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1 Introduction and Motivation

The Hilbert scheme is a very general construction, parameterising closed subschemes of a given
scheme. It is a scheme representing a functor and so may be described by a pleasant universal
property. It was originally introduced by Grothendieck, as part of a more general object known as
the quot functor, which he showed to be representable in great generality.

I have two main objectives in writing this essay. The first one is to provide a coherent discussion of
a construction of the Hilbert scheme in a relatively general setting. The second one is to describe in
detail some of the most well-known and well-used examples of Hilbert schemes, the Hilbert schemes
of points and in particular the Hilbert scheme of points of projective surfaces.

The Hilbert scheme is a very difficult object to construct and it is normally done by showing it is a
specific case of a more general object known as the Quot scheme. Even a part III essay devoted in
its entirety to this construction would not be able to be both complete and of a reasonable length,
so I will at times quote some results without proof. The purpose of describing the construction is
so that the reader can get a good understanding of the main ideas involved.

Once the construction has been completed, I will then move on to the specific case of the Hilbert
scheme of points and will then restrict further to consider projective surfaces in sections. The aim
of these sections will be to explain why the title of this essay is “Hilbert Schemes of Points in
Projective Spaces” and not simply “Hilbert schemes”. I will do this by proving some of the most
striking theorems about this particular family of examples, and by showing that we can’t hope for
similar results when we consider more general Hilbert schemes.

I have found the articles of Nitin Nitsure, Barbara Fantechi and Lothar Göttsche found in [4,
Chapters 5 and 7], the lecture notes of Manfred Lehn [16] and the undergraduate thesis of Joshua
Greene [9] to be excellent sources of general information. In particular, the later parts of section
3 of this essay have been based on [9] and sections 5 and 6 are based on [4, Chapter 7]. A wide
variety of other sources have also proved valuable for specific insights and have been referenced at
the appropriate points in the essay.
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2 Preliminary definitions and results

The reader is assumed to have a good working knowledge of Chapters II and III of Hartshorne [13]
and of commutative algebra in general. Nevertheless, we will discuss in this section some of the key
results and definitions used throughout the essay, as well as give explicit statements of theorems
that come in many forms (such as Zariski’s main theorem and Yoneda’s lemma) so that it is clear
exactly how we are using them in later sections. The most important idea to be discussed is the
notion of flatness, in both the algebraic and geometric sense. This will be essential in defining the
Hilbert scheme. A good discussion of the geometric properties can be found in [13, II.6].

2.1 Flatness and the Hilbert polynomial

First we recall the definition of flatness of a module over a ring and then use that to define flatness
in the geometric sense.

Definition 2.1 (Algebraic Flatness). Let R be a ring and M a module over R. Then we say M is
flat over R if the functor N →M ⊗R N is an exact functor in the category of modules over R.

In fact, there is another useful condition that is equivalent to flatness.

Lemma 2.2. Let M be an R−module. Then M is flat over R if and only if MP is flat over RP
for each P ∈ Spec(A)

We state here for use later an elementary result about flatness in terms of modules.

Lemma 2.3. Let R be a ring, N an R module and suppose we have a short exact sequence of
R−modules:

0→M ′′ →M ′ →M → 0

Then if M is flat, there is another short exact sequence:

0→ N ⊗RM ′′ → N ⊗RM ′ → N ⊗RM → 0

Definition 2.4 (Geometric Flatness). Let f : X → Y be a morphism of schemes, and let F be
a sheaf of OX -modules. We say that F is flat over Y at a point x ∈ X, if the stalk Fx is a
flat OY,y module, where y = f(x) and we consider Fx as an OY,y module via the natural map
f# : OY,y → OX,x. We say simply F is flat over Y if it is flat at every point of X. We say X is
flat over Y if OX is.

We see immediately by lemma 2.2 that a quasi-coherent OX -module F is flat over Y if and only if
for every affine open pieces U ∼= Spec(A) of X and V ∼= Spec(B) of Y such that U ⊂ f−1(V ) and

F
∣∣
U
∼= M̃ , M is flat over B. In particular, X is flat over Y if and only if whenever the situation is

as above, A is flat over B.

