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1. INTRODUCTION

Following the precise formulation of a set of axioms characterizing generalized
cohomology theory by Eilenberg and Steenrod, the late 1950s and early 1960s were
marked by the intensified study of such theories, particularly real and complex topo-
logical K-theory and various cobordism theories. In 1962, Edgar Brown published
a paper [1] in which he gave a sufficient set of conditions under which a set-valued
functor out of the homotopy category of CW complexes was representable, i.e. nat-
urally isomorphic to a functor of the form [—, K] for some based CW complex K.
Strikingly, the hypotheses of the theorem were weak enough to be satisfied by any
reduced generalized cohomology theory as axiomatized by Eilenberg and Steenrod.
Brown’s insight thereby provided an impulse to the study of stable homotopy the-
ory, for reasons we describe briefly in Section 4.

The main objective of these notes is to give a comprehensive and accessible
treatment of the proof of the Brown representability theorem. We mainly follow
the argument given in Section 3.4 of Kochman [4], paying special attention to the
details. We also take some time to describe the modern version of this theorem and
its proof, based on Lurie’s work in [2] and [3], with the hope that this juxtaposition
will highlight the formal nature of Brown’s original proof on the one hand, and the
classical motivations underlying Lurie’s modern approach on the other.

2. DEFINITIONS AND STATEMENT OF THE THEOREM

Definition 2.1. A functor o : hCW? — Set, from the homotopy category of
based CW complexes to the category of pointed sets is said to be a Brown functor
if it satisfies the following two properties:
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e (i) (Wedge axiom) Given a wedge of spaces \/, X;, the based inclusion
maps j; : X; = \/; X; induce a bijection:

BV X 22 T n(x),

under the convention j} := h(j;).

e (ii) (Mayer-Vietoris axiom) Given a based CW complex X and subcom-
plexes A, B C X such that the union of the interiors of A and B covers X,
the induced commutative square

*
A, x

(2.2) h(X) —2% o p(A)

ZE,X\L J(Z*AOB,A

h(B) — h(AN B),
ANB,B
satisfies the following condition: whenever z € h(A), y € h(B) are such
that Inp (%) = Uinp p(y) in h(AN B), there is a z € h(X) such that
) x(2) = and I x(2) = y. In other words, the canonical map

h(X) = h(A) XpanB) h(B)

is surjective.

Remarks 2.3. e The inclusion pt ELN pt V pt of the one point space into its
wedge product with itself is a homeomorphism. Thus, by the wedge axiom,
we have a commutative triangle:

h(pt) 2 h(pt V pt) —= h(pt) x h(pt)

it im
h(pt)

where both the horizontal and diagonal arrows are bijections. It follows
that the projection map on the first factor h(pt) x h(pt) == h(pt) must be
a bijection, so that h(pt) = {v} must be a one-point set (and likewise for
any contractible space by homotopy invariance).

e Squares such as 2.2 satisfying stated property are sometimes called weak
pullback squares.

e When talking about the image of an element x € h(X) under the map

induced by an inclusion A Lx , we shall often use the notation z|4 €
h(A), intuitively thought of as the “restriction” of = to the subspace A. In
this language, the Mayer-Vietoris axiom states that whenever two elements
x € h(A), y € h(B) restrict to the same element in h(A N B), they can be
expressed as the restrictions of a common element in h(X).

Examples 2.4. (1) For any given based CW complex Y, we claim that the repre-
sentable functor

[~,Y] : hCW? — Set,

is a valid Brown functor:
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Firstly, the wedge axiom is immediately satisfied by the defining universal prop-
erty of coproducts, namely that to specify a map out of \/, X; is equivalent to
specifying a map out of each X;. Next, start with a based CW complex X and
subcomplexes A, B C X as in Definition 2.1 (ii), and suppose we are given rep-

resentatives A Js Y, B & Y of classes of maps in [A,Y], resp. [B,Y], with the
property that the restrictions f|ans =~ g|anp are homotopic. By the gluing lemma,
it suffices to exhibit a map f’ ~ f with the property that f'|anp = glanp on the
nose, in which case we know that we can construct a map G : X — Y such that
Gla=f'~f, Gla =g, as needed. Now, let h : AN B x I — Y be the provided
homotopy between f|anp and g|anpg. Since inclusions of subcomplexes are cofibra-
tions, we may use the homotopy extension property on the following diagram:

ANB ! A
/

io Y i(l
/ \afl
~
~

ANBx 1 — AxT

ixid

to get a homotopy h : A x I — Y from f to some map f := iL|AX{1} such that
f'lanB = hl(anB)x {1} = 9lanB, completing the proof.

(2) As mentioned in the introduction, any functor h”™ : h(CW(¥ — Set, appear-
ing as the n'"component of a reduced generalized cohomology theory (for some
n > 0) is a Brown functor. The wedge axiom is one of the defining axioms for
h™, and the Mayer Vietoris axiom can be deduced from the remaining Eilenberg-
Steenrod axioms.

