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Why is the chain rule correct Recall fcg.cn fgcxDgkx

f gas him fCgc thD fcg
h o h

f ga t f h h fcgcxhim
h o k H

few ffgcxltgkxs.tn fCg gig
o glas h

H
line fCgG It f gas
4 off gla

f CgCx a g Cx

Implicitdifferentiation
Sometimes solving y forx is difficult
Exe X tyre 9 circle of radius 3

y2 9 x

y IV

the arole is inamaiation of
thegraphs of 2 functors

Piecewise representable as a graph



EI Xs t y
3 6 x y Forinstance G 3 lies on this

curve
solutionsdescribe a Carte 33 33 6 3.3

I 2 33 2 3
2 33ya i slope I

µ ye what is thescopeof the tangent
ix line at 3,3 y 32
yay gCx satisfies

s YI 6 x gasp
yea yea yea all satisfy the same equation

Differentiate in on tofu sides of equality sign
3 2 3 gtx ykx 6yes t 6 x gKx

Solvefar yCx a

3y2cx ykx Gx yl 6g x 3 2

3y4x 6x y Cx 6gCx 3 2

2 y
6741 32 2y 2

3yKx 6x y
2 2x

at 3,3 y 3 2 32 slope L
32 2.3

3 yl3 3

Find y ex if
since gt y cosx

Differentiate in here y is the same as ya
f gCais where f x six f Cx cosx

gCx x2cyet g Cx 2x t 2 y y



cosCx2ty2 2x 2g yl y cos y sinx

f gex g ex
s x4y2 2x cosCx4 y2 2g y y cos y six

Sobefory
cosCx4y2 2g y y cos cosCx4y2 2x g sine

cosCx2ey2 2g cosx y cos y2 a 2x 2 tux

g
I z coscx2iyzj 2x y.s.in

cosCx2 y2 2g cos a

Obseye o o lies on the canoe

sinceOtto 0 cos 0
ao y I

O O

at yicok gs.EE3 o E snoo I o

O C

Tangent line linear approximation
Ff Gl

q
ca

Formula for thetangent line if fCaz fka x a

Checki linear fat in
yea Ica f ca Ca a fCa
yCx f ca is constant graphis indeed a line
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y d m x a

J
Dein The function gCx f Ca t f ka x a is called

the linearapproxeniation linearization off
at a

For close to a the lui earization is a good approximation
of fCal

E Find linearization of sinx at o i fcxisiux.eeO
sinx Siu o O

Siu o cos 0 1

y sire 0 t Siu O x o

0 1 x x

EI Find linearization of e at o I I
J'Cx o I I
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no scope I

x
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Exg Calculate VToz without a calculator
fCx TT f x'a
x 4.02 pick a

a
Iasy tocalalaK

a 4
f x x K

2

f 42 Ty 2

f 4 a Try ty
Linearization y Z t 4 4.02 4

i I a
fCa Aka
Z 1 If a 0.02 2.005

on 005

E Calculate he 3 without a calculator
e a 2.72
f x lax

f Cx
a e a 2.72
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Linearization y t
2
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22 x e _afCag te flag

t
2

0.28 It 28 21 I
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EI Farid 33 in linear approximation
f x 3

f x 3 be3
3 O l
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Linearapproximation
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i
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Exe Find la 1 oz in linear approx and determine
thedifferential for a 1 x 1.02

fCx lux
f Cx

Linearization

y ln I t T 1.02 1
en afCa fka

O t I n O 02 0.0 2

Differential conicidutallyequalbecause f G he1 0

y f car IX ly 0.02 0.02

Note Notations for derivatives f Ex
d
dx

Eg ln8 in linear affrox and differential
fCx lax

f Cx
x 8 a I 2.722

f a beef 2

f a et E 725
Lai Kai

212.725 z 32 1 2 3 2.72 3 9 16 C 0.28

g x
2 X 272 1.68

gkx1 2x a 3 7.32
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Linearization

