
A PRIMER ON SHEAF THEORY AND SHEAF COHOMOLOGY

SAAD SLAOUI

Abstract. These notes are intended to provide an introduction to basic sheaf

theory and sheaf cohomology. The first few sections introduce some key defi-

nitions and technical tools leading to the definition of sheaf cohomology in the
language of derived functors. The exposition is motivated whenever possible

with ideas drawing from elementary manifold theory and algebraic topology.

The last two sections initiate a discussion of ways in which the computation
of sheaf cohomology groups can be simplified. Some familiarity with basic no-

tions of category theory including (co)limits is assumed, as well as some degree

of acquaintance with Abelian categories and chain complexes.
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1. Introduction

“C’était comme si le bon vieux ‘mètre cohomologique’ standard dont on disposait
jusqu’à présent pour ‘arpenter’ un espace, s’était soudain vu multiplier en une mul-
titude inimaginablement grande de nouveaux ‘mètres’ de toutes les tailles, formes et
substances imaginables, chacun intimement adapté à l’espace en question, et dont
chacun nous livre à son sujet des informations d’une précision parfaite, et qu’il est
seul à pouvoir nous donner.”

- Grothendieck, Récoltes et Semailles

Let X be a topological space, and denote by Top(X) the category with objects
the open sets of X and morphisms given by inclusions (i.e. HomTop(X)(U, V ) = {∗}
if U ⊆ V , empty otherwise). As a rule of thumb, one can hope to learn more about
a given geometric object by studying functions from or into that object. Sheaves
are one way in which this practice can be formalized for topological spaces: a sheaf
F on a space X can often be thought of as assigning to each open U in X a space of
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functions on U such that the assignment is compatible with taking restrictions and
going from local to global sections. In fact, sheaves prove to be quite successful at
realizing the rule of thumb suggested above: one can show further down the line
that Top(X) can be identified as a subcategory of the category Sh(X) of sheaves
of sets on X, and that this information is sufficient to recover X up to homeomor-
phism, provided precisely that X is a sober space (i.e. every irreducible subset of X

is of the form {x} for a unique x ∈ X). This is the case, in particular, if X is just
assumed to be Hausdorff. (For more details, see for instance [11].) Sheaves also
offer an alternative framework in which to view familiar objects such as (smooth)
manifolds; this new perspective will naturally lead us to introducing the notion of
schemes. We shall elaborate on this viewpoint in Section 2, as soon as we have
established the rudiments of the subject.

The purpose of this article is to provide an introduction to basic concepts in sheaf
theory and sheaf cohomology, with some emphasis put in developing the homolog-
ical algebra framework in which the latter can be naturally expressed. Sections
2 through 4 present elementary constructions that can be performed on sheaves.
Sections 5 and 6 contain a streamlined treatment of relevant notions from cate-
gory theory and homological algebra, with the aim to arrive at a definition of sheaf
cohomology in Section 7. Section 8 presents an alternative way to compute sheaf
cohomology groups, and hints at further constructions of a similar kind. Finally,
Section 9 provides an introductory account to Čech cohomology, which often sim-
plifies computations of sheaf cohomology groups.

As hinted at by the opening quote, sheaf cohomology theory appears to be a
remarkable generalization of more conventional cohomology theories. For a given
space X, any sheaf of abelian groups, i.e. any compatible assignment of abelian
groups to elements of Top(X) in a sense to be made precise later, gives rise to a
family of cohomology groups of X with coefficients in that sheaf. In particular, for
a fixed abelian group A, one may consider the sheaf that comes as close as possible
to asssigning A to every open in X, while still satisfying certain compatibility con-
ditions. We call this sheaf the constant sheaf on X associated to A, and denote it
by AX . We may then restrict our attention to the sheaf cohomology H∗(X,AX) of
X with coefficients in AX . If X is locally contractible and paracompact, we are en-
sured the existence of a natural isomorphism H∗(X,AX) ∼= H∗(X,A) between sheaf
cohomology with coefficients in AX and singular cohomology taking coefficients in
A (see for instance [15]). So restricting one’s attention to CW-complexes (which
are paracompact and locally contractible), which is not an unreasonable thing to
do due to the fact that all spaces are weakly equivalent to a CW-complex, one can
recover all singular cohomology groups from sheaf cohomology. Immediate from the
de Rham theorem and the above discussion is also the fact that we have, for any
manifold X, an isomorphism with de Rham cohomology H∗deR(X) ∼= H∗(X,RX).

Hence we have recovered standard cohomological constructions without even
looking at sheaf cohomology with coefficients in non-constant sheaves. If one allows
for any sheaf of coefficients, the situation rapidly takes a flavor of its own. For
instance, sheaf cohomology may no longer be homotopy invariant. This tells us
that homotopy theory has “limited leverage” on sheaf cohomology, whereas singular
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cohomology can be entirely introduced in homotopy-theoretic terms (via the use of
Eilenberg-Maclane spectra).

2. Sheaves on a Topological Space

We formulate a definition for the notion of a sheaf on a space X with values in a
fixed concrete category C, meaning that C can be thought of as a category of sets
with some additional structure (so C may for instance denote the category of sets,
abelian groups or commutative rings):

Definition 2.1. A presheaf F on a space X with values in a category C is a
contravariant functor F : Top(X) → C. We write resFV,U : F (V ) → F (U) (where

res stands for “restriction morphism”) for the image of the inclusion morphism
U ↪→ V under F , or simply resV,U when F is clear from the context.
A sheaf F is a presheaf on X with values in a concrete category C satisfying the
following local-to-global condition:

Given an open cover {Ui} of U ∈ Top(X) and elements {fi ∈ F (Ui)} such that
resUi,Uijfi = resUj ,Uijfj for all i, j, there exists a unique element f ∈ F (U)

satisfying resU,Uif = fi for all i.

We follow the convention that a presheaf is required to map the empty set to
the terminal object in C, if there is one.
Notice that the definition of a presheaf makes sense with values in an arbitrary
category, and that a presheaf on X with values in C may be alternatively defined
as a covariant functor F : Top(X)op → C, where Top(X)op denotes the opposite
category (reversed arrows) of Top(X). Hence, presheaves naturally fit in the cate-
gory Fun(Top(X)op,C) with objects: functors F : Top(X)op → C and morphisms:
natural transformations of such functors. We extend this terminology to sheaves,
and give the corresponding categories names in two important cases:

Definition 2.2. A sheaf morphism between two sheaves F,G on X with values in
C is a natural transformation η : F → G of the underlying presheaves; namely, a
sheaf morphism consists of a collection of morphisms ηU : F (U)→ G(U) in C such
that for each inclusion U ↪→ V we have a commutative square

F (V )
resFV,U //

ηV

��

F (U)

ηU

��
G(V )

resGV,U

// G(U)

Sheaves on X with values in a concrete category C then fit into a category (properly
speaking, the full subcategory of the category of C-valued preshaves satisfying the
sheaf axiom). We write Ab(X) (resp. Sh(X)) to denote the resulting category of
sheaves of abelian groups on X (resp. sheaves of sets on X). We shall sometimes
refer to elements of Ab(X) as abelian sheaves.

Noting that we have essentially created a way of associating “algebraic data” to
a given topological space, a reader with some background in Algebraic Topology
may be wondering whether there is a natural way to associate to any continuous
map f : X → Y a corresponding “functor” between the associated sheaf categories,
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in the same way for instance that a map f : X → Y induces (graded) group
homomorphisms f∗ : H∗(X) → H∗(Y ) on homology and f∗ : H∗(Y ) → H∗(X) on
cohomology, with the assignment being functorial in both these instances.

Such assignments may indeed be carried out in the settings of, say, sheaves of
abelian groups:

Definition 2.3. Let f : X → Y be a continuous map of spaces. Define the
pushforward of f to be the map:

f∗ : Ab(X)→ Ab(Y),
F 7→ (f∗F : V 7→ F(f−1(V )), for any V ∈ Top(Y)),

with behavior with respect to inclusions inherited from F. We refer to f∗F ∈ Ab(Y)
as the pushforward of F under f .

Proposition 2.4. Given a sheaf F ∈ Ab(X), the pushforward of F under f as
defined above is a valid abelian sheaf on Y. The assignment induces a functor f∗ :
Ab(X)→ Ab(Y) between sheaf categories.

The verification of the above proposition is straightforward. One may further
construct an assignment f−1 : Ab(Y) → Ab(X) sending in a functorial way an
abelian sheaf G on Y to a sheaf f−1G ∈ Ab(X), the so-called pullback of G under
f. These two constructions are closely linked to one another, as the pair f∗, f

−1

turns out to be a pair of adjoint functors. As the definition of the pullback of f is
slightly more involved, we hold off this discussion until a later section. For now, we
proceed to list a few important examples that bring the above definitions to life.

Examples 2.5. (i) Let A be a fixed abelian group, and let x be a point in X.
Define the skyscraper sheaf Ax ∈ Ab(X) via the assignment:

Ax : U →
{
A if x ∈ U
0 otherwise ,

with resV,U acting as idA if x ∈ U ∩V and as the unique zero morphism in Ab, the
category of abelian groups, otherwise.

More generally, let j : {x} ↪→ X denote the natural inclusion map, and let
Ax ∈ Ab({x}) denote the skyscraper sheaf over {x} (so that Ax sends {x} to A
and the empty set to 0). We can then take the pushforward j∗A

x of each Ax under
their respective inclusion maps, and we may further consider the direct product
sheaf F :=

∏
x∈X(j∗A

x) on X, given by the assignment:

(2.6) U 7→
∏
x∈X

(j∗A
x)(U)

where the usual product is taken in Ab, and restriction maps are defined compo-
nent wise. By definition, (j∗A

x)(U) = Ax(j−1(U))), so that the above expression
simplifies to:

(2.7) F : U 7→
∏
x∈U

A

While the above generalization may seem a bit far-fetched for now, it will allow
us to put the adjunction of j∗ and j−1 to good use at a later time.