Theorem 2.5. (Brown Representability Theorem) Any Brown functor is rep-
resentable. That is, given a Brown functor h : hRCW2¥ — Set,, there exists a based
CW complex K and an element u € h(K) such that the assignment:

Ty :[—, K] ——=h(-)

giwen by sending a map X LK to f*(u) € h(X) is a natural isomorphism. Fur-
thermore, such a CW complexr K is unique up to homotopy equivalence.

Remarks 2.6. (1) The uniqueness part of the above theorem is a formal conse-
quence of the Yoneda lemma, which guarantees that any two objects K, L with
naturally isomorphic represented functors hy =~ hj are themselves isomorphic (in
our settings, homotopy equivalent).
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(2) The assignment T, defined above is natural for any choice of K € CW,,
u € h(K). Indeed, given a map X %Y, we may look at the square:

(X, K] <"~ [v,K],

Tul lTu

h(X) <——h(Y)
g
where the top horizontal map is given by precomposition. Then, picking an arbi-

trary element [f] € [Y K], we see that:
9 Tu(lf]) = 97" (u) = (f 0 9)" (u) = Tu([f © g]),

proving commutativity of the above square and hence naturality.

3. PROOF OF THE BROWN REPRESENTABILITY THEOREM
Throughout the following, we fix a Brown functor h: hCW — Set,.

Lemma 3.1. Let f: X — Y be a based map between pointed CW complexes, with

associated cofiber sequence X Loy 4, Cf. Then the induced sequence of pointed
sets:
5

WO )~ h(Y) —> h(x)

is exact (with respect to the convention that ker f* is the set of elements y € h(Y')
mapped under f* to the basepoint of h(X)).

Proof. First recall that C'f may be obtained as the pushout:
f

X ——Y

L)

CX —=Cf,

where CX is the cone on X, a contractible space, so that by Remarks 2.3 (1)
h(CX) = {v} is a one-point set and we obtain a commutative square:

h(X) < h(y)

[k

{v} =——n(C)).

Hence, the composite f*j* factors through the zero map, implying that imj* C
ker f*.

Next, we check that ker f* C imj*. Start with an element y € h(Y) such
that f*(y) = 0, the basepoint in h(X). Write C'f = intA U intB, where we set
A = X x[0,3/4] and B := (X x [1/4,1]) Uy Y, so that we have homotopies
A~ {pt}, B~Y, An B ~ X induced by the obvious inclusions. Our plan is to
exploit what we know about the Cartesian square induced by A, B, AN B and Cf
via the Mayer-Vietoris axiom to get information about the square induced by the
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corresponding homotopy equivalent spaces Y, {pt}, X, Cf respectively. We start
by observing that we can form a cube, commutative up to homotopy:

X—— opt

Then, by homotopy invariance, applying h(—) results in a commutative diagram of
pointed sets:

h(X) {v}
/ f*T /
h(AN B) h(A)
h(Y) <2 T n(Cf)

h(B) hCf)
where the front square is a weak pullback square. It then follows by diagram chasing

that, since the elements y € h(Y),v € h(pt) satisty y|x = v|x = 0, we can find an
element z € h(Cf) such that j*(z) = y, as needed. O

Remark 3.2. In what follows, we will make implicit use of the above method,
whereby we deduce that a given square is a weak pullback square by means of
pointwise homotopies.

We now start moving towards a proof of the main theorem.

Definition 3.3. Given a based CW complex K, say that u € h(K) is n-universal
if T,: [S*, K] — h(S") is an isomorphism for ¢ < n and an epimorphism for ¢ = n.
If u € h(K) is n-universal for all n, say that u is universal.

Remark 3.4. The condition for being (—1)-universal is vacuous, so that any ele-
ment v € h(K) is (—1)-universal.

Lemma 3.5. Let K be a based CW complex and u,, € h(K) an n-universal element
(for some n > —1). Then there exists a based CW complex L O K obtained from K
by attaching (n + 1)-cells, together with an (n + 1)-universal element u,41 € h(L)
such that w,y1|x = .

Proof. Since u,, is n-universal, we may look at the epimorphism:

Ty, : [S™ K] = 7, (K) —— h(S™).
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Let B be a system of representatives for the classes in ker(Ty,, : m,(K) — h(S™)),

so that each 8 € B is a map S™ i K corresponding to some class in the kernel.
For the case n = —1, set B to be the empty set.

Now, form the based spaces X := \/BeB S"Y =KV Vaeh(sn+l) Sl We
may consider the composite:

Vies B
(3.6) [ID QA UL 7

where K 5V is given by inclusion. We then have an associated cofiber sequence:

(3.7) xtoy_2.ocy,

and we define L := Cf to be the mapping cone of f. Observe that L was con-
structed by trivially attaching one (n + 1)-cell to K for each o € h(S™1), as well
as one (n + 1)-cell for each element in ker(7,, : 7, (K) — h(S™)) using the associ-

ated map S™ B2 K as attaching map. To complete the proof, it suffices to exhibit
an (n + 1)-universal element wu, 1 € h(L) such that w,1|x = un.

