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1 Introduction

In [CW77], Coates and Wiles proved that if the L-function of a CM elliptic curve defined over Q does not
vanish at one, then it contains finitely many rational points. This provided one of the first theoretical
evidence for the Birch and Swinnerton-Dyer conjecture. Their proof used p-adic methods. Rubin later
used the technique of Euler systems to give a different proof. This essay is an exposition of Rubin’s proof,
based largely on [Rub99].

Section 2 proves the basic results concerning elliptic curves with complex multiplication, including
the factorization of the L-function into Hecke L-functions and a relation between the Selmer groups and
certain ideal class groups. Section 3 looks at the analytic side and prove a special value formula for
the L-function at s = 1. Section 4 derives the fundamental properties of elliptic units, which are used
in section 5 to bound the ideal class group. Section 6 combines all of the results above and prove the
Coates-Wiles theorem. Finally, section 7 performs some numerical computation on an explicit curve.

Most of the algebraic number theory notations used are standard: if F' is a number field, then its ring
of integers is O, its completion at a prime p is Fy, and the ring of integers of F}, is Op, or Opyp. The
idele group of F' is denoted by Ir. The absolute Galois group of F' is Gg. The Artin reciprocity map of
global class field theory is

[, F]:1p/F* — G%

normalized by sending a prime p to the arithmetic Frobenius Frob, on abelian extensions unramified at
p. For an ideal m, F(m) is the ray class group with modulus m until section 5, where it will be redefined.
Locally at a prime p, the additive valuation vy, is normalized such that v,(7) = 1 for a uniformizer 7. In
the local absolute Galois group GF,, the inertial group is If,.

In this essay, K will always be an imaginary quadratic field. We will drop the letter K from notations

when convenient. For example, O, will be written as Oy.

2 Elliptic Curves with Complex Multiplication

Basic notations and results from the theory of elliptic curves will be assumed. The more involved theorems

used will come with a citation, mostly to [Sil09].

2.1 Fundamental results

In this section, we state the main theorem for elliptic curves with complex multiplication and deduce a
few consequences, including the factorization of the L-function into Hecke L-functions.

Let K be an imaginary quadratic field with ring of integers O. Let E be an elliptic curve defined
over a subfield F' of C. We say that E has complex multiplication by O if there exists an isomorphism
O =5 Endp(E), a + [a]. We can then identify O as a subring of F by [a]*w = aw for any invariant
differential w on E. The square bracket from the notation will usually be dropped from now on.

Remark. More generally, O can be replaced by any order in K. We will restrict our attention to the case
when O is the ring of integers. It will be shown that this does not lead to a loss of generality for the

Coates-Wiles theorem.

The complex points of E can be parametrized as C/o for a lattice o, which satisfies Oo = 0. We may
assume without loss of generality that o C K by scaling, so 0 is a fractional ideal. For each ideal m of O,

let E[m] = (), cm Ela]. The following proposition follows immediately by the analytic parametrization.

Proposition 2.1.
(1) E[m] = O/m as O-modules.

(2) Gal(F(E[m])/F) — Autp(O/m) = (0O/m)*



To study the map described in part (2) of the proposition in detail, we use

Theorem 2.2 (Main theorem of complex multiplication). Let & : C/o — E(C) be an analytic parametriza-
tion. For any o € Aut(C) and s € Ik such that [s, K] = o|gas, there exists & : C/s o — E°(C) such

that the following diagram commutes:

Kjo —5 5 B(Cor

- lv

K/s Yo —— E%(C)or

Proof. See [Lan87], Chapter 10, theorem 3. O

Corollary 2.3. The Hilbert class field of K is K(j(FE)). In particular, j(E) is algebraic.

Proof. Suppose o € Aut(C) fixed j(E), then E = E°, so s o = Xo for some A\ € C*. This immediately
implies that A € K*, so localizing shows that s, e O for all primes p € K. By class field theory,

[s, K] fixes H. The converse follows by reversing the above argument. O

Therefore, E can be defined over a number field. In this case, the action of ideles on torsion points

can be packaged into a Hecke character.

Theorem 2.4. Let F' be a number field containing K. Suppose E is an elliptic curve defined over F
with complex multiplication by O and analytic parametrization & : C/o — E(C) for an ideal o of K.

(1) For allt € Ip, there exists a unique p(t) € K* such that the following diagram commutes:

K/o —5 B(C)or
WONE(0 | Jier
Kfo —— B(C)ior
e map ¥ : g — s t—= w(t)Np/g(t)s s a Hecke character. It is unramified at a prime
2) Th Y Ip/F* — C* u(t)Ng, o Hecke ch I fied
p if and only if E has good reduction at p. In this case, ¥(p) as an endomorphism of E reduces

modulo p to the Frobenius endomorphism of the reduction of E.

Proof. (1) Let s = Np/i(t), then [s, K| = [t, F]|xa by class field theory. Also observe that [t, F] fixes
E, so by theorem 2.2, there exists a parametrization £ such that

K/o —— B(C)ior

fl l{tﬂ

K/s7'o —— B(C)ion
commutes. In particular, o = us~ 1o for some p € K*. Composing with multiplication by p on the left
hand side gives the required diagram, except with a possibly different parametrization in the bottom
edge. This can be fixed by changing p by a root of unity, corresponding to an automorphism of E. The

uniqueness of y is clear since the other three sides are isomorphisms.

(2) If t € F*, embedded into I diagonally, then [¢, F] = Idpas, and the action of Ny (£)™ on K/o is
normal multiplication. Therefore, setting uu(t) = Np/k(t) makes the required diagram commute. This
shows that ¢ (F*) = 1. By the uniqueness part of (1), it is multiplicative.

If the finite components of ¢ are all 1, then Np/k(t)~! acts trivially on K/o, and [t, F] = Idpas
since t is in the connected component of 1 in Ip. Therefore, u(t) = 1, and ¢(t) = Np, g (t)5, which is

continuous in t. Now consider the finite ideles. Let

]IK70 = H(l + oOp) H O;

plo pto



then Ik , is open in the finite ideles of K, and if s € Ik ,, then s~'o = 0. Therefore, if t € N;}K(]IK,O),
then ¥(t) = w(t) is a root of unity in K, corresponding to the automorphism of E determined by the
action of [t, F] on E(C)top. Simple case work shows that if an automorphism of E fixes E[6], then it must
be the identity. Since the Artin map is continuous, the above considerations give an open subgroup of
the finite ideles of F' in ker . Therefore, ¢ is continuous.

Suppose p is a prime of F, and u € O;p, treated as an idele with all other components 1. Choose a
rational prime ¢ not lying below p. Then the definition of ¢ shows that [u, F] acts on T, E via ¢(u). The
image of (’);p under the Artin map is the inertia group at p. By the criterion of Néron-Ogg-Shafarevich
(theorem VIIL.7.1 of [Sil09)), it acts trivially if and only if p is a prime of good reduction for F, as required.
Finally, observe that in this set-up, Frob, = [p, F(E[¢*°])/F] acts on the T, E via ¢)(p). Reducing modulo
p shows that ¢ (p) acts like the Frobenius endomorphism of the reduced curve E on T,E, so it must be
the Frobenius endomorphism. O

Remark. In [Lan87], Chapter 10, theorem 8, the fact that F(E(C)io)/F is abelian is proven using a
slight extension of the argument for (2), which shows the stronger result that E(C),, C F(E[6]) - K2P.

The conductor of the resulting character ¢ will be denoted by f. By part (3) of the theorem, FE has
good reduction at p iff p { f. In [ST68], it was shown that the conductor of the elliptic curve is 2.

Corollary 2.5. Let E, F be as in theorem 2.4, then
(1) For any ideal a coprime to f, ¥(a)O = Np,ga.

(2) If E[p] C F and p 16, then E has good reduction away from p. In particular, E has potentially good

reduction everywhere.
Suppose further that F = K, then

(3) For any ideal a coprime to f, the injection of proposition 2.1 is an isomorphism Gal(K (E[a])/K) —
(Ok/a)*.

(4) If p1§ and a is coprime to p, then the extension K(E[ap™])/K(E|a]) is totally ramified above p.
(5) For any ideal a, K(E[af]) is the ray class field K (af).
(6) The projection O — (O/f)* is injective.

Proof. (1) This is clear from the definition of .

(2) The action of G on T,E factors through Gal(F(E[p>])/F(E[p])), which by proposition 2.1 is a
subgroup of 1+ pO,. This is isomorphic to O, via the logarithm since p { 6. Hence, it has no finite
subgroup. By local class field theory, the extension is unramified outside of primes above p, so by
the criterion of Néron-Ogg-Shafarevich, E has good reduction away from primes above p. This shows
that E has potentially good reduction everywhere. Therefore, for primes above p not equal to p, the

action of the inertia group factors through a finite subgroups. These do not exist.

(3) Let z € Ok, and let s be the idele defined by s, = z; if p|f and s, = 1 otherwise. If 2 —1 is sufficiently
divisible by primes dividing f, then ¢(s) = 1, so [s, K] acts on E[a] by 2—!. Each # € (O/a)* can be
lifted to such an x by the Chinese remainder theorem, so the map is surjective.

(4) The assumptions imply that K (F[a])/K is unramified at p (this is a slight generalization of [Sil09],
theorem VII.4.1). It remains to prove that K(E[p"])/K is totally ramified at p. Let u € Oy, then
[u, K] acts on E[p>] by u~!, where u is embedded into I with all other components set to 1.
Therefore, Oy surjects onto Gal(K(E[p"])/K) via the local Artin map, which is equivalent to the
extension being totally ramified above p.



(5) Let x be an idele such that [z, K] € Gg(af), then vy(z — 1) > v,(af) for all plaj. In particular,
¥(x) = 1, so the action of [z, K] on Elaf] is via 2!, which is 1 by the properties of x. The converse

to the argument also holds.

(6) Let u € O, and let  be the finite part of u as an idele. Then ¥ (z) = ¢ (u~'z) = u. If u maps to 1
in (O/f)*, then u = ¢(x) = 1. O

Using these properties, we can produce the required factorization of the L-function.

Theorem 2.6. Let K be an imaginary quadratic field with ring of integers O. Let E be an elliptic curve
defined over a finite extension F of K with complex multiplication by O. Let ¢ : Ip/F* — C* be the

Hecke character constructed in theorem 2.4. Then

L(E,s) = L(¥,s)L(1), 5)
Proof. Recall the definitions

L(E,s)= [ (1 —agNa™+Nq'>)7", L(yr,s) = [[(1 - ¢(@)Nqg~*) !
q good atf

where aq is the trace of the Frobenius of E reduced modulo g, and the bad factors in L(F,s) are one

since E has additive reductions. The theorem follows since 1 (q) acts as the Frobenius. O

2.2 Division points

This section studies some local properties of the torsion points of E. We assume, as in the rest of the
essay, that F has complex multiplication by the ring of integers O of an imaginary quadratic field K,
and furthermore F is defined over K. By corollary 2.3, K has class number 1.

We briefly recall some facts about elliptic curves over local fields. Let F' be an algebraic extension of
K, and let P be a prime of good reduction for E/p, then by proposition VIL.2.1 in [Sil09], there is an
exact sequence of abelian groups

0 — Ey(Fy) — E(Fy) = E(kpsyp) — 0

Here, E is the reduction of E;p modulo B, and E;(Fy) is defined to be the kernel of the reduction
map. If E is given by a Welerstrass equation minimal at 3, then E4 (Fyp) consists of all P € E(Fy) with
vp(z(P)) < 0. Let E be the formal group law associated to E, then proposition VII.2.2 in [Sil09] gives

an isomorphism
Bi(Fy) = E(P), (v,y) = 2z =—z/y

From the general theory of formal groups, there is a logarithm map giving an isomorphism Ag : E = G,.
Explicitly, Ag is the unique formal power series such that Ag(0) = 0 and N(Z) = @(Z), where @
is the formal completion of the invariant differential. This induces an isomorphism E;(Fy) — P if
vp(P)/(p — 1) < 1. The condition holds for K, if p > 3.

Lemma 2.7. Let p be a prime of good reduction for E, generated by m € O. Then
(1) The reduction of m modulo p is bijective.
(2) All p-torsions of E lie in E1(K,).
(3) E(Ky)/m"E(Ky) = Ey(Ky)/m"Ey (Kp).

Proof. By corollary 2.5, 7 differs from ¥ (p) by a unit, so by theorem 2.4, 7 reduces to the Frobenius
endomorphism of F up to an automorphism, which implies (1). Statements (2) and (3) follow immediately

from (1), the exact sequence relating £y, E, and E, and the snake lemma. O



Let p and 7 be as in the lemma. Fix a Weierstrass model of E which is minimal at p. To study more
carefully the p-power torsions of F, consider the power series associated with the endomorphism [r] of
E. Let it be f € O,[[Z]], then it satisfies

- f(2) = ZN? (mod p).

- f(2) =7Z (mod Z2).

The first property holds since [r] reduces to the Frobenius. The second property follows from a short
calculation using our normalization assumption that [7]*w = 7w. These properties make E into a Lubin-
Tate formal group, first defined in [LT65]. Most of the local properties of the field of p-division points

are consequences of this fact.

Lemma 2.8. Let p be a prime of good reduction for E, with a chosen minimal Weierstrass model at p.

Let P,Q € E be points with coprime orders b and ¢. Fiz an extension of vy, to K, then

(1) If n >0 and b = p™, then
vp(x(P)) = =2/(Np"~(Np — 1))

(2) If b is not a power of p, then v,(x(P)) > 0.
(8) If b and ¢ are both not powers of p, then vy (z(P) — z(Q)) = 0.

Proof. (1) This follows easily from theorem 2 of [LT65]. For completeness, we prove it here again. Let
™ be the n-fold iteration of f defined above. The points of exact order p” correspond to the roots
of @, = f(/fn=1) Using the properties of f, the power series ®,, satisfies

-, (Z2) = ZNPT N (mod p).

- ®,(Z)=7 (mod Z).
By the Weierstrass preparation theorem and Eisenstein’s criterion, ®,, has Np™ — Np™~! roots of
p-adic valuation —1/(Np™ — Np"~1). Finally, note that if P corresponds to z under the isomorphism

Ei(K,) = E(p), then v,(2(P)) = —2v,(2). The result follows.
(2) The group E; (I_(p) has only p-power torsions, so P is not in it, which implies the claim.

(3) If vy(x(P) — 2(Q)) > 0, then over the reduced curve E, P = £Q, so P £ @ = 0, which shows
that P+ Q € El(l_(p). Since b and ¢ are coprime, P + ) cannot have p-power order. This is a
contradiction. O

The next goal is to describe the local Kummer pairing. Let p and 7 be as above, and let n > 1.
Suppose further that p { 6. Recall that the exact sequence 0 — E(K,)[p"] — E(K,) — E(K,) — 0 gives

rise to the Kummer sequence
0 = B(Ky,)/n"E(K,) = H' (K, E[p"]) — H' (K, E)[p"] = 0

Explicitly, given P € E(K,), let Q € E(K,) be such that 7"Q = P, then ¢(P) is the cocycle o — 0Q —Q.
Let K,, = K[p"], then K,,/K is totally ramified above p by corollary 2.5. By an abuse of notation, we
write K, , for the completion of K, at the unique prime above p. Also write G,, = Gal(K,,/K), then we

have a composite
BE(Ky)/n"E(Ky) — H'(Ky, Blp*]) == Hom(Gk, ,, E[p"])%" —— Hom(K,,, Elp"])%"

where the final map is composing with the local Artin map. Call this map d,,. This is O-linear, so
by density Op-linear. Let P € E(K,) the unique point such that Ag(P) = m. Let §, = d,(P), then

6y« K5y — E[p"] is a Gp-equivariant homomorphism, and it generates the image of d,, as a Op-module.

Lemma 2.9. 6,(0,,) = E[p"].



Proof. Observe that the only G, -submodule of E[p"] are E[p™] for 0 < m < n. Since d,, has order p",
its image cannot lie inside E[p™~'], so 8, is surjective. The quotient &, (K, )/0,(O5 ) is Gk, -invariant,

but E[p™]/E[p™] is not invariant unless m = n, which proves the claim. O

The above constructions can be repeated for a general Lubin-Tate group. Wiles ([Wil78]) gave an
explicit formula for J,, in that generality, which generalizes the eariler work of Artin-Hasse and Iwasawa

for cyclotomic fields. We state a corollary of the result to avoid a long diversion into Lubin-Tate groups.

Theorem 2.10 (Wiles’ Reciprocity Law). Suppose (z,,) is an O, generator of T.E, i.e. z, generates
Ep"] and [7](z2n) = 2n_1. Let (uy,) € kiLnOIX(n, with the transition maps being norms. Then there exists

a unique g € Op[[Z]]* such that g(z,) = uy,. Furthermore,

outin) = |(m - 0L -,

Proof. The existence and uniqueness of g is theorem 1.2.2 of [dS87]. It uses Coleman norm operators.
The original explicit reciprocity law and its proof can be found in [Wil78] or section 1.4.2 of [dS87]. It is
stated with the different assumption that N, /i (u,) = 7 for all n. Our statement, which is theorem 12.3
of [Rub99], follows by applying the original theorem to (53,) and (B,u,) for any sequence (3,,) satisfying
the original theorem’s condition. O

2.3 Selmer group

This section uses the structure of complex multiplication to relate the Selmer groups of E to certain ideal
class groups. The notations and assumptions from the previous subsection are kept.

Let o € Endg (E) = O, and F be a number field containing K. Recall that the Selmer group S. (E/r)
is a subgroup of H!(F, E[a]) satisfying certain local conditions. More precisely, for each place v of F, we
have a restriction map res, : H'(F, Ela]) — H'(F,, E[a]) and a subgroup

H(F,,Ela]) = Im (E(F,)/aE(F,) = H'(F,, E[a]))
given by the image of the Kummer map. The a-Selmer group of E/p is then
So(E/p) = {c € H'(F,E[qa]) : res,(c) € Hx(F,, E[a]) for all places v of F'}

Let H(F,, E[a]) = H'(F,, Ela])/H%(F,, E[a]). By Kummer theory, this is isomorphic to H*(F,, E)[a].
In these terms, the above definition can be re-written as

So(E/r) = {c€ H'(F,E[a]) : res,(c) = 0 in H}(F,, E[a]) for all places v of F}

The goal of this essay is to bound the rank of S;(F), where 7 generates a prime p of K.
We will first consider a modified Selmer group S, (E, ), formed like the normal Selmer group, except

with the local conditions above o dropped, i.e.
So(E/r) = {c € H'(F,E[qa]) : res,(c) € Hx(F,, E[a]) for all places v { a}
Theorem 2.11. Let p = 7O be a prime of K not dividing 6f. Let n > 1, K,, = K(E[p"]), then
S’ (E) = Hom(Gal(M, /K, ), E[p"]) 2K/ &)

where M, is the mazimal abelian p-extension of K, unramified outside of primes above p.

Proof. We first compute S7.(E/k,). By corollary 2.5, E, g, has good reduction outside of p. Let q
be a prime of K, not dividing p, then by the general theory of elliptic curves, Hx(K, 4, E[p"]) is ex-
actly the unramified classes H' (G, . /Ik, ., E[p™]) (theorem X.4.2 of [Sil09]). Therefore, SL.(E/k, ) =



HY(G, E[p"]), where G is the Galois group of the maximal extension of K,, unramified outside of primes
above p. Since E[p"] C K,, this is equal to Hom(G, E[p™]). All such homomorphisms factor uniquely
through Gal(M,,/K,,) since E[p"] is an abelian p-group.

The theorem now follows from a descent calculation. The inflation-restriction sequence gives

0 — H'(K,/K, E[p"]) = H'(K, E[p"]) = H' (K, Elp,])" — H*(K,/K, E[p"))

By corollary 2.5, G,, = Gal(K,,/K) = (O/p™)*, which acts on E[p"] = O/p™ by multiplication. Let G’
be the p-prime part of G,,, then H*(G’,O/p™) = 0 for all i > 0, so H*(G,O/p™) = 0 for all i > 0 by the
Hochschild-Serre spectral sequence. Therefore, H'(K, E[p"]) — H'(K,, E[p,])%" via the restriction
map. Moreover, restriction maps commute, so S;.(E) C S..(E/k,). To show that equality holds, a
simple diagram chase reduces it to the injectivity of H!(Kg, E[p"]) — H}(K, 4, E[p"]) for each prime
q # p of K and prime ¢’ of K, above q. By the inflation-restriction sequence and Kummer theory, its
kernel is H (K, q'/Kq, E(Kpn,q'))[p"].