Flat morphisms are a very useful class of morphisms to consider because they give a way to pa-
rameterise families of objects over a given scheme. If f : X → Y is a flat morphism and Y is
connected, we will see that if Xy denotes the fibre of f over y ∈ Y , many properties of Xy are in
fact independent of the choice of y.
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Definition 2.5 (The Hilbert polynomial). Let X be a projective scheme over a field k, with OX(1)
a very ample line bundle on X over k and F a coherent sheaf on X. The Hilbert polynomial of F
with respect to OX(1) is the polynomial P (λ) ∈ Q[λ] such that for all n ∈ Z:

P (n) = χ(F(n)) =
∑
i

(−1)i dimkH
i(X,F(n))

Moreover, if Z → X is a closed subscheme, then The Hilbert polynomial of Z with respect to OX(1)is
defined to be the Hilbert polynomial of OZ on X.

The Hilbert function is not obviously a polynomial from its definition, but it can be shown that it
is one by an induction argument. It turns out to capture some of the geometric information of F ,
in particular the degree of the polynomial is equal to the dimension of the support of F .

The following theorem can be found in [18, p. 46-50] and shows that for a certain class of morphisms,
any property of the fibres that is determined by the Hilbert polynomial is locally constant.

Theorem 2.6 (Invariance of the Hilbert polynomial of fibres). Let f : X → Y be a proper morphism
of schemes, where X is Noetherian and Y is locally Noetherian. Let F be a coherent sheaf on X,
flat over Y . Then the function Y → Z given by:

y 7→ χ(Fy)

is locally constant on Y , where Fy is the pullback of F to Xy. In particular, the function sending
each point to the Hilbert polynomial of its fibre is also locally constant on Y.

Although unrelated to flatness, we take this opportunity to state a result of Zariksi, that we will
use later. It has many forms, but the one we are interested in the following.

Theorem 2.7 (Zariski’s main theorem). Let X and Y be varieties over an algebraically closed field
k such that Y is normal (its local rings are all integrally closed). If f : X → Y is a birational
morphism with finite fibres, then f is an isomorphism onto some open subscheme of Y .

In fact, we will only apply the theorem when Y is smooth, which implies it is normal.

2.2 Representability of Functors

This section will introduce some of the language of functors and subfunctors as well as a number of
results about how representability of a functor can be reduced to showing that a collection of simpler
subfunctors are representable. We will use these results several times throughout section 3 to prove
representability of certain Hilbert functors by reducing to simpler cases. For the applications we
have in mind we could work without this language by showing directly that it is sufficient to prove
representability in the simpler cases. But, like many aspects of category theory, simply using the
categorical language makes it clearer how these simplifications can be made and gives insight into
how simplifications can be made in more complicated situations, so that particular techniques can
be generalised. Other than Yoneda’s lemma (which is well-known) the proofs in this section follow
immediately from definitions, so have been omitted. I was introduced to these notions by reading
a paper of Strømme [20].

8



We first state Yoneda’s lemma and recall what we mean by representability of a functor. All of our
categories are locally small and all of our functors are contravariant from a fixed category C to Set,
the category of sets.

Lemma 2.8 (Yoneda’s lemma). Suppose F is a functor and X ∈ C. Then there is a natural
bijection Nat(hX , F )↔ F (X). Moreover, if F = hY is the functor of points of Y for some Y ∈ C,
then this identification gives a fully faithful functor h− : C → SetC

op

.

Definition 2.9 (Representability). Let F be a functor from the category C to the category of sets.
We say F is represented by a pair (X, ξ) where X ∈ C and ξ ∈ F (X) if ξ determines an isomorphism
from hX to F under the identification in Yoneda’s lemma. We say ξ is a universal object. We say
F is representable if there exists such a pair representing it.

Yoneda’s lemma then says that F is represented by (X, ξ) if and only if the pair satisfies the
universal mapping property : if Y ∈ C and η ∈ F (Y ) then there exists a unique ϕ : Y → X such
that F (ϕ)(ξ) = η. Thus representability can be defined in terms of this universal property.

Definition 2.10 (Subfunctors). Let F be a functor. A subfunctor of F is a functor G : C → Set
and a natural transformation ϕ : G→ F such that for all X,Y ∈ C and f : Y → X

1)G(X) ⊂ F (X)

2)G(f) is the restriction of F (f) to G(X)

From now on, C will be a category in which all objects are schemes and will present some definitions
and propositions relevant to representing functors of schemes.

Definition 2.11 (Open subfunctors). Let F be a functor. An open subfunctor of F is a subfunctor
G→ F such that for any scheme X and η ∈ F (X), there is an open immersion of schemes Xη → X
such that a morphism f : T → X factors through Xη → X if and only if F (f)(η) ∈ G(T ). This is
equivalent to saying that Xη represents hX ×F G.