y Z t
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fCa 22 X a e2

2 o 68 Z t I I 2 095732

is to Go s co
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R tes

n How does onequantity change when anotherquantity
that it depends on changes

Exe Ball shaped balloon of volume V r s r realm

when air ispumped so that
DV
F V'Ct coo anySec

then what is the rate ofchangeper see of the
radius once r 25cm

want to know chainrule

differentiate volume formula dude 4Ig 3 Fdeff



100 413 31252drl dt

dir too

if
dt 252 It Is Wsee

Exe A ladder oflength co ft standingagainst a wall
slips down with

d I fthec
Y what is G

It when 6ft

t

4 11111111111 1 s

Pythagoras
2
y to too

Takederivative on both sides in t

Xx Aft Xy hue O
dy_ Ey when x 6ftdt dt

kg I ftp.ea 8 11002,362 8 fe

34 ftf.ec

Hyperbolic functions
ex e

Def Sinha 2

Jeffery
arity to trig fats

cosh e te formula 22 I
2 cos x t i sinx

tanh x sinha
coshx e cosCx Is inC x
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cos is in
coshZ sink'X I ei e 2 cosx
aL Tim µ asx

ei sasha

e e 2 i sinx

sinx e e
ix sinking

27 i

i
e e

ysinhx 2
coshx

ash'x e

e i sihx

SinhC x
e e

ex e sinhx

The sinh x ln x VxF sinh sinha
cosh x h Cx tf sink sink x x

cuh x Eln 4
Sinhy

et e 2Check 2
X solvey for to get

et e t z y sih x

unlagey
et 2x e Y
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Quadratic equation for Y e't

a Ii E fI

x I 4x2t4
x I

e't x Vitt O

1 1
hc rI

At d

alues

Defy f has a localmax e at c if fCc z f Cx for
all sufficiently close to C

f has a localinin at d of f d I f x for
all sufficientlyclose to d

ti

ri

c I



Ex on

me Ein
nDefA point c in the domain D of f is a globalmax_

if fcc 3 f x for all in D

A point d in D is a globalin if fed I fCx
for all In D

global minImax absolute unifmax

EI fCx x2 for I E a s 2

local global mire at 0
local wax at I

E
no global war

LII fCx x for L x a 2

local global min at 0
no local wax
no global wax

1 8 O

EI fCx x for I E a s 2

to global al



localglobalemir at o
local wax at I
am m ar

O

I E E Z r

f
or

o f I if x 0

IT l 1 if x l
l t l 2

local wax at llocal global min at 1
local global more at 2 local men at Lz

local wax at 0

Eveyglobal winImax is also a local ruin Imax

Ez fcxi

c.ge x

everypoint x is a local global unifmax
are all local wax
IsEI

a



Ez fCx Sim
global max
local wax

T r
Tlocal win

global enin

EI fCx Fa H o

O X 0

every x o is a local min and lo al max
but a global wax

0 is neither local wax nor local emir
everyx e o e's a local
cuinand local cecal
but a globalvein

Thin Extremevaluetheorem

Assume f is continuous or closed interval a b

Then f has a guy and a globalwire
in tents

J.mfhqfhy.TT

E f x Domain To I
0 x 0



Because frigg fCx O fco

foinEnotiigns
i

EL fCx if x to
o if o for le x E l

localaim
globalwax norglobalwin

Not continuous Extremevalue
theorem is not

g applicable

Timer localcudu nor local maxlocalMatty
Ex fCx x for Is x c l

µµf
hasneither a globalwin nor a global
mat on C l l but f is continuous

Because thedomain is not a closed interval
does nor contain bothendpoints

Extreme value then is not applicable

Thin Fermat
Assume that f has a local max or local win at c

and that f Cc exists Then f cos

Ey f x x2 I e a 2



f differentiableforevery
in C I 2

f ca 2x

f o O
local globalvein

EI fCx x
3 I x E 2

local global wax
local andglobalwin

Emm
a e

Femxat
total

globalwin
local andglobal max

Leftderivative 2 3.22 12
noderivativehere

Ferhat

ft o 3 02 0 neither local win nor Local wax

carefree I Feenatimplies local min max anddifferentiable
at c f Cc 0

Bet not theother way around

EI fCx Ix l i ex E I

Ja
GateMobile IE att i

But i f not differentable at to
Fermat not applicablehere
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Checki Explanationof Fermat's theorem