(ii) Let M be a smooth manifold. We may consider the presheaf of rings OM
sending an open U in M to the ring C∞(U) of smooth real-valued functions on U,
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with resV,U : C∞(V ) → C∞(U) acting as the usual restriction map. The gluing
lemma for smooth functions on a smooth manifold ensures that OM is indeed a
sheaf of rings on M (see [9] for a proof).

(iii) Let A be a fixed abelian group. We may consider the constant presheaf A
of abelian groups sending every non-empty open in X to A, and sending U ↪→ V to
idA (or to the zero morphism if U is the empty set). Observe that A may fail to be
a sheaf - assume A has at least two elements and consider for instance the constant
presheaf on the discrete two-point space {p, q} = {p} ∪ {q}, with local sections of
A(p),A(q) given by distinct elements a, b ∈ A resp., so that no global section can
possibly exist. We shall define the natural sheaf analog of A as soon as we have
introduced the tools necessary to do so.

Construction 2.8. Given a sheaf morphism ϕ : F → G, where F and G are sheaves
with values in some abelian category, we may define an associated kernel (resp.
cokernel) presheaf denoted kerϕ (resp. cokerϕ), sending any open U ∈ Top(X) to
the object ker(ϕU ) (resp. coker(ϕU )) provided by A as an abelian category.
The action of kerϕ on inclusions U ↪→ V can be understood via the following
diagram, where lU : ker(ϕU )→ F (U) is the canonical morphism in A associated to
ker(ϕU ):

0 // ker(ϕV )
lV //

∃!ρV,U
��

F (V )
ϕV //

resFV,U
��

G(V )

resGV,U
��

0 // ker(ϕU )
lU

// F (U)
ϕU
// G(U)

The existence of a unique ρV,U : ker(ϕV ) → ker(ϕU ) making the diagram com-
mute is ensured by the universal property of (ker(ϕU ), lU ), invoked via the fact
that ϕU (resFV,U lV ) = 0 by commutativity of the right square. Uniqueness of ρV,U
ensures that this construction makes kerϕ into a well-defined presheaf on X with
values in A.

Proposition 2.9. Given a morphism ϕ : F → G of sheaves valued in an abelian
category A, the presheaf kerϕ defined above is a valid sheaf on X with values in A.

Proof. Let {Ui} be an open cover of U , and let (fi ∈ ker(ϕUi)) be a compatible
family of local sections. We can then look at the corresponding local sections
(lUi(fi) ∈ F (Ui)), compatible by commutativity of the diagram associated with
each pair Ui, Uj :

ker(ϕUi)
lUi //

ρUi,Uij

��

F (Ui)

resUi,Uij

��
ker(ϕUij )

lUij // F (Uij)

ker(ϕUj )
lUj //

ρUj,Uij

OO

F (Uj)

resUj,Uij

OO

Since F is a sheaf, this gives us a unique global section f in F (U) compatible with
each fi. Finally, to check that f is indeed an element of ker(ϕU ), we use uniqueness
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of global sections on G together with the fact that resGU,Ui(ϕU (f)) = ϕUi(fi) = 0

for each i, so that we must have ϕU (f) = 0. �

(We admit to using element-theoretic language in the last sentence of the above
argument; this can usually be justified when working in an Abelian Category due
to the Freyd-Mitchell Embedding Theorem. We refer the interested reader to a
discussion of this result in [17], for instance.)

On the other hand, we note that while a dual argument allows us to define
cokerϕ as a valid presheaf with values in A, this construction might fail to satisfy
the sheaf condition. Roughly speaking, cokerϕ may be “missing” global sections.
For instance, consider the presheaf F on S1 ⊂ C with values in Ab sending an
open U in S1 to the group of holomorphic functions f : U → C which admit a
holomorphic logarithm. It turns out that F can be presented as the cokernel of
the sheaf morphism ϕ : ZS1 → OS1 , where ZS1 sends U to the abelian group of
locally-constant Z-valued functions on U , and ϕU : ZS1(U) → OS1(U) takes an
element f : U → Z of ZS1 to its inclusion in the group OS1(U) of holomorphic
functions on U. Then, we may consider for instance a cover (Ui) of S1 by proper
open subsets, each of which is assigned the local section fi : z 7→ z. These local
sections are trivially compatible, each of them admits a logarithm, but they cannot
be glued into a global section admitting a holomorphic logarithm on the entire unit
circle.

Examples (i) and (ii) above will naturally lead us to the notion of stalks associ-
ated to a sheaf at each point of the underlying space X; example (iii) and the above
construction for the cokernel presheaf will take us to the somewhat more delicate
concept of sheafification of a presheaf.

3. Interlude: Smooth Manifolds as Ringed Spaces

Before continuing our exposition of basic sheaf theory, we take a moment to
further discuss example (ii) above, and argue that the notion of a (Hausdorff, 2nd
countable) topological space M equipped with an appropriate sheaf of rings is suf-
ficient to fully describe the structure of a smooth manifold, as promised in the
introductory paragraph. This short interlude is based on an enriching remark in
[16], and provides a natural doorway into the world of schemes. The material in
this section is isolated from the rest of these notes, and may safely be skipped on
a first reading.

So let M be a smooth n-manifold, which we may view as an element of the
category Diff of (finite-dimensional) smooth manifolds and smooth maps. We may
then consider the pair (M,OM ), where M is the underlying topological space and
OM the sheaf of rings on M whose local sections are smooth real-valued functions
on opens in M, as in example (ii). We refer to any such pair (X,OX), where X is a
space and OX a sheaf of rings on X, as a ringed space, and we call OX the structure
sheaf of X.

Now, one can show that a continuous map f : M → N between manifolds is
smooth if and only if for any local section h ∈ C∞(V ) on some open V ⊂ N , the
corresponding composite hf is a valid local section on M, i.e. a well-defined element
of C∞(f−1(V )). Hence, if we define a morphism of ringed spaces (X,OX) →
(Y,OY ) to consist of a pair (f, f#), where f : X → Y is a continuous map and
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f# : OY → f∗OX is a morphism of sheaves from OY to the pushforward f∗OX of
OX under f , then smooth maps between manifolds are in one-to-one correspondence
with morphisms between the associated ringed spaces.

We further observe that the smooth structure of a given smooth manifold M can
be completely captured in the language of ringed spaces. Indeed, the requirement
that for each p ∈ M there is an open Uα ⊂ M containing p and a diffeomorphism
ϕα : Uα → Bn onto an open ball in Rn is equivalent to requiring local isomorphisms
of ringed spaces (Uα,OUα) → (Bn,OBn), where the sheaf of rings OUα on Uα is
obtained by natural restriction of the original sheaf OX on X.

We have thus constructed a category RS of ringed spaces and ringed space
morphisms in which we can view Diff as a full subcategory under the assignment
described above. The argument can be further formalized to show that one can de-
fine a fully faithful functor from Diff onto a full subcategory of RS. We refer the
interested reader to [2] for more details on this identification, and to [6] for a more
advanced discussion of the case in which M is not assumed to be finite-dimensional.

The definition of a scheme, a central notion in Algebraic Geometry which cap-
tures the ”most general” settings in which one may study spaces defined as the van-
ishing sets of polynomial functions, is now but a couple of steps away. The key idea
is to shift one’s focus away from a Euclidian local structure, and to ask instead for
local isomorphisms of ringed spaces (U,OU )→ (Spec(R),OSpec(R)), where Spec(R)
is the prime spectrum of some commutative ring R, given the Zariski Topology and
equipped with a canonical sheaf of rings. Then, we define a scheme to be a locally
ringed space (X,OX) such that for each x ∈ X there is an open U 3 x admitting
an isomorphism of locally ringed spaces (U,OU ) → (Spec(R),OSpec(R)) for some
commutative ring R. Hence the only missing notion is that of a locally ringed space
and their associated morphisms, a further specification on ringed spaces which has
to do with the concept of stalks to be discussed in the next section. We do not,
however, plan to discuss the construction of the ringed space (Spec(R),OSpec(R)),
as that would take us too far afield. A traditional treatment of scheme theory may
be found in chapter II of [7].

4. Stalks and Sheafification

In the following, unless otherwise specified, we let F denote a sheaf of abelian
groups on a topological space X, keeping in mind that most of the following con-
structions may be carried out in other concrete categories.

Definition 4.1. Let F be a presheaf on X. For any point x ∈ X, define the stalk
Fx of F at x to be the abelian group given as the direct limit

(4.2) Fx := lim−→
V 3x,V ∈Top(X)

F(V ).

Hence the stalk of F at x comes equipped with a family of compatible maps
(ηU : F(U) → Fx)U∈Nx , where Nx = {U ⊂ X open | U 3 x} is the neighborhood
system of x in X, with compatibility taken in the sense that for every inclusion pair



8 SAAD SLAOUI

U ⊂ V in Nx, the associated triangle

F(V )
resV,U //

ηV ""

F(U)

ηU||
Fx

commutes. Further, Fx is defined to be the ”upper limit”, i.e. the initial object,
in the collection of all objects C in Ab which have this property. That is, for any
such C, there exists a unique map of abelian groups Fx → C ”down” into C making
everything commute.
While the definition is quite succinct, the concept of a direct limit can seem quite
intractable at times, and a few clarifying remarks are in order. Fx can be expressed
concretely as the abelian group given by:

(4.3) Fx =

∐
V 3x

F (V )�∼

where (f, U) ∼ (g, V ) iff there is an open W ⊂ U ∩ V containing x such that
resU,W f = resV,W g, i.e. two local sections above x are identified whenever they
agree on some small enough neighborhood of x. Whenever U 3 x, f ∈ F (U), we
call the natural image fx of f in Fx the germ of f in Fx. As a final comment on
the definition, the origin of the equivalence relation presented above is captured by
the existence, by definition of Fx, of a commutative diagram:

F (V )

##

��

F (U)

{{

��

F (W )

��
Fx

whenever W ⊂ U ∩ V are elements of Nx.