First, observe that by Lemma 3.1 the cofiber sequence 3.7 induces an exact
sequence:

(3.8) L)~ n(y) L= n(x),

where h(Y) = h(K) x [],ep(sn+) R(S™1) and h(X) = [1sep h(S™) by the wedge
axiom. In particular, we may look at the element:

u; = (un, (a)aeh(sn+1)) e h(Y)
obtained under this isomorphism. Now, we have a commutative diagram:

r ~ .
h(X) <~ h(Y) - h(K) X Haeh(S"Jrl) h(S +1)7

(B*IA ll /

h(K)

so that f*(u},) = (8*(un))gep = 0, since each 8*(u,) = Ty, (8) = 0 by construc-
tion. It follows by exactness of 3.8 that we can find an element u,4+1 € h(L) such
that j*(un+1) = ul,, hence in particular u,41|x = u, by definition of u/,.

It remains to show that u,4+1 € h(L) as obtained above is (n + 1)-universal. For
a given t > 0, we may look at the following triangle:

T

Tt (K) m (L),

n Al

h(S?)

Tu
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where 7, is the induced map on homotopy groups. This diagram commutes, since
for every [g] € m(K) = [S*, K| we have that:

Ty (i4]9]) = Tupyy ([ig]) = 9" (icting1) = 9" (Un41lx) = g% (un) = Tu, ([9])-
Now, for t < n, T, : m(K) — h(S?) is an isomorphism by assumption, and

iv : m(K) — m(L) is also an isomorphism since the inclusion K % L is an n-
equivalence. Hence, T, ., : m(L) — h(S") must also be an isomorphism. For
t = n, since T, : m,(K) — h(S™) is a surjection, so is Ty, ., : 7 (L) — h(S™).
Thus it remains to check that (1): Ty, ., : (L) — h(S™) is an injection, and (2):
T, Tnt1(L) — h(S™T1) is a surjection.

Unp+1 *

(1) Start with an element [x] € ker(Ty, ., : m,(L) — h(S™)). Since i is an n-
equivalence, the map i, : m,(K) — m,(L) is surjective. Hence, we can find an

element [y] € 7, (K) with z*([y]) [z]. By commutativity,
)=

T, (Y] a (fyl) = Ty, ([2]) = 0,
hence [y] € ker(T,, : m(K) — h(S”)), so that by construction we can find a rep-
resentative Sy € B C m,(K) with y ~ 5. Now, letting lg, : S" — X = \/ﬁEB

denote the inclusion into the B§" factor, we have by definition that (\/ sep B)ols, =
Bo: S™ — K, so that

(3.9) (\ B)xlls,] = [Bo] = [y].
BeB

In the notation of 3.6 and 3.7, the situation so far is summarized in the following
commutative diagram:

Bo i
st x Yokl y T,
f

in which the composite j o f is null-homotopic since it fits into a cofiber sequence.
Thus, by Equation 3.9, we see that:

z = 1([y]) = 1 (VB)«llgo] = [i(VB)lgo] = i flg] = O,
as needed.
(2) Next, start with an arbitrary element oy € h(S™1), to which we can asso-

ciate an inclusion map lo, : S"™ = Y = KV, cp(gne1y S*T! in the aff* factor.
Then, we may look at the composite:

ach(

S —=V = KV V ep(gniny S o,

with [jla,] € Tnt1(L). As mentioned above, j*(up+1) = u,

., S0 that by construc-
tion:

Tun+1([jloéo]) = lzoj*(un+1) = lOéo (u/n) = Qp,
completing the proof. O
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To prove Theorem 2.5, we must construct a space K together with a class u €
h(K) such that the natural transformation T, is an isomorphism. Such a class u
must in particular be universal - and since we are working with CW complexes,
Whitehead’s lemma suggests that universality may actually suffice. Lemma 3.5
constructs an (n+ 1)-universal class u, 1 on a space K, from the data of a space
K, with an n-universal class u,,; we now apply the lemma inductively to construct
a universal class.

Lemma 3.10. Let K be a based CW complex and v € h(K). Then there exists a
based CW complex L, a universal class u € h(L), and an inclusion of based CW
complexes K C L such that u|x = v.

Proof. As indicated in Remark 3.4, the condition of being (—1)-universal is vacuous.
Hence, v is (—1)-universal. We let L_; = K and u_; = v. Applying Lemma 3.5
repeatedly yields an ascending chain of based CW complexes

L,1CL0CL1CL2C"',

together with elements u,, € h(Ly,), such that (i) u, is n-universal, and (ii) whenever
m <m, Up|r, = Um. Let i, : L, < Ly41 denote the inclusion. Let L denote the
mapping telescope of the above sequence of inclusions; that is,

L-(ﬁanx[n—l,nO/w.

Here, the equivalence relation ~ is defined by (i) (z,n) ~ (in(z),n) for all x € L,,
n > —1, and (ii) (kn,t) ~ (km,t’) forany t € [n —1,n|, t’ € [m —1,m], n,m > —1
(where *,, denotes the basepoint of L,). The basepoint of L is the image of (x,,t)
for any n > —1 and ¢t € [n — 1,n]. Let S, denote the product L, x [n — 1,n]
appearing above.