Definition 2.12. Let F be a functor and let {Fi} be a collection of open subfunctors of F . Then
{Fi} is an open cover of F if for any scheme X and η ∈ F (X), the open subschemes {Xηi} form
an open cover of X.

Observe that we may replace the word “open” throughout the above definitions with “closed” or
“locally closed” to define other types of subfunctor of interest. Also observe that if F is represented
by (X, ξ) and G→ F is an open, closed or locally closed subfunctor, then the scheme Xξ represents
hX ×F G ∼= G. So open, closed or locally closed subfunctors of F are representable if F is and the
schemes representing them are open, closed or locally closed subschemes of the scheme representing
F . In fact, the converse holds for a suitable class of functors.

Definition 2.13 (Zariski sheaves). A functor F : C → Set is a Zariski sheaf if for any object X
with open cover {Xi}, the sequence below is exact.

0→ F (X)→
∏
i

F (Xi)→
∏
i,j

F (Xi ∩Xj)

This is a very natural condition to impose on a functor, since it essentially says that F is determined
by its local data. It is easy to see that for any scheme X, hX is a Zariski sheaf, since for any scheme
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Y , a collection of morphisms defined over an open cover of Y that agree on intersections may be
glued to define a global morphism Y → X. In particular any representable functor must be a
Zariski sheaf. We then have the following proposition, which will be used repreatedly in section 3.

Proposition 2.14. Let F be a Zariski sheaf with an open cover {Fi}. Then F is representable if
and only if all of the Fi are representable.

Remark. The reader who has proved that fibre product X ×S Y of S−schemes X,Y exist by first
proving the affine case, and then glueing together the affine fibre products Xi×Si Yi corresponding
to open affine covers {Xi}, {Yi}, {Si} such that Xi, Yi map into Si will see that they really proved
that the corresponding fibre product functor X ×S Y is a Zariski sheaf and that it has an open
cover by representable subfunctors Xi ×Si Yi.
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3 An introduction to the Hilbert Scheme and the Hilbert
Scheme of points

3.1 The Hilbert functor

Definition 3.1. Suppose S is a locally Noetherian scheme and X → S is a projective (in the sense
of Hartshorne) scheme over S. Then we define the Hilbert functor from the category of locally
Noetherian S−schemes to the category of sets, HilbX/S : SchS → Set as follows. It sends the
S−scheme T to the set of all closed subschemes Z → X ×S T that are flat over T . If f : T ′ → T is
a morphism over S, HilbX/S(f) : HilbX/S(T )→ HilbX/S(T ′) is defined to be the pullback of closed
subschemes described below. If it is representable by a scheme X, we call X the Hilbert scheme
and denote it HilbX/S

Let f : T ′ → T be any morphism of schemes, let Z be a closed subscheme of T . We have a natural
closed subscheme f∗Z of T ′ given by the fibre product Z×T T ′. Equally, if IZ is the quasi-coherent
sheaf of ideals associated to Z, then f∗Z is the subscheme of T ′ determined by the quasi-coherent
sheaf of ideals (f−1IZ)O′X , which is also the subsheaf of OT ′ corresponding to the image of f∗IZ .

Thus if f : T ′ → T is a morphism of locally Noetherian schemes over S and Z is a closed subscheme
of XT flat over T , then there is a natural closed subscheme f∗Z of XT ′ . Moreover since flatness is
preserved under base change, Z ′ is flat over T ′.

Having defined the Hilbert functor we may immediately prove the following proposition:

Proposition 3.2. If S is a locally Noetherian scheme and X is a projective scheme over S, then
HilbX/S is a Zariski sheaf.

Proof. Let T be any S−scheme and {Ti} an open cover of T . Let Xi denote X ×S Ti, an open
subscheme of X ×S T and Xi,j denote Xi ∩ Xj . Then by restriction, any closed subscheme Z of
X ×S T gives closed subschemes Zi and Zi,j over Xi and Xi,j such that Zi,j = Zj,i. Conversely,
any collection of closed subschemes Zi of Xi such that Zi

∣∣
Xi,j

= Zj
∣∣
Xi,j

may be glued together to

give a closed subscheme on X ×S T . These maps are inverse, so we have a bijection. Since flatness
is local on the base, Z is flat if and only if all of the restrictions Zi are flat, so we have a bijection
between flat closed subschemes of X ×S T and collections of flat closed subschemes over Xi that
agree on the intersections. But this is exactly equivalent to the sequence in definition 2.13 being
exact.