Given a sheaf morphism ϕ : F → G, we naturally obtain an induced group
homomorphism ϕx : Fx → Gx at the level of stalks for every x ∈ X, by simply
taking a representative (f, U) and defining ϕx[(f, U)] := (ϕU (f))x. The fact that
ϕx is well defined is readily verified by applying the natural transformation ϕ to
the above diagram, so that whenever (f, U) ∼ (g, V ) via resFU,W f = resFV,W g for
some W 3 x, we have by naturality of ϕ:

resGU,W (ϕUf) = ϕW (resFU,W f) = ϕW (resFV,W g) = resGV,W (ϕV g)

and thus (ϕU (f), U) ∼ (ϕV (g), V ) in Gx. This assignment is clearly functorial as a
map x : Ab(X)→ Ab, and for any U 3 x open, ϕU and ϕx fit into the commutative
square:

(4.4) F(U)
ϕU //

��

G(U)

��
Fx ϕx

// Gx
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Lemma 4.5. Let ϕ : F → G, ψ : F → G be sheaf morphisms. Then ϕ = ψ iff
ϕx = ψx for all x ∈ X.

Proof. Only the reverse direction needs to be checked. So suppose ϕx = ψx for
all x ∈ X, and pick s ∈ F (U). We show that in fact ϕU (s) = ψU (s). Letting sx
denote the image of s in Fx, we have by the commutative square (3.4) above, for
each x ∈ U :

(ϕU (s))x = ϕx(sx) = ψx(sx) = (ψU (s))x

Hence we can find a representative (tWx ,Wx), tWx ∈ G(Wx) such that resU,Wx
(ϕU (s))

= resU,Wx
(ψU (s)) = tWx for each x ∈ U . The resulting family (tWx ∈ G(Wx)) forms

a compatible collection of local sections for U , and it follows by uniqueness of glu-
ings in G that we must have ϕU (s) = ψU (s), as needed. �

Lemma 4.6. Let ϕ : F → G be a sheaf morphism. Then for all x ∈ X, (kerϕ)x =
ker(ϕx), where we identify (kerϕ)x with its image under the canonical inclusion
lx : (kerϕ)x ↪→ Fx.

Proof. By functoriality, we immediately have ϕx ◦ lx = (ϕ ◦ l)x = 0, so that
(kerϕ)x ⊆ ker(ϕx). Next, let sx be a given element of ker(ϕx), with representative
s ∈ F (U) for some open U 3 x. By the above discussion, we have a commutative
diagram:

ker(ϕU )
l //

��

F (U)
ϕU //

��

G(U)

��
ker(ϕ)x

lx

// Fx ϕx
// Gx

Hence (ϕU (s))x = ϕx(sx) = 0, so that for some open W ⊆ U about x, we
have resGU,WϕU (s) = 0, thus ϕW (resFU,W s) = 0 by naturality of ϕ. It follows that

(resFU,W s)x = sx lies in (kerϕ)x, as needed. �

Examples 4.7. (i) For a fixed abelian group A, and given p ∈ X, let p∗F denote
the skyscraper sheaf on X at p as defined earlier. Then it is clear that (p∗F )p = A,
and, as long as X is assumed to be at least T1 (say X is Hausdorff), any point q
distinct from p will admit a neighborhood V 3 q such that p /∈ V , which in turn
ensures that (p∗F )q = 0.

(ii) A typical illustration is that of the stalk OM,p of germs of smooth real-valued
functions at a point p in some smooth manifold M. Thinking of the tangent space
TpM of M at p as a set of derivations at p {Xp : C∞(M) → R}, one can capture
the local behavior of tangent vectors Xp ∈ TpM by showing that Xp(f) = Xp(g)
provided the functions f, g agree on some small enough neighborhood W of p. In
other words, a tangent vector Xp is a well-defined operator on the stalk OM,p of
OM at p.

Coming back to our interpretation of a smooth manifold as a ringed space
(M,OM ), one can rather easily prove that the stalks OM,p, which are then taken to
be commutative rings, are in fact local rings. Indeed, fix p ∈ M , and consider the
evaluation morphism evp : OM,p → R, f → f(p). Then evp is clearly surjective, so

that, letting mp := ker evp, the quotient OM,p�mp
is isomorphic to the field R, and

therefore mp is maximal in OM,p. We can just as easily verify that every element
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f ∈ OM,p−mp is a unit, since for any such f , f(p) is non-zero and by continuity we
can locally construct a well-defined multiplicative inverse for f in OM,p. It follows
by elementary commutative algebra that OM,p has a unique maximal ideal, i.e. the
stalk of OM at p is a local ring for every p ∈M .

We saw in the previous section that smooth maps π : M → N between manifolds
can be put in one-to-one correspondence with morphisms of ringed spaces (π, π#) :
(M,OM ) → (N,ON ). If we let mp denote the unique maximal ideal in OM,p for
each p ∈ M , and likewise for N , we observe that for any q ∈ N , the induced ring
homomorphism on stalks π#

q : ON,q → OM,π−1(q) satisfies the relation π#
q (mq) ⊆

mπ−1(q). We call such a ring homomorphism a local ring map.
We can now make sense of the definition of schemes presented at the end of

the previous section. Define a locally ringed space to be a ringed space (X,OX)
such that the stalk of OX at each point x ∈ X is a local ring. A morphism of
locally ringed spaces is then a morphism of ringed spaces such that the induced
ring homomorphism on stalks is a local ring map at each point x ∈ X.

We are now in a position to rectify our previous attempt to construct a natural
notion of cokernel associated to a sheaf morphism and that of a constant sheaf
associated to a fixed abelian group.

Construction 4.8. Let F be a presheaf of on X. Define the sheafification of F to
be the functor F+ : Top(X)op → Ab given by:

(4.9) F+ : U 7−→

 ∀x ∈ X, f(x) ∈ Fx, and
f : U →

∐
x∈X Fx

∣∣ ∃ W 3 x open ,∃ g ∈ F (W ) s.t
f(y) = gy in Fy for all y ∈W


In words, F+ admits as local sections over U the group formed by all functions from
U into the disjoint union of the stalks of X which respect stalks and locally agree
with (possibly different) local sections of F at the level of stalks. By defining the
behavior of F+ with respect to inclusions U ⊂ V in the natural way (as an actual

restriction map on functions, i.e. resF
+

V,Uf := f |U ), we obtain a valid presheaf on X.

Further, we can readily see that F+ satisfies the sheaf condition, so that we have in
fact that F+ ∈ Ab(X). Indeed, given a cover (Ui) of U ∈ Top(X) and compatible
sections (fi ∈ F+(Ui)), simply define f ∈ F+(U) to map x to fi(x) where x ∈ Ui
for some i. Then f is a well-defined element of F+(U), and it is the unique such

element satisfying resF
+

U,Ui
f = fi for all i by construction.

By construction, presheaves and their sheafification are indistinguishable at the
level of stalks; the verification of the following lemma is straightforward.

Lemma 4.10. Let F be a presheaf on X with sheafification F+. Then for all x ∈
X, Fx ∼= F+

x .

As a substitute for the rather involved explicit construction above, it is possible
to characterize the sheafification of a given presheaf uniquely up to isomorphism
as an object in Ab(X) satisfying a universal property which should be familiar to
many readers:

Proposition 4.11. Let F be a presheaf on X with sheafification F+ as defined above.
Then there exists a presheaf morphism θ : F → F+, and the pair (F+, θ : F → F+)
is initial in Ab(X) with respect to this property, i.e. given any sheaf G equipped with
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a presheaf morphism ψ : F → G, there exists a unique sheaf morphism ϕ : F+ → G
making the following triangle commute:

G

F
θ
//

ψ

>>

F+

∃!ϕ

OO

Proof. Define θ : F → F+ by θU : F (U) → F+(U), s 7→ (θU (s) : x 7→ sx), where
sx is the image of s ∈ F (U) under the canonical inclusion F (U) → Fx. One can
verify that the collection (θu)U∈Top(X) is compatible with restriction maps and
hence yields a well-defined presheaf morphism.

Now suppose we are given a presheaf morphism ψ : F → G. To construct
ϕ : F+ → G, we define each ϕU : F+(U)→ G(U) as follows: let f ∈ F+(U), with
associated cover of U given by (Ux), i.e. for each Ux, there is a sUx ∈ F (Ux) such
that we have f(y) = (sUx)y in Fy for all y ∈ Ux. Look at the induced collection
(ψUx(sUx) ∈ G(Ux)), compatible by naturality of ψ, hence by the sheaf property of
G, there exists a unique t ∈ G(U) such that resU,Uxt = ψUx(sUx) for all Ux, and
we set ϕU (f) := t, well-defined by uniqueness (assuming we fix a cover (Ux) of U
associated to f ∈ F+(U) once and for all).