We determine precisely when a point (z,t) € S, is equivalent to (z/,t') € Sy,
under the relation ~, if [n —m| > 2. Since [n — 1,n] N [m — 1,m] = 0, it follows
from the definition of ~ that x = %,, 2’ = *,,. Conversely, (z,t) ~ (2/,t) as
soon as r and z’ are basepoints. We conclude that the images of S,, and S, in
L intersect only at the basepoint x. Next, observe that the image of S, in L is
(based) homeomorphic to L, A[n —1,n]". To put these observations to use, define

A:(ﬁ L2n+1x[2n,2n+1]>/fv7
B<ﬁL2nx[2nl,2n]>/N.
n=0

There is a slight technicality: since we are aiming to apply the Mayer-Vietoris axiom
to the pair (A, B), their interiors should cover L. Therefore, we should ‘thicken’
these spaces, i.e. replace the interval [n — 1,n] with [n — 1 — €,n + €] for some
0 < € < 1, where appropriate. Of course, these new spaces deformation retract
onto A and B, so we refrain from making this replacement explicit for the sake of
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notation. We conclude from the discussion above that
A~ \/ Lons1 A 20,20+ 1]T,
n>—1
B~ \/ Lon A [2n —1,2n]F,
n>0
and consequently that

A~ \/ Loy,

n>—1

B~ \/ Loy,.

n>0

Furthermore,

C:=AnB= | [] Lnx{n} /N
n>—1
= \/ L.

n>—1

We can now apply the wedge axiom to construct classes a € h(A4), b € h(B), and
c € h(C) such that a|r,, ., = uzny1 (n > —1), b|r,, = uzn (n >0), and c|p, = uy
(n > —1). Since a|z,, ,, = ¢|r,,,, for all n > —1, we conclude that a|c = ¢ by the
wedge axiom. Similarly, b|c = ¢, and hence by the Mayer-Vietoris axiom we obtain
an element u € h(L) such that u|4 = a and u|g = b. In particular, u|p, = u, for
all n > —1, and consequently u|x = v.

The goal is now to prove that u is universal, which will conclude the proof. Let
n > 0 be arbitrary, and 0 < ¢ < n. Since u|, = u,, the diagram

(L) = [, L], (n)-

\;;?\\\$ (///ET/

h(S™)

(57, L], = mn (L)

. =

commutes. Note that Lemma 3.5 constructs L,, from L,, for m > n, by attaching
cells of dimension greater than n. It follows that i, is an n-equivalence, and hence
that the horizontal map (i, ). is an isomorphism for ¢ < n. Since u,, is n-universal,
(T,)st is also an isomorphism for ¢ < n. Hence, (T,)st is an isomorphism for all
t < n. Since n > 0 was arbitary, so we conclude that u is universal. O

Suppose we start with a based CW complex Y, together with a universal class
u € h(Y). In trying to prove Theorem 2.5, we will want to show that given an
arbitrary based CW complex X and an element w € h(X), there exists a map
G : X — Y such that G*u = w. It will actually be convenient to establish a
“relative version” of this construction:

Lemma 3.11. Let Y be a based CW complex equipped with a universal class u €
h(Y), and let X be a based CW complex, w € h(X), and A C X a based subcomplex.
Assume that we have a map g : A =Y such that g*u = w|a. Then there exists a
map G : X =Y such that G|4 = g and G*u = w.
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Proof. We begin by considering the space
Z=((ANI")VXVY) [~

where (a,0) ~ a and (a,1) ~ g(a) for any a € A C X. Let
B=((AN[0,3/4")V X) [ ~,
C=(AAN[1/4,1]1)VY) /[ ~,

be subcomplexes of X. As we may deformation retract the interval [0,3/4]" onto
{0} (respectively, [1/4,1]" onto {1}), we see that B deformation retracts onto X
(respectively, C onto Y'). The intersection is given by BNC = (AA[1/4,3/4]1)/ ~,
which deformation retracts onto A. As the interiors of B and C cover L, the Mayer-
Vietoris axiom yields a class v € h(Z) such that v|x = w and v|y = .

Now, we invoke Lemma 3.10 to embed Z as a based subcomplex of some CW
complex Y’ carrying a universal class u’ € h(Y’) satisfying «’|z = v. Although
Y’ seems quite complicated upon inspection of the proof of Lemma 3.10, the map
j:Y = Z — Y’ is actually a homotopy equivalence. Indeed, as j*(u') = u by
construction, we have a commutative diagram for all n > 0.

T (Y) e T (Y)

% T,

h(S™)

Since the classes u and v’ are universal (u by hypothesis, ' by construction), we
conclude that the vertical maps are isomorphisms. Hence, j, is an isomorphism for
all n > 0. Therefore, j is a weak equivalence. Since it is a map of CW complexes,
Whitehead’s Theorem ensures that j is in fact a homotopy equivalence, as claimed.

Let’s now consider the composition h: AAIT — Z < Y’ which is a based ho-
motopy of maps hg: A — Y’ and hy : A — Y’ (obtained from h by precomposition
with the inclusions A < A A IT at times 0 and 1, respectively). Since A x {1} is
attached to Y in Z via g, we conclude that hy = jg. Similarly, hqg is seen to be
the composition A — X — Z — Y’, which we denote as ¢’|4 (that is, ¢’ is the
composition X — Z < Y”’). So, the existence of h tells us that ¢'|4 ~ jg.

