ANTI-CYCLOTOMIC EULER SYSTEM OF DIAGONAL CYCLES

SHILIN LAI AND CHRISTOPHER SKINNER

ABSTRACT. We construct split anti-cyclotomic Euler systems for Galois representations attached to certain
RACSDC automorphic representations on the group GL,, X GLy, 1. As a result, we make progress towards
certain rank 1 cases of the Beilinson—Bloch—Kato conjecture for those representations.
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1. INTRODUCTION

Let E/F be a CM extension. For m = n,n + 1, let II,, be a RACSDC! automorphic representation
on GL,,(Ag). Let p be a rational prime. By the work of many people (cf. | , ]), there is an
m-dimensional geometric Galois representation prr,, : Galg — GL(Vi1,,) attached to IL,, such that

L(Vir,,s) = L<s+ 1-m _Qm,nm>.

Let IT = II,, ® 11,41 and Vir = (Vir,, ® Vir,,,,)(n). Then L(Vi, s) = L(s 4 1/2,1I). Moreover, IT is conjugate
symplectic, so the centre % is a critical point of L(s,II).
We will work in the framework of the arithmetic Gan—Gross—Prasad (AGGP) conjecture | , ]

This imposes the following two assumptions on II:

— The weights of II,, and I, are perfectly interlacing at each archimedean place (Definition 2.4);

— The root number 5(%, H) is —1.
In this setting, the AGGP conjecture predicts that a certain natural diagonal cycle has a null-homologous
modification Agap, and it satisfies a relation

1 77
L/(§7H) = (*)(Acap, Accp)BB;

where (-, -)pp is the Beilinson-Bloch height pairing and () # 0. Combined with the Bloch-Kato conjecture,
this would imply the equivalence

<AGGP; AGGP>BB 75 0 <?——?> dimH}(E, VH) =1

When n = 1 and 115 is a modular form of weight 2, the cycle Aggp is essentially a Heegner point, and a lot
is known about the above two conjectures.

In this paper, we will consider the forward direction of the above conjectural equivalence. The left hand
side, including the null-homologous cycle Aggp, depends on the standard conjectures on cycles, so we instead
consider its p-adic étale realization. This leads to an element zgagp € H}(E, Vi), and we expect

(1) zaap #0 = dimH4Y(E, Vi) = 1.

1regular, algebraic, conjugate self dual, cuspidal
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In the elliptic curves case, results of this form were first established by Kolyvagin [ | using what is now
known as the method of Euler systems. In a recent work of Jetchev—Nekovai—Skinner | ], an analogue
of Kolyvagin’s argument is axiomatized. The goal of this paper is to supply the Euler system which feeds
into their formalism, thereby establishing the expectation (1) under appropriate hypotheses on II and Vi.

1.1. Main results. Let .Z be the set of places of F' that split in F, with finitely many places removed
including all places dividing p or at which Vi1 is ramified. For each ¢ € &, fix a place A of E above it. Let
ZP be the set of square-free products of places in .Z.

For each ideal m of Op, let E[m] be the ring class field with conductor m, so it is associated to the order
Or +mOpg by class field theory. Our first result is the following.

Theorem 1.1 (Tame norm relation, Theorem 5.5). Assuming the conjectural description of the coho-
mology of certain unitary Shimura varieties (Hypothesis 2.11), there is a lattice T in Vi and elements
cm € HY(E[m], Ti) for m € %P satisfying the norm relation
‘
Trgm]] cme = Py(Froby)en
where Py\(X) = det(1 — XFroby|Vi1)™!, and Froby is the arithmetic Frobenius.

Up to this point, we have made no assumption on the prime p. Now suppose there is a place p of F' above
p such that
— p splits in F,
— IT is ordinary at p, cf. Definition 5.1, which can be phrased as a condition on the p-adic valuation of
the Satake parameters of II.

then we also get norm-compatible classes above p.

Theorem 1.2 (Wild norm relation, Corollary 5.6). For eachm € %P, there ezists classes cyty € HY(E[p'm], Th)
such that

BElp'ttm _
rE[ptm] Cpt+im = Cptm

for allt > 0.

Remark 1.3. The wild norm relation, at least in the minimal weight case, is already present in the works
[ | and | ]. Our construction is essentially a repackaged version of theirs.

Combined with the results of | ], we obtain the following result towards the Bloch-Kato conjecture.

Theorem 1.4 (Theorem 5.9). Assume Hypothesis 2.11. Let zg = Trgm c1 € H}C(E7 V). Suppose

(i) Vi is absolutely irreducible,
(ii) there exists o € Galg that fizes E[1](up) and such that dime Vi/(o — 1)V =1,
(iii) either
(a) there exists a place p of F above p which splits in E such that I is ordinary at p, or
(b) there exists v € Galg such that «y fizes E[1](pp) and Vir/(y — 1)V = 0.
Then
2p #0 = dimg Hy(E, Vi) = 1.

In Corollary 5.10 and the remark following it, we will give a simple automorphic condition which implies
the above hypotheses for all rational primes p.

The base class zg in the theorem is the p-adic étale realization of the diagonal cycle Aggp described
above. In the case n = 1 and I, has weight 2, this is the classical result that if the Heegner point has infinite
order, then the elliptic curve has rank 1 | ]

We make a few remarks about the relation of this theorem with other recent results in the literature.

(1) In the minimal weight case, the theorem was also established in | , Theorem 1.1.8] with a
different set of conditions on the prime p (denoted ¢ there). Our hypotheses appear to be milder. In
the notations of Definition 8.1.1 of op. cit.,

— Conditions (L1), (L2), (L4), (L6), (L7) are not needed. In particular, we allow small or ramified
p and make no assumptions on the residual representations.

— Condition (L3) is our condition (i).

— Condition (L5) is analogous to our condition (ii), though they are not directly comparable.



ANTI-CYCLOTOMIC EULER SYSTEM OF DIAGONAL CYCLES 3

— Our condition (iii) does not appear in their list. It can often be proven under some big image
assumptions (cf. the proof of Corollary 5.10).

(2) Also in the minimal weight case, a recent result of Disegni—Zhang [ ] relates the p-adic height
pairing of the class zg to the derivative of a p-adic L-function. Using | , Theorem 1.1.8], they
deduce the following cases of the p-adic Bloch-Kato conjecture | , Theorem C]:

ordy=1 Zp(x) =1 = dime H}(E, Vi) =1,

under certain conditions on p, including the ordinarity of I at p and the admissibility conditions
discussed above.

By applying Theorem 5.9 instead, we may replace the condition “admissible prime” in | ,
Theorem C] with our conditions (i) and (ii) (condition (iii)(a) was already assumed in op. cit. to
construct the p-adic L-function).

(3) In the ordinary setting, one can also formulate a Perrin-Riou type Iwasawa main conjecture. Under
the above admissibility assumption, one divisibility of such a conjecture was established by | ,
Theorem 1.2.3(2)]. The results of | ] gives an alternative proof under conditions (i), (ii), (iii)(a)
along with additional conditions on 71.

1.2. Idea of proof. Our construction is an integral version of the zeta integral strategy first developed in
the papers | , ]. We outline the strategy in a loose way. One first constructs a map of the form

C>(G,Q,) “—" HY(E, Vi)

by taking Hecke translates of the diagonal cycle class. By construction, it is Hecke equivariant and invariant
under a subgroup H(A). Now write down some well-chosen test functions on the source. General Hecke-
cyclicity results (Proposition 4.2) imply the norm relation holds for some Hecke operator, and a zeta integral
calculation (Proposition 4.4) identifies the Hecke operator as the one required for an Euler system.

One subtle issue is that in most settings, the map does not preserve the natural integral structures, and
one needs to formulate the correct integral structure on the source, cf. | , Definition 3.2.1]. In this
paper, we take H-coinvariants immediately and constructs a map

CX(X,Z,) “=" H'(E,Tn)

where X = H\G is the spherical variety underlying the setting, and Ty is a fixed lattice in Vi1 (cf. Proposi-
tion 2.7). This provides a natural explanation of the integrality requirements appearing in previous works.
Moreover, all of the norm relations are proven directly in H!(E, Ti1), so we bypass some technical Iwasawa-
theoretic arguments used in previous works, for example in the proof of | , Theorem 10.5.4(b)]. Thus,
we can completely remove all conditions on p when dealing with tame norm relations.

We also systematically use the augmented group G = G x U(1), which was used in the work of Graham-—
Shah on Euler systems in the Friedberg—Jacquet setting | ]. Our use of the augmentation is generally
cosmetic, but it allows us to fix the level of the Shimura variety for G in the steps where we construct Galois
cohomology classes from cycles. This somewhat simplifies the exposition.

1.3. Future work. To relate the FEuler system to classical L-values (instead of derivatives of p-adic L-
functions), one would hope for an explicit reciprocity law relating the diagonal cycle class zggp to a certain
p-adic L-function outside of the range of interpolation, as in the classical work [ ]. In our case, it is
likely that one has to consider variations of Il in a Hida family, instead of just character twists.