We omit the details of checking the naturality of ϕ, and verify uniqueness. Let
ϕ′ : F+ → G be any presheaf morphism also making the above triangle commute.
By (Lemma 4.5) above, equality can be tested at the level of stalks, where we find
that θx = idFx , giving us immediately from the above triangle ϕx = ψx = ϕ′x for
all x by functoriality, hence we are done. �

Remark 4.12. One could call the sheafification of a presheaf F the sheaf ”generated
by” the presheaf F , as this construction is identical in spirit to that of the free
abelian group Z < S > or more generally the free R-module R⊕S on a given set
S of generators. In the latter case, the corresponding version of the above triangle
ensures that a map out of R⊕S in the category R-Mod of R-modules is fully
determined by its behavior on the generating set, in that we have a bijection for
any given R-module M :

(4.13) HomSet(S,M) ∼= HomR-Mod(R⊕S ,M)

where M is interpreted as its underlying set in Set. We will have more to say
about that in the next section. For now, we proceed to resolve quite a few open
ends relative to constructions encountered earlier.

Construction 4.14. (i) We are now ready to present the dual construction of
the pushforward f∗ : Ab(X) → Ab(Y) induced by a map of spaces f . Define the
pullback of f to be the map f−1 : Ab(Y)→ Ab(X) (sometimes denotes f∗) sending
a given sheaf G to the sheafification f−1G of the presheaf given by:

U 7→ lim−→
V⊃f(U),V ∈Top(Y )

G(V )

While this construction is substantially more involved than that of the pushfor-
ward, it will appear in the next section that the two functors are closely linked to
one another, in that sheaf morphisms F → f∗G in Ab(Y) are in a natural bijection
with sheaf morphisms f−1F → G in Ab(X). For now, we simply highlight that the
construction of stalks could have been presented as the pullback of an appropriate
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continuous map. Indeed, fix x ∈ X, and let j : {x} ↪→ X denote the natural inclu-
sion map. Observe that a sheaf on {x} is just a choice of abelian group, so that
Ab({x}) can be canonically identified with Ab (in particular, the sheaf condition
is vacuous and sheaves and presheaves on {x} are the same thing). Hence, the
pullback of j can be viewed as a functor j−1 : Ab(X)→ Ab given by:

j−1 : F 7→ lim−→
U3j({x}),U∈Top(X)

F(U) =: Fx

(ii) Let A be an abelian group. We can now formalize the relationship between
the constant presheaf A (sending every non-empty open to A) and the constant
sheaf AX on X associated to A, by defining the latter as the sheafification of the
constant presheaf on X. By (Lemma 4.10) above, the stalk of AX at every point
is isomorphic to that of A and hence is ”constant” equal to A at every point.
Slightly more generally, we say that an abelian sheaf F on X is a constant sheaf
if it has constant stalks, i.e. if there is a fixed abelian group A such that Fx = A
for all x ∈ X. Further, a closer look at the sheafification construction yields a
rather concise description for the behavior of AX . Namely, AX sends an open U
in X to the abelian group of locally constant functions f : U → A, equivalently to
the abelian group HomTop(U,A) where the underlying set A is given the discrete
topology.

(iii) Recall from (Construction 2.8) that the naive way of defining a cokernel
presheaf associated to a sheaf morphism ϕ : F → G may fail to yield a valid sheaf;
the same can be said of image presheaves. We define the sheaf cokernel (resp.
the image sheaf ) associated to ϕ : F → G to be the sheafification of the presheaf
given by cokerpreϕ : U 7→ coker(ϕU ) (resp. Impreϕ : U 7→ im(ϕU )), and denote it
by cokerϕ (resp. Imϕ). In particular, one can verify that the obstruction to the
sheaf property encountered in (Construction 2.8) is automatically dealt with by the
sheafification process, in that the compatible local sections themselves can be used
to define an appropriate global section.

Further, (Proposition 4.11) gives us a natural identification of Imϕ as a subobject
of G, as the presheaf morphism ĩ : Impreϕ → G given by inclusion corresponds to
a unique sheaf morphism i : Imϕ → G, which we know is a monomorphism by
agreement of Impreϕ and Imϕ at the level of stalks:

(4.15) G

Impreϕ
θ
//

ĩ

::

Imϕ

i

OO

One can then prove the analog of (Lemma 4.6) for image sheaves, namely that
for all x ∈ X, we have (Imϕ)x = im(ϕx). This allows us to establish an important
local-to-global principle, with which we close this section:

Lemma 4.16. A cochain complex F • of sheaves in Ab(X) is exact iff for each
x ∈ X, the associated complex of stalks ...→ F i−1x → F ix → F i+1

x → ... is exact.

Proof. It suffices to prove that a composite of sheaf morphisms F
ϕ−→ G

ψ−→ H is
exact at G if and only if the associated composite of abelian group homomorphisms
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Fx
ϕx−−→ Gx

ψx−−→ Hx is exact at Gx for all x ∈ X.

First assume kerψ = Imϕ when viewed as subobjects of G. By diagram (4.15)
above, for each open U ⊂ X, imϕU is taken to its inclusion in G(U) by iθ = ĩ, so
that ψU ◦ϕU = 0, hence by functoriality we have that ψx◦ϕx = (ψ◦ϕ)x = 0, so that
imϕx ⊆ kerψx. Now, let sx be an element of kerψx. From ψx(sx) = (ψU (s))x = 0,
we get that resU,WψU (s) = ψW (resU,W s) for some W ⊂ U about x. Hence
resU,W s ∈ kerψW = (Imϕ)W , so that by the above observation we get that
(resU,W s)x = sx ∈ (Imϕ)x = im(ϕx), as needed.

Next, suppose that for all x ∈ X, we have that ker(ψx) = im(ϕx). Suppose
s ∈ (Imϕ)(U). Then we can write s = (sx)x∈U as an element of

∏
x∈U (Impreϕ)x,

so that each sx ∈ (Impreϕ)x = im(ϕx) = ker(ψx). Hence ψ(s) = (ψx(sx)) = 0
and s ∈ (kerψ)(U), and therefore (Imϕ)(U) ⊆ (kerψ)(U). Now let s ∈ (kerψ)(U).
Then for each x ∈ U , we have sx ∈ (kerψ)x = ker(ψx) = im(ϕx), and we may
write sx = ϕx(tx) = (ϕ(t))x for some t ∈ F (W ) corresponding to a locally deter-
mined open W 3 x. Together, these form an element of

∏
x∈U (imϕ)x ⊂

∏
x∈U Gx

locally agreeing with imϕU at the level of stalks, hence we have that (sx)x∈U =
((ϕ(t))x)x∈U ∈ (Imϕ)(U), completing the proof. �

In particular, whenever we have a sheaf inclusion l : F → G, we may define
the quotient sheaf G/H ∈ Ab(X) to be the sheafification of the assignment U 7→
G(U)/l(F (U)). First focusing on the presheaf assignment: the fact that direct
limits of abelian groups preserve exactness yields short exact sequences 0→ Fx →
Gx → (G/F )x → 0 at the level of stalks for each x ∈ X. Since stalks remain
unchanged by sheafification, this immediately results in a short exact sequence of

abelian sheaves 0→ F
l−→ G→ G/H → 0 by the above lemma.

5. A Few Notable Adjunctions

Adjoint functors lie at the heart of Category Theory, and due to its rather
categorical nature, sheaf theory turns out to naturally involve a rich source of
examples on the topic. We briefly recall the definition of an adjunction pair, and
state some of the results that make the existence of such a pair a useful thing to
know. For more details, see for instance the wonderful treatment in [1] [Section
VIII.1].

Given a pair of functors F : A → B, G : B → A, say that F, G form an adjunction
pair, that F is left-adjoint to G, and that G is right-adjoint to F, if for every pair
of objects A ∈ A, B ∈ B, we have a natural bijection:

(5.1) ϕA,B : HomB(FA,B) ∼= HomA(A,GB)

where naturality is taken in the sense that for any morphisms f : A′ → A in A,
g : B → B′ in B, we have commutative squares:

HomB(FA,B)
ϕA,B //

g∗

��

HomA(A,GB)

Hom(A,Gg)

��

HomB(FA,B)
ϕA,B //

Hom(Ff,B)

��

HomA(A,GB)

f∗

��
HomB(FA,B′)

ϕA,B′
// HomA(A,GB′) HomB(FA′, B)

ϕA′,B
// HomA(A′, GB)



14 SAAD SLAOUI

If F : A → B is left-adjoint to G : B → A, then G is the unique functor satisfying
such a property up to natural isomorphism. Further, it can be shown that as a left-
adjoint functor, F is compatible with the operation of taking colimits in A, in the
sense that given any functor L : I → A from some shape category I, we have a
canonical isomorphism in B:

F (lim−→L)
∼ // lim−→ (F ◦ L),

and, as is often the case, the dual statement is true: right-adjoint functors commute
with (inverse) limits.

Now suppose F,G as above are additive functors between abelian categories A
and B, meaning that they induce abelian group homomorphisms on the hom-sets
for any given pair of objects (so that for instance, for any object A in A, F induces
a ring homomorphism F : HomA(A,A) → HomB(FA,FA), where composition of
maps is interpreted as multiplication in the respective rings). Then provided F is
left-adjoint to G, one can show that F is right-exact, meaning that it takes any
short exact sequence

0 // A
f // B

g // C // 0

in A to an exact sequence

FA
Ff // FB

Fg // FC // 0

in B, the reason being chiefly that F preserves cokernels, which are colimits; in par-
ticular, F preserves epimorphisms. Dually, provided G is right-adjoint to F , we are
ensured it is left-exact (and preserves monomorphisms). This is quite an important
fact in our settings, as (wlog) left-exactness of a functor F : Ab(X)→ Ab is what
we need in order to be able to develop the theory of right-derived functors and to
define some notion of cohomology with coefficients in a given sheaf. This will be
done in the next section.