The map h is a (based) homotopy of maps A — Y”, but we would like to extend
it over the entire space X. Fortunately, as A is a subcomplex of X, the inclusion
A — X is a cofibration. We therefore consider the homotopy extension diagram:

ANTH —rn—— A

i
y!
g
PN

X/\I"'. — X
io

The homotopy extension property gives us the map H : X A IT — Y’ above.
Inspection of the diagram reveals that Hy = ¢’, and that Hi|4 = hi|a = jg. We
denote G’ = H;. Since the inclusion A < X is a cofibration, and j: Y — Y’ is a
homotopy equivalence, we obtain a map G : X — Y such that G|4 = ¢g and such
that jG ~ G'.
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I claim that G is the desired map. Indeed, start with the observation that

G*u = G*j*u' = (jG)*v' = (G")*v/, as jG ~ G’ and u = j*u’ by construction.
Next, recall that G’ is homotopic to ¢’, via H. Therefore (G')*v = (¢')*u =
(v'|2)|x = v|x = w, by construction of v' and v. O

Now we are ready for the proof of Theorem 2.5. The idea is the following: we
apply Lemma 3.10 to construct a based CW complex K carrying a universal class
u € h(K), and then leverage Lemma 3.11 to prove that the corresponding natural
transformation T, is in fact an isomorphism.

Proof of Theorem 2.5. Recall that h(pt) = {v} is a one point set. We can apply
Lemma 3.10 to pt, v € h(pt) to obtain a based CW complex K together with a
universal class v € h(K). It now suffices to verify that

T.: [X, K], — h(X)
is a bijection for every based CW complex X.

o Surjectivity: Let w € h(X) be arbitrary. Take A = {*} C X to be the
basepoint, and let g : A — K be the map to the basepoint of K. Since
we automatically have that w|4 = v = g*u, we may invoke Lemma 3.11 to
obtain a map G : X — K such that G*u = w. That is, T,,(G) = w, proving
surjectivity.

o Injectivity: Suppose go,91 : X — K are based maps such that gju = gju.
We set out to prove that go >~ g1. Let A = X AT, where 0T = {0, 1, %} is
the boundary of I with a disjoint basepoint. Let g : A — K be the unique
map satisfying g|xx (o} = go and g|xxq1} = g1. If p: X AIT™ — X denotes
the projection, then we have a commutative diagram.

X x {0}

21N,

XAIT !

S5 oA

X x {1}

Now, define w € h(X ATT) by w = p*gu. Inspection of the diagram above
yields that w|4 = g*u. Once again applying Lemma 3.11, we construct
amap G : X AI™ — K such that G*u = w and, more importantly,
G| = g. We notice that G is a based homotopy of maps Gp : X — K and
G1: X = K. As G|4 = g, it follows by construction of g that Gy = gy and
G1 = ¢1. In particular, gg ~ g1 as claimed.

O

4. CONNECTIONS TO STABLE HOMOTOPY THEORY

Recall the following definition of a spectrum, a central object of study in stable
homotopy theory:

Definition 4.1. A spectrum E is defined to be a sequence of based spaces {E,, }n>0,
together with structure maps oy, : ¥E, — E,41 for each n. Say that a spectrum
FE is an Q-spectrum if the adjoints of the structure maps ¢,,: E,, — QFE, 41 are all
weak homotopy equivalences.
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Now, suppose we are given a reduced generalized cohomology theory with com-
ponent functors ™ : hCWP — Set,. By the Brown representability theorem, we
can find associated based CW complexes E,, and universal elements w,, € h"™(E,,)
inducing natural isomorphisms for all n:

Tu,: [— En] = A" (—)

Furthermore, via the loop-suspension adjunction and the suspension isomorphism,
we obtain a chain of natural isomorphisms:

(X, QE, 1] 2 [£X, E, 1] 2 2" TH(EX) = b (X),

so that by the Yoneda lemma as in Remarks 2.6 (1) we obtain homotopy equiv-

alences o, : E, — QF,41. Thus, the collection E := {E,} together with the
adjoints oy, : ¥ F,, — E,1 of the maps &,, forms an {2-spectrum.

Since the functors h™ := [—, E,] associated to an Q-spectrum E = {E,,} deter-
mine a valid reduced generalized cohomology theory, the Brown representability
theorem gives us a bijective correspondence between )-spectra and reduced gener-
alized cohomology theories given by the assignment:

{En}n>0 — <h" : Ho(Top, )” — Ab, X — [X, En])
n>0

Remark 4.2. (1) It should be noted that, under the proper notion of morphisms
of Q-spectra and cohomology theories, this bijection on objects does not produce
an equivalence of categories. This is due to the existence of hyperphantom maps
between spectra producing the zero map on the associated cohomology theories.
(2) Some of the existing literature requires that a cohomology theory be defined for
negative n as well, in which case we may extend the above correspondence via the
assignment X — [X, Q" Ey] for n < 0.