a

i

i i
f eth fCci fig line S O

Cth h o h

hey f ath f c S o

divideby h and let h O

fCcth f Z OFtc L O Kory n o aegh.vewinter dividing
byh flipsthe inequality sign

O f f cc f Cac ftCc S O
lfdifferentiable

f Cc D This verifies Fermat's

Def critical number

A point c in the domain of f is a orikcalian nber

if either f Cc D

or f Cc does not not exist

The If f has a local minforax at c then e is
a critical number



local max

local min

Iftp l
TO

a b h d e f g

Critical a becausedenial'vedoes em exist localcoin
b localwax
a local wax withdenial've zero
d local win derivativedoes not exist

e local uni

f neitherlocalmudnor wax deriv doesnotexert

g local wax deriv does not exist

The mean value theorem

Thug Rolle's then
Assume f is continuous on a b

g
with fG fCb and that

fCa fcb f is doquentialee mica by
I Then there is a point e inCab
C such that f Cc to

Check Extreme value then i f continuous on Ea b
there is a global min global wax

fCx fCa f b constant
f x 0 for all in Ca b CORRELL



f not constant
either global min or global aux on both
are notequal to flee fCb
must be located at a mi Ca

But f differentiable in Ca b
Therefore Fennat says that f Cc to

The Mean value theorem

fcb i
Assume f continuous on
a b and differentiable

I
i l in Ca bi l

Then there is apoint c ingo i l
I i

i a'Iii seH
a c b b a

slopeof red
tangent line Slopeofblueline

There is apoint between a and to where the tangent
to thegraphof c isparallelto the blue line Gounechig
the fat values at the endpoints a b

Exa The local policestation orderspizza at 6pm from
a store 70 miles away At 6 10pm thedelivery
person arrives and is arrested Why
speed limit is 45mph



µ
t

Ii

0 time
6pm 6 10pm

Legalreasoning Thedeliveryperson must have dicuen
at to mph at at least one momentbetween
6pm and 6 10 pm

Tang mean value theorm

se
Equation forblue line

if fCa t k 9 a fog ittlgCxI
b a i

i

slope E
a b

gas fCx fca
t

ex a

gCx is continuous or Ea b differentiable on Ca b

gca o gets

Rollei There is c in Cab where g Cc D

fCb fca
g'Cx flex

b a

g ca o f c fC4 aG flee fCH

I
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Den e E
what do we learn from f about f

Increasing decreasing
if f Cx o then f is increasing at x

if infant

Iz
I T
t.io z.f
Gsx 0 Cos LO Asx 0

If f is continuous and c is a critical number f ca o or

fCcgdoesnot
exist

t.is o

at c then f has a loud
acid at thecritical number
C



i I it
me at the critical
number c

I
if f does not change from increasing Cf o to decreasing

Cf's0 or vice versa at c then thecriticalpoint c is neither
a local win nor a local wax

Exe f x x's for I E x s 1
globalHalmax aeneas

mane

iderivative 0

Increasing f 47 3 2 o l Ix so
global
local Increasing f Cx 3 2

o O L x s I
mi k k

incr incr
neither local cuin nor local wax at x 0

Exa f x x't g l E x E l

a al mene g
not east

f co to

f x 4 3 SO z l s x so

t.FI decreasing



f G 4 3 O o e x s I n
m

changefromdear to incr at x to Fo is a localunit
S mk ve

f slope of the tangent line
f rate ofchange of thesteepness slope oftangent

line

DefteConcave concave
upwards downward
convex concave

graphof f is above graphof f is belong
thetangent the tangent

Thinfoncaritytest1
Assume f is twice differentiable ni ca b
Then c if f Cx so far x in Cab f is concaveup in Gb

steepness of tangent lenient creases

a if f G so for in Cab f isconcavedongmicab
steepness of target line decreases

Def A point c is an inflectionpoint if f changes concavity
at a fu f changessign and f is continuous etc

so



The 2nd derivative test
Assume f is continuous near c

D if f Cc O and f ca so

then f has a local inn at c

a if f ca to and f C t

then f has a local wax at c

Reneark If f cc does ooh exist then f C alsodoesn't
exist can f use 2nd derived've test

Ez f cos x I E E

µyf4 2 0 sideX 0
it Ix O z

f CN cos x i f co cos 0 I T O

by 2ndderivative test x 0 e's a local wax
f so f o

II'II's
At x 0 i 11
f l x 4 3 f co o l l

f Cx 12 2 f co 0 2ndderivativetestdoes
notapply because neither
f o Z O nor f co s0J

Haveto use 1stderivative verifychargefromdecreasing ko
to increasing ft't o
Also theconcavityof f doesn'tchange at 0 0not an wifeedionpl



f so f so

I
SO Isasofx 6x
O o I

o
0 is an inflectionpt because
theconcavity of f changes

0 is also a critical valuebecause f Ko 0

Eg fan sinx O E x 2T

f since f Cx cos

f G sire

f o it a 2K

f so o exc e

2 it is aunifposit
but flat cost I IT is not a criticalsake

Rz An inflection pointdoes not need to be a aidedvalue

10 30 2018 2nd midterm on Nov 15 2018

Final exam on Dec 15,2018 Saturday
RLM 4.102 7 10 PM

EI fax I to
0 x to

Iii i



Is x D an inflectionpoint
NL Because f is not continuous at x D

Ez f x x 4 4 3 a soo

Drawthegraph min max concavity inflectionpts

1 Zeros of f x x 4 3 0 x 0 x 4
2 Derivative f Cx 4 3 12 2

Criticalpoints in 4 3 12 2 0 3_
f decreasingfiereasong neitherLocal Llocal win

wax nor wire
C 00 o Co 3 3

f so f Lo f O

decreasing increasing
3 Second derivative f Cx 12 2 24x

Candidatesforcirflection pts a f Cx 12 2 24 0

x 0 X 2

C o o o 2 2 a

f o f so f so

Inflection pts O Z

on'tvalue qinflection
pt local

win
or't value



L f x x3 t 3 12 x c co

Howmany roots fCx to leave
Howmany times doesthe graph off citerseat the x axis

Intermediate value then i

f C l I 3 I 12 2

f l It 3 I t 2 6
there must be a root in C I l

Nowconsider f x 3 2 1 3 O

f is everywhere increasing
can cross axe's only once
there is exactly one root of fCx 0

Indeterminate forms and de l Horpital's rule s

Teg de l Hipital's rule
Assume fog differentiable near x a and

Ena fCx 0 Gua ga 0

or lefusa fCx IN le magCx too

Then
ein tg 9x a g ex

Remarki Similarly for left light limits and left fright
derivatives offog
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Ez Compare x r o with hex as x N

te'I D K hx

elux xlim Ir p
lien rt

x as a r
de l H

life rt h r O

Xr tends to a faster than lux for any r 0

go oooo oooo oooo oooo oooo oooo oooo L

tends to a faster than be
Calculation r o o l go

ooo

r 109000
ol

go
too

logox log o 1019000 10 ooo 10 winch
smaller than 10 m

E Let n o be an integer
Compare e with x as x exigge

e fu's x
liena Taeih n



aii.E.EE xn EE nEiE z
del H

ehim D
x a ncn c n 2 3.2 I

del'H
n

ex tends to a faster than for any n 0

Calculate X 10 ooo n 100

do o z 319000 z 32
5000 105000

T
lo ooo 0 10400 andbigger

Than