In a different direction, we have reduced the Euler system norm relation to certain relations in the function
space C°(X,C). This becomes a question of unramified harmonic analysis on spherical varieties, and it is
possible to avoid much of the ad hoc calculations of Section 4 using this point of view. In a future joint
work of the first named author with Li Cai and Yangyu Fan, we will explain this approach in the twisted
Friedberg—Jacquet setting.

Acknowledgments. We thank Ashay Burungale, Li Cai, Yangyu Fan, Dimitar Jetchev, and Wei Zhang for
their interest and helpful conversations.

The second-named author was supported by the Simons Investigator Grant #376203 from the Simons
Foundation and the National Science Foundation Grant DMS-1901985.
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2. GENERAL SET-UP

2.1. Fields. Let p be a rational prime. Fix an isomorphism ¢ : C ~ @p.

Let F be a totally real field of degree g with algebraic closure F'. Let E be a CM extension of F' contained

in F. We fix the following choices

— an embedding ts : F — C,

— a CM type X1 for E compatible with ¢o.
This singles out an archimedean place of F', which we denote by co,. Moreover, the CM type ©.% distinguishes
one of the two extensions of co, to E. The complex conjugation on C induces via to, an element ¢ € Galg
which is non-trivial in Gal(E/F).

Let A denote the adeles of F' and A denote the adeles of E. We will use the following convention: a
superscript consisting of places indicates omitting those places, and a subscript consisting of places indicates
only considering those places. For example, Ag s = A% is the ring of finite adeles of K, and A’; = AP> ig
the ring of finite adeles of F' omitting the places above p.

The Artin map of global class field theory will be denoted by

Artp : FX\AX — Gal(F*®/F),

normalized so that a uniformizer is sent to a geometric Frobenius element. Similarly, let Artg denote the
Artin map for E. Given an ideal ¢ C O, let E[c] denote the ring class field of F associated with the order
O :=0p+Opg.

2.2. Function spaces. Let X be a td-space.? Given a ring R, let C°(X, R) denote the space of R-valued
locally constant and compactly supported functions on X. This is an inductive limit of free R-modules. If
S C X, then 1[S] will denote the indicator function of S.

Suppose X has the form H\G, where H is a closed subgroup of a td-group G, then X carries a right
action of G. Suppose R is a field of characteristic 0. Fix R-valued Haar measures ugy and ug on H and G
respectively. Let px be their quotient measure on X. This defines a natural map

Ig :CX(G,R) - CX(X,R), ¢+~ (a: — / qb(ha?)dh) .
H
where 7 is any lift of x € X to G. If U C G is open compact, then by direct computation,
(1) I (1[gU)) = s (H 0 gUg~ )1 [HgU].

This expression shows that Iy is surjective. Therefore, Iy identifies C°(X, R) with the H-coinvariants of
C(G, R), where H acts by left translation.

Since both G and X have right G-actions, the above function spaces are left G-representations. In partic-
ular, note that for g € G and U an open subset of either G or X, this action is

g9-1[U] =1[Ug7"].
With the choice of p¢, the function spaces also carry left C°(G, R)-module structures. In particular, if
¢ € CX(X,R) and f € C°(G, R), then we have

(- )(x) = /G o(29)f(9)dg.

The map Iy is left G-equivariant, so it is also a map of left C2°(G, R)-modules.
Let K’ C K C G be two open compact subgroups. Define the trace map by

Ty : CE(X, R - CX (X, RS, o > 70
yEK/K'

It is equivalent to the action of the Hecke operator uc(K’)"'1[K], but this definition makes it visibly
independent of the choice of Haar measures.

Lemma 2.1. Let K' C K, K" be three open compact subgroups of G. Let x € X, then
T (1[zK")) = 1[zK] - [K" : K] - [Stabg () : Stabgen ().

2locally compact, Hausdorff, and totally disconnected topological space
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Proof. Let & € G denote a lift of x, then we have the relation
Tl (1K) = 1[zK] - [K" : K]
in C°(G, Q). The coinvariant map Iy is G-equivariant, so applying to to both sides gives
T (1zK") - pr(HNZK"5 ") = 1[zK] - [K" : K'\pug(H N 2Kz ).
This is a relation in C°(X,Q). Dividing both sides by the Haar measure term gives

pp(HNEKE1)
pn(HNZK"% 1)

& (1[zK"]) = 1[zK] - [K" : K'] -

It remains to observe that H N #Ki ' = ¥ Stabg (2)# 1, so the quotient of volumes is equal to the (gener-
alized) index [Stabg (x) : Stabg~ (z)]. O

2.3. Groups and representations.

2.3.1. Hermitian spaces. Let V,, be a Hermitian space of dimension n defined with respect to E/F. Fix an
orthogonal basis (e, - ,e,) for V,, with the following properties:
— (e1,e1) € F is negative in the distinguished embedding co., and positive in the other embeddings.
— If i > 1, then (e;, e;) is totally positive.
Here (—, —) is the implicit Hermitian pairing on V,. This forces V,, to have signature (n — 1,1) at oo, and
(n,0) at the other archimedean places. In other words, V, is standard indefinite in the sense of | ,
Definition 3.2.1].
Let V41 = V,® Ee, 1 equipped with a Hermitian pairing extending (—, —) such that e, ;1 is a vector with
a totally positive norm and (e, - , e, en41) is an orthogonal basis. Then V,,41 is also standard indefinite.

2.3.2. Unitary groups. Let H = U(V,) be the unitary group of V,, namely the algebraic group over F
consisting of the isometries of V,,. If £ is a place of F' which splits in F, then the choice of a place A of F
above ¢ gives an identification
H xp Fy ~ GL,(Fy)

using the basis (e, -, e,). This also applies to the other groups introduced below.

Let G = U(V,) x U(V,,41) be the product of the associated unitary groups. The containment V,, C V,,41
gives rise to an embedding U(V,,) < U(V,,41). Let A : H < G be the graph of this embedding.

It is useful to introduce an augmented group. Let V; = det(V,,), a 1-dimensional Hermitian space. The
unitary group U(Vy) is the norm one subgroup of Resg,p G,. Form the group

G =UV,) x U(V,y1) x U(VY),

with the embedding G < G sending (g, gnt1) t0 (Gn, gni1,det(gn)). Let A denote the composite embedding
H < G. Explicitly, A(h) = (A(h),det(h)). We will typically treat H as a subgroup of G or G and not
mention A or A explicitly.

Let X = H\G as an affine algebraic variety, with the right G-action by right translation. For any F-algebra
R, we have X(R) = H(R)\G(R), and it can be identified with U(V,,11)(R) via the map u — (1,u) € G. Let
X = H\é, then we get an induced closed embedding X — X.

2.3.3. Integral representations. We now fix notations for lattices in algebraic representations of p-adic groups.
The discussion of this subsection applies to any reductive group over F.
Let H = Resp/q H be the algebraic group over Q obtained by restriction of scalar, so

H(Q,) = [[H(Fy).
qlp

Let P be a fixed minimal parabolic of H, and let A be a maximally split torus of H contained in P. This
defines a set AT of positive roots of A. Let

A ={a € Alvy(a(a)) <0 for all « € AT},

and similarly define A* C A using the condition v,(a(a)) > 0.
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Let Kz € H(Q,) be a subgroup which has an Iwahori decomposition Ky = Nk - Mg - Ng with respect
to P, where the notations are set-up so that for all a € A7
ailNKa C Nk, CLNK(J,71 - NK,

and moreover My is contained in the centralizer of A in P. By | , Proposition 1.4.4], every neighbour-
hood of the identity contains such a group Kg.3 If a,b € A~, then

(2) = Ky(aNga Y Mg (b ' Ngb) Ky
g KH abKH.
The reverse inclusion clearly holds, so it is an equality. Let
(3) Hy = | J KnaKp.
a€A~

The above calculations show that this is an open submonoid of H(Q)). Define Hp+ analogously, so Hp+ and
H, are mutual inverses in H(Q,).

Let @ be a finite extension of @@, so that H splits over ®. We will view ® as a subfield of @p. Let O be
its ring of integers, and let ¢ be a uniformizer. Finally, let vg denote the additive valuation on ® normalized
so that vg(t) = 1. Fix a positive Weyl chamber of H xg, ® containing A™. Given a dominant character p
of H, write its associated highest weight representation as

& H(Qp) — GL(V)).
Further fix an O-lattice A,, C V}, which is invariant under £, (Kg).

Lemma 2.2. Ifa € A™, then t=v*(a)¢ (a) € Endp(A,). Moreover, this extends to a monoid homomor-
phism

(4) €, H, — Endo(A,).