Example 4.3. (Eilenberg-Maclane Spectra) Let us apply the Brown repre-
sentability theorem to reduced singular cohomology with coefficients in a given
abelian group G. We get a sequence of spaces { K(G,n)}, each of which is unique
up to homotopy equivalence and fits into a natural isomorphism:

H"(X;G) = [X,K(G,n)].
In particular, for a given integer n, letting X = 59 yields:
G ifg=n
0 otherwise.

(K (G,n)) =[S, K(G,n)] = H"(S;G) = {

The spaces K(G,n) are known as the Eilenberg-Maclane spaces associated with
the group G. By the above discussion, the family of spaces {K(G,n)}, has the
structure of an §2-spectrum, which we call the Filenberg-Maclane spectrum associ-
ated to the abelian group G and denote by HG.

5. THE co-CATEGORICAL GENERALIZATION

The proof the Brown representability theorem is, in fact, quite formal. We first
observe that Definition 2.1 of a Brown functor h : hCWF — Set, can be inter-
preted categorically. Namely, condition (i) simply states that h sends coproducts
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in CW,, to products in Set,, while (ii) states that given any (homotopy) pushout
square

C ——

o

D —— D,

in CW,, the map h(D') — h(D) Xy h(C') induced by the universal property
of pushouts is surjective. Furthermore, the constructions in the proof generalize
quite well. For example, as long as we have a notion of mapping cone and cofiber
sequence, the constructions of Lemma 3.1 and Lemma 3.5 will make sense. The
mapping telescope used in Lemma 3.10 is nothing but a homotopy colimit in CW,.

The most important ingredient of the proof, abstractly, was the relationship be-
tween the categories CW, and hCW,. Although our functor A is defined on the
latter, many of the arguments of the proof take place in the former; for example, we
showed that two maps f, g were equal in hCW, by exhibiting a homotopy between
them in CW.,,.

This story admits a substantial generalization, established by Lurie in [3], Section
1.4.1. Given any oo-category C, we can construct its homotopy category hC, which
is more or less an ordinary category (it is additionally enriched over Ho(Top,)).
In this section, we explain the generalization of Brown representability to these
settings. It would not be possible to give all of the relevant background on oo-
categories here, but the reader should be able to follow the proof without issue
after reading Chapter 1 of Lurie [2], and appealing to the nLab as needed'.

Let’s motivate the hypotheses of the theorem. As the classical proof makes
frequent use of pushouts, it is not surprising that we’ll need to assume that C is
presentable, meaning that it is accessible and admits arbitrary small colimits® Next,
a crucial role in the proof of Theorem 2.5 is played by the spheres {S™},>¢. The
relevant property of this family is encoded in Whitehead’s theorem, which states
that a map f : X — Y of based CW complexes is an equivalence as soon as it
induces isomorphisms hompcw, (5™, X) — hompew, (5™, Y) for all n > 0. We'll
need to assume that C contains a collection of objects {S,}aer analogous to the
collection {S™},>¢ in hCW,. The first property to formalize is the group structure
on homypcw, (8™, X) for each n > 1, which is induced by the cogroup structure on
S™ afforded by the fold map S™ — S™ V S™ (collapsing the equator).

Definition 5.1. Let D be a category admitting finite coproducts. A cogroup object
of D is the data of an object S € D together with a morphism S — SII.S, such
that for any X € D, the induced map

homp (S, X) x homp (S, X) =2 homp (SIS, X) — homp(S, X)

equips homp (.S, X) with a group structure.

1A1ternatively, the reader may keep in mind the slogan that “everything in an oco-category is
done up to coherent homotopy”, and believe that the outlined arguments can be formally carried
out with this principle in mind.

2The notion of accessibility deals with some of the set theoretic difficulties encountered in
category theory, and can be safely ignored by the reader not concerned with such things.
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Remark 5.2. Let () denote the initial object in D. Notice that the presence of an
identity element in each homp (S, X) is equivalent to the data of a map

pt = homp (@, X) — homp(S, X),

naturally in X. This is in turn the same data as a map S — () in D, which may be
thought of as the “counit” of S; the identity in homp (S, X)) may then be recovered
as the composite S — § — X.

We can now make the following (non-standard) definition. Recall that an object
S of an oo-category C is called compact if the functor Mapsq(S,—) : C — &
commutes with all filtered colimits (here and elsewhere, . denotes the oo-category
of spaces, which may be obtained from the 1-category CW by localizing at weak
equivalences in the sense of co-categories).

Definition 5.3. An object S of a presentable co-category C is called a generalized
sphere if S is a compact in C and admits a cogroup structure when viewed in the
homotopy category hC.

We begin with the following observation:
Lemma 5.4. If S is a generalized sphere in C, then so is its suspension XS

Proof. Recall that the suspension of S is defined as the pushout XS := 0 IIg ),
taken with respect to the counit map S — () obtained in Remark 5.2. Further
notice that the counit map equips any mapping space Maps. (S, X) with a basepoint
* = Mapsg (0, X) — Maps¢ (S, X), naturally in X, so that we may form the loop
space QMapsg (S, X) 1= * XMaps, (5,X) *-

To see that XS is compact, start with a filtered colimit limi X; in C. Using
that filtered colimits commute with finite limits, we have the following chain of

equivalences:
Maps; (.5, lim X;) ~ QMaps; (S, lim X;)

~ ) lignMaupSC(S7 Xi)
o~ ligMapsc(ZS, Xi).

It remains to check that XS is also a cogroup object. This actually holds whenever
S comes equipped with a “counit” map S < (). Such data enables us to exhibit a
comultiplication

S —=XS1IOxS

by identifying the RHS as

ZSHES(@Hsﬁ)H(@Hsﬁ)li%1n<0<7kj*>®> :®HSQ]HS®,
0

the LHS as
S =0ILsgh=011g SIg 0,

so that we have an evident map

%S = 0 1ls S Ilg 0" 116 9115 0 = RS T RS
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which may be checked to induce a valid group structure on each homye (XS, X). O

Call a family of generalized spheres {S, }aer in C a generating family if it gener-
ates C under small colimits. Because of Lemma 5.4, we may safely assume that our
generating families are closed under taking suspensions. Now, leveraging the fact
that co-categories are enriched over ., we can formulate a generalization of (and
in a sense a corollary to) Whitehead’s theorem in our settings:

Lemma 5.5. Let C be a presentable co-category, and let {So}tacr be a generat-
ing family of generalized spheres in C. If a morphism f : X — Y in C induces
isomorphisms hompc(Sy, X) — hompe(Sa,Y) for all « € I, then f is in fact an
equivalence.

Proof. By a Yoneda argument, showing that the induced map on hom spaces
vz : Maps.(Z,X) — Mapsq(Z,Y)

is an equivalence for each Z € C suffices to establish that f is an equivalence. To this
end, let C’ denote the full subcategory of C consisting of those objects Z for which
©z is an equivalence, and let us verify that C’ = C. By the universal property of
colimits, we see that C’ is closed under colimits. Since the family {S, }ocr generates
C under colimits, it therefore suffices to check that ¢g, is an equivalence for all a.

By Whitehead’s theorem, the map ¢gs, : Maps:(Sqa, X) — Mapsg(Sa,Y) is
an equivalence iff the induced maps m,Mapsy(Sq, X) — m,Maps(Sa,Y) (where
the basepoint of either space is obtained from the cogroup structure on S,) are
isomorphisms for every n > 0. Now, we have that

TnMapse(Sa, X) := moQ"Maps: (Sa, X) =~ moMapse (2"Sy, X) =: hompe (X" Sy, X),

naturally in X, hence the result follows from the fact that {S,}oer was taken to
be closed under suspensions, so that by assumption the map

o

homype (X" Sq, X) — hompe(X"S,,Y)
is an isomorphism. (Il
We are now in a position to state and prove the following generalization of the

Brown representability theorem: parallel to the classical settings, let us call a given
F :hC — Set a Brown functor if it satisfies the following two properties:

e (i) Given a coproduct ], X; in C, the canonical maps j; : X; — [[, X;
induce a bijection

F(Lx,) L9 T Fx),

e (ii) F takes pushouts in C to weak pullback squares in Set.

Remark 5.6. The relevant colimits are to be taken in the oco-category C, where
they are guaranteed to produce “homotopically correct” answers.

Theorem 5.7. (Brown-Lurie Representability Theorem) Let C be a pre-
sentable co-category which admits a generating family of generalized spheres {Sqa }acr-
Then any Brown functor I : hC°P — Set is representable.
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Let us call a pair (X,n € F(X)) a-universal if the corresponding map
homype(Sq, X) — F(S4)

is bijective, resp. wuniversal if it is a-universal for all « in the generating family
of generalized spheres. The technical heart of the proof consists of the following
analogue of Lemma 3.5 and Lemma 3.10. Before we start, let us make a preliminary
comment: the indexing set I of our generating family {S,}acs may no longer be
countable, and so it is no longer viable to achieve a-universality “one o at a time”
as was done in the classical case. Instead, the appropriate strategy will be to
take care of “all a’s at once”. In line with the slogan that “attaching cells may
create higher homotopy data”, we do so iteratively for n > 0, imitate the “mapping
telescope” argument of Lemma 3.10 (a construction which is particularly natural
in the co-categorical settings), and conclude by exploiting the compactness of each
Sa-

Lemma 5.8. Given any pair (X,n € F(X)) with X € C, we can find a universal
pair (X,7 € F(X)) together with a map X — X with respect to which 7 is taken
to n.

Proof. We begin by taking the colimit Xy := X II HmGF(SG) Sa, which comes with
a canonical map X — Xo. By axiom (i), F(Xo) = F(X) x [[,cps,) F'(Sa). Let
no € F(Xo) denote the class which restricts to n on F(X) and tautologically to
each z € F(S,). It follows by construction that we have a surjection for each a:

(0n) 50
Ly

(5.9) hompe (Sa, Xo) F(Sa).

Now, we inductively build a sequence of objects of C
(5.10) Xo 2 x5 X, B

together with compatible classes 7, € F(X,) for each n > 1, in an attempt to
“force injectivity” of the analogues of maps 5.9 in the limit. Namely, starting at

level n, for each a € I, let B((,én) denote a system of representatives for elements
in ker(homp¢(Sq, X,) Onn)sa, F(S,)). We then build X,4; as the following (oco-
categorical) pushout:

11
(5.11) I, cpe Sa — X,

T

) X1

Since each ~ involved corresponds to a class in the kernel of (6, )s,, the pair

(Mn,v) is a valid element of F(X,,) X [T e B F(S.) F(0), hence by axiom (ii) we

are guaranteed the existence of a class 7,41 € F(X,+1) which is taken to 7, under
the map induced by the canonical morphism X,, — X,,11.

Consider the colimit X := li an with respect to the sequence 5.10 (notice
that this co-categorical colimit retrieves the mapping telescope from Lemma 3.10

for C = .%,). We seek to obtain a class 77 € F/(X) which restricts to 7, under each
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of the canonical maps X,, — X. This may be done by considering the following
pushout diagram:
Han — HnXQn

L

HnX2n+1 X

where the top horizontal map is given by idx, + j1 + idx, + j3 + ..., resp. the left
vertical map is given by jo +idx, + jo + idx, + .... By axioms (i) and (ii), we are
guaranteed a surjection

F(X) — HF(in) X1, F(X2) HF(XQTL-‘,-l)

where the pair ((2n)n, (M2n+1)n) gives a valid element of the RHS by construction,
for which we may therefore find a preimage 77 € F(X).
It remains to ensure that the pair (X, € F(X)) is indeed universal. Given

a € I, consider the associated map

homye(Sa, X) %2, p(s,,).

By construction, if we write Iy : Xo — X for the canonical inclusion, we have that
F(lo)() = no, and it follows that we have a factorization:

lo)« -
hompe (Sa, Xo) (to) homye(Sq, X)

m\%

F(S,).

where the left diagonal map is surjective, hence so is (65)s.,-

Lastly, we check injectivity. Since (6;)s, is a group homomorphism, it suffices
to show that it has trivial kernel, where we recall from Remark 5.2 that the identity
element in homy¢ (S, X) is given by the class of the composite S, — 0 — X. So
start with an element of ker((6;)s,, ), represented by a map 7 : S, — X = lim X,
Since S, is compact, v factors through a map =, : S, — X,, for some large enough
n, with v, € Bén) by definition. By the construction of X, from X, in 5.11, we
are therefore guaranteed the existence of a commutative square

SQL>XH

l l
(Z) —_— XnJrla

witnessing that 7,7, is homotopic to the composite S, — 0§ — X,, 11, hence that
the class [y] equals the identity element inside hompc(S,, X), as needed. O

Now, let us begin with a universal pair (X,n € F(X)) obtained by applying
Lemma 5.8 to the pair (0,v € F(0)) (F(?) is a one-point set for the same formal
reason as in the classical settings). We set out to prove that the induced map

homye (T, X) 275 F(T)
is a bijection for any T € hC.
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e Surjectivity: Begin with an element in the target ¢ € F(T). Axiom (i)

guarantees that we may pick a preimage 6 € F(X II T) for the pair (n,t)
under the canonical map F(XIIT) — F(X) x F(T). Then, we may further
extend the pair (X IIT,§ € F(XIIT)) into a universal pair (Z,u € F(Z)),
equipped with a map X I T — Z with respect to which u is taken to 4.

Now, consider the composite X Xox1r =2 , with respect to which
u is taken to n by construction. We claim that this map is an equivalence,
essentially thanks to Lemma 5.5. Indeed, for any «, we may contemplate
the following commutative triangle:

hOmhc(Sa,X) hoth(SonZ)

where the diagonal maps are both bijections, hence so is the horizontal map
- hence Lemma 5.5 applies to give that the map X — Z is an equivalence.
We may therefore form the “wrong-way” composite T — Z — X in the
following diagram:

X

~

nonr

:

=
%

By construction, the class n € F(X) is sent to t € F(T') under this com-
posite, establishing surjectivity.

Injectivity Suppose two maps f, g : T'— X produce the same class t € F(T')
under (6,)r. We shall exhibit a homotopy f ~ g, which in our settings is
simply a commutative triangle in the ambient co-category C. We start by
leveraging the Mayer-Vietoris axiom with respect to the pushout square

T

rur -1 x

|

T w

in order to obtain a preimage 0 € F'(W) for the pair (n,t) under the canon-
ical map F(W) — F(X) X p(ryxp(r) F(T). We may further extend the pair
(W,§ € F(W)) to a universal pair (VT/,S € F(W)), equipped with a map
W — W with respect to which 4 is taken to 4.

Now, consider the composite h : X — W — W, where the map X — W
is the vertical map in 5.12. In a similar way to what was done above,
we may fall back on Lemma 5.5 to establish that h must in fact be an
equivalence. We claim that the composite maps hf and hg are homotopic.
Indeed, writing H : T — W — W for the composite starting with the
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horizontal map in 5.12, we see that we have a commutative triangle in C

Ty

| A

T

corresponding to the data of a homotopy between hf and hg, since the fold
map post-composes with either inclusion T" — T'IIT to produce the identity
on T up to homotopy. Since & is an equivalence, it follows that the original
maps f and g are also homotopic, completing the proof of Theorem 5.7.
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