Given this, then for any open cover Si of S, we see that there is an open cover of HilbX/S by
the collection Hilbf−1(Si)/Si . Thus to show HilbX/S is representable, it suffices to show that it is
representable in the case where S is Noetherian.

We now fix a relatively ample line bundle OX(1) on X so that we may further decompose the
Hilbert functor.

If T is an S−scheme and Z is a closed subscheme of X ×S T , then for each t ∈ T , observe that
(X ×S T )t is a projective scheme over the residue field of t in T , κ(t). We may then compute the
Hilbert polynomial of each fibre Zt with respect to the relatively ample line bundle on (X ×S T )t
obtained by pulling back OX(1). If Z is flat over T then theorem 2.6 implies that the Hilbert
polynomial is locally constant.
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This allows us to decompose the Hilbert functor by Hilbert polynomial. Given a numerical poly-
nomial P (λ) ∈ Q[λ], (i.e. one such that P (n) ∈ Z for all n ∈ Z) we have a subfunctor HilbPX/S that
sends T to the set of closed subschemes Z → X×S T , flat over T , such that the Hilbert polynomial
of Zt is P for any t ∈ T . This truly is a subfunctor since given a morphism f : T ′ → T , the Hilbert
polynomial of f∗Zt′ is equal to the Hilbert polynomial of Zf(t′).

For any closed subscheme Z → X×ST , let TP be the union of connected components of T such that
on each component, the Hilbert polynomial of the fibres of V over TP is P . Then given f : T ′ → T ,
f factors through TP if and only if f∗Z ∈ HilbPX/S(T ′). Since T is locally Noetherian, its connected

components are both open and closed, whence TP is both open and closed, so HilbPX/S is an open
and closed subfunctor. We summarise this below.

Theorem 3.3. Let S be a locally Noetherian scheme and X a projective scheme over S. Then
there is a decomposition into a disjoint union of open and closed subfunctors:

HilbX/S =
∐
P

HilbPX/S

In particular, HilbX/S exists if and only if for each numercial polynomial P , HilbPX/S exists. In
this case there is a decomposition into a disjoint union of open and closed subschemes:

HilbX/S =
∐
P

HilbPX/S

Remark. We could define the Hilbert functor in a more general setting. Taking X to be only
locally finite type over S, we could define the Hilbert functor as the functor taking an S-scheme
T to the closed subschemes of X ×S T that are flat and proper over T . We could also replace the
relatively ample line bundle in the definition of the Hilbert polynomial with any other line bundle
L, giving a functor HilbLX/S , and we would still have the cover by open and closed subfunctors

HilbP,LX/S . However, in this level of generality, the functor is not always representable.

3.2 The Grassmannian scheme

Grassmannian varieties were well-known in classical algebraic geometry, but within the context of
more recent, scheme-theoretic approaches to the subject they also appear as schemes representing
certain functors. Given a finite dimensional vector space V over k, the (classical) Grassmannian
Grk(r, V ) is defined (as a set) to be the collection of r−dimensional linear subspaces of V . This can
be naturally identified with a closed subset of P(

∧r
V ), and indeedGrk(1, V ) = P(V ), corresponding

to the fact that projective space is viewed as the set of lines in V . We now give a description of
a scheme theoretic generalisation of these Grassmannians, and the functors that they represent.
We then outline how we may show that Hilbert schemes are representable by embedding them in
Grassmannians.

There are many ways to construct Grassmannians in various levels of generality. Usually one
constructs the scheme with a view to showing that it represents the functor, and then proves that is
has the required properties, in particular that it is projective. This is the approach taken in [4, 9].
Instead, we follow the approach taken in the lecture notes of Aaron Bertram [2] which defines the
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Grassmannian scheme as a projective scheme and then shows that it represents the Grassmannian
functor.

We define Grk(r, n) as a projective scheme over a fixed (algebraically closed) field k. Let I =
(i1, . . . , im) be an ordered m−tuple, 1 ≤ i1 < · · · < im ≤ n and σ ∈ Sm. We define XI := X1 . . . Xm,
for each σ ∈ Sm we define σ(I) := (iσ(1), . . . , iσ(n)) and then Xσ(I) := sgn(σ)XI . Finally, if J is
any m−tuple (not necessarily ordered) with repeating elements, XJ := 0. Using these we define
the Plücker quadrics: for any m−tuples I and J and integer s with 1 ≤ s ≤ m

QI,J,s := XIXJ −
m∑
l=1

X(i1,...,is−1,jl,is+1,...,im)Xj1,...,jl−1,is,jl+1,...,jm)

Definition 3.4. The Grassmannian scheme Grk(r, n) is the closed subscheme of P(nm)−1 determined
by the homogeneous ideal generated by the Plücker quadrics.