The general theory of elliptic curves over local fields shows that E(K,, 4/) contains a subgroup of finite
index isomorphic to Ok, , (theorem VIL6.3 of [Sil09]). Therefore, the p-power torsion part of E(Kn,q)

is E[p™] for a finite m > n. By construction, K, o = K(E[p"]), so we have
HY (Knq /Kq, BE(Kn,g))lp"] © H (K /Kq, Elp™)) = H' (Kq(E[p™])/ Kq, E[p"™)

By proposition 2.1, the final term is H'(C,O/p™), where C C (O/p™)* acts by multiplication. The
proof in the previous paragraph shows that if C' is not a p-group, then this is 0. Otherwise, we know
that Efp] C K, since Gal(K4(E[p])/Kq) injects into (O/p)*, which has order prime to p. Corollary 2.5
shows that E, gy has good reduction at any prime above q, so Kq(E[p™])/K, is unramified, so its

Galois group is cyclic. For any element a € O,

| ker(a: O/p™ — O/p™)| = |0 fp|minlm-ve(@)
|Im(a :0/p" — (’)/pm)| = |O/p|max(0m=vp(a))

The usual formula for H* of a cyclic group shows that in this case, H!(C,O/p™) is also trivial. O

X

Remark. If p splits in O, then any p-subgroup of (O/p™)* is cyclic, since their inverse limit is isomorphic

to Op X pp—1 via the logarithm.

Using global class field theory, the group Gal(M,, /K, ) can be identified via the Artin map with the
pro-p part of I /W/ where
w,, =1 [T x5 T ox.
v|oco vtpoo
Therefore, the modified Selmer group is
S/

T

(B) = Hom(T, /Wy, B[p]) 021K/ %)

The correct Selmer group Sy~ (E) is obtained from it by imposing further conditions at p. This corresponds
to adding a factor to W), for primes above p. Recall that p is totally ramified, and K, is the completion
of K, at the unique prime above p. We have G,, = Gal(K,,/K) = Gal(K, ,/K}), so there is a diagram

Sen(B) ————— S (B) —=— Hom(Ix, /W, E[p"])

J | |

E(Ky)/m"B(K,) — H'(Ky, E[p"]) —— Hom(K},, E[p"])°"

with the left square being cartesian by the definition of the Selmer group. The arrow f is given by
restriction followed by pre-composition with the local Artin map. Using the same argument as the
descent part of theorem 2.11, one can show that f is injective. The bottom row was the map d,, from

the last subsection.



Theorem 2.12. The map d,, factors through an isomorphism
dn : B(K,) /7" E(K,) — Hom(K),/ ker(6,), E[p"])¢
Therefore, Syn(E) = Hom(I g, /W, E[p™]) G2 En/K) " with
WTIL = K:z( H K’I’>L<,’U H O’:;,v ’ ker((s’ﬂ)
v|oo vipoo

Proof. Clearly d,, factors through d,. By lemma 2.9, K,\,/ker(d,) = E[p"] as G,-modules, so the
codomain of d,, is Endg, (E[p"]) = End (o /pn)x (O/p™) = O/p™. Since d,, is injective, this proves the first
claim. The rest follows from an easy diagram chase. O

From this, we prove our main criterion for the vanishing of the Selmer group.

Theorem 2.13. Let p be a prime of K not diving 6f. Let A be the ideal class group of K(E[p]) and &
be the unit group of K(E[p]). Then Sy (E) = 0 if and only if

Hom(A, E[p]) S K ERD/K) — 0 and 6,(£) #0

Proof. Keep the notations used throughout this section. Let V = ker(d;) N Of,, and let mZ =
v (ker(d,,)), where P is the unique prime above p in K;. The usual map from Ig, to the group of

fractional ideals induces an exact sequence
0— (’)fp/éfV — Ig, /Wy — A/P™ =0

where € is the closure of £ in OF,. The functor Hom(—, E[p])“" is exact since E[p] is a cohomologically

trivial Gi-module (from the proof of theorem 2.11). Applying it to the sequence gives
0 — Hom(A/9P™, E[p])°* — Sx(E) — Hom(O],/EV, E[p])“* — 0

Recall that p is totally ramified in Ky, so PNP~1 = p = (7) is trivial in A. Therefore, Hom(A/B™, E[p]) =
Hom(A, E[p]). This gives the first condition.
For the second term, note that O, /V = Efp]. As a Gi-module, Ep| is simple, so the vanishing of

the last term of the exact sequence is equivalent to £ # 0 in (’)fp /V, as required. O

3 Analytic Computations

In this section, we first study the property of some theta functions associated to lattices. We then derive
relations between their logarithmic derivatives, some FEisenstein series, and the values of certain Hecke
L-functions at positive integers. They will also be used in the next section to construct global units in

abelian extensions of imaginary quadratic fields.

3.1 Theta functions

First recall a few classical special functions. Let L be a lattice in C. Let A(L) = 7~ !vol(C/L). Define
the Weierstrass o-, (-, and g-functions on L by

ST — _ 2 pBl0)+3(z/w)?
o(z; L) =z H (1 w) e 2 ,
weL\{0}

§(Z;L):%loga(z;L):%+ Z ( 1 +1+Z>’

Z—w w  w?
wELN{0}

weL\{0}
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Further, recall the following standard modular forms

1
Gon(L)= Y = AL) = (60G4(L))® — 27(140G¢(L))?
weL\{0}
They satisfy many interesting relations, some of which will be proven later. We state a few basic well-

known properties here with only a sketch of the proof

- The o-function is holomorphic in C, with one simple zero at each point of L and no other zero.

This follows by standard complex analysis.

- The Eisenstein series satisfy the homogeneity relation Gox(AL) = A™2*Gax (L) for k > 2 and A € C*.
In particular, A(AL) = A"2A(L).

- The modular discriminant has a g-product expansion

o0

A([r,1]) = (2mi) g, [T (1 —a)*

n=1

where ¢, = 277

. This can be proven by writing A as a product of values of the p-function and
apply the product expansion for o (corollary 3.3). Details can be found in section 18.4 of [Lan87].
Alternatively, one can derive it from properties of the Eisenstein series Go(L), which was done in

section 1.2 of [DS05].

Proposition 3.1. There ezists an R-linear function n, depending on L, such that

oL
(twil)—C(50) =i L), ZEEUL) et
o(z; L)

for all z € C and w € L. The sign in the transformation law for o is + if w/2 € L and — otherwise.

Proof. The Weierstrass gp-function is periodic with respect to L. Integrate it once to get the relation
for ¢, which also defines n(w; L) for all w € L. It is clearly Z-linear, so we can extend 7 to an R-linear

function on C. Integrating the relation for ¢ gives

o(z4+w;L)

— - e wil) (z+w/2)

for some 1)(w; L) to be determined. Applying this with 2w instead of w shows that 1(2w; L) = 1 (w; L)?.
If w/2 ¢ L, then setting z = —w/2 shows that 1(w; L) = —1. Otherwise, one can recursively apply the
above relation to get that ¢(w; L) = 1. O

Remark. We will see an explicit expression for n(w; L) in corollary 3.9.
Proposition 3.2 (Legendre relation). If L = [wy,ws], with Im(w;/wa) > 0, then
n(wa; L)wi — n(wy; L)ws = 2mi

Proof. This follows by integrating ¢ around a fundamental parallelogram and applying the previous

proposition and the residue theorem. Details can be found in section 18.1 of [Lan87]. O

Corollary 3.3. Suppose Im(7) > 0, then the o-function has a g-product expansion

ieénz (4! 1/2 71/2 ﬁ —qrq.)(1—qq; ")
omi 1 - qn)2

o(z[r1]) =

n=1

where n = n(1;[7,1]), ¢ = €™, and q, = *™*.
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Proof. Note that the right hand side is an absolutely convergent product since Im(7) > 0. One can easily
check that the right hand side satisfies the same transformation laws as o under translation by 1 and 7.
It has simple zeroes at points of [7,1] and no other zeroes. Therefore, the quotient of the two sides is a
constant, which is easily checked to be 1 by comparing the power series expansions at z = 0. Details can
be found in section 18.2 of [Lan87]. O

We now define some modified versions of the o-function which will be useful in this essay. First let
0(z; L) = A(L)e‘Gn(Z?L)ZU(z; L)'

The discriminant factor is inserted to make 6(z; L) homogeneous in L, as one may easily check. This is
the 12-th power of the Siegel function introduced in section 19.2 of [Lan87]. To make this periodic, let

M be any auxiliary lattice containing L, and define

9(2; L)[M:L]

We now prove the periodicity claim and express © as a rational function of .

Theorem 3.4. The function ©(z; L, M) is meromorphic and periodic with respect to L. It admits a

factorization
A(L)[M:L]

O(z; L, M) = A

I (e(z:L) = p(w; L))~
weM/L
w#L

Proof. The zz term in the exponent cancels since A(M) = [M : L]A(L), so © is meromorphic. Periodicity
follows from a short calculation using proposition 3.1. Its divisor on C/L is 12[M : L](0) =123, <5/ p,(w),
which agrees with the divisor of the claimed product expansion. It remains to show that they agree at

one point. The leading term at z = 0 is

for both sides, which proves the result. O

For later use, we prove a distribution relation. Its proof is a simplified and expanded version of the

one given in [KL81], section 2.5, which would be fairly tedious if written out in full.

Theorem 3.5. Let L C M be lattices, and let tg =0, -+ ,t,_1 be a system of coset representatives for
M/L, where n = [M : L]. Let z € C be such that fz € L, then

n—1

[106G+t;L) = pno(z M)
=0

where p satisfies p/™ = 1. If 2 € M, then this should be interpreted as an equality of the leading coefficient

in the power series expansions, so in particular, taking z = 0 gives

n—1
il;[l 0(ti; L) = MAA((J\L?

where w is an n-th root of unity.

Proof. First observe that the left hand side is independent of the choice of representatives, up to an fn-th

root of unity. Indeed, if w € L and 7 € M, then the transformation law for o shows that

9(2 + T+ w; L) _ 676(77(2+T;L)wfn(w;L)(erT))
0(z+ ;L)

12



Note that fn(z+7) € L, so when this is raised to the fn-th power, the expression in the exponent is an
integer multiple of 273 by the Legendre relation.
We next reduce the general equation to the special case z = 0. For this step only, assume the {t;} are

chosen such that > ¢; = 0. Then we compute

(H?__Ol 9(2 + ti;L)>n _ nl:[l 0(2' + ti;L)n

0(z; M) bl 0(z; M)
n—1
- H Oz +t; L, M)e_6(77(z§M)t'i_n(ti%]\/j)z)
i=0
n—1
= ¢ 6((zM) 3 ti—n(32 tisM)=2) H O(z + t;; L, M)
i=0
n—1
=[] 0 +ti; L. M)
i=0
This function is L-periodic. Its divisor is
n—1 n—1 n—1ln—1
> | 12n(- —12Zt—t =120 (t) =123 ) (t;—t:;) =
1=0 =0 1=0 j=0

Hence it is a constant. This concludes the first reduction step.

Suppose L C M C N, and the theorem holds for M/L and N/M. Let {tc =0, - ,t,_1} be a system
of representatives for M /L, and let {sy = 0,--- ,8;,,—1} be a system of representatives for N/M, then
{ti + s;} is a system of representatives for N/L. Introduce the notation a ~,, b for a™ = 0", then

nn

Therefore, we may assume that [M : L] = p is prime.
By homogeneity, we may take M = [r,1]. Then L is one of the following p + 1 sublattices of M:
- L=I[pr1]
-L=[r+bpfor0<b<p-—1.

We will use the product expansion

m—1
0(z+ s +ti; L) ~fmn H 0(z+sj; M) ~¢m 0(2;N)
3=0

“::‘

0(z; [r,1]) = S4B 2C=2g (12 — g2 TT (1 - qla:) (1 — ez b))

n=1

where Im(7) > 0, ¢, = €*™", and ¢, = 2™, This follows from the product expansions of o and A.

In the first case, a set of representatives is {0, 7, -+, (p — 1)1}, so

1 50
Ihe(kT; [pT 1 H ( 12miTk? /p ( 1;/2 k/2 H pn+k 1 qgn k)) )
k=1 fontect

p—1 oo p—1

=g [Ta=a2 T IT (@ - at¥)@ — qzn)) ™
k=1 n=1k=1
co p—1 oo p—1

= TLIT0 - T [T0 - e ®
n=0 k=1 n=1k=1
oo n \ 24

— qlfp H 1 qr A M)

S R AD)
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The second case can be treated similarly. A set of representatives for M/L is {0,1,--- ,p — 1}. Let

TL = —T;b and o = e2™/P then

p—1 p—1

k
[L6Gk:2) =TT 6 [ 1)
k=1 k=1
-1 o0
— 1 <q_’1_/pab(ak/2 _ a—k/2)12 H ((1 _ q:_l/panb-‘rk)(l _ q:}/panb—k))m)
k=1 n=1
p—1 oo p—1
= =0 -a | T (1 = aprarrya = gafrars-r)™2
TL k=1 n=1k=1

Now apply the relation [T7_} (1 — Aa*) = 1227 to get

o0 =22 ] (1—(J?>24 _AM) 5, AM) -

— qn
k=1 qTL n=1 ]‘ QTL

3.2 Eisenstein series

Let L be a lattice in C. The real analytic Eisenstein series of weight k associated to L is defined by

k(2,8 L) le—i—w z¢ L

z+wl?s’

It converges to a holomorphic function in s if Re(s) > 1+ &.

Theorem 3.6. Fiz z ¢ L. The function Ey(z,s; L) can be analytically continued to a meromorphic

function for all s. It satisfies a functional equation
By(e, L) = Br(e k+1-s,L),  Ey(z5 L) = A(L)*T(s)Ex(2, 5 L)
If k # 0, then the function is holomorphic. Otherwise, it has a simple pole at s = 1 of residue A(L)™*

Proof. This can be done using the standard technique of Mellin transform and Poisson summation. The
full proof can be found in [Wei76], section VIII.13. O

Using this, we can define Ey(z; L) = E(z,k; L) for all k > 1. For k > 3, this definition coincides with
the classical one

1 -1 k dk72 1 k+1 dk
BUD) = 0 o = i es 9 ) = gy o oot 1)

weL

It will be shown that if L is the lattice parametrizing a CM curve, then Ej(z; L) is related to the value
of its L-function at k. Therefore, we want to better understand them, especially for £ = 1 for this essay.
We first seek similar relations between Ej and o as above for £k = 1,2. They turn out to take the same
form, except with some correction terms

Theorem 3.7. Forz ¢ L,

Ei(z L) = dilz logo(z; L) — sy(L)z — A(L) 'z
2

d
Ey(z L) = —ﬁloga(z;L) + s2(L)

where s3(L) = lim Z w2w| %%, in the sense of analytic continuation.
wEL\{0}
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Proof. Following [BSD65], consider the function

Z+w W w (sz (s—1)z
L) _ _ I il
Vel = m > (<|z+w|28 |w|2s) |w|2$(w+ - ))

weL\{0}

1, and absolutely converges if Re(s) > 3. At s =1, it is ((2; L). In the

half-plane of absolute convergence, re-arranging the terms shows that

The series converges if Re(s) >

U(z,8;L) = FE1(z,8; L) + sz Z w3 w|*7 4 (s — 1)2Ey(0, 5; L)
weL\{0}

Evaluating at s = 1 using theorem 3.6 gives the relation for £;. The relation for FEs follows by differen-

tiating the first relation. O

Corollary 3.8. For every k> 1,

k
7 108 O(z L, M) = 12(— DYk — DI([M : L]Ey(2; L) — Ey(2; M))
Proof. This is immediate from the definition of ©(z; L, M) and theorem 3.7. O

Note that F; has period L by analytic continuation, so we get an expression for n(z; L).

Corollary 3.9. n(z; L) = so(L)z + A(L) "'z

3.3 Relation with L-values

We specialize the above discussion to a more algebraic setting and express certain L-values using the
functions introduced in the previous section. As before, let K be an imaginary quadratic field with
ring of integers 0. Let F be an elliptic curve over K with complex multiplication by O. Let ¥ be the
Grossencharakter associated to E by theorem 2.4. Consider the L-function associated to 1% defined by

z“

(b,1)=

where § is the conductor of 1. Following Hecke’s proof of the functional equation, we break the summation
into partial L-functions. Choose an ideal m divisible by § as the modulus. For an ideal ¢ prime to m, let

, Tk
In(@,5,0 = Y 240

where the sum is taken over all b prime to m such that [b, K(m)/K] = [¢, K(m)/K].

Lemma 3.10. Let v € K*. Suppose its order m = v=2O N O is divisible by §, then for every k > 1,
Ei(v;0) = v *49(0)* L (V" K, €)
where ¢ = vm.
Proof. We prove the more general formula
Ep(v,5,0) = Nm* "o~k (e)* Loy (¥ s, ¢)

for s with a sufficiently large real part. The result follows by analytic continuation to s = k. Recall that
the assumption that F is defined over K implies that K has class number 1, so let u generate m, and let
c=uvpu € O. An ideal b = BO occurs in the sum of Ly (¥, s, ¢) if and only if 8 = ac, where a € K* and
vp(or — 1) > vy (m) for all prime p|m. This is also equivalent to 8 = ¢+ wp with w € O, so

Lo, Zl/) (¢ +wp)O)*

2
5o letwn
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To evaluate the character, let & = 1+ wp/c, then vy(a — 1) > vy(m) > v,(f) for all prime plf, so
P(a0) = P(a))(as) ! = @, where o is the idele consisting of 1 at finite places and « at the infinite
place. Therefore,

- _ (¢ +wp)k &(c)k ) . (o)t .
Lm(q/} »$,¢) = Ck Z |c—|—w,u|25 - Ek Ek(C,S,MO) - Ek : WEk(,UaS7O)
To get the required formula, note that t(c)/c is a root of unity by corollary 2.5. O

Fix an ideal a of K prime to 6f. In the definition of ©, take the auxiliary lattice to be a=!. Corollary 3.8
then gives a relation between values of the partial L-function and values of ©. To get the full L-function,
we multiply together translated versions of ©. Let B be a set of ideals prime to af such that their images
under the Artin map exactly traverses Gal(K (f)/K). Let f be a generator of f. Define

Az0,0) = [ ©@(0)f " +2)

beB
Theorem 3.11. For every k > 1,
dk

—r| g Az 0,0) = 12(=1)" 7 (k = DI (Na = ()" L(¥", k)
Z z2=0

Proof. By corollary 3.8, the left hand side equals to

12(=1)* 1k —1)! (Na > Er((b)f0) = > Er(w(b) £ a—1)>

beB beB
For the first sum, use lemma 3.10 to write it as
> W0 f ) (o) Li(4", k. b) = FELEWE k)
beB

For the second sum, the homogeneity property of Eisenstein series gives

Ep((b)f s a™h) = ¢(a) Ep(v(ab) £~ 0)

The set aB is still a set of ideal representatives for Gal(K(f)/K). Substituting everything into the

expression gives the required result. O

Now, let L be the lattice associated to F, in the sense that there is an analytic parametrization.
§:C/L— E(C), z— (p(2; L), 0' (2 L))

when F is given by a Weierstrass equation y? = 423 — g4 — g¢. Since F has complex multiplication by
O, there exists a compelx period €2 such that L = Q0. The work we have done can be translated to the
lattice L using the homogeneity properties of the functions. Pick a generator o of a. The expressions for
© and A with respect to L and a~! now take the form

Opa(P)=a PAENT I @(P)—=2(@)°
QeE[a]\{0}

Apo(P) = 11 Op.a(0S+ P)
oceGal(K ()/K)
where S is the point associated to Qf~! under the analytic parametrization, and we have used the
definition of 1 for the second expression. Both functions are rational functions defined over K. In this

setting, theorem 3.11 becomes

Corollary 3.12. For every k > 1,
k

r| g Apa(€(2)) = 12(=1)" (k= DIF(Na = v(a)" ) L, )
z=0

It follows easily from this corollary that L(y*, k)/QF € K for all k > 1.
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3.4 p-adic expansion

Fix a prime p of K of good reduction for E with residue characteristic p > 3. Suppose further that p 1 a.
For later use, we calculate the p-adic expansion of Ag q.

Fix a short Weierstrass model for E which is minimal at p. Let z be the stnadard uniformizer at
0 € E defined by z = —z/y, and let E be the formal group attached to E over Oyp. Analytic functions
on the complex torus associated to E correspond bijectively with rational functions in z and y via the
parametrization (z,y) = (p(z), ¢’(2)). Taking completion at p and the point 0 sends them to the formal
power series field K, (Z)). Denote the image of Ag 4 by Ay q.

Lemma 3.13. Let & € O,[[Z]]* be the formal invariant differential of E. Define a derivation on Ky((Z))

by D = (.Z)’ldiz, then the following diagram commutes

K(p(2),¢'(2)) — Kp(2)
2 |p

K(p(2),9'(2)) — Ky(2))

Proof. Tt suffices to check this on x and y. Suppose E has the equation y? = 423 — g4 — g¢, then

%@(2) = ¢'(2), d%@’(Z) = 6p(2)* — %g4

By definition, & = Qy%Z) L 2(Z), s0 D(x(Z)) = y(Z) and D(y(Z)) = 62(Z)? — L ga. O
The next theorem follows immediately from corollary 3.12 and the lemma.
Theorem 3.14. For every k > 1,
D¥| - log Apa(Z) = 12(= 1) (k — 1)1f* (Na — ()" )2 L, k)

Finally, we establish an integrality theorem for A, .. For convenience, we assume theorem 4.1, to be

proven in the next section. Its proof does not require material from this subsection.
Theorem 3.15. A, .(Z) € O,[[Z]]*.

Proof. It is easy to see from the definition that the zeros of Ag 4 occur at generator of E[f]. Since p 1 f,

none of them lie in F7(Ky). Therefore, Ay o(Z) has no zero. It converges in the maximal ideal of O,
since it comes from a rational function of x and y, so by the Weierstrass preparation theorem, it must lie
in K, - Op[[Z]]*. The result follows from theorem 4.1 applied to a p-torsion point. O

Corollary 3.16. Let Fig be an extension of K, and let z € °B, then

Apa(2) = Ap,a(0) (1 + 12 (Na — v(a))(L(4,1)/9)z)  (mod )

Proof. Suppose Ay o(Z) = ag + a1Z + O(Z?), then Ay 4(2) = ag + a1Z (mod P?) for z € P by theo-
rem 3.15. Also observe that &(Z) = 1 + O(Z?) by direct computation, so

D(log Ap,a(Z))|z=0 = D(Ap,a(Z))| z=0/Np.a(0) = a5 ax

The result now follows from theorem 3.14. O

4 Elliptic Units

Keeping the notation from the previous section, we study some arithmetic properties of the functions

AE . The results are exactly the axioms of an Euler system, which will be introduced in the next section.
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4.1 Divisibility properties

Recall that 6(z; L) is homogeneous of weight 0 in L, so the value of O 4 is independent of the Weierstrass

model chosen.

Theorem 4.1. Let v be an ideal of O coprime to af, and let P € E[t]\{0}. Then Ag q(P) is a global
unit in the field K(E[t]).

Proof. Each term of Ag o(P) is of the form O (S + P), where S has order f, so we just need to prove
that O «(Q) is a unit if @ has order divisible by at least two primes. By corollary 2.5, E has potentially
good reduction, say over the extension F' of K. Let 8 be an arbitrary prime of F. Choose a minimal
Weierstrass model of E,p at B, then vp(A(E)) = 0, so

v3(0E,a(Q)) = —12vq(a) — 6 Z vp(2(Q) — 2(R))

ReE[a]\{0}

If the order of R in the above sum is not a power of B, then part (3) of lemma 2.8 implies that vy (2(Q) —
z(R)) = 0. Otherwise, vy (2(Q)) > 0 and vy (z(R)) = —2/(Np™ — Np™~1), where p™ is the exact order
of R. Substituting these values into the expression shows that v (O g q(Q)) = 0. O

4.2 Distribution relation

Theorem 4.2. Let a and b be coprime ideals of O, and let B be a generator of b. Suppose further that

b is coprime to 6, then

H Ofp.a(P + R) = Op.«(8P)

REE[b]
Proof. Both sides are rational functions on E defined over K with divisors
12 ) (Q —12Na > (R)
QEE(ab] REE[b]
Therefore, it remains to prove their ratio is equal to 1 at a point. Let L be the lattice associated to a

Weierstrass model of E. Recall that

0(z; L)N®

Op.q(P) = O(z; L,a™'L) = 0(sa1T)

if z is the point corresponding to P. Therefore, at z = 0, the ratio is

_ 1 . —17y\—1 . —17y _ p—12(Na—1) . -1
A= lim ©(fz L,a~ L) Il eG+wrLa'L)=p Il e(wr.a'r)

web—1L/L web™'L/L
w#L

Expand this using 6 and apply theorem 3.5.

A= IB—IQ(Nu—l) H o(w;L)Na H 9(’LU, a_lL)_l _ B—lQ(Na—l) <M

web ™ L/L web™1L/L
w#L w#L

A(p—tp)\ N
A(L) )

where p satisfies u™N® = 1. Since b~'L = 37 'L, the homogeneity of A reduces the above expression to
A = pNo=1 Therefore, \N* = 1 and A\ € K. We assumed that Nb is coprime to 12, but roots of unities
in K have order divisible by 12. These imply A = 1, as required. O

Remark. The conclusion still holds if one drops the additional hypothesis that b is coprime to 6. For
details, see [dS87] Chapter II, section 2.3.
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Theorem 4.3. Let b be an ideal of O coprime to a. Let Q be a generator of E[b]. Suppose b = pb’,
where p 1 6f is prime and f|b’, then

Op.a(¥(p)Q) if p|t!

N (ep)/k(E[0))OF,a(Q) = P
Oma(P(p)Q) P ifptb

Proof. This follows essentially formally from the distribution relation (theorem 4.2) and the description
of the Galois action on O 4.
The Galois group Gal (K (E[b])/K (E[b'])) is isomorphic to the kernel of

(0/6)*/0* — (O/b')* /O™

via the global Artin map by corollary 2.5. Denote this group by C, and denote the element corresponding
to ¢ € C by o.. Then o. acts on E[b] by [cO, K], which is multiplication by ¥ (cO) by the construction
of ¥. By corollary 2.5, ¥(cO) € cO*, so

N e/ 26 08a(Q) = [[ ©8.4(@)7 = [[ 05.:(1(cO)Q) = [] Or.a(cQ)

ceC ceC ceC

If p|b’, then {cQ — Q : ¢ € C} = EIp], so the desired result follows from the distribution relation.
Otherwise, {cQ — @ : ¢ € C} = E[p]\{Ro}, where Ry € E[p] satisfies Q + Ry € E[b’]. Note that

Op,a(Q + Ro)™ = Opa(¥(p)Q + ¢(p)Ro) = Opa(¥(p)Q)
The result follows since @ + Ry # 0 by the hypothesis that §|b’. O

Corollary 4.4. Let v be an ideal of O coprime to af, and let P be a generator of E[t]. Suppose p is a

prime and v = ps, then

Apa(¥(p)P) if pls
Apa(W(p)P) %" ifpts

Proof. Each term of Ag q(P) is of the form O (S + P), where S has order §. The result therefore follows
from the previous theorem by taking @ = S + P, which generates E[tf]. O

N (e)/x B Aea(P) =

4.3 Congruence relation

Theorem 4.5. Let p be a prime of K not dividing af. Let b be an ideal of O coprime to a such that
vp(b) =1 and b # p. Let Q be a generator of E[b], then

G)E,a(Q) = ®E,a(w(p)Q)FrOb;1

modulo every prime above p.

Proof. By theorem 4.2,
Ora((PQ) = [] ©ra(Q+R)

ReE[p]

It remains to prove that O (Q + R) = Op (Q) modulo every prime above p, since Frob, acts as
x — NP, By definition,

Op.(Q+R) 2(Q+R) —2(Q)\ °
oo~ 1l (“ Q) — (5) )

SeE[a]\{0}

Part (3) of lemma 2.8 shows that v, (2(Q) — 2(S)) = 0. For the numerator, modulo any prime above p,
R reduces to 0, so vy (2(Q + R) — z(Q)) > 0. This proves the claim. O
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5 Euler Systems and Kolyvagin Systems

In [Rub00], a general method was given to study Selmer groups associated to p-adic Galois representations.
It takes as input a family of compatible cohomology classes, which is called an Euler system. The elliptic
units form an Euler system thanks to the work done in the last section, and from the general machinery,
they give rise to bounds on the rank of certain ideal class groups. In this section, we give the details of
the argument for our special case.

The basic set up is the same: K is an imaginary quadratic field with ring of integers O, and E is
an elliptic curve over K with complex multiplication by O. Fix a prime p 1 6f of K and an ideal a of
K coprime to 6pf. Let P be the set of prime ideals not dividing 6pfa. Let R be the set of square-free
products of primes in P. Let K,, = K(E[p"]), and for each v € R, let K,,(t) = K,,(E[t]). This is a change
of notation from earlier, when it represented the ray class group associated to t.

By corollary 2.5, G, = Gal(K,(v)/K,) = (O/t)* is cyclic and independent of n. The natural

projections G, — G for all g|t together give an isomorphism
G. =[] G,
qle

We use this to identify G with a subgroup of G, if q|v. For each q € P, fix a generator o4 of G4. The

field diagram is shown in figure 1.

A = Gal(K1/K)
K

Figure 1: Various fields

5.1 Euler system

Suppose we are given a p-adic Galois module T, an infinite abelian extension /K containing a Zg—
extension K, /K, and a finite set of primes S containing primes above p and all primes where T is
ramified. According to [Rub00], an Euler system is a family {nr € H*(F,T) : K C; F C K} satisfying
certain corestriction conditions. We consider an example of this set-up.

Let the Galois module be O, with Gg acting by the p-adic cyclotomic character, and let K be
generated by p™t-torsions of E for all n > 1 and v € R. The cohomology groups can be identified
with p-adic completions of multiplicative groups, and the corestriction maps are norms. Denote p-adic

completion of an abelian group M by M. Explicitly, the definition is equivalent to

—

Definition 5.1. An Fuler system is a family {n,(t) € K,,(t)* : n > 1,t € R} such that

(1) Nt p1(0)/ K ()1 (8) = 10 (1)
(ii) If g € P and q { v, then

1—Frob "

Nk, (cq)/ K (0 (tq) = 7 (¥)
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o —

(iii) 7a(¥) € OF (-
(iv) na(qe) = nn(t)Fmb;1 modulo every prime above q.

By theorem 4.1, corollary 4.4, and theorem 4.5, the elliptic units 7,,(t) = Ag o(£(1(p"t)~182)) form
an Euler system, where £ is an analytic parametrization for E with period lattice Q2O. The input to Ag 4

is simply a canonical generator for the ideal p™r.

Remark. The definition given in [Rub00] does not assume conditions (iii) and (iv), instead deriving
(weakened forms of) them from the other axioms. Since their proof in the special case of elliptic units is

simpler, we have included them in the axioms for convenience.

Remark. Strictly speaking, this specializes the more general definition only if p splits in K, since otherwise
the cohomology group should be the direct sum of two copies of the multiplicative groups. However, the

explicit arguments we present here still work when p is inert.

The Euler system constructed is expected to give bounds on the ideal class group of K,,, which we
denote by A,. The general machinery does not actually give anything new in this case, since one can
analytically derive precise relations between the size of A,, and the index of certain groups of elliptic units
within the global units (see [Rob73]). For our purpose, we need to look at the details of the Gal(K,/K)-
action on A,, in particular for n = 1. We accomplish this by twisting our Euler system above by a
character using a process described in general in section I1.4 of [Rub00].