Now is a good time to observe that Ab(X) forms a valid abelian category.
One can check that the kernel and cokernel sheaf associated to a sheaf morphism
ϕ : F → G, the zero sheaf (0U : U 7→ 0) and the direct product sheaf F1 ⊕ F2

given on opens via ((F1 ⊕ F2)U : U 7→ F1(U) ⊕ F2(U)) and on inclusions as

(U ↪→ V ) 7→ (resF1⊕F2

V U : (s, t) 7→ (resF1

V Us, resF2

V,U t)) all satisfy the defining uni-

versal properties of the respective objects in Ab(X). HomAb(X)(F,G) naturally
inherits the structure of an abelian group by defining the sum of sheaf morphisms
component-wise in Ab, and the technical conditions linking kernels to cokernels
are verified.

We now come back to our story and present adjunction pairs that naturally arise
in the study of sheafs. The first pair comes from fixing a space X and looking at
functors between the categories Ab and Ab(X). Consider the pair of functors:

Γ(X, ) : Ab(X)→ Ab, F 7→ F (X)
SX : Ab→ Ab(X), A 7→ AX

where Γ(X, ) is the global section functor sending a given sheaf F on X to the
abelian group of global sections of F, and SX is the constant sheaf functor which
sends an abelian group A to the sheafification of the constant presheaf A on X.
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Theorem 5.2. Given any space X, the global section functor Γ(X, ) is right-adjoint
to the constant sheaf functor SX .

Proof. The content of (Proposition 4.11) tells us that the sheafification functor can
be viewed as the ”free object” functor in Ab(X) via to the universal property it
satisfies. Hence it can be thought of as the (unique) left-adjoint functor to the
”forgetful” functor U : Ab(X) → PAb(X), in that given any presheaf F and any
sheaf G on X, we have natural bijections

(5.3) HomPAb(X)(F,UG) ∼= HomAb(X)(F
+, G).

So to verify the statement of the theorem, it is enough to produce natural bijections,
for any A ∈ Ab and any F ∈ Ab(X):

(5.4) HomAb(A,F (X)) ∼= HomPAb(X)(A,UF ).

where A is the constant presheaf associated to A on X, and the result follows by
composition. Consider the following maps (where we identify F with UF ):

γA,F : HomAb(A,F (X))→ HomPAb(X)(A,F ),

(f : A→ F (X)) 7→ (ψ : A→ F,ψU := resFX,U ◦ f)

ηA,F : HomPAb(X)(A,F )→ HomAb(A,F (X)),

(ϕ : A→ F ) 7→ (ϕX : A→ F (X))

Then one can check that these maps are natural in A and F and are inverses of
each other. �

The above discussion implies the following:

Corollary 5.5. Given any space X, the global section functor Γ(X, ) is left-exact.

Remark 5.6. The adjunction mentioned ”in passing” in the above proof merits
some further consideration. In particular, it tells us that the forgetful functor
U : Ab(X) → PAb(X) is right-adjoint to the sheafification functor, hence left-
exact.

We now come to another adjunction pair hinted at in previous sections, arising
from fixing a continuous map between spaces f : X → Y and considering the
pullback and pushforward functors induced by f :

Theorem 5.7. Let f : X → Y be a continuous map between spaces. Then the
pushforward functor f∗ : Ab(X) → Ab(Y ) is right adjoint to the pullback functor
f−1 : Ab(Y )→ Ab(X).

Proof. Given sheaves F on X and G on Y, we are required to produce natural
isomorphisms:

(5.8) HomAb(Y )(G, f∗F ) ∼= HomAb(X)(f
−1G,F ).

We describe the maps and omit the details of the naturality check.

Let (ψU : lim−→W⊃f(U)
G(W )→ F (U))U∈Top(X) be the data of a sheaf morphism

in HomAb(X)(f
−1G,F ). Given V ∈ Top(Y ), we wish to construct a map G(V )→

F (f−1(V )). Since V ⊃ f(f−1(V )), we have a canonical inclusion:

ηV : G(V )→ lim−→W⊃f(f−1(V ))
G(W ),
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which we may then compose with

ψf−1(V ) : lim−→W⊃f(f−1(V ))
G(W )→ F (f−1(V ))

to get a map ψf−1(V )ηV : G(V )→ F (f−1(V )). Once can check compatibility with
restriction maps using the commutative squares associated with ψ and η:

lim−→W⊃f(f−1(V ))
G(W )

ψf−1(V )//

resG
f−1V,f−1U

��

F (f−1(V ))

resF
f−1V,f−1U

��

G(V )
ηV //

resGV,U

��

lim−→W⊃f(f−1(V ))
G(W )

resG
f−1V,f−1U

��
lim−→W⊃f(f−1(U))

G(W )
ψf−1(U)

// F (f−1(U)) G(U)
ηU
// lim−→W⊃f(f−1(U))

G(W )

Now, start with an element of HomAb(Y )(G, f∗F ), consisting of a collection of

maps (ϕV : G(V ) → F (f−1(V )))V ∈Top(Y ). Given an open U ∈ Top(X), we want
to induce a natural map lim−→W⊃f(U)

G(W )→ F (U). To do so, we follow a procedure

summarized in the following diagram:

G(W )
ψW //

��

F (f−1(W ))
ηW // lim−→W⊃f(U)

F (f−1(W )) F (f−1(W ′))

resF
f−1(W ′),U

��

oo

lim−→W⊃f(U)
G(W ) // F (U)

Given an element in lim−→W⊃f(U)
G(W ), pick a representative (s,W ), and map it to

lim−→W⊃f(U)
F (f−1(W )) using ψW followed by the canonical inclusion

ηW : F (f−1(W ))→ lim−→W⊃f(U)
F (f−1(W )).

Then, pick a representative (t,W ′) of ηWψW (s), where W ′ satisfies W ′ ⊃ f(U),
hence f−1(W ′) ⊃ U , so we can take the restriction map resFf−1(W ),U (t) to obtain

an element of F (U). �

In particular, taking j : {x} ↪→ X to be the inclusion map for a fixed x ∈ X, we
see that the skyscraper sheaf functor Ab → Ab(X), A 7→ Ax at x is right-adjoint
to the stalk functor Ab(X) → Ab, F 7→ Fx, as these functors correspond to the
pushforward and pullback of j, respectively.

6. Some Homological Algebra

We now present a streamlined version of the theory of derived functors, with an
emphasis on the overall structure of the construction. We assume that the reader
is acquainted with the category Ch(A) of chain complexes and chain maps in a
fixed abelian category A and with the notions of chain homotopy and long exact
sequence in homology associated to a short exact sequence of chain complexes (the
first few sections of [17] are amply sufficient).

The essence of the argument is the following: given a (covariant, additive) left-
exact functor F : A → B between abelian categories, one may wish to correct for
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the failure of the functor to be right-exact. Starting with a fixed short exact se-
quence 0→ A→ B → C → 0 in A, this can be done by associating to this sequence
a split-exact short exact sequence of chain complexes 0 → I• → J• → K• → 0
in Ch(A) which has the property that the long exact sequence in homology in-
duced by the short exact sequence 0 → F (I•) → F (J•) → F (K•) → 0 is
bounded below, left-exact and naturally isomorphic in degree zero to the entries
0 → F (A) → F (B) → F (C) associated to the short exact sequence we started
with, i.e. it is precisely the exactness continuation we sought out at the beginning.

The crucial part of the argument was the construction of 0→ I• → J• → K• →
0 from 0→ A→ B → C → 0, a process which can and is usually done ”pointwise”,
i.e. one object at a time. So fix an object A ∈ A. A sufficient (but not strictly
necessary, as we will see later) condition on the chain complex I• is for it to be an
injective resolution of A.
Recall that given any object B ∈ A, we may define a contravariant, left-exact
functor HomA( , B), acting on morphisms by pre-composition.

Definition 6.1. An object I ∈ A is said to be injective if the associated functor
HomA( , I) is exact; equivalently, I is injective iff given any monomorphism f : A→
B, given any map α : A → I, there exists a map β : B → I making the following
triangle commute:

I

0 // A
f
//

α

OO

B

∃β
__

Remarks 6.2. The equivalence simply comes from ”reading out-loud” what it means

for the image of an arbitrary short exact sequence 0 → A
f−→ B → C → 0 under

the application of the functor HomA( , I) to satisfy right-exactness.
A dual construction to the above can be carried out to correct for the potential

failure of right-exact functors to be left-exact, by use of projective resolutions. As
our main application in these notes will concern the left-exact global section functor
Γ(X, ), we omit this side of the story, and only refer to it in a non-essential way
in (Example 6.15).

Definition 6.3. Given an object A ∈ A, an injective resolution of A is a pair
(I•, ε : A → I0), where I• is a chain complex in A such that Ik is an injective
object for k ≥ 0, Ik = 0 otherwise, and such that the associated chain complex:

0 // A
ε // I0 // I1 // ...

is exact; equivalently, we require the map ε : A → I• to be a quasi-isomorphism
when taken to be a chain map from A = (... → 0 → A → 0 → ...) viewed as a
complex concentrated in degree zero to I•.

Say an abelian categoryA has enough injectives if every object admits a monomor-
phism into an injective object, i.e. if for every A ∈ A there is an injective object
I ∈ A and an ”exact sequence” 0→ A→ I. If A has enough injectives, then every
object in A admits an injective resolution, which can be obtained as indicated in
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the following diagram:

(6.4) 0 // A
ε // I0

π
""

d0:= d̃0π // I1

π
##

d1:= d̃1π // I2 // ...

cokerε

d̃0

<<

cokerd0
d̃1

;;

where (cokerε, π : I0 → cokerε) is the categorical cokernel associated with the

morphism ε, d̃0 is a monomorphism from cokerε into an injective object I1, and so
on.