Proof. The extension part is clear in view of equation (2) and the comment following it. For integrality, note
that for a vector v of weight 1/, we have

tre@)e (a)yo =t~ @)/ (a)y = gre('n™ (@) L (ynit) - .
Since a € A~ and p is the highest weight, the exponent of ¢ is non-negative, as required. O

2.3.4. Branching law. In the standard pinning for GL,,, the dominant characters can be labelled by non-
increasing tuples a € Z" by the formula

n
po : diag(ty, - t) = [ ]
=1

Denote the corresponding highest weight representation by ({4, V,). Define —a = (—ayn, —an-1, -+, —a1), so
Vo=V, .
Using the basis (e1,- - ,e,) for the Hermitian space, we have an identification
HxgQx~ H GL,,
E;ro 31:E—Q

so algebraic representations of H are external tensor products of V, for various choices of a. We write the
dominant characters for H as a g-tuple @ = (a”), where 7 ranges over all embeddings F < Q in the fixed
CM type X1 . The same discussion applies to the group G = Resp /@ G, so its dominant characters is written
as a pair

(Q,Q) c 79 % Z(n+1)><g.

Applying the classical branching law one embedding at a time gives the following.

30ur At is Casselman’s A~.
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Proposition 2.3. If a € Z"*9 and b € Z"tV*9 satisfy the inequalities

b >al 20> >a] > b,

for allT: E — Q in L, then the space
Hompg (1, V_g K V3)
s one-dimensional.

Definition 2.4. An algebraic representation &, with highest weight 1 = (a,b) is perfectly interlacing if the
condition of the above proposition holds.

In this case, the lattice A, fixed in the previous subsection contains an H-fixed vector v, that is non-
vanishing in A, /tA,. Such a v, is unique up to O*-multiple. Define the branching map by

br: 0 — A, 1= v,

Choose the open compact subgroups Ky and Kg to be compatible under the diagonal embedding. Then for
h € H,, its image A(h) lies in G;. Let H, act on O via the monoid homomorphism

— —(vaopoA)(h
H; = (0,x), hwt (voouel)(h),

By construction, this makes the branching morphism H,, -equivariant. This additional constant factor will not
be relevant to us, since we will never consider Hecke operators from H except in the proof of Proposition 4.2.

Finally, we extend a representation of G to one for G by making the augmentation factor act trivially.
The branching law and branching morphism goes through without any change.

2.4. Shimura varieties.

2.4.1. Shimura data. Define an algebraic homomorphism
P i Rescyn Gon = Respg UV) xR, 20 (7754 ) oo vidny o+ 1idn )

Let X,, be the conjugacy class of h,, then the pair (U(V,), X,) is a Shimura datum of abelian type with
reflex field E, viewed as a subfield of C by to,. This is the Shimura datum used in [ ] and conjugate
to the one in [ l.

If U € U(V,)(Ay) is a neat open compact subgroup, then denote the associated Shimura variety by
Shy (U). It is a smooth algebraic variety over E of dimension n—1. As U varies, we obtain an inverse system
of varieties with finite étale transition maps. This system will be denoted by Sh;. Let g € U(V,,)(Af), then
we have a right translation map

T, : Shy (K) — Shy, (g7 ' Kg)
satisfying Typ, = T}, o Ty. This gives a right action of U(V,)(Ay) on the inverse system Sh;.

Remark 2.5. In what follows, we will sometimes implicitly assume the level structure is neat. This can be
arranged by choosing a sufficiently small open compact subgroup at finitely many places and requiring our
level to be contained in them | , Remark 1.4.1.9]. This does not impact the discussion.

The Shimura data (U(V,,41), Xpn+1) and (U(Vy), X1) can be defined similarly. By taking products, we get
Shimura data (G, X¢) and (G, Xg). Let (H, Xy) = (U(V,), X,,), then the embeddings defined above induces
embeddings of Shimura data

(H,X#) = (G, Xg) = (G, Xg).
We adopt similar notations for Shimura varieties. Their reflex fields are all contained in F, so we view them
as varieties over E. If Kz C é(Af) and Ky C H(Ay) are both open compact, and Ky C Kz N H(Ay), then
we get a morphism

(5) Ky, Kg * Sh;){(KH) — Sh%(K@),

which is still defined over E. Moreover, for each Ky, there exists a Kz such that this morphism is a
closed embedding, by | , Proposition 1.15]. We summarize these properties by saying there is a closed
embedding of inverse systems Shy; — Shz.
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2.4.2. Ezxtensions of the base field. We now consider the Shimura set Shy more carefully. By Hilbert’s theorem
90, we have the following isomorphism
EXAR\AE/EX <5 S (C) = X N\AL, s =,
' S

where the superscript 1 means the norm one elements. Given an ideal ¢ of F', recall that O, = Op + ¢Opg.
Assume that ¢ is coprime to 2 times the discriminant ideal of E/F, then under the above isomorphism, OX
gets mapped to the open compact subgroup

Je={reAp;lz=1 (modc)} CUV)(Af).

It follows that we have an isomorphism.

~

EX\AR/OFEZ, = Shu(J.)(C) = EXN\AR/J..

By class field theory, the left hand side can be identified with Spec E[c] as schemes over E. The resulting action
of Aut(C/E) agrees with the one given by the Shimura reciprocity law on the right hand side. Therefore, we
obtain an isomorphism of schemes over F

Shy (J.) =~ Spec E[].
Consequently,
(6) HY, (Shi(Jo) 5 Zp) = Zp[Shi (J)] = Ind . Z,.
Moreover, if K C G(Ay) is an open compact subgroup, then
(7) Shg(K x J.) ~ Shg(K) xg Eld].

This will be used to interpret cycles on Shz as cycles on Shg defined over field extensions of E.
The Hecke algebra for G decomposes as

C(G(Af), Z) = OF(G(Ag), Z) ©z O (U(V1)(A), Z).
Under the isomorphism (7), the action of a Hecke operator 7T®1[zJ,] on the left hand side becomes T ®@Artg(s)
on the right hand side, where s € A} is any element such that z = s/s.

2.4.3. Coefficients. We follow the formalism in | , §II1.2] to construct p-adic étale local systems on
Shimura varieties attached to the lattices considered in Subsection 2.3.3. The discussion only assumes H is
a reductive group over F' with a Shimura variety. In particular, it also applies to G.

Fix an open compact subgroup of H(Q,) =[], H(Fy) with an Iwahori factorization. Using it, define

H(Ag)™ = H(A}) x H;,

where the notations are as in Subsection 2.3.3. Let £° : H,” — Endp(A) be one of the monoid representations
constructed in Lemma 2.2. By letting H (A?) act trivially, it can be extended to a monoid homomorphism
H(Ay)™ — Endp(A), which we continue to denote by £°.
Let K C H(Ay) be an open compact subgroup contained in H(Af)~. The inverse system of varieties
. . . . (K)
{Shu(K')}krck forms a Galois covering of Shy (K) whose Galois group is K. Let L~ be the local system
corresponding to the restriction £°|x. More precisely, it is defined by

(K) _q; (K)
Lg _@Lf,n’

K)

where each ILé ., is the p™-torsion local system corresponds to the torsion representation on A/p™A. We will

often drop the superscript if the level is clear. If g € H(A;)~ and K, K’ are two level structures as above
such that g7 'K g C K’, then we have morphisms
= o (K K
Ty : Shy(K) — Shy (K'), Ty : T;LE) — LY.
They satisfies the usual cocycle condition fgh = qu o Tg’fﬁl. We may pass to the infinite level and define

(8) HE(Shyyp, Le) = lim  Hg (Shu(K),s L),
KCH(Af)~
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where the transition maps are the pullbacks induced by (T, TZ,). Moreover, write

cont (ShH( )7 ]LEK))

for the continuous étale cohomology of the inverse system (]LEK) / p"LéK))nzl defined in | ]. We can then
define
. . K
(9) cont(ShH7 Lf) hgl’l Hcont (ShH (K)’ ]Lé )) .
KCH(A;)

Both Hg, and HZ,, carry natural left H(A ) -actions given by the pullback 7.

All the constructions are naturally functorial when there is a morphism of representations £ — &5.
Moreover, if A = Z, and &£° is trivial, then the local systems are just the constant sheaf Z,, and we have
transition morphisms for all g € H(Ay).

2.4.4. Cycle class map. Let £ be a perfectly interlacing representation for G, which we extend trivially to G.
The goal of this subsection is to construct a collection of classes in HZ, (Shg, L¢(n)) labelled by functions

on the spherical variety X (Ay). Throughout this subsection, suppose the open compact subgroups Kg,, and
Kz » chosen for the lattice constructions are compatible under the diagonal embedding.

Let g € C~¥(Af)+, and let K C é(Af) be an open compact subgroup such that

cont

(10) K, gKg™' C G(Ap)*.
We will define a class

CyC(g,K) cont(Sh ( )Lf)

as follows. Let Kg) = H(Ay)NgKg™', then we have two canonical maps of Shimura varieties with local
systems

Lo : Shy (KW — Sha(gKg™"),  Tyr oty elies — Lejs,

Ty-1 :Shg(gKg™') ¢ Shg(K), Ty : T iLe — L.

This has an induced map on cohomology

*

T
cont (ShH(K( ))7 Lg&\‘}{ ) —> Hgont (Shé (gKg_l ) ]LgE (n)) Hggnt (Shé(K)7 L§ (n))
which we temporarily denote by ¢g k.

Remark 2.6. It is not true in general that ¢y x is a closed embedding, but it always factors as a closed
embedding followed by an étale covering map, so we may still define the cycle class map ¢4 x .. For details
on verifying that this is well-defined and other compatibility properties, see | , Appendix A.1].

In Subsection 2.3.4, we constructed a branching morphism br, which gives rise to map

br,.. : H . (Shy (K9, Z,) — HO ShH(K%’)),]LE‘?{).

cont(

The left hand side contains the fundamental class [ShH(Kl(Lf))], as defined in | , Theorem 3.23]. We
define cyc(g, Kz) to be its image under ¢y x o bry ..

Proposition 2.7. Let X(Af)+ denote the image of é(Af)Jr in X(Af). There ezists a unique left é(Af)f—
equivariant map

cyc : C*(X(Ap)*,Zy) — HZ (She, Le(n))
such that for any open compact subgroup K C G(Af)+ and element g € C?(Aﬂ"‘ satisfying (10),
cyc(1[gK]) = cyely, K),

where the bar on g indicates taking the image in )?(Af).
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Proof. As (g, K) runs over the pairs appearing in the statement of the proposition, the sets gK form a basis
of open sets in X (Ay)*". Uniqueness follows from this. For equivariance, suppose ¢’ € G(Ay)*, then

(¢ ' 1[gK] =1[gK - ¢'] =1[g9'((¢") ' Kg)].

On the cycle side, having fixed g and ¢’, we may suppose K is sufficiently small so that all the following
maps are defined. The map ¢ 4/ (4/)-1K4 is the induced map on cohomology from the following maps

Lo K T, -1 Tigry—1 _
Shir(KW) 255 Sha(gKg™) < Sha(K) <= Shs((¢') ' Kd').

Since g71,(¢")"! € C:'(Af)*, the final two arrows compose to T{,,-1. It follows that cyc(gg’, (¢') ' Kg') =
T(";,),lcyc(g, K), as required.
It remains to show that cyc is well-defined. This reduces to the following two claims.

(1) fhe HAf)N é(Af)Jr and K is sufficiently small, then cyc(hg, K) = cyc(g, K).
(2) If Ky C K5 are two open compact subgroups of G(Af)", and

9K, = | | 77K,
~yel

for some finite set I, then cyc(g, K3) = nyel cyc(gy, Ki).

Claim (1) follows by unwinding definitions, using in particular the H -invariance of br. In claim (2), we
may assume K; < Ky by shrinking K, and then we may assume g = 1 by performing a translation on Sh.
Moreover, by claim (1), we may use any set of representatives I in the decomposition.

The strategy now is to decompose the transition from K5 to K; into two steps. Consider the embedding

H(Ap) N Ky | Ky
HAHNK, K

Let K be the subgroup of K5 containing K7 corresponding to the image of this embedding, then
HA)NK=HA;)NKy, [HA;)NK:HA)NK]=[K:K.

From these, we will show the following two equalities:

(11) 1K= Y 1[K]
YEK\ K>

(12) SR/ ]
YEK\K>

For (11), suppose hky = k'v', where k, k' € K, h € H(A¢), and 7,7 € K\Ks. Then h = k'y'v"'k~! is in
both H(Ay) and K>, so it lands in K, which implies 7' € K. For (12), Lemma 2.1 gives the equality

TR 1[K,] = 1[K] - [K : K.

This can only happen if all [K : K] terms of the left hand side agree, so K; = K as subsets of X (Ay).
Translating by ~ proves (12).

Recall we have reduced to the case where K; is a normal subgroup of Ko, so K1y = 7K for all v € Ks.
Therefore, the above calculations give a decomposition

1Ky = || 9K
YEK\K>

Claim (2) reduces to checking that cyc(1, K2) = >_ < i\ e, cyc(7, K1). Similar to before, we have two steps.
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The first step parallels equation (11) and goes from K3 to K. By construction, we have the following
commutative diagram
Sha(K)

lervi

Shy(H(Af) N K) —" Shs(K)

H J/er,KQ

Shyr(H(As) N K3) —2 Shz(K).

The two vertical maps on the right are étale covering maps, and their composition pry., f, is Galois. On the
level of sheaves, we have the relation

* _ * * * *
Pl kaPli i = D PliarsTs = D Pl i,y
deEK/K YyeK\ K>

which can be verified by working étale-locally, where it reduces to an elementary calculation about Galois
sets. Let [—] denote the cycle class of a variety, then

Pri, 1, cyc(l, Ka) = Dric, g, b1k, «[Sha (H(Af) N Ky)]
(13) = D, ko PUK Ky L1, K+ [ShE (H(Ay) N K)]

- Z P, =1 iy Th-reye(l, K.
vyeK\ K>

The second step goes from K to K;. Let v € K\K>. Since K; < Ky, we have ~~ 1K~ D K, and hence

the following commutative diagram

L1,Kq T,

l PrKy K lerl,’y’lKv

Shy (H(As) N K) —5 Shs(K) — Sha(y~1K7).

The left vertical edge is a covering map of degree [K : K] by the choice of K, so the left square is Cartesian.
Tt is explained in [ , Appendix A.1] that the cycle class map in continuous étale cohomology is compatible
with base change. Applying it to the left square, we get

pric, xeye(l, K) = eye(1, Ky).
Using the right square, this implies
(14) pric, g Tioaeye(1, K) = eye(y, K1).

Combining equations (13) and (14) gives the desired relation cyc(1, K2) = >, c i\ g, cyc(y, K2). O
Remark 2.8. Assuming £ is the trivial coefficient system for simplicity, then we have the following diagram

Ce(Gl(Ay), Qp)

IH(A\f)l

Cx(X(Ay), Q) — H27 (Sha, Qp(n)).

The diagonal arrow is the cycle class map considered in previous works, for example in | , §8.2]. Tt
multiplies the cycles cyc(gK) by certain volume terms to ensure compatibility, but this destroys integrality.
This volume term is exactly the same as the one introduced in the coinvariant map I (4 ), so we immediately
know that cyc preserves the integral structure. The above proof is a refinement of the proof in loc. cit. working
directly at the level of integral coefficients.
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2.4.5. Cohomology of unitary Shimura varieties. We begin with the single unitary group H. Let m, be a
cuspidal automoprhic representation of H(A) = U(V,,)(A). Let 7,/ be its contragredient representation. Let
§ be an algebraic representation of Resp/q H.

Definition 2.9. We say that m, has weight £ if its archimedean component is in the discrete series whose
infinitesimal character agrees with that of &.

The following definition captures the contribution of its finite part to the cohomology group of Sh,,.

Definition 2.10. Recall that ¢ was a fixed identification C —» Qp. Define
Vn_l(ﬂ'n; f) = Hom@p[U(vn)(Af)] (LTF;l/voo, Hgt_l(Shn/E’ ]Lf R Qp)) .

This a finite-dimensional Qp—vector space with the continuous @p—linear action of Galg coming from the
étale cohomology term. Its Galois structure is conjecturally described in | , §10] (when F # Q). Based
on this, we formulate the following hypothesis.

Hypothesis 2.11. (1) Up to possibly expanding @, the finite part (72° can be defined over @, and there
is a Galois representation

Pr, : Galgp — GLy,(®)

attached to m,, in a sense made precise in | , Proposition 3.2.4]. In particular, p, is conjugate
self-dual up to a twist: pS =~ p’ (1 —n).

(2) If 7, has weight &, then the semisimplication of V"~ (m,;£) is a subrepresentation of p, .

(3) If 7, is stable,® then V"~ 1(mr,,; &) is isomorphic to p,.

Remark 2.12. (1) The algebraicity statement of part (1) is a consequence of the existence of base change
to GL,(Ag) (expected to be established in the sequel to [ ]) and a result of Clozel | ].
(2) If F = Q, then the Shimura varieties are not proper, and Kottwitz’s discussion only applies to the
intersection cohomology of its minimal compactification. Nonetheless, we still expect this hypothesis
since our representation should be tempered, and these are not expected to contribute to the boundary
cohomology (cf. footnote 9 in | , 87)).
(3) In the case of the trivial coefficient, this is | , Hypothesis 3.2.9], where the current status of
this expectation is also discussed. In particular, when F' # Q and 7 is stable, the hypothesis with
coefficients will be established in a sequel to | ]

Given any level structure K,, C U(V,,)(A), by the definition of V" ~!(,; &), there is a projection map

pr,, : Wf’} Qb [k \UWn) A7)/ Kn] Her  (Shi(Kn) /2, Ve) = V' (w03 6),

where 7, ¢ is just another notation for 75°. We can also perform all the above constructions for U(V,41)(A).
Let m = 7, ® 41 be a cuspidal automorphic representation of G(A) such that m,, and 7,41 are as above.
Define the Galois representation

Vi i= Vn_l(ﬂ-nagn) ® Vn(ﬂn+17£"+1)(n)'

Let K be a level structure for G(Ay), then by applying Kiinneth decomposition to the product pr, ®pr,,, ;,
we get a map

P f ®ap\ca/x) He  (Sha(K), g, Le(n)) = Vi
Ifve w?, then pr, will denote the induced projection map H2' ' (Shg (K)/g, Ve(n)) — V.

Remark 2.13. The representation Vj is pure of weight —1, and we will construct classes in H!(E, V) satisfying
certain norm relations. If 7 is stable, then Hypothesis 2.11 implies that the classes we constructed are related
to the Bloch—Kato conjecture for the Galois representation attached to .

4has a cuspidal base change to GLy (Ag)



ANTI-CYCLOTOMIC EULER SYSTEM OF DIAGONAL CYCLES 13

2.4.6. Abel-Jacobi map. Fix an open compact subgroup K, C (Resp;gG)(Q,) so that 5% is non-trivial.
To trivialize our cycles, we choose in addition a neat tame level K? C G(Afc) and a tame Hecke operator
t € O (KP\G(A})/KP, ®) such that

— t annihilates Hgt"(Shg(Kngﬁp)/E,Lg(n)).

— The action of t on 75" is given by a scalar w, € ®*.
The existence of K? and t follows from | , Proposition 6.9(1)], whose proof still applies when coefficient
systems are involved (cf. the discussion in | , §7] for the non-compact case). In the rest of this subsection,

let K = KPK,,. Let U C U(V1)(Ay) be an arbitrary open compact subgroup, then K x U C é(Af) defines a
level on G.

We now construct an integral version of the Abel-Jacobi map. Consider the Hochschild-Serre spectral
sequence | , Remark 3.5(b)]

By = H'(B,H,(Shg(K x U) 5, Le(n))) = Hit (Shg(K x U), Le(n)).

cont

There are no longer edge maps coming out of the E47-term if i < 1. Therefore, E%2" and EL?**~1 are
submodules of their corresponding entries on page 2. From this, we get maps

cly : Hog (Shg (K x U), Le(n)) — EQ" — HE'(Sha(K x U) 5, Le(n)),

cont

cly : ker(clg) — EL* " — H'(E,HZ' ' (Sha(K x U) /5, Le(n))).

Suppose ¢ is a perfectly interlacing representation, so cyc is defined. Let f € C’g"(f((Af)"’, Z,)5*U. Then
clo(t - cyc(f)) = 0 as t kills the entire degree 2n cohomology group for Shg (K),z. We can now define

AJe : CE(X(Ap)Y,2,)*V - HY (B, d; ' HZ 7 (Shg(K x U) 5, Le(n)))
f e witehi(t - eye(f)),
where d; is the denominator introduced from applying the Hecke operator t and dividing by wy. It is
independent of U.
By the Kiinneth formula,
dy "HE T (Shg (K x U) g, Le(n)) = dy "HE' ™ (Sha(K) /5, Le(n)) @0 He (Shi(U) 5, O)
= d; "HZ' " (Sha(K) 5, Le(n) @0 O[Shi(U)].

Let v € ijf. Then we can project the first term to V; using pr,. This defines a lattice T C V; which
depends on both v and t, but not on U. All together, we have constructed a map

AIY) - C (X ()T, 2,) KXV = HY(E, T, ® O[Shy (U))]).

(&
If cye(f) is already cohomologically trivial, then this agrees with applying pr, to cli(cyc(f)). In this sense,
the resulting cohomology class is a reasonable replacement for the conjectural canonical splitting of clg.
Taking direct limits as U varies over all level structures in U(Vy) gives

(15) Alpy : CX(X(Ap)T,2,)K - HY(E, T, @ O[Shy)).

This is equivariant under the action of Hecke operators coming from U(Vy). Suppose T is a Hecke operator
on G(Fy) at a place £ p where K? is hyperspecial, and Tv = Av. Then we find

AJt,v(T' f) =X AJt,v(f)

by chasing through the equivariance properties of cyc and pr. This also holds when /¢|p, provided that T is
supported on G, and we take into account the extra factor in the definition of the representation £°.

3. WILD NORM RELATION

3.1. Split local notations. In this and the following sections, we will work locally at a place of F' which
splits in F. To simplify notations, we will replace everything from before with local notations. These are in
force in this section and the next.

Let F be a local field with ring of integers O, uniformizer w, and residue field kr. Let ¢ = #kp. Let
v : F* — Z be the additive valuation map, normalized so that v(ew) = 1. Let Jy = O*. For each t > 1, let

Jy={rcO0*|r=1 (modw")} C F*.
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Let m < n be two positive integers, define the embedding
tmm ¢ GLn(F) = GL,(F), g — (9 . ) .
’ idp—m

If the dimensions m and n are clear, the subscripts will be dropped. Let H = GL,(F) and G = GL,,(F) x
GLy+1(F). We have the diagonal embedding A : H — G, h — (h,tnnt1(R)), which will be implicitly

used to view H as a subgroup of G. Define the augmented group G = G x F* with the embedding
G <= G, (gn,9n+1) — (gns Gnt1,det gy). Let X = H\G and X = H\G. Then we have the induced closed

embedding X — X.

3.2. Norm relation. Let B denote the upper triangular Borel subgroup of é, and let K g’" x O* denote
the corresponding Iwahori subgroup of G. Let E@ denote the opposite Borel. The right action of Eé on X
has a unique open orbit. Let x € X denote an element in the open orbit. Explicitly, we take it as the image
of £ = (idy, &nt1,1) € K& x O%, where
£n+1 _ ( Wp, ]-1><n)
Onxl 1

and w,, is the matrix with 1s on the anti-diagonal and Os everywhere else.” The the stabilizer of x in G is
¢~YH¢, which consists of elements of the form

h, wphwy,  (wph —1) - 11y deth
Onxl 1

for h € H = GL,(F). Observe that this intersects trivially with Eé, so the orbit map gives an open
embedding

(16) Eé%)?, g — xg,

which we use to identify Eé with a subset of X. Incidentally, since both Eé and X have the same dimension,
this computation proves our earlier assertion that £ is a representative of an element in the open orbit.
Let 7 = (Tn, Tnt1) = O(diag(@”, @™ 1, w@)) € G. For each t > 0, we can define the function

00 = Uxr! (KL x Jy)] € O2(X,Z)K6
Define the Hecke operator

KIGWﬂrflKéWT

U:CX(X,2)K8 = 02X, 2)K8, fs Trhe (r7Lf).
G

Its action agrees with the operator ug (K& ) '1[KE 7' K], In the notation of Subsection 2.3.3, with the
choice P = B, we have 7 € Gt and U is supported on G~.
The main result of this section is the following abstract wild norm relation.

Proposition 3.1. Fort >0,
TG T 51 — gy 50,

K& xJy

Proof. Both sides can be computed using Lemma 2.1. For the left hand side,

Iw
Trgngj:“ 3D = A [xr" T (KE x Jp)] - [Stabers g, (x77H) : Stabger g, (x7)]

= l[thJrl(KéW X J¢)] - [Stab7t+lKIGWT—(t+l)><Jt (x): Stathi»lKIGw,r—(t#»l)XJt+1(X)].

5The algebraic representation £ will not make an appearance in this section.
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For the right hand side,

U 50 = TylBG TS g et (Rl )]

KL xJ,
(KIWﬁTflKIWT)XJt t+1/ _—17-1
= TrKIGVCV;th ¢ UxrT (7 KT x Jy)

[T KT K Nt K]
[Stab, 1 sty 7 s, (7771) = Stab ey, (7))
[T_lKéWT : Kéw N T—lKé,WT]

[Stabe, KIGWT—t x Jy (X) : StabTHl Kéw,r—(t+1) x Jy (X)] '

= 1[X7‘t+1(KévW x J¢)] -

= 1[xr" (K x J,)] -

We will now show that the two extraneous factors are both equal to 1. This is exactly [ , Lemma 4.11].
We include a more conceptual proof for completeness.

Let N (resp. N) be the unipotent radical of Bg (resp. Eé), then for any ¢ € Z and s > 0, we have the
Iwahori factorization

Kyt x J, = (E@ N (T KE Tt x JS)) x ' N(O)r .
Moreover, if t > 0 and n € 7" N(O)7~*, then n =1 (mod =").
Let g € TtKéWT*t x J¢, and write g = bn with respect to this factorization. Suppose xg = x, then

1

xb=xn"'=x (mod =).

Since b € Eé, we see that b is uniquely determined by n~'. The final congruence implies that b = 1
(mod w?). In particular, the F*-factor of b lies in J;. Therefore, the natural inclusion
StathKéwatXJt (X) g StathKéwat X F'X (X)

is actually an equality. It follows that the index term for the left hand side of the proposition is 1.
When ¢ > 0, the intersection Bg N (T'K&'7~" x J,) contains N (O), so if s < ¢, then there is a bijection

T'NO)r Tt = Stabi gt e g, (X)
sending n to bn for the unique b € E@ such that xb = xn~'. It follows that
[8tab, i 50, () £ Stab o -1, ()] = [FN(O)7 s 7N ()7 (D)
=[r"'N(O)7: N(O)]

[TﬁlKéWT : K%;W N TﬁlKg;WT],

where the final equality again follows from the Iwahori decomposition. This completes the proof. O

Remark 3.2. This is essentially the same as the construction formulated in [ ]

4. TAME NORM RELATION

This section will prove the tame norm relation. The proof is a technical local computation, and it is
independent of the rest of the paper. One can skip to Section 4.6, which contains a statement of the main
result in a form that immediately applies to the construction of Euler systems.

We will continue using the local notations introduced in Section 3.1. Moreover, fix an additive character
Y : F/O — C* such that ¢(ww 1) # 1. For psychological reasons, we will denote #kr by ¢ instead of q.

4.1. Whittaker models. For each positive integer n, let N, (F') denote the subgroup of unipotent upper
triangular matrices in GL,,(F'), then 1 extends to a character of N, (F) by

T/J(U) = '(/J(u12 +---+ un—l,n)~
The space of Whittaker functions on GL,, (F') with character ¢ is defined by
Wi () = {W : GL,,(F) — C smooth | W (ug) = ¢¥(u)W(g) for all u € N,,(F), g € GL,(F)}.

For ¢ € Z", define w?¢ = diag(w™,--- ,w* ). By the Iwasawa decomposition, W € W, (¢) is uniquely
determined by its values on matrices of the form w®k with k € GL,,(O). The group GL,,(F) acts on W,,(¢))
by right translation, and we let W, (¢)° C W, (¢) be the subspace of (right) GL, (O)-invariant functions.
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If 7 is a smooth admissible representation of GL,,(F'), then it is classical that
dimc Homgr,, () (7, Wh(¥)) <1

and the dimension is 1 for a dense set of irreducible unramified representations. In the dimension one case,
let W, (m,4) denote the image of any non-trivial map in the Hom-space. This is the Whittaker model of .

4.2. Local Birch lemma. Let ¢ denote the diagonal matrix (=1~ Let
Ny i= @ N, (O)¢ /N, (O).
Given integers j > i > 0, let R;; denote a set of representatives for @' ~70/O in F, then
Ny ={n €N, (F)|ni; € Ri if 1 <i<j<n}
is a set of coset representatives for AV,,. It has cardinality [[, ;<< pi=i = gen(nt (=D Let s: F — {0,1}

be the indicator function of @. By an abuse of notation, also define s : N, — N by s(n) = Z;:ll S(Miit1)-
This counts the number of integral off-diagonal elements of 7.

Lemma 4.1. Let W,,11 € Wy11(¥)°, then the function

b= Wiy (h) = Z (1- K)S(U)anLl(Ln,nJrl(h)n)
WENn+1

is supported on N, (F)GL,(O). Moreover, if k € GL,(O), then
{(1)”£é”("+1)("+2)Wn+1(1) if v(k;j) > i — j wheneveri > j

Wos1(k) =
(k) 0 otherwise.

Proof. First observe that W, is well-defined since W, 11 is spherical, so we can write the sum over 47,11
instead. Given n € A;,11, it can be partitioned into

772(f 71}), ceMN,velCy =R, x---XRy.

By performing the sum over v € C,, first, we get

Wisi(h) = Z (1- E)s(g) Z (1- Z)s(vn)vvn-&-l(Ln,n-i-l (h)n).
EEN, velC,

It is clear that V/V\n:r/l € W,(®), so W;r/l is determined by its values on matrices of the form w®k, where
a € Z"™ and k € GL,(0O). The inner sum is then

o B () 9)

veCy,

(= )E)-¢ ) )

Since Wi41 € Wit1(¥), we get that

W (P 1)+ (5 7)) = vt wonwn () = vt wi=240),

where Wy, := Wy, 11 0ty nt1. The first term can be expanded as

Observe that

(@™ (kv)n) = [ [ (@™ knivi).

i=1
Therefore,

=111 D )o@ knvi) | Wa(wke),

i=1v;ERn_i41

where (¥) = 1if i # n, and (%) = (1 — £)*("») if 4 = n.
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For an arbitrary € O and index 4, replacing v; by v; +  multiplies this product by ¥ (w®x). On the
other hand, we have observed that this does not change the value of (f). Therefore, (1) = 0 unless a,, > 0.
Assuming this, we get w®k,; € O for all i, so standard orthogonality relations gives

> (@ knivi) =

Vi€Rn—it1

= it (k) Fan >n—i+ 1
0 otherwise.

For i = n, the inclusion of the factor (1 — £)*(*) gives

> (1= 0 (@ kpvy) =

{—K if v(kpn) +an =0
vn €ERY

0 otherwise.

The expression (t) is a product of the above terms. For it to be non-zero, we must have v(kn,) = a, =0
and v(kp;) > n —i+ 1 for all i < n. Therefore,

—02 (DWW, (w2kE) if a, = 0 and for all i < n, v(kn;) > n —i
(17) (1) = {

0 otherwise.

Assuming the above conditions are met, we are left with

Waa (@2k) = —€5"050 37 (1= 0 OW, (@ke).
EEN

b id, =\ k' (id, _ K +zy ux
1 1 Yy oo Y u )’
By comparing entries, we see that v = k,, is a unit, and for all i < n —1, y; = kp; € @O and
z; = u ki € O. Moreover,

Decompose k as follows:

(18) U((k/)ij - kU) = U((El) + U(yj) Z n —j + 1.

We also have a,, =0, so

Wn(wﬂkf) _ ’L[)(wanil kn—l,n)Wn (Ln_lm(wa/k/) <1dn u) £> )

Y
where @’ = (a1, -+ ,an-1).
Let b = (i%" u) and B = pbp~t. The valuation bounds on y implies that B € GL,(0O) and B = id,

(mod @). Write £ = ¢ 1Z¢, then = € N,(0). By performing column operations on the matrix BZ, we
obtain a factorization

B

(1]
(1]

/C,
where ' € N,,(O) and C a lower triangular matrix in GL,,(O). Moreover, C = id,, (mod w). Conjugating
by ¢ gives
b =€ (pC0p), € :=p 'Epep  N(O)p.
Since C' is lower triangular, we still have ¢ =*C¢ € GL,(O). Therefore, this is the Iwasawa decomposition
for b¢, and ¢ — &' is a permutation of N,,. By comparing the (i, + 1)-th entry of both sides, we see that
iiv1 = (§)ii1Cit1,i41 + Z (€)ijCj g1 ~0FD.
J>itl

Since C' =1id,, (mod ¢), each term in the sum is integral, and C;11 ;11 is a unit. Therefore, §; ;11 € O if and
only if (&');:41 € O. It follows that s(€) = s(¢).
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Combining everything together, we see that when the non-vanishing condition in equation (17) is satisfied,

@;(wgk) = _pzn(ntl) Z (1 — 0)*OW, (k)

EEN,
_ _6%”(n+1)’(/}(wa"7lknfl,n) Z (1 — K)S(f)Wn (Lnl,n(wa/k’) <1(;n u> 6)
EEN,
= "G (@ k1) D (1= 0 Wt (@ K)E).
&'eNn

By induction, we may assume this lemma has been proven for n. Therefore, the sum is 0 unless ¢’ = 0 and
v((K')ij) >i—jforall 1 <j<i<n-—1.In particular, a,—1 = 0, so the character term is trivial. Moreover,
equation (18) implies that

v((K')ij) >i—3j <= v(kiy) >i—j.

Combined with equation (17), we obtain the lemma. O

4.3. Hecke algebra and cyclicity. Let K¢ = GL,(O) x GL,,41(0) and Ky = Kg N H = GL,,(O). They
are hyperspecial maximal compact subgroups of G and H respectively. In the rest of this section, fix the
Haar measure on G (resp. H) so that K¢ (resp. Kp) has volume 1.

The spherical Hecke algebra H¢ is the set C°(Kg\G/Kq,C) of compactly supported Kg-bi-invariant
functions on G with multiplication given by convolution

(fr % f2)(g) = /G f1(2) falatg) e,

For the augmented group G=GxF %, take the maximal compact subgroup Kg x O*. Defining Hz
analogously, then we have a relation

He = He ®c C2(F* /0%, C) = He [T,

where T is the indicator function of wO> in F*/O*. On both Hg and Hz, we can define the involution
[ [V by fY(g) = flg™h). B

Given a smooth unramified representation 7 of G, the space 75& has the usual left Hg-action. The
trace of f € Hg will be denoted by Tr7(f). Of course, if 7 is irreducible, then 75é& is 1-dimensional, and
7(f)v=Trw(f)v for any v € 7.

The space C2°(X,C)¥é has a natural left H z-action, inherited from the right G-action on X. Let

o =1[HKg) € C*(X,C)" e

be the basic element. With our choice of the Haar measure, Iy (1[K5]) = do. The following proposition
follows easily from some classical results.

Proposition 4.2. The Hz-module C’go(f(, (C)é is generated by dOg.

Proof. This follows from [ , Corollary 8.0.4(a)], since the restriction map (8.2) at loc. cit. is actually the
identity in our setting. It is also an easy consequence of the calculations of | , Section 3]. g

Finally, we need a special Hecke operator whose trace gives the inverse of a local L-factor.

Proposition 4.3. There exists a unique L € Hg such that
~ 1 N1
Tr7w(L) = L(§,7T>
for all generic irreducible unramified representations T of G

Proof. We have the Satake isomorphism
Hz ~ CIATY, - AES @c [BEY, - | BEL |9+ @c CITH!),
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where the symmetric groups S, and S,,11 act by permuting their respective variables, and T is sent to T
Let £ € Hz be the Hecke operator whose image is the polynomial

n n+1l

ITII (- 4Bjre—2).

i=1 j=1

Comparing this with the definition of the local L-factor, we see that L satisfies the condition. Uniqueness
follows since the set of Satake parameters for generic unramified representations is dense. O

4.4. Zeta integral computation. Let KLV be the Iwahori subgroup of Ky of matrices which reduce to an
upper triangular matrix mod w. Recall from the previous subsection that ¢ = w(~1"»=")_ Define

Kj = Kiy NeKje™".

This is the subgroup of Ky defined by the valuation condition v(k;;) > ¢ — j whenever i > j. Let N, and
s : N, = N be as in the Section 4.2. Define

(19) = 3 BTN - (L) K x 0] € CF(G.C)KXO"
neN,

By the general cyclicity result (Proposition 4.2), we know that I (6") = P - 0 for some P € Hz. We will
now determine P using a zeta integral.

Proposition 4.4. Let £ € H be the element defined in Proposition 4.3, then
(71)7157%n(n+1)(n+2)IH(5/) —rv. So.

Proof. Let 7 be an irreducible generic unramified representation of G = GL,(F) x GLy41(F) x F*. With
respect to this decomposition, it factors as @ = 7, ® 7,11 ® x. Fix a spherical vector v° € 75é. Given a
map 3 € Homy (7, C), form the relative matrix coefficient

S:CX(G,C)%e - C, ¢ 3(F(P)0°).

f¢v—//¢$g (z)vdgdx
= /@ /@ ¢(y) f(9)T(yg~ v dgdy
= /~ o(y)m / F(9)7 (g™ vdgdy

= (Trn(f v)) P)v.
In particular, we get S(f - @) = Tr7(f¥)S().
The map § is invariant under left translation by H, so it defines a quotient map
S:CX(X,0)f6 »C, S(In(9) = S(9).
Applying this to the relation Iy (8") =P - §p gives
3(F(0")0°%) = Te & (PY)3(v°).

To prove this proposition, it remains to compute both sides for an explicit choice of 3 and v°.
Let Wi := Wy (7, ¥™1) @ Whi1(mni1,%) ® x denote the Whittaker model for 7. Note the difference in
additive characters between the two terms. Define 3 € Hompg (7, C) by the following zeta integral

Let fe Hz and v € 75é&, then

3(Wn @ Wip1) = /N . W (h) W1 (1(h))x(det h)dh.

Let W° = W7 ®@Wy ;| be the spherical Whittaker function in Wy, normalized so that W (1) = W2, (1) = 1.
The classical calculation of Jacquet—Shalika gives

5(W°) :L(%,%).
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On the other hand, by Lemma 4.1,

3@ W) = 3 (1= 0" Mg (K~ 5((1L )W)

neENn
[ KR W) 3 (1= 0 Wb (det
N \H HEN
_ (71)n£%n(n+1)(n+2).
The proposition follows. O

4.5. Integrality. The following groups were defined in Section 3.1:
Jo=0%, J1={z€0*|z=1 (modw)}.

We have constructed an element I (8') € C°(X,C)56*/0 For Euler system applications, we need to know
that it lands in the image of
o (X, zle ) et
under the trace map Trggii This will be done by another explicit computation.
Let ;] C A}, denote the set of 7 such that wn; ;41 =0 or 1 (mod w) for all ¢. Define
(20) 0= 3" uu(K§) N =1 (€~ 1)"1[(1,n)Kg x Ji] € CF (G,c) e
neN,!

Proposition 4.5. I;(¢8}) € C>(X,Z[(71]))Ke*)1 and Trllggiil) Ig(8)) =Ig(8).
Proof. We have

Tn() = Y (10 = 1) (1)K )L

et o (

where H,, is the stabilizer
H,:=Hn((1,n)Ka(l,n") x J1).
We first show that the coefficients are in Z[¢~!]. Let
Kfi, ={h € Kf; | hii =1 (mod w) for all i}.

Then K7, is a pro ¢-group, and up(Kj) = (€ — 1)"um (K ;). Therefore,

pr (Hy) ((—1)" = por (Hy)
pr(Kf) pr (K )
_ /LH(Hn) 'uH(HWmeI,l)
B NH(HUQKEJ) ' MH(KZ,I)
[Hn tHyn Kf],l]

= eze1.
[Kfl,l tHyN Kf1,1] e

By multiplying the columns and rows of an element 1 € .4, by appropriate units, we can define a map
pr: A, — A, such that H(1,n)Kg = H(1,pr(n))Kg for all . The map pr also does not change the value
of 5(n). The sizes of the fibres are #pr=1(1') = (£ — 1)"*(") 50 we can decompose &’ as follows:

0= 3" p ()" (=1 (¢ — 1)1, ) K x Jo]
nEN,

_ Z ﬂH(K}@I)il(_l)s(nl)w — 1) (0= 1)~ (st Z 1[(1,n)Kq x Jo).
n'eN, pr(n)=n’
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Therefore,
TSN E) 8 = 3 (Ep) 1) (- 1)
n' €N,
1
X 1[(1777/)KG X J()] — m Z 1[(1,77)KG X J()]
pr(n)=n’
After applying Iy, the term in the parenthesis becomes 0, giving the required result. g

4.6. Summary. We now summarize the above computations. Let £ be the Hecke operator defined in
Proposition 4.3, so Trw(£) = L(%, 7r)71 for all unramified representations 7 of G.

Proposition 4.6. There exists an element
§ € C(X,Z[e1])Kex

such that
Tr§g§§; §=LY 1[H - (Kg x Jy)] € C>(X,z[t~1])Kexo,

Proof. Let § = (—1)"¢~s(ntD(n42) (61), where §] was defined in equation (20). The proposition follows
from Propositions 4.5 and 4.4. O

5. CONSTRUCTION OF AN EULER SYSTEM

We now use the formalism described in the previous sections to construct an anticyclotomic Euler system.

5.1. Automorphic set-up. Let 7 be a cuspidal automorphic representation of G(A) of weight &, where ¢
is perfectly interlacing (Definition 2.4). Let p be a rational prime. We can find an open compact subgroup
K =1][, K¢ € G(Ay) such that:

-k £0.

— Any subgroup of K is neat (see Remark 2.5).

— K4 has an Iwahori factorization for each place q|p.

— The projector t considered in Subsection 2.4.6 exists.

Let S be a finite set of places of F' containing all places above 2 and p, and such that away from S, both E
and 7 are unramified, the local component of K is a hyperspecial maximal compact subgroup, and the local
component of the projector t is the identity.

We also recall the coefficient field notations introduced in Subsection 2.3.3. Let ® be a finite extension of
Qp such that E splits in ® and the representation 7wy and its associated Galois representation p, can both
be defined over ®. Let O be the ring of integers of ®, and let ¢ be the uniformizer used to construct integral
representations. Define vg to be the additive valuation on ®, normalized by v (t) = 1.

For classes above p and the wild norm relations, we will need to make additional assumptions. Suppose p
is a place of F' above p such that the following conditions hold:

p splits in E.
(spl) 7 is unramified at p.
K, is the fixed Iwahori subgroup of GLy,(F}) x GL,1(F}) used in Section 3.
In Section 3 we defined the Hecke operator U, = puc(K,) ' [K,7 ' K,], where
T = (diag(@", - ,w),diag(@", -+ ,w,1)) € G(F})
and w is a uniformizer of F},. This is independent of the choice of the Haar measure pc. Let u be the highest
weight character of £&. Then by the definition of the integral lattices,

— ey

Uplue, (she,ve) |1, (SheLe)-

In other words, we have an automatic divisibility of Uy-eigenvalues. This also follows by observing that V;
is crystalline at p, so its Newton polygon lies above its Hodge polygon. The following definition takes this
divisibility into account.
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Definition 5.1. The representation 7 is ordinary at p if there exists a non-zero v € 71'5( and Ay, € O such
that Uy, - v = )\ptl’q’(“(ﬂ)v.

As expected, we will need to assume 7 is ordinary at p in order to construct norm-compatible classes above
p (Corollary 5.6). However, we will not need it for the tame norm relations (Theorem 5.5).

5.2. Twisting elements. Let .Z be the set of places of F' away from S that split in F. For each ¢ € %, fix
a place A of E above £. Finally, let ZP be the set of ideals of F' of the form
m=2~;---¥;, wherei >0, and {1 ---,¢; € £ are distinct.

If (spl) holds for the place p, then let % be the set of ideals of the form ptr, where ¢t > 0 and v € #P. Let
ZP) mean Z if (spl) holds and ZP otherwise.

Given m € Z®), let E[m] be the ring class field with conductor m. Recall from the discussion of Subsec-
tion 2.4.2 that Spec E[m] can be naturally identified with the Shimura variety Shy(J[m]), where J[m] is the
open compact subgroup of U(Vy)(Ay) consisting of all elements which are 1 modulo m.

For each ¢ € £, the choice of the place A gives an identification

(H,G) xp Fy ~ (GLy,(F), GLy,(F¢) X GLy11(E)).
Let 6, € C>°(X(F,),Z[N{1]) be the element § defined in Subsection 4.6.° If (spl) holds, then for each

integer t > 0, let d,: € C(X(F,),Z) be the element §*) defined in Subsection 3.2. For any place £, define
the basic element d¢9 to be the indicator function of H(Fy) - (K, x O) C X (Fy).

Definition 5.2. Let m = p'/; ---£; € Z®), then define
S[m] = byedp, - 0o, [ [ 00 € C2(X(Ap)T. Zy).
frm

By construction, §[m] is invariant under right translation by K x J[m]. Moreover, the two norm relations
Propositions 3.1 and 4.6 can be summarized as follows.

Proposition 5.3. If m,ml € Z®), then

T g[me) = 7
) Olme] £y - o[m] £+#p.

Remark 5.4. While the elements d[m] in general depend on the choices of the primes A\ made above, the
element 0[1] clearly does not.

5.3. Euler system. Fix a non-zero vector v € W? . If (spl) holds and 7 is ordinary at p, then we further

assume that v is an eigenvector for U, with eigenvalue )\pt”‘?(“(ﬂ), where A, € O*. Using this as the vector
in equation (15), we obtain an O-lattice T, C V. and the Abel-Jacobi map

Aley : CX(X(Af)T,2,)*V 5 HY(E, T, © O[Shy (U)]).

Observe that by our choice of Iwahori subgroup at p, the twisting elements §[m] are in the domain of AJy ,.
Take U = J[m] as before. Then by equation (6) and Shapiro’s lemma,

(21) HY(E, T, ® O[Shy(J[m])]) = H'(E[m], Ty).

Let zm be the image of AJ ,(6[m]) under this identification. Our main theorem is then a direct consequence
of Proposition 5.3 and the Hecke-equivariance property of AJy ,.

Theorem 5.5. If m,ml € ZP), then

TrE[ml] g = /\pzm if £ =p
Bfm] ™0 Py(Froby Nzm if £ #p,

where P\(X) is the polynomial such that for all s € C,

(22) Py(NC~%) = L(s + %,w})fl

and Frob) is the arithmetic Frobenius.

6There is a change of notation: here ¢ is a place of F, but in Section 4, ¢ denotes the size of its residue field.
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Proof. Under the identification (21), the trace map from J[m/] to J[m] is identified with the trace map from
E[m/] to E[m]. This is a consequence of the definition of the Galois action on Shy. It follows that

Trpint! zme = Tryind AJy  (6me]) = ATy, (Te7im] 6[me]),

where the final equality follows from the equivariance of AJ , under Hecke operators on U(Vy).
The traces on the right hand side are given by Proposition 5.3. First suppose ¢ = p. The element 771 lies
in G(Ay)~, so we have the equivariance property

Aoy (Tryin 0fme]) = Adey (Up - Om]) = Ay - Ao (3[m]),

where the final step follows from the choice of the vector v.
If ¢ # p, then we need to consider the spherical Hecke operator £. Using the notations in Proposition 4.3,
the Satake transform of £) is
n n+l

III] (- A7 B r'Ne2).

i=1j=1

The inverses are due to the presence of the involution (—)¥. We have a decomposition
Her,y = Ham @c CF(O\F),C) = Har,) ©c C[TH],

where T is the indicator function of w®,* and gets sent to 7" under the Satake isomorphism.

By the Shimura reciprocity law, the Hecke action of T~ is identified with Froby'. Let as,---,ay,
(resp. B1,- -+, Bnt1) be the Satake parameters of m,, ¢ (resp. mp41,¢). Then
n n+1l
1 _1 _
AJeo(L) - 0[m]) =T ] (1 = o; '8 'NE™2Froby ") - AJ o (8[m)).
i=1j=1
Comparing with the definition of the local L-factor, the left hand side is exactly Py (Frob;\l). O

Corollary 5.6. Suppose in addition that 7 is ordinary at p. Then there exists a collection of class
{em € HY(E[m],Tx) | m € %}

satisfying the norm relations

TrE[mE] ot = Cm if £ =p
E[m] —m Py (Froby)em  if £ # p.

Proof. Since (ord) holds for m, we may further assume A, is a unit in the previous theorem. For m € Z,
define ¢, = )\;tzm, where t is the power of p appearing in the factorization of m. They lie in the same lattice
since Ap € O*, and the norm relations are immediate from the theorem. O

Remark 5.7. In both Theorem 5.5 and Corollary 5.6, the base class ¢; = z7 is obtained by applying an Abel-
Jacobi map to the diagonal cycle studied in the arithmetic Gan—Gross—Prasad conjecture. It is expected to
be generically non-trivial, and its vanishing is conjecturally related to the central derivative of an L-function.
Note that the classes ¢; = 21 do not depend on the choices made for the definition of ZP.

5.4. Applications. Let II = II,, x II,1; be a RACSDC automorphic form on GL,(Ag) X GL,4+1(Ag).
Suppose the archimedean component of II has the same infinitesimal character as a perfectly interlacing

algebraic representation . By the self-duality, the root number 5(%, H) is +1.

Assumption 5.8. 5(%,1’[) =—-1.

Following the discussion of | , Chapter 27| (where the conjectural Arthur multiplicity formula is
established in our special case by [ ]), there exist Hermitian spaces V,, C V, 11 and a cuspidal
automorphic form 7 on G(Af) of the type we have been considering such that II is the base change of . The
local components of V,,, V,,41,and 7 are specified by the local conjecture | , Chapter 17]. In particular,
the perfect interlacing condition on weights forces the archimedean signatures of V,, and V,,41 to be standard
indefinite (Subsection 2.3.1).
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Assuming Hypothesis 2.11, the Galois representation Ty constructed from the cohomology of certain
unitary Shimura varieties is a lattice in the Galois representation Vi attached to II, in the sense that

L(s,Vn):L<s+%,H>.

From this, it is easy to verify that
Py(X) = det(1 — XFroby|Vi1) ™,

where P, is the polynomial from the norm relations defined by (22). The presence of the contragredient
there matches with our choice of using the arithmetic Frobenius here. It follows that our norm relation in
Corollary 5.6 is indeed the split anti-cyclotomic Euler system norm relation for the Galois representation V.
By applying the results of | ], we obtain the following theorem.

Theorem 5.9. Let zp = Trg[l] 2z € H}(E, V). Suppose

(i) Vi is absolutely irreducible,
(ii) there exists o € Galg that fixes E[1](ppe) and such that dime Vir/(o — 1)V =1,
(iil) edther
(a) Z®) = % and 11 is ordinary at p, or
(b) Z®) = %P and there exists v € Galg such that ~ fives E[1](jup) and Vii/(y — 1)V = 0.

Then
(23) 2p #0 = dimg H}(E, V1) = 1.

As an example, we will now give one set of purely automorphic conditions which imply the conditions of
Theorem 5.9 for all except possibly two primes p.

Corollary 5.10. Let IT =11, x II, 11 be as before. Suppose there exists finite places vy, V41 of E such that

— vy, and v,41 lie above different places in F';
— form=mn,n+1, I, is a twist of a Steinberg representation at vy,
- II,, is unramified at vyy1, and 41 is unramified at vy,.

Then the implication (23) holds for all p not dividing the residue characteristics of v, and vp41.

Proof. We verify hypotheses (i), (ii), and (iii)(b) of Theorem 5.9.

(i) Let {m,m'} = {n,n+ 1}. Let I, be the inertia subgroup at v,,. Local-global compatibility at
U | ] implies that there exists an element 7, € I, such that pr,, (7,,) is a unipotent element
with only one Jordan block. Moreover, Vi _, is unramified at v,,, so P, (Tm) = 1. Tt follows that
0 = TpTnt+1 € Galg is such that pr(o) is unipotent with only one Jordan block. This implies that
pr is absolutely irreducible.

(ii) The o constructed above satisfies dimg Vi1/(0 —1)Vip = 1. It is the product of elements in the inertia

subgroups I, and I, , so it fixes E[1]. Since p does not divide the residue characteristics of v,
and v,,41, the element o also fixes fipe.

(iii)(b) Let G C Galg(1)(u,) be the subgroup such that det p(G) = 1. Note that o € G. It then follows from
a classification theorem of Katz | , Proposition 4] that the connected component of the Zariski
closure of p(G) is one of Sym?~'SLy, SLy, or Sp,, where d = n(n + 1) is even. Each of these groups
contains a regular semisimple element with no eigenvalue equal to 1 (for Sym?~!SL, we are using
that d — 1 is odd). Hence so must p(G). Such an element gives the desired 7. O

Remark 5.11. If we assume further that for each m € {n,n + 1}, there are two places v, and v}, of
distinct residue characteristics such that IT,, is a twist of a Steinberg representation at both primes, and
IT,, is unramified at vy,41,v;,,,, and 11,4 is unramified at v,,v;,, then by applying the corollary to the four
possible pairs, we see that the implication (23) holds for all primes p.
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