Let F = K;. Let A = Gal(F/K) = (O/p)*, which is cyclic of order Np — 1. For any O[A]-module
M, its p-adic completion M = Jim M /p"M is a Op[A]-module. The algebra Oy[A] is semisimple and
decomposes as

0[] = P R,
XE=
where = is the set of irreducible Op-representations of A, which are equivalent to k,-representations by
the Teichmiiller lifting. Each R, is isomorphic to O,. For any x € =, we can consider the x-part of M ,
defined by MX = M ®o,[a] Ry It is canonically both a subgroup and a quotient of M, and satisfies the
property that ca = x(o)a for all a € M. In particular, this process can be applied to the multiplicative
groups F(t)*.

Definition 5.2. An Fuler system with character y is a family {nX(t) € (F(t)X)X :t € R} such that

(i) If g € P and q 1, then

—Frob~!
N p(eq)/F(eyn* (xq) = nX(x)! 7FPa

(ii) 7¥(v) € (OF)™
(iii) nX(qr) =nX (t)FrOb;1 modulo every prime above g.

Suppose {n,(t)} is an Euler system in the sense of definition 5.1, define

NOE (Npl_ > x‘1(0)0> m =[] em@) "™ e (05 )

ceA cEA

This is just the image of 71 (r) under the projection to the y-component, so it is easy to see that {nX(t)}
is an Euler system with character y.

Remark. In the twisted system, we have restricted ourselves to only one “layer” of the Euler system for
convenience. The definitions for higher layers (K, (t) for n > 1) appear somewhat un-natural in the
explicit language, and we do not need them for this essay. Of course, they are used in deriving Iwasawa-
theoretical results, but moreover, when we construct the Kolyvagin system, it will be remarked that one

needs the entire Euler system in general.
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5.2 Kolyvagin system

The next step in the general machinery is to construct elements in certain cohomology groups associated
to K with prescribed behaviours locally. This is made precise using a finite-to-singular transfer map. We
describe the map explicitly here and define a Kolyvagin system. In the next section, we will construct
them from Euler systems.

Let M be a power of p greater than one. In later application, we will take M to be large. Let Py; be
the set of q € P such that

- ¢ splits completely in F = Kj;.

- M|Ngq - 1.
For completeness, let P; = P. Let R be the set of square-free products of primes in Py;. For any
q € Pu, let I be the group of fractional ideals in F' which is only divisible by primes above q. Then
I, = @qu ZR. Given an element xk € F* /(F*)M let [r]4 s denote the projection of the principal ideal
(k) to Iq/M 1, for any lift & of k to F'*. The desired finite-to-singular map is an isomorphism

a.nr : O/ (Org) ) — Iy /M1,

where Op 4 is the localization of O at the ideal q. Since q splits completely in F,

X ~Y X
OF,q = H OF,Q
Qlq

so we need to construct an isomorphism
pam : Opo/(Op )M = Z/MZ

for each Q|q. Fix one such 9. In the extension F(q)/F, the prime 9 is tamely totally ramified. Let Q

be the unique prime in F'(q) above 9, and let 7 be a uniformizer for Q, then we have an injection
0
G, — kX, 0 — (mod
q Fr 97 ( Q)

This is an isomorphism since both groups have the same order. Let o be the image of o4 under this
map. Given « € (’)IX;’D, suppose @ = ng(a), where the bar denotes reduction modulo . The number
wa(a) is well defined in Z/(Nq — 1)Z, so by the second condition on Ry, it gives a map to Z/MZ. 1t is

clear from this description that ¢gq is an isomorphism. We define

Pq,m (@) = Z@D,M(a)ﬂ € Iq/MI,
Qlq

This is the required finite-to-singular map.

For each v € R, let v(r) be the largest M such that v € Rps. It is decreasing in t in the sense
that v(v) < v(s) if s|t. In particular, ¥(O) = co. In the next definition, interpret F*/(F*)* to be
the p-adic completion FX. With this convention, if m < M, then there exists a natural projection
F*/(F*YM — X /(F*)™, which will be used without comment.

Definition 5.3. A family {s(t) € F*/(F*)"() : v € Ry} forms a Kolyvagin system if
(i) If g { pr, then [£(r)]q,.(;) = 0.
(i) If qlr, then [£(v)]qu(x) = P (£(t/q)).

Remark. In [MRO4], this is called a weak Kolyvagin system. It imposes a third condition: if q|t, then it
requires the restriction of k(t) at q to lie in a transverse cohomology group, which in this case says that
adjoining an v(t)-th root of k(tr) to K is totally ramified at q. We will not need this condition, but it
adds rigidity to the definition, which is used by Mazur and Rubin to classify all Kolyvagin systems in
favourable situations.
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5.3 The derivative construction

This section performs the technical computations which associates a Kolyvagin system to an Euler system.
For convenience, we assume that x is not the mod-p cyclotomic character, or equivalently p% = 0. For
the application to the Coates-Wiles theorem, this is satisfied. When it is used, we will remark on why
the condition is assumed and ways to avoid it.

Recall that for each q € P, we chose a canonical generator o4 of Gq = Gal(F(q)/F). Define the
following elements of Z[G]

Ng—-2 Ng—-2
_ _ i _ .
Ny = g o= g g, Dq = E iog
0€G, i=0 i=0

For any v € R, let

Ne= Y o=][N, D.=]]D,

c€G, qlc qlc

They satisfy the relation (¢q —1)Dyq = Nq — 1 — Ny. In this section, we will generally write the group

action multiplicatively, so for example (o4 — 1)a = 2= for a € F(q)*.

Lemma 5.4. Suppose {nX(v)} is an Euler system (with character x), and v € Ras for M > 1, then the
image of DenX(t) in F(x)*/(F(t)*)M is fized by G..

Proof. We prove by induction on the number of prime factors of v. Suppose t = gs, where q € Py, then

the definition of an Euler system implies that
(0 = D)Dep(xr) = (Ng — 1) Dsp () / Ds N (v) = (Ng — 1) D (v) - Ds(Frobg " —1)n*(s)

Since q splits completely in F, its Frobenius is the identity on F, so the second term is in (F(s)*) by
induction hypothesis. We also have M|Nq — 1, so (o4 — 1)DnX(x) € (F(r)*)™, which proves the lemma
because o4 as q ranges over all prime divisors of v generate G.. O

The inflation-restriction sequence gives an exact sequence

0 — H' (F()/F, (s ® x ) ) = H'(F,par @ x 1) = HY(F(v), gy @ x )6
— H*(F(x)/F, (py @ x 1))

! means pyr ® Oy, where G acts on O, via x. Thanks to our assumption that x is not

—1)F(r)

Here, ppr @ X~
the cyclotomic character, (s ® x = 0. Therefore, the restriction in the middle is an isomorphism,

which Kummer theory allows us to write explicitly as
(B> J(FOM) =5 (P /(F()) M)

In particular, for each v € Ry, there exists a unique r};(v) € (F*/(F*)M)* such that &}, (x) =
DnX(v)/BM for some B € F(r)*. These will form a Kolyvagin system. We put y in the superscript to
emphasize that they lie in the x-component of the multiplicative group. If v = O, then D, = 1, and
nX(v) € (F*)X. Define kX (O) = nX(O). This is consistent with the above construction.

Remark. If x is the cyclotomic character, then we can no longer find a unique lift this way. One can
get around this problem by introducing a universal Fuler system. It allows one to pass from the original
Galois module to an induced module, which is cohomologically trivial. The details can be found in

Chapter IV of [Rub00]. This is another instance where the entire Euler system is required.

Theorem 5.5. Suppose {nX(v)} is an Euler system, then {fifj‘(t) (v)} is a Kolyvagin system.
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Proof. If q 1 pt, then /fff(t) (v) is a global unit times an M-th power in F'(t)*. The extension F(t)/F is
unramified at q since E[p] C F (corollary 2.5), so V(t)|vg(nff(t) (v)) for all 9 in F' lying above q.

Now suppose t = gs, where ¢ is prime. Let M = v(t), then t,s,q € Rjs. Choose S, € (F(t)x)x and
Bs € (F(s)*)" such that

:‘ﬁ?f(t) (t) = Dl‘nx<t)/ﬁr1v[7 KZZ(S)(S) == Dsnx(ﬁ)/ﬁé\/[

We will drop the subscripts on X in the rest of the proof.

Fix a prime Q above q in F(tr). The identification of G4 with a subgroup of G makes o4 an element of
the inertia group of Q. Let 7o be a uniformizer, and let yg be the residue of (1 —oq)mg. Let Q = QN F.
The natural embedding ky o — k;(r), o sends g defined in the previous subsection to vo. Since 7¥(r)
is a global unit and the ramification index of Q in F(v)/F is Nq — 1, we have

M
Ng - 12

va(KX(v)) = — (mod M)

where cq = vg(f:). The element oq is in the inertia group, so (1 —0q)B8: = 75" (mod Q). Therefore,
comparing with the definition of ¢ s, we need to show that

(0qg —1)B: = (Hx(s))(Nq_l)/M (mod Q)

Our earlier calculation gives

(UEl -1)M

= (0q —1)Den*(x)

= (Nq = 1)Dsn(x) - Ds(Froby " —=1)n(s)
(Frob ! —1)( X(s )Bﬁ,”) - (Ng — 1) DgnX(t)
(Frob_ —1)5M (Ng — 1)Dgn(x)

where we have used again the fact that Frob, acts trivially on F'. Take M-th root to get

Ng-1

(0q — 1)B; = (Frob, ' 1), - i

DgnX(x)

A priori, there could be a root of unity, but by the observation made during the construction of 3, (t),
there is no M-th root of unity in (F(t)x)x. Both sides lie in the group, so the equality holds.
Finally, apply the congruence relation to get that

(g = 1) = (Froby " ~1)5 -

= Frobq_1 (ﬁ;*Nq . (HX(E)ﬂéVI)(Nq—l)/M>
= Frob, ' (#¥(s)) NV
= (w¥(s) ™M (mod Q) -

1
D, F‘rob;1 n*(s)

5.4 Bounding the ideal class group

In the general framework, elements in a Kolyvagin system produce relations in the dual Selmer group
via local duality. In our case, this is simply saying that elements of F'* give relations in the ideal class

group. The main theorem is

Theorem 5.6. Let x : A — O, be a non-trivial character. Let {kX(r)} be a Kolyvagin system for F/K.
Let C C OF be the subgroup generated by the roots of unities and kX(1). Then

|AX] < (Op/C)]
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Following [Rub00], there are two main steps to the proof, presented here as two lemmas. The first is
to produce a set of useful primes. The second shows that the elements of the Kolyvagin systems at those
primes contribute to enough relations in the ideal class group.

We first set up some notations. Since y is not trivial, by the Dirichlet unit theorem, (O3 /pur)X is free
of rank one over R,, so (O /C)X = R, /cRyx for some ¢ € R,.. Let m be the exponent of AX. Choose M
to be a sufficiently large power of p such that mc|M. Let L = F(up)-

Lemma 5.7. Let {ay, -, i} be the elements of Hom(AX,Z/MZ), treated as elements of Hom(Gp,Z/MZ)
via the global Artin map. There exists primes q1, -+ ,qr € Ras such that for every i, 1 < i < k, we have

(i) ord (kX(ti—1), Of o /(O M) > ord (kX (t;—1), L* /(L*)M).
(i) ord(e;(q;), Z/MZ) > ord(a;, Hom(Gr,Z/MZ)).

where v; = [[,<; q;-

Proof. We inductively choose q; € Ry satisfying the two properties. Suppose q1,---,q;—1 have been
constructed. Let p € HY (L, puar) = Hom (G, par) be the image of xX(v;_1) under the Kummer map for
L. Consider the following subgroups of Gp:

B, ={y € G :ord(p(7), pm) < ord(p, Hom(Gr, par))}
B, ={vy € Gy :ord(e;(7),Z/MZ) < ord(a;, Hom(Gp,,Z/MZ)}

These are both proper subgroups of G, so there exists v € G \(B, U By). Let L' be an extension of L
such that p and «; are trivial when restricted to L’. By the Chebotarev density theorem, there exists a
prime ¢, in K not dividing 6pfar;_; whose Frobenius in L'/K is . This implies that it splits completely
in L/K,s0q; € Ry

The Kummer map is injective, so ord (kX(v;—1), L* /(L*)™) = ord(p, Hom(Gr, puar)). We also have

an isomorphism

Qla; Qlq; Qlq;

where the first arrow is the Kummer map, and the second arrow is evaluation as l-cocycles at the

Frobenius of q;. The group A acts on the left hand side naturally, and on the right hand side by

permuting its factors. The isomorphism is A-equivariant, so the y-component of Op g, /(OFq,)" is

)

isomorphic to pas by projecting to a factor. Under these identifications, the image of xX(t;—1) is p(y

)
up to an automorphism of p5; which depends on the choice of a place above q in K. This proves (i).

Condition (ii) is immediate since q; maps to Frobg, = v in Gk /ker(o;) under the Artin map. O
Lemma 5.8. Let {q1, -+ ,qx} be the primes constructed in lemma 5.7. Let v be the valuation map
k
OF[CIfl» e 7q];1?p_1]>< ®Z/mZ — @I‘L/ml%
i=1

Then the x-component of its cokernel satisfies
| coker(v)*| < [(Of /C)X|

Proof. The map H(F, py) — HY(L, puar) is injective. Indeed, its kernel is H'(L/F, pias), which is easily

shown to be 0 using the formula for the cohomology of cyclic groups. For each 4, let v; = ] j<i 95> and let
§; = ord (,%X(ti),LX/(LX)M) = ord (kX (r;), FX/(FX)M)
Then by construction,

§; > ord([rX(vi)]g, Is/M14) = ord (kX (vi-1), OF 4, /(O 4 )M) = i
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where for the first equality, we used the definition of a Kolyvagin system, and for the second equality,

observe that there is an isomorphism
O 4 ®L/MZ = (OF/q;0p)* @ Z/MZ
by Hensel’s lemma. The choice of M to be sufficiently large and the definition of C gives an exact sequence
0 — RyxX(1)/pr N RyxX(1) = Ry /MR, — (O5/C)X =0
Therefore,
do = ord (kX(1), F* /(F*)M) = ord (kX(1), O /(OF)M) = M/|(OF /C)X| = m

For each i, choose &; € Op[t; ', p~1]* such that &M = kX(v;)%. Let A®) be the subgroup of F* /(F*)™

generated by {R1, - ,R;}. Then
[v(AD) Ju(ADN)| > ord([Rilq,, Ig, /mIq,) > ord([K¥(x:)], Iq, /M Iq,)m/d; > 6;—1m/6;
Multiply these inequalities together for all i gives
[ Tm(v)| = m*8o/8, > m" /|(OF /C)X]

where we have used the trivial bound §; < M. The codomain of v has size mk, so the result follows. [

Proof of Theorem 5.6. It remains to show that {qi,---,qr} constructed above generate AX, since then
coker(v) surjects onto AX. Suppose for contradiction that there exists a j such that o : AX — Z/MZ
vanishes on all q;. In particular, it must restrict to 0 on G, by condition (ii) of lemma 5.7, so a; belongs
to Hom(Gal(L/F),Z/MZ). The extension L/F' is totally ramified at primes above p, so a;; = 0. O

Combining the results from this section, we get

Corollary 5.9. Let x : A — Oy be a character which is neither trivial nor the cyclotomic character. Let
a be an ideal coprime to 6pf, and let N = Ag o(£(x(p)~1Q)) be an elliptic unit associated to a. Then

|AX] < [(OF/Ca)X|
where Cq is the Z|A]-submodule of OF generated by up and n'®.

Remark. The corollary holds for all x. If x is trivial, then the inequality holds trivially since AX is the
ideal class group of K. If x is cyclotomic, then the more robust construction of Kolyvagin systems we
referenced to earlier proves the inequality.

6 The Coates-Wiles Theorem

In this section, we prove the main theorem:

Theorem 6.1 (Coates-Wiles). Let K be an imaginary quadratic field. Let E be an elliptic curve over K
with complex multiplication. If L(E,1) # 0, then E(K) is finite.

First observe that if F has complex multiplication by the order Z + cO for some ¢ > 1, then there
exists an isogeny E — E’ with kernel E[cO]. The curve E’ has complex multiplication by O. Since
isogenies do not change rank E(K) or L(E, s), we may assume that we are in the usual case where E has
complex multiplicaiton by the maximal order O.

Recall some notations from the previous sections. Let p be a prime of K not dividing f with residue
characteristics p > 7. Let F' = K (E[p]), then F is totally ramified above p with Galois group A = (O/p)*.
Let xg : Gg — kpx be the character of G acting on E[p]. Let B be the unique prime of F above p, and
A be the ideal class group of F'. On the analytic side, let £ : C/L — FE(C) be an analytic parametrization
with period lattice L = QO, and let (") = Ag o(£(1(p) 1)) be the elliptic unit defined in section 5. Tt

is a global unit in F.
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Lemma 6.2. The character xg is neither trivial nor cyclotomic.

Proof. By the construction of ¥, xg([z, K]) = 27! for € O} since p { f. Therefore, yg # 1. The Weil
pairing Ep] X E[p] — u, is non-degenerate and Galois-equivariant (proposition II1.8.1 of [Sil09]). If xg
is cyclotomic, then 0@Q — Q € E[p]* for all Q € E[p], 0 € Gk, so E[p|“% # 0. We have shown above
that E[p]9% = 0, so this can only happen if p splits in K and E[p] C E(K). For = € (9 , [z, K] acts on
Ep] by ¢(z)z™!, where 9(z) € O* (corollary 2.5). We therefore need O* — (O/p)* to be surjective,
which is impossible since p has residue characteristics at least 7. O

Lemma 6.3. There exists a coprime to 6pf such that Na # 1 (a) (mod p).

Proof. By corollary 2.5, 1 (a) generate a, so Na = (a)(a), so we just need ¥(a) Z 1 (mod p), or
equivalently ¥ (a) # 1 (mod p). For each prime g not dividing 6pf, [q, K] acts on E[p] by 1(q). By the
Chebotarev density theorem applied to K(FE[p])/K, we are done if E[p] € E(K), which was shown in
the previous lemma. O

Remark. In the previous two lemmas, the condition p > 7 was necessary. Explicitly, consider the following

elliptic curve defined over Q(w), where w = H'T‘/?S

E:y?4+(w+l)y=2°-(w+1z? +wr—w

It has complex multiplication by Z[w] defined by w(z,y) = (—w(z — 1), —y — (w+ 1)). Let p = (3w — 2),
then the conductor of the curve is p2. The point (0, —1) generates the torsion subgroup E[p]. One can
check that the two results above fail for p. However, the condition can be dropped if E' is defined over Q
since then p 1 f implies p 1 f.

Theorem 6.4. Ifpt L(v),1)/9Q, then AXE = 0.

Proof. Choose an ideal a as in lemma 6.3 and consider its associated elliptic unit 1. By lemma 6.2, we

may apply corollary 5.9. Since (O /pup)XE is free of rank one over R,, the theorem reduces to showing
¢ ((0F)XF)"

Let P = £(1h(p)~'Q) € Elp], and let z = —x(P)/y(P) € P be the corresponding point in E[p]. By
corollary 3.16, we have an expansion

1= Apa(0)(1+12f(Na — () (L(¥,1)/92)z)  (mod P?)

The proof of lemma 2.8 shows that vy (z) = 1. Our choice of p and a implies that 12f(Na—1(a))(L(1, 1)/9)
is a p-adic unit. By theorem 3.15, A, 4(0) € O, Let S be the Teichmiiller representatives of kg, which
consists of the roots of unities in O and 0. Since ng/Kp is totally ramified, S € O,. The above
discussion shows that the -adic expansion of i with respect to S has the form ao(l +a1z+ 0(22))7 with

ag, a1 # 0. We now compute

nXE = < a) ao(l +airz + 0(22))
JGA
= Qo H (1 Z XE alz + O( )>
cEA UEA

= ag (1 +ay - Npl— 1 Z(X}Eli)(a)z + 0(22)>

ocEA
where i : A — Og is defined by 0z = i(0)z. By definition, 0P = xg(0)P, so i = xg. Therefore, the
expansion of nXF is still ao(l + a1z + O(zz)).
Again by lemma 6.2, p” = 0, so the theorem follows from the stronger claim that 7%= ¢ (OF y)P.
Let x = 29 + x12 + O(2?) € O} Fap With 29,21 € S, then oP = xf + O(2P) since vp(p) = Np —1>p — 1.
Since P-adic expansion with respect to S is unique, this cannot equal to nXZ, as required. O
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Proof of the Coates-Wiles Theorem. By theorem 2.6, L(E,1) = L(z,1)L(¢,1). If L(E,1) # 0, then
L(1,1) # 0, so we can choose a prime p in K not dividing f(L(1/, 1)/2) with residue characteristic p > 7.
We will show that Sy, (E) = 0. By theorem 2.13, we need AX*® = 0 and 6,(OF) # 0. The first condition
is guaranteed by the previous theorem.

For the second condition, the more informative way of proving it is to apply Wiles’ explicit reciprocity
law (theorem 2.10). It shows that

d1(n) = —12f(Na — (a))(L(¥, 1) /Q) P

Since we did not prove the reciprocity law, we will follow [Rub99] and show that (O)X® — (O 4)X* is
surjective for a set of p with positive density, which suffices for the theorem by lemma 2.9.

If p splits, then the absolute ramification index of 3 is Np—1 = p—1, so the logarithm and exponential
maps define isomorphisms 1 + PB2Opq = PB>Op . Therefore,

OFp @Qp = (1+P?Opp) ©Q, = Opg ® Q, = Fy = Ky[A]

All of the isomorphisms above are A-equivariant, with the existence of the final one guaranteed by
the normal basis theorem. Taking the xgp component implies (Oém)XE ® Qp =2 K,. This shows that
(Oém)XE = (O, is either isomorphic to O, or O, & Z/pZ, the latter case occurring if and only if
Fyp contains the p-th roots of unity. In the first case, we are done since our earlier work shows that
(O;)XE Z (((’)}Xpm)XE)p. We therefore need to choose p to rule out the second case.

If Fip contains pi,, then Fip = K, () since both are totally ramified extensions of degree p — 1. In
particular, p is a norm in Fig /Ky, so [p, Fp/K,] = Idg,. Globally, [¢(p), F/K] acts by ¥ (p)y(p) ' =1
on E[p*], so [(p), Fip/Kp] = Idgr,. Therefore, p/i(p) is a norm from Fy. It is a unit, so it must
be in 1 + pO, (alternatively, one may derive this using Lubin-Tate theory). But p/v(p) = 1(p), so
Trg/g(p) =1 (mod p). For p > 5, which is assumed, this implies Trg /g1 (p) = 1 by Hasse’s bound.
If this happens, we call p anomalous. We will show that the set of primes which splits minus the set of
anomalous primes has positive density.

Let O = Z[r]. Suppose p = pp splits and is anomalous. Let ¥(p) = a + br with a,b € Z, then
Trg/g(p) = 20+ bTrg g™ = 1. If 2 ramifies in K, then 7 can be taken to be V=D, with trace zero,
so 2a = 1, which is a contradiction. Otherwise, 7 may be chosen to have trace one, so 2a +b = 1. We

also have p = (a + b7)(a + bT), which implies
4p = ]. + b2(NK/Q’T — 1)

Take remainder modulo a large prime ¢ coprime to the discriminant of K. The equation shows that for
at least half of the residue classes modulo ¢, no anomalous primes exist in them. Therefore, by Dirichlet’s
theorem on primes in arithmetic progression, there exists infinitely many primes which split but are not

anomalous. Choosing any one of them finishes the proof of the theorem. O

Corollary 6.5. If E is an elliptic curve over Q with complex multiplication (over C), and L(E,1) # 0,
then E(Q) is finite.

Proof. Let 1 be the Grossencharakter associated to Ex, where K is an imaginary quadratic field over
which E has complex multiplication. One can check from the definition that L(v,s) = L(3, s), and that
L(E/Q,s) = L(v, s), up to a finite number of Euler factors which do not vanish at 1. For details of these,
see section 10.4 of [Lan87]. The result now follows from the Coates-Wiles theorem. O

7 Explicit Computations

In [Rub99], Rubin ended with an explicit computation with the curve y? = 23 — z defined over Q(i). We
will perform a similar computation with a curve with j-invariant 0. This isomorphism class in particular

includes the Fermat curve 2 + y® = 1 and was also extensively studied.
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Let w = 1"'2@, and let K = Q(w). Let ps = (1 +w) be the unique prime above 3 in K. We consider
the elliptic curve
E:y?4+y=2a°

defined over K. It has complex multiplication by O = Z[w] given by w(z,y) = (—wz, —y — 1). The goal
of this section is to explicitly compute the various objects we looked at in this essay, and to verify some
of the results we proved.

The curve is labelled 81.0.9-CMal in the LMFDB. From it, we get j(E) = 0, A(E) = —27, g = p3,
and E(K) = E[p3] 2 Z/3Z & Z/3Z, generated by (—1,—w) and (0, —1). Among the generators, (0,—1)
generate E[ps]. The curve E has additive reduction at p3 with Tamagawa number 3. Most of these data
come either immediately from the equation or via Tate’s algorithm. The torsion part of F(K) can be
determined using the Lutz-Nagell theorem. One can use isogeny descent to show that the rank of F is
0. Alternatively, LMFDB data shows that L(E/Q,1) # 0, so L(¢,1) # 0, and the claim follows by the

Coates-Wiles theorem.

Hecke character We compute the Grossencharakter ¢ : Iz /K> — C* attached to E. When restricted
to the archimedean places, this is just C* — C*, x — z~!. For the finite places, first consider the primes
away from p3 = (1 +w). Let p # p3, then E has good reduction at p, so ¥(O,) = 1, and (p) is a
generator of p. The Frobenius at p acts trivially on E[p3], so ¥(p) = 1 (mod p3). These conditions
uniquely determine ¢ (p). For example, take p = 20, then ¢(p) = —2. One can easily check using the
point doubling formula that 1 (p) reduces to the Frobenius (z,y) — (2, y%).

Next, consider the behaviour of 1 on Kp5. If u € O and u =1 (mod p3), then ¢(uO) is the unique
generator of (u) which is congruent to 1 modulo p3, so it equals to u. Comparing this with ¢(u) = 1 and
the above computation of the archimedean part of ¢ shows that ¢ (u,,) = 1. Such elements are dense in
1+ p%(?p37 so the conductor of ¢ is pZ, which agrees with the result of Serre and Tate remarked earlier
in the essay. For completeness, the same method shows that ¢ ((1 4+ w),,) = 1 4+ w, and ¥ ((w)p,) = w.
These results completely determine ).

Observe that a prime p # 3 splits in K iff p = 1 (mod 3) by quadratic reciprocity. Using the
description of ¢ given above, we see that ¥(p) = —p if p is inert, whose trace reduces to 0 modulo p,
so the reduction is supersingular. If p splits, then p = a? 4+ ab + b? for a,b € Z, and p = pTp~, with
pt = (a + bw™HO. Let ¢,§ € {0,£1} be such that a = ¢,b = § (mod 3). One can check that a # b
(mod 3), so € # 8, and € + dwt! € (w). Therefore, ¥ (pt) = (a + bwr!)(e + dwTh), and its trace is

ap = apt = a(2e 4+ 9) +b(20 +¢)

For example, if p = 7, then @« = 2,b = 1,e = —1,6 = 1, so ay = —1, in agreement with the data from
the LMFDB. It is easy to see that a, = —1 (mod 3). In particular, a, # 0, so it is also non-zero when
reduced modulo p (we need p > 5 to use the Hasse bound, but 2 and 5 are inert). We have therefore
proven that F has supersingular reduction at a prime above p # 3 if and only if p is inert. This is a

special case of Deuring’s criterion for reduction (section 13.4, theorem 12 of [Lan87]).

Division points Let p = (2 + w). We expect F = K(E][p]) to be an abelian extension of K of degree
Np—1 = 6, totally ramified above 7. A computation shows that in fact F' = K (), where o = —2(w+4),

and the p-torsion points are generated by

1 1 1
P7 = (3(w + 1)0[2, —iwag - 2)

One can further show that F' has class number one, which satisfies the bounds derived earlier, albeit
trivially. Finally, observe that if 0 € Gk is such that ca = wa, then o P = 3P. This determines xg.
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Next let q = (5), which remains prime in K. The z-coordinates of points in E[5]\{0} are roots of the

division polynomial 95 (see exercise 3.7 of [Sil09]), given by
Ps(x) = 5% 4+ 952° — 152 — 2523 — 1

Instead of computing K(E[5]), a field of absolute degree 48, and its associated quantities, we take g to

be our auxilliary ideal a. Then

-6
@E,q<P>=5—12<—27>24( 11 <m<P>—m<Q>>) _ 372y, (a(P)) 12
QeE[a]\{0}

Let P = (21/3,1) € E(K). Tt is the sum of a 2-torsion point and a ps-torsion point. By the proof of
theorem 4.1, we expect O q(P) to be a global unit. Plugging the values in gives the value 1, which is
indeed a global unit. More excitingly, take P to be P; + (0, —1), we obtain

Ys(z(P)) =27" 3% ((105 — 140w)e® + (127 + 75w))
O,q(P) = 2'%((105 — 140w)a® + (127 + T5w))
By computing norm, one can verify that this is the 12-th power of a global unit.

From the expression, one can also compute the expansion of ©p q(z) around z = 0. The expansion

for p(2) is 272(1 — £52° + O(2'7)), so

@E7q(z) — 372 . 57122:12-24(1 4 3. 232 . 77126 4 O(zlo))

which has the expected leading term. Furthermore, observe that

4 og 0 q(z) = —12880E) oy 5 ¥50@)

dz ¥s(p(2)) ¥s(z)
Choose f = 3 to be the generator of f. Given a complex period Q¢, let P be the point corresponding to

2y +1)

%Qc. By corollary 3.12,

) - 1 Y5 (x(P))
Ly, 1)/Qc = — 5557 Trxy/x (%(33(13))

We will compute a value of Q¢ in the next part. With that choice, P = (—1,w — 1). This formula then

gives L(¢,1)/Qc = @. Therefore, L(E,1) = 5-QcQc.

2y(P) + 1>)

Analytic invariants Finally, we consider F as a curve over Q and look at the predictions of the Birch
and Swinnerton-Dyer conjecture. According to the LMFDB, L(E/Q,1) ~ 0.58888.

The curve E has the short Weierstrass equation 32 = z'3 + i, so we seek a period Q¢ € C* such that
350:°G6(0) = —1. In fact

Ge(0) = WMFG)GF(%Y

This is stated in section 1.1 of [DS05]. It can be proven by transforming the associated elliptic integral

into a beta integral. From this statement, we deduce that

e = gy ()7 () 9= et (7)1 (5) =002

where to get the real period, we multiplied Q¢ by +/—3. Therefore, the algebraic part of L(E/Q,1) is
equal to %. Based on this computation, the Birch and Swinnerton-Dyer conjecture predicts that III(E/Q)
is trivial. If we apply Wiles’ reciprocity law in the proof of the Coates-Wiles theorem, then we can deduce

from what has been proven that S,(E,g) = 0 for p > 3.
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