So let A be an abelian category with enough injectives. Then the following key
lemma ensures that injective resolutions for a given object are unique up to chain
homotopy equivalence.

Lemma 6.5. Let ϕ : A → B be a morphism in A, and let I•, J• be injective
resolutions for A, B respectively. Then there exists a chain map ϕ : I• → J•,
unique up to chain homotopy, making the following diagram commute:

0 // A
ε //

ϕ

��

I0 //

ϕ

��

I1 //

ϕ

��

...

0 // B
ε′ // J0 // J1 // ...

Corollary 6.6. Given an object A in an abelian category, any two injective reso-
lutions of A are chain homotopy equivalent.

Proof. (of corollary) Given (I•, ε : A → I0), (J•, ε′ : A → J0), simply apply the
above lemma twice with idA : A→ A, once from I• to J• and once backwards; take
the composites and use uniqueness of the induced chain maps I• → I•, J• → J•

up to chain homotopy together with the fact that idI• , idJ• respectively are also
satisfactory choices to get the required chain homotopy equivalence I• ' J•. �

We are now ready to present the main construction of this section.

Construction 6.7. Let F : A → B be a covariant, additive, left-exact functor
between abelian categories, and assume A has enough injectives. Define the ith

right-derived functor of F to be the functor RiF : A → B which sends an object
A ∈ A to Hi(F (I•)), the cohomology in degree i of the chain complex F (I•), where
I• is an injective resolution of A, and sends a morphism ϕ : A→ B to the induced
morphism in cohomology (F (ϕ))∗ : RiF (A) → RIF (B), where ϕ : I• → J• is
induced by ϕ as in (Lemma 6.5) above.

This functor is well-defined and additive by chain homotopy invariance and addi-
tivity of cohomology and uniqueness of both injective resolutions and induced chain
maps between injective resolutions up to chain homotopy equivalence (we also use
the fact that F : A → B preserves chain homotopy equivalences).

The construction can be summarized by the following diagram:

(6.8) A // Ch(A)
F // Ch(B)

Hi // B

A
� // I• � // F (I•)

� // Hi(F (I•)) =: RiF (A)
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It is now possible for us to formalize the ”exactness continuation” process we
described at the beginning of this section. We first state a technical but routine
lemma and refer the reader to [17] for a proof:

Lemma 6.9. (Horseshoe lemma) Let A be an abelian category, and let 0 → A →
B → C → 0 be a short exact sequence in A. Suppose we are given injective
resolutions I•,K• for A,C respectively. Then there exists an injective resolution
J• for B which fits into a commutative diagram:

(6.10) 0

��

0

��

0

��
0 // A

ε //

f

��

I0 //

��

I1 //

��

...

0 // B
ε′′ //

g

��

J0 //

��

J1 //

��

...

0 // C
ε′ //

��

K0 //

��

K1 //

��

...

0 0 0

Theorem 6.11. Let A be an abelian category with enough injectives, let F : A → B
be a covariant, additive left-exact functor between abelian categories, and let 0 →
A → B → C → 0 be a short exact sequence in A. Then the right-derived functors
of F fit into a long exact sequence:

(6.12) 0 // R0F (A) // R0F (B) // R0F (C)

δ

tt
R1F (A) // R1F (B) // R1F (C)

δ

tt
R2F (A) // ...

Furthermore, we have an isomorphism R0F (A) ∼= F (A) for all A ∈ A.

Proof. Let (I•, ε : A → I0), (K•, ε′ : C → K0) be injective resolutions for A,C
respectively. By the Horseshoe lemma, we may find an injective resolution (J•, ε′′ :
B → I0) for B producing the commutative diagram (6.10) above. Now, it is
immediate from the definition of an injective object that each short exact sequence
0→ In → Jn → Kn is split-exact, as we can use the monomorphism 0→ In → Jn

and the map idIn : In → In to get a retraction β : Jn → In by injectivity of In.
Since exactness of split short exact sequences is preserved under the application of
functors, we obtain a short exact sequence of chain complexes:

0→ F (I•)→ F (J•)→ F (K•)→ 0

whose associated long exact sequence in homology is precisely the long exact se-
quence (6.12). Finally, to obtain an isomorphism R0F (A) ∼= F (A), simply note that
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by left-exactness of F , we have an exact sequence 0 → F (A) → F (I0) → F (I1),
so that R0F (A) := H0(F (I•)) = ker(F (I0) → F (I1)) = im(F (A) → F (I0)) ∼=
F (A). �

In fact, there are a few more properties associated to the family of functors
RF = (RF i : A → B)i making it into what we call a universal δ-functor. See (sec-
tion III.1) of [7] for more details on δ-functors, and chapter IX of [1] for a highly
readable treatment of derived functors centered around the Tor and Ext derived
functors, which we mention briefly below.

We now point to an alternative way of computing right-derived functors, which
we will be putting to use at a later time. Indeed, while uniqueness up to chain
homotopy equivalence of injective resolutions make injective objects a great theo-
retical tool in the construction of right-derived functors, injective objects are not
always easy to come by. Noting that RiF (I) = 0 for all i > 0 (since the complex I
concentrated in degree zero is a valid injective resolution), one may proceed to show
that this condition is sufficient for objects to be used as components of a resolution.

Definition 6.13. Let F : A → B be a covariant, additive, left-exact functor
between abelian categories, and suppose A has enough injectives. An object K ∈ A
is said to be F -acyclic if RiF (K) = 0 for all i > 0.

We state the following without proof (see for instance [1] [Thm VIII-8-3] for a
proof):

Proposition 6.14. Let F : A → B as above, let A be an object in A, and let

0→ A
ε−→ K0 → K1 → ...

be an exact sequence in A such that Kn is F -acyclic for all n. Then we have natural
isomorphisms Hi(F (K•)) ∼= RiF (A) for each i ≥ 0.

Example 6.15. Let R-Mod denote the category of R-modules over a commuta-
tive ring R. Then R-Mod and Ab = Z-mod are abelian categories with enough
injectives (see [12] for a short proof of that fact).

Fix an R-module P . We have an adjunction between the additive functors ⊗R
P : R-Mod→ Ab and HomR(P, ) : Ab→ R-Mod, via natural bijections:

HomAb(M ⊗R P,N) ∼= HomR(M,HomAb(P,N)))

Hence ⊗R P appears to be a left-adjoint, hence right-exact functor, and we may
compute its left-derived functors Li( ⊗R P ) =: TorRi ( , P ) : R-Mod → Ab. re-
ferred to as the Tor functors. Dually, HomAb(P, ) is right-adjoint, hence left-exact,
and we may use injective resolutions in Ab to compute its right-derived functors
Ri(HomAb(P, )) =: ExtiR(P, ) : Ab→ R-Mod, which we call the Ext functors.

Both of these constructions play a central role in elementary algebraic topology,
providing answers to natural questions one may ask about (singular) homology and
cohomology. Namely, the first Tor functor fits into a split short exact sequence

0→
⊕
p+q=n

Hp(X)⊗Z Hq(Y )→ Hn(X × Y )→
⊕

p+q=n−1
TorZ1 (Hp(X), Hq(Y ))→ 0

known as the Künneth formula, which allows one to compute the singular homology
groups of a product of two spaces assuming the homology groups of the component
spaces are known. In turn, the first Ext functor appears in a split short exact
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sequence known as the Universal Coefficient Theorem for cohomology and allows
one to deduce the singular cohomology groups of a space X with coefficients in a
given abelian group G once one has determined the integral homology groups of X:

0→ Ext1Z(Hn−1(X), G)→ Hn(X;G)→ HomAb(Hn(X), G)→ 0

The above results also hold when Z is replaced by any commutative ring R, and
G is taken to be an R-module. For more on these objects and their interactions,
see for instance [8].

7. Defining Sheaf Cohomology

We now begin to apply the theory of the previous section to the realm of sheaves
of abelian groups. In order to do so, we must first verify that Ab(X) has enough
injectives. Recall the statement of (Lemma 4.16) , which reduces exactness of a
short exact sequence of sheaves to exactness at the level of stalks, and vice-versa.

Theorem 7.1. Let X be space. Then the abelian category Ab(X) has enough
injectives.

Proof. We use the fact that Ab has enough injectives (see [12] for a proof). Let F
be a given element of Ab(X). For each x ∈ X, pick a monomorphism lx : Fx → Ix

in Ab from the stalk of F at x to some injective abelian group Ix. Viewing each
Ix as a sheaf over {x} and letting j : {x} → X be the usual inclusion map, we may
consider the direct product sheaf I :=

∏
x∈X j∗I

x on X as introduced in (Example
2.5), with I(U) =

∏
x∈U I

x by construction.

Now, define a morphism ε : F → I by εU : s ∈ F (U) 7→
∏
x∈U lx(sx). This is

a valid sheaf morphism; indeed, by definition, stalks identify elements with their
restrictions, so that given an inclusion U ↪→ V and an element s ∈ F (V ), we have
sx = (resFV,Us)x for each x ∈ V , and compatibility of ε with restrictions follows.

Further, ε is a monomorphism: if εU (s) = 0, then lx(sx) = 0, so by injectivity of
the lx, sx = 0 for all x ∈ U , hence s = 0 by uniqueness of gluings.

So it is enough to check that I is an injective object in Ab(X). Let

(7.2) 0→ F ′ → F → F ′′ → 0

be an arbitrary short exact sequence in Ab(X). We need to show that the resulting
sequence

(7.3) 0→ HomAb(X)(F
′′, I)→ HomAb(X)(F, I)→ HomAb(X)(F

′, I)→ 0

is in fact exact. Now, we have:

HomAb(X)(F, I) =
∏
x∈X

HomAb(X)(F, j∗I
x), by compatibility of Hom with products

=
∏
x∈X

HomAb({x})(j
−1F, Ix), by adjunction of j∗, j

−1

=
∏
x∈X

HomAb(Fx, I
x), by definition of j−1F w.r.t. j : {x} → X
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Further, for each x ∈ X, the sequence 0→ F ′x → Fx → F ′′x → 0 is exact in Ab by
exactness of (7.2) above and (Lemma 4.16), hence by injectivity of each Ix, each
associated sequence

0→ HomAb(F ′′x , I
x)→ HomAb(Fx, I

x)→ HomAb(F ′x, I
x)→ 0

is exact, which by the above chain of isomorphisms yields exactness of the sequence
in (7.3), as needed. �

Our aim is to define the sheaf cohomology groups of a given space X with coeffi-
cients in an arbitrary sheaf F on X. Recall from (Section 5) that the global section
functor Γ(X, ) : Ab(X)→ Ab is right-adjoint to the constant sheaf functor, hence
left-exact.

Definition 7.4. Let X be a space, and let F be a sheaf of abelian groups on X.
Define the ith sheaf cohomology group of X with coefficients in F to be the group
obtained as the ith right-derived functor of Γ(X, ) applied to F:

(7.5) Hi(X,F ) := Ri(Γ(X, ))(F ).

As mentioned in the introduction, the general notion of sheaf cohomology may
not satisfy homotopy invariance. However, homotopy invariance does hold for a
certain class of sheaves. Say a sheaf F ∈ Ab(X) is locally constant if every point
x ∈ X admits a neighborhood U 3 x such that F |U is isomorphic to a constant
sheaf.

Theorem 7.6. Let f ' g : X → Y be homotopic maps between spaces, and let G
be a locally-constant sheaf on Y . Then for each n ≥ 0, there exists an isomorphism
θ : Hn(X, f−1G)→ Hn(X, g−1G) making the following triangle commute:

(7.7) Hn(Y,G)

g∗

ww

f∗

''
Hn(X, f−1G)

θ // Hn(X, g−1G)

The argument is technical and we choose to omit it to keep with the expository
spirit of this paper; we refer the curious reader to [14] for a proof. As a corollary,
we get the following:

Corollary 7.8. If f : X ' Y is a homotopy equivalence and G is a locally constant
sheaf on Y , then we have isomorphisms, for all n ≥ 0: Hn(Y,G) ∼= Hn(X, f−1G).
In particular, if G = AY is a constant sheaf, then we have isomorphisms, for all
n ≥ 0: Hn(Y,AY ) ∼= Hn(X,AX).

Proof. Suppose now that G = AY is a constant sheaf on Y . Recall from (Theorem
5.7) that the inverse image functor f−1 : Ab(Y )→ Ab(X) is left-adjoint, hence it
commutes with taking colimits. Since the stalk operator is a special kind of colimit,
it follows that at each point x ∈ X, we have an isomorphism (f−1G)x = Gf(x) = A,
and the result follows. �

8. Flasque Sheaves

As discussed in (Construction 6.14), Hi(X,F ) is computed by finding an injective
(or Γ(X, )-acyclic) resolution (I•, ε : F → I0) for the abelian sheaf F and taking
cohomology of the resulting sequence Γ(X, I•) in degree i. The naive way one
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would go about doing this is to iteratively apply the construction described in the
proof that Ab(X) has enough injectives by following diagram (6.4): first obtain
a monomorphism ε : F → I0, check if the resulting cokernel is injective, look for
a new monomorphism cokerε → I1 if not, and so on. The problem in practice
is that the cokernel of a sheaf morphism ϕ : F → G in Ab(X) is defined as
the sheafification of the natural assignment (cokerϕ : U 7→ coker(ϕU )), which can
rapidly become an unwieldy object to identify as the subobject of some new injective
object. The objective of this section is to present some conditions for acyclicity that
can sometimes improve one’s prospects of computing the cohomology of a given
sheaf.

Definition 8.1. Say a sheaf F ∈ Ab(X) is flasque if for every inclusion U ↪→ V ,
the associated group homomorphism F (V )→ F (U) is surjective.

Equivalently, a sheaf F is flasque iff F (X) → F (U) is surjective for every open
inclusion U ⊂ X, i.e. iff every local section can be extended to a global one. Note
in particular that if F is flasque, then for any open U ⊂ X, the restricted sheaf F |U ,
V 7→ F (V ) is also flasque. We first show that injectivity is a stronger condition
relative to being flasque:

Lemma 8.2. Every injective abelian sheaf is flasque.

Proof. Let I be an abelian sheaf, and define the direct product sheaf F :=
∏
x∈X j∗Ix

as in (Theorem 7.1), so that F (U) corresponds to the abelian group of maps
{f : U →

∏
x∈U Fx}. Note that F is trivially flasque, as local sections may be

extended by zero. Further, we have a natural sheaf map ε : I → F via the assign-
ment s ∈ I(U) 7→ (sx)x∈U . Hence we obtain a short exact sequence:

0→ I
ε−→ F → F/I → 0

Observe that this sequence automatically splits because I is injective, and note
that whenever a flasque sheaf can be expressed as a direct sum of sheaves, the
direct summands are automatically flasque. Hence it follows that I is flasque, as
claimed. �

From the following theorem and (Proposition 6.14), it follows that we can use
resolutions of flasque sheaves to compute the derived functors of Γ(X, ). This is
rather convenient, as one can expect the question of whether the local sections of
a given sheaf systematically extend to global ones to be easier to answer than that
of whether the sheaf is injective.

Proposition 8.3. Let F be a flasque abelian sheaf. Then F is Γ(X, )-acyclic.

Proof. We follow the argument given in [13] [Proposition 6.75].

(i) We first show that the global section functor is exact when applied to any

short exact sequence 0 → F ′
l−→ F

ϕ−→ F ′′ → 0 in which F ′ is assumed to be
flasque. We need only check that the map ϕX : F (X) → F ′′(X) is surjective, and
we do so by a standard application of Zorn’s Lemma. So pick an arbitrary element
s′′ ∈ F ′′(X), and consider the collection

X := {(s, U) | U ∈ Top(X), s ∈ F (U) satisfies ϕU (s) = resF
′′

X,Us
′′},

partially ordered via (U ′, s′) ⊆ (U, s) whenever U ′ ⊂ U and resF
′

U,U ′s = s′.
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X is non-empty as it automatically contains (0,∅). Given a chain {(si, Ui)} in
X, one may look at the family of local sections {si ∈ F (Ui)} ∪ {sij := resUi,Uijsi ∈
F (Uij)} in U :=

⋃
i Ui (where Uij = Ui ∩ Uj). This family is compatible under

restrictions, so that there exists a unique gluing (U, s) satisfying resU,Uis = si for
all i and ϕU (s) = s′′, hence (U, s) is a valid upper bound for {(si, Ui)}.

So let (U, s) denote the maximal element in X. We claim that U = X, in which
case we are done. Otherwise, we work towards a contradiction. So pick x ∈ X−U .
By (Lemma 4.16), surjectivity of ϕ : F → F ′′ implies surjectivity of ϕx : Fx → F ′′x
at the level of stalks. Hence s′′x = ϕx(tx) for some V 3 x open, t ∈ F (V ), such that
we then have ϕ(t) = resX,V s

′′.
In particular, on U ∩ V , we have resU,U∩V s − resV,U∩V t ∈ kerϕU∩V = (Iml)U∩V .
Hence viewing the difference as an element in F ′(U ∩ V ) with F ′: flasque, we can
find an extension to a section r ∈ F ′(V ) satisfying

resFU,U∩V s = resFV,U∩V t+ resFV,U∩V l(r)

on F (U ∩ V ) by construction.
Thus we get a compatible pair of local sections (s, U), (t+ l(r), V ) on U ∪ V ) U ,
which extends to a global section r ∈ F (U ∪ V ) satisfying ϕ(r) = s′′ by uniqueness
of gluings, thereby contradicting maximality of (s, U).

(ii) We claim that from the existence of an exact sequence 0 → F ′ → F →
F ′′ → 0 with F, F ′ flasque, we can deduce that F ′′ is flasque. Let U ⊂ X be an
arbitrary open subset. First observe that the fact that F ′, and hence that F ′|U is
flasque, ensures us that ϕU : F (U) → F ′′(U) is surjective by (i), from the short
exact sequence 0 → F ′(U) → F (U) → F ′′(U) → 0 resulting from the application
of the Γ(U, ) functor to the provided exact sequence. Now, we have a commutative
square:

F (X)
ϕX //

resFX,U
��

F ′′(X)

resF
′′

X,U

��
F (U)

ϕU
// F ′′(U)

Where resFX,U is surjective because F is flasque, hence by the above comment,

resF
′′

X,U must be surjective, as needed.

We are now ready to prove acyclicity. Let F be an arbitrary flasque sheaf, with
l : F → G: monomorphism into G: injective, hence flasque sheaf by (Lemma 8.2).
Taking H := G/F , we get an exact sequence

(8.4) 0→ F → G
ϕ−→ H → 0

where H is flasque by (ii) above. Now, G is injective, so Hn(X,G) = 0 for all
n ≥ 1. At n = 1, the long exact sequence in cohomology associated to the sequence
resulting from applying the global section functor to (8.4) yields that H1(X,F ) =
coker(ϕX : G(X)→ H(X)) = 0, using (i) together with the fact thatH1(X,G) = 0.
In particular, this tells us that H1(X,F ) = 0 for any flasque sheaf. We then
proceed by induction on n, observing that for n ≥ 1, the same long exact sequence
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in cohomology gives us an isomorphism:

...→ 0→ Hn(X,H)
∼−→ Hn+1(X,F )→ 0→ ...

which, together with the fact that H is flasque, completes the induction and yields
Hn(X,F ) = 0 for all n ≥ 1. �

9. Čech Cohomology

Construction 9.1. Let F be an abelian sheaf on X, and let U = {Uα}α∈A be an
open cover of X. Write Uα0...αk for the intersection Uα0

∩ ... ∩ Uαk , and define the
group of k-cochains of U with coefficients in F , denoted Ck(U , F ), to consist of the
functions

ck ∈
∏

α0<...<αk

F (Uα0...αk)

under pointwise addition, where a total ordering has been defined on A. That is,
cochains in Ck(U , F ) assign to each ordered tuple (α0, ..., αk) from A an element
of F (Uα0...αk). Next, define the coboundary maps δ : Ck(U , F ) → Ck+1(U , F ) to
be given by the assignment:

δ : ck 7→
(
δ(ck) : (α0, ..., αk+1) 7→

k+1∑
i=0

(−1)ick(α0, ..., α̂i, ..., αk+1)|Uα0...αk+1

)
where each ck(α0, ..., α̂i, ..., αk+1)|Uα0...αk+1

denotes the image of ck(α0, ..., α̂i, ..., αk+1)

under the restriction map F (Uα0...α̂i...αk+1
)→ F (Uα0...αk+1

) provided by the inclu-

sion Uα0...αk+1
↪→ Uα0...α̂i...αk+1

. A direct calculation yields δ2 = 0.

Finally, define the kth Čech cohomology group of U with coefficients in F to be:

Ȟ
k
(U , F ) := Hk(C•(U , F ), δ).

Remark 9.2. Two other variants of Čech cohomology are sometimes defined, dif-
fering from the above in the choice of domains for the cochains. Instead of using
a total ordering on A, one could take the domain to be all tuples (α0, ..., αk) in
Ak+1, including repeated entries. One could also consider an alternating formu-
lation of Ck(U , F ), where we identify ck(ασ(0), ..., ασ(k)) = sgn(σ)ck(α0, ..., αk) for

all permutations σ ∈ Sk+1, and set ck(α0, ..., .αk) = 0 if αi = αj for some i 6= j. It
turns out that the above three ways of constructing Ck(U , F ) all produce isomor-
phic Čech cohomology groups - see [5] for a proof of this fact. We choose the total
ordering version for its geometric appeal, which is hinted at below.

The combinatorial nature of this construction can be further emphasized by
viewing k-cochains in Ck(U , F ) as functions whose domain is the nerve N(U) of
the open cover U , namely the abstract simplicial complex obtained by declaring
{α0, ..., αk} to be a simplex in N(U) whenever the intersection Uα0...αk is non-
empty. Then, Ck(U , F ) can be interpreted as the direct product of abelian groups

Ck(U , F ) =
∏

σ∈N(U),dimσ=k

F (Uσ)

ranging over all the k-simplices in the nerve of U , where we write Uσ for the in-
tersection Uα0...αk , with σ = {α0, ..., αk}. Further, the coboundary map can be
understood as sending a k-cochain to a (k+1)-cochain acting on (k+1)-simplices
as the usual coboundary homomorphism, with the caveat that the functional first
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takes its values on the groups associated to the faces, before the alternating sum
is taken in the group associated to the (k+1)-simplex via the provided restriction
maps.

We wish to express the Čech cohomology of X with coefficients in F as the
categorical direct limit in Ab taken over all open covers of X. First observe that
the collection of open covers of X can naturally be partially ordered by refinements.
Recall that given two open covers U = {Uα}α∈A,V = {Vβ}β∈B of X, we say that
U is a refinement of V if, for every α ∈ A, we have Uα ⊆ Vβ for some β ∈ B. We
declare V ≤ U whenever U is a refinement of V.

Now, whenever V ≤ U , with respective indexing sets B,A as above, we have a
refinement map λ : A → B satisfying Uα ⊆ Vλ(α) for all α ∈ A. This map can be
used to define a map at the level of cochain complexes:

λ# : Ck(V, F )→ Ck(U , F )

ck 7→
(
(λ#ck) : (α0, ..., αk) 7→ ck(λ(α0), ..., λ(αk))|Uα0...αk

∈ F (Uα0...αk)
)
,

well-defined because of the inclusion Uα0...αk ⊆ Vλ(α0)...λ(αk). A direct computation

shows that λ# : C•(V, F )→ C•(U , F ) is a valid chain map, hence it descends to a
collection of valid maps on cohomology:

λ∗ : Ȟ
k
(V, F )→ Ȟ

k
(U , F )

for all k ≥ 0.
Further, we note that any two refinement maps λ, µ : A → B yield homotopic

chain maps λ# ' µ# : C•(V, F )→ C•(U , F ), with chain homotopy provided by

h : C•(V, F )→ C•−1(U , F ),

ck 7→
(
(hck) : (α0, ..., αk−1) 7→

k−1∑
i=0

ck(λ(α0), ..., λ(αi), µ(αi), ..., µ(αk−1))|Uα0...αk

)
The verification of the equality

µ# − λ# = δh+ hδ

as maps Ck(V, F )→ Ck(U , F ) for all k ≥ 0 is involved but straightforward.

Hence any two refinement maps associated to a given refinement induce the
same maps on cohomology. It follows that we have a valid direct system of abelian
groups, for k ≥ 0 fixed:

(9.3)
(
Ȟ
k
(U , F ), λ∗V,U

)
,

where U ranges over all open covers of X, and for each refinement V ≤ V, λ∗U,V is
the map on cohomology

λ∗U,V : Ȟ
k
(V, F )→ Ȟ

k
(U , F )

induced by any refinement map between the underlying indexing sets of U and V.
This direct system is well-defined by the above discussion together with the chain
homotopy invariance of cohomology. We may then define:
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Definition 9.4. For any n ≥ 0, the nth Čech cohomology group of X with coeffi-
cients in F ∈ Ab(X) is defined to be the direct limit:

Ȟ
n
(X,F ) := lim−→

U
Ȟ
n
(U , F ),

ranging over the direct system of abelian groups (9.3).

A judicious choice of open cover yields isomorphisms between Čech cohomology
as defined above and regular sheaf cohomology which bypass the direct limit step
of the above process:

Theorem 9.5. (Leray) Let F be an abelian sheaf on X, and let U = {Uα}α∈A be

an open cover of X. Suppose that Ȟ
k
(Uα0...αk , F ) = 0 for all k ≥ 0 and for all

{α0, ..., αk} ∈ N(U). Then we have an isomorphism, for all n ≥ 0:

Ȟ
n
(U , F ) ∼= Hn(X,F ).

The above theorem is attributed to Leray, who in the 1940s formulated for the
first time the notion of a sheaf in one of his papers [10]. Combined with homotopy
invariance of sheaf cohomology with coefficients in a locally constant sheaf as stated
in (Theorem 7.8), this result gives us a useful corollary. Say an open cover U of
a space X is good if all finite intersections of U are contractible, hence homotopy
equivalent to a one point space.

Corollary 9.6. Let F be a locally-constant sheaf on X, and let U be a good cover
of X. Then we have an isomorphism, for all n ≥ 0:

Ȟ
n
(U , F ) ∼= Hn(X,F ).

Example 9.7. Consider the constant sheaf ZS1 on the circle S1 ⊂ C. Construct an
open cover U = {U0, U1, U2} of S1 with each Ui taken to be an open arc covering a
little more than a third of S1, so that each Uij is a small, contractible arc and U012

is empty. Then U is a good cover of S1, hence by the above corollary can compute
the sheaf cohomology of S1 with coefficients in the constant sheaf ZS1 using the

isomorphisms Ȟ
∗
(U ,ZS1) ∼= H∗(S1,ZS1).

The computation now becomes highly tractable. A 0-chain, i.e. an element
c0 ∈ C0(U ,ZS1), consists of a choice of locally constant Z-valued function on each
Ui: connected (i < j), hence we clearly have C0(U ,ZS1) = Z3. Similarly, an
element c1 ∈ C1(U ,ZS1) is a choice of a value of Z for each of the three connected
opens Uij , so again C1(U ,ZS1) = Z3. Hence the Čech complex associated to U and
F is given by:

...→ 0→ Z3 δ−→ Z3 → 0→ ...

where δ sends c0 to the 1-cochain (δc0) given by its actions

(δc0)(U01) = (c0(U1)− c0(U0))|U01 ,

(δc0)(U02) = (c0(U2)− c0(U0))|U02 ,

(δc0)(U12) = (c0(U2)− c0(U1))|U12 .

With restriction maps being just identity mappings as elements of Z, so that as an
element of Z3, δc0 = (c0(U1) − c0(U0), c0(U2) − c0(U0), c0(U2) − c0(U1)). It then
appears that

H0(S1,ZS1) ∼= Ȟ
0
(U ,ZS1) = ker(δ : C0(U ,ZS1)→ C1(U ,ZS1)) ∼= Z, and

H1(S1,ZS1) ∼= Ȟ
1
(U ,ZS1) = coker(δ : C0(U ,ZS1)→ C1(U ,ZS1)) ∼= Z,
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coinciding with singular cohomology with Z coefficients, as is the case for constant
sheaves with respect to any abelian group.
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