To define a functor, we define an equivalence relation on short exact sequences of sheaves on a
scheme T , 0 → K → OnT → Q → 0 where K and Q are locally free sheaves of rank r and n − r
respectively. We say two such sequences are equivalent if there exists a commutative diagram:

0 K OnT Q 0

0 K ′ OnT Q′ 0

' '

where the vertical maps are isomorphisms of OT -modules.

Remark. Notice that any such short exact sequence is determined by either K or Q. The classical
viewpoint focuses on the subsheaf, but the more modern approach focuses on the quotient. Whilst
the subsheaf is the more natural object, when considering a short exact sequence of sheaves, flatness
of the middle and rightmost sheaf implies flatness of the leftmost sheaf, but flatness of the middle
and leftmost sheaf doesn’t imply flatness on the right. This is one reason why we define a subscheme
Z to be flat if OZ is flat, rather than if IZ is flat.

This relation gives rise to a functor:

Definition 3.5. The Grassmannian functor Grk(r, n) : Schk → Set is the functor taking a scheme
T to Grk(r, n)(T ) := {Equivalence classes of short exact sequences} and a morphism f : T ′ → T to
Grk(r, n)(f) := f∗, which takes a short exact sequence in T to the short exact sequence obtained
by pulling back each sheaf in the sequence to T ′. Pulling back gives an exact sequence because Q
is locally free. Then lemma 2.3, the fact that free modules are flat and the fact that pullback is
locally given by taking tensor products, we see that the pullback is exact.

The connection between this functor and the Grassmannian scheme we have constructed is immedi-
ately apparent. If Gkr,n is a projective scheme over k that represents Grk(r, n), then by the universal
property, the closed points correspond exactly to the r−dimensional subspaces of kn. In fact, we
have the following theorem.
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Theorem 3.6. The Grassmannian functor Grk(r, n) is represented by Grk(r, n).

Before we prove this, we first construct a useful morphism encoding information about the Grass-
mannian. Using indeterminates {Xi,j} for 1 ≤ i ≤ r and 1 ≤ j ≤ n and {XJ}, where J = (j1, . . . , jr)
with 1 ≤ j1 < · · · < jr ≤ n is an ordered r−tuple, we define a morphism:

f : Spec(k[{Xi,j}]) ∼= Arnk → A(nr)
k
∼= Spec(k[{XJ}])

Defined by the ring homomorphism f̄ : k[{XJ}]→ k[{Xi,j}], given by f̄(XJ) := det(Xi,jk).

Restricting to the open subscheme U = Arnk \ V ({det(Xi,jk)}) and then composing with the usual

projection morphism A(nr)
k → P(nr)−1

k gives a morphism ϕ, with some useful properties described in
the following proposition. Once these have been established, we will be able to prove Theorem 3.6.

Proposition 3.7. 1) ϕ factors through Grk(r, n)

2) ϕ is a locally trivial fibre bundle, with fibre GLk(r) ⊂ Ar2k , the open subscheme of invertible
matrices.

3) Let UXJ = P(nr)
k \V (XJ) be the usual open affine covering of P(nr)

k . Then VJ := Grk(r, n)∩UJ ∼=
Ar(n−r)k .

Proof. The morphisms involved in the proof are all motivated by our intuition about the schemes
involved when considered as classical varieties consisting of matrices. We could work entirely
classically for simplicity, but taking the scheme theoretic counterparts of the classical morphism
will allow the proof to generalise to construct Grassmannians over Spec(R) for any ring R, rather
than just for Spec(k). (See the remark after the proof of theorem 3.6.) With the classical point
of view U corresponds to the set of r × n matrices of full rank, and the morphism ϕ corresponds
to sending each matrix A to the set of determinants of the r × r minors of A. Observe that the
natural action of Glk(r) on Spec(k[{Xi,j}]) given by multiplication on the left induces a morphism
µ : GLk(r) ×k Spec(k[{Xi,j}]) → Spec(k[{Xi,j}]), that when restricted to U makes the diagram
below commute:

GLk(r)×k U U

U P(nr)−1

µ

π
ϕ

ϕ

Morally this is because multiplying an r × n matrix A by an r × r matrix M changes the determi-
nants of each r × r minor by a factor of det(M), but one can also check the commutativity over

each affine piece UXJ of P(nr)−1 since ϕ−1(UXJ ) is the distinguished affine open piece D(det(Xi,jk))
of Spec(k[{Xi,j}]). Here, all the morphisms are determined by their corresponding ring homomor-
phisms, which certainly make the diagram commute.

