992 — 20)] = 81.15295232

Thus, 7(10) = 81.15°C.

9.3 Separable Equations
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1. (di—z =3£L'2y2 = g% =3I2d,’1; [y#o] = fy—Q dy=f3:z:2dz = ..y*l =T3+C N
== P +C = y= S = 0 is also a solution
y V=s+0 Y~ -

2.%:% = ydy=zds = [ytdy= [zdx = W=124+K = y"’=§m2+5K =

y = {/222+ C, where C = 5K.

3. dy=z:\/37 = =zdz [y#0] = [y Ydy=fazdz = %Y?=1224+K =

gy
Vi
V=12 +iK = y=(i2"+ C)z, where C = ;K. y = 0is also a solution.

d
toy=y+3 = 2P =y43 » Y

dx 1 1
dz 13T ErvEd = [oga=[le o

Inly+3|=lnlz| +C = |y+3| =elPHC =l 0 = O 4] = y+ 3= ka, where k = +eC. Thus,

y = kx — 3. (In our derivation, k was nonzero, but we can restore the excluded case y = —3 by allowing k to be zero.)

2
@myy'=$2+1 > g =atl > v ="l A0 > /ydyZ/(z‘*‘%)dx =
%y2=%x2+1n|x|+K = 92=x2+21n|11+2K = y=4 /w2+21n|w|+0,where0=2K,

dy

3~=—zey = e Vdy=-—zdz = fe_ydyzf—z:dx = —e'”z—%zz-{-c =
x

6.y +x2e¥ =0 =

e_y=%1‘2—0 = —y:ln(%x2~C) = y:—ln(-;-x2—0)

@(ey—l)y'=2+cosx = (ey——l)j—iz2+cosz = (¥ ~1)dy=(2+cosz)dr =

J(e —1)dy = [(2+cosz)dz = e¥—y=2z+sinz+ C. We cannot solve explicitly for y.
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8. d——2m(y +1) = dy =2zdx = /

o 41 dy=/2xdx = tan ly=2°4+C =

2+1
y = tan(z? 4+ O)

9. Zf p—p+t? ~1=p{t* -1+ 1 - 1) = p+1)(t* - 1) = ;%dp=(t2—1)dt =

/Ldp /(c ~1)dt = Ip+1=i*~t+C = |p+1=e/>"° = pitl=+ee!/*t =

p+1
p=Ke'/*t _ 1, where K = +eC. Since p = —1 is also a solution, K can equal 0, and hence, K can be any real number.
dz el dz t = —z t —z t —z +
10. d_+ =0 = Efz_ee = fe dz:—fedt = —e=—-e+C = e*=e-C =
1 .t z __ 1 Y 1 — _ t_
==¢-0 = =55 = “‘h‘(et—o) = z=—In(¢!-0O)
11.%2—:2-263070 = fcosOdf =te " dt = f&cosedf):fte_tzdt =
€

-1

Osin@ + cosf = — -%e : + C  [by parts]. We cannot solve explicitly for 6.

dH RH>/1+R? InH InH
2 e =" = Gp dl=R/ITRdR > [ dH= /R(1+R)l/2dR =
InH 1 1 213/2 . .
el §(1 + R*)%/% 4 C [by parts]. We cannot solve explicitly for H,

®%=zey = eV¥dy=zdr = [eVdy=[fzdr = - ¥=1lr+0C.
y0)=0 = —e=3017+C => C=-Lso—eV==L1z-1 = e¥=-1s241 =
—y=ln(1~%z2) =3 y=—1n(1—~%:1:2).

14. %—\/Pt = dP/VP=+tdt = [P'2dP=[t"?dt = 2P2=2%%24C.

P1)=2 = 2V2=3%+4C = C=2v2-%s02P?=232123-2 = /P=Llt"24+2-1 o
P:(%ta/z-i-\/i—%).

15. %—Abgcosb'r = %—é=bzcosbrdr = /%dA=/bQCosIrrdr = In|A| =bsinbr + C.

A(0) =b° = m[p*| =bsin0+C = C=In|t’|,s0ln|A| =bsinbr +In|t*| =
]Al —_ ebsin br+ln|b3| - ebsinbreln|b3' — ‘bal ebsinbr = A= j:b3ebsinbr‘ Since A(O) — b3, the solution is
A= b3ebsinbr.

d k dz
29y __ _ _ -2 PSR T |
6. 22y =ksecy = « az = ooy = cosydy—li:—q:2 = [cosydy= [kx?dz = siny=-kr !4C.

y(1)=% = sinf=-k(1)"'+C = i=-k+C = C=L+kso
. k1 _ef k1
siny = J;+2+k = y=sin ( w+2+k>.
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SECTION9.3 SEPARABLE EQUATIONS [1 885

_‘?}j _ 2t + sec’t

17. % I u(0) = =5. [2udu= [(2t+sec’t)dt = u’=1"+tant+C,
where [u(0)]® = 0% +tan0+ C = C = (—5)% = 25. Therefore, u? = t? + tant + 25, so u = +v/& + tant + 25.
Since u(0) = —5 < 0, we must have u = —+/1? + tant + 25,
) 2 dy 2 S dy 2 =
18/x+3yyvel+1l —=0 = v+l —*=-z = Wdy= ———dz =>
dx dx x2 + 1

[3Pdy=[—a(z®+1)?dr = P=-*+1)Y24+C y0)=1 = 1®=—-(0*+1)24+C =

C=2s0y°= (22 +1)"2+2 = y=(2-VaZ2F+1)V3.

18. xlnm:y(l-l-\/3+y2)y',y(1)=1. fmlnzdm=f(y+y\/3+y2) dy = 1z2lmz— [lxds
[use parts with v = Inz, dv = zdz] = %112+51,;(3+y2)3/2 = %a?ln:v— %:1:2-{»6': %y2+%(3+y2)3/2.
Nowy(l)=1 = 0-1+C=1+1(4% = C=4i+8+1=1% 5

taflna — La? + 4 = 142 4 1(3 4 4)3/2. We do not solve explicitly for y.

dy _ zsinz

zo.d = ydy=zsinzdr = [ydy= [xsinzdz = %y2=#mcosm+sinz+0 [by parts].
-z Yy
y(0) =-1 = %(-1)>=-0cos0+sin0+C = C=4%5s0%)°=~zcosz+sinz+3 =
y? = —2zcosx+2sinz4+1 = y=—/2xcosz+ 2sinz + 1 since y(0) = —1 < 0.
%=§ = ydy=zdr = [ydy=[zdr = 3/ =32"+C. y0)=2 = 12°=3102%+C =
C=2s0iy’=12"+2 = y’=2+4 = y=+2? f4sincey(0)=2>0.
2 f@=ci@-2 > Fem-z > L=sy-1) > L—wir yrU >
—dy—l-=/zdz = lly-1=42+C f(0)=2 = W2-1=1072+C = C=0,s0
y—

hlly—-ll:%:tz = |y—1]:ezz/2 = 1;—1:(3”’2/2 [since f(0)=2] = y=ez2/2+1.

i(u):%(azﬁ—y) = @=1+@—,but%=a:+y=u,soﬁ=l+u =

Bou=z+y = T dz a0 d dz

%de [u#-11 = /fﬁtu:/dz = hll+u=2+C = |1+ = =
1+u==e" = u=4ee"-1 = z+y=+4fe®—-1 = y=Ke* —x — 1, where K = +e% £ 0.
Ifu=—-1,then-1=x+y = y=—x— 1, whichisjusty = Ke” — x — 1 with K = 0. Thus, the general solution

isy=Ke® —x— 1, where K € R.
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