For any given J , take ZJ ∼= Ar(n−r)k the closed subscheme of U corresponding to the set of matrices
B where the r× r minor of B corresponding to J is the identity (defined by the ideal generated by
{Xi,jk − δi,k} for 1 ≤ i, k ≤ r), µ induces an isomorphism GLk(r)× ZJ → ϕ−1(UXJ ).
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Moreover, restricting ϕ to ZJ , we see that ϕ
∣∣
ZJ

is an isomorphism onto VJ = Gr(r, n)∩UXJ . Here
ϕ is a morphism of affine schemes, determined by:

ϕ̄ : Spec(k[{XI/XJ}])→ Spec(k[{Xi,j}]/({Xi,jk − δi,k})), ϕ̄(XK/XJ) = Xi,kj

This is surjective since for any α, β,Xα,β = ±ϕ̄(XIα,β/XJ) where Iα,β is the ordered r−tuple with
entries (j1, . . . , jα−1, β, jα + 1, . . . , jr) and the sign depends on the sign of the permutation relating
the two. Thus ϕ

∣∣
ZJ

is a closed immersion of UXJ , corresponding to the same ideal as VJ .

Finally, ϕ is a fibre bundle as described in 2), with trivialising neighbourhoods the VJ , since we
have constructed a commutative diagram:

GLr(k)× VJ ϕ−1(VJ)

VJ

µ′

p2
ϕ

Where µ′ is constructed from µ and the isomorphism ZJ ∼= VJ .

Proof of Theorem 3.6. We aim to construct the universal element for Grk(r, n) that induces the
isomorphism hGrk(r,n) → Grk(r, n). In other words we construct the universal locally free sheaf K
of rank r, along with an embedding K ↪→ OnGr(r,n). We use the structure of the fibre bundle just
seen to define both K and the injection.

We take trivialising neighbourhoods for K to be the affine open pieces VI ∼= Ar(n−r)k . We define
injective morphisms θI : OrVI → O

n
VI

determined by the the transpose of the r × n matrix M I ,
where the r × r minor corresponding to I is the identity, and the other entries in position α, β are
Xα,β . Letting M I

J denote the r × r minor of M I corresponding to J , we glue the trivialisations
together using transition functions ψJ,I = (MJ

I )−T ∈ Γ(VI ∩ VJ , GLr(OVI )). These satisfy the
cocycle conditions and are the exact transition functions that guarantee the injections θJ glue to
give a global injection K ↪→ OnGrk(r,n).

To show this family really is universal, suppose we have a scheme T and a short exact sequence S
of locally free sheaves 0→ K ′ → OnT → Q′ → 0. Taking an affine open covering of T by trivialising
neighbourhoods of K ′, Spec(Ai), the injection K

∣∣
Spec(Ai)

∼= OrSpec(Ai)
→ OnSpec(Ai)

is given by some

n× r matrix Mi, that naturally determines a morphism gi : SpecAi → Arnk by the homomorphism
Xi,j 7→ Mj,i. These morphisms all factor through U (since K ′ → OnT is injective) and so give
morphisms ϕ◦gi : Spec(Ai)→ Grk(r, n). These glue to give a morphism g : T → Grk(r, n) because
the gi are defined from the morphism of locally free sheaves, which implies that they agree on
overlaps. What’s more, it means that this construction of g doesn’t depend on the trivialisations
used, and also is independent of choice of S within its equivalence class (since two equivalent
sequences may be simultaneously trivialised by the same data).

If h : T → Grk(r, n) is any morphism, covering Grk(r, n) by the open affine pieces VI and then
covering g−1(VI) by open affine pieces Spec(Ai) over which K ′ is trivial we see that h pulls back
the universal family to S iff the following diagram commutes:
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Ari Ani

Γ(VI , Gr
k(r, n))r Γ(VI , Gr

k(r, n))n

Mi

h#

(MI)T
h#

But this happens if and only if h
∣∣
Spec(Ai)

= gi. Thus g is the unique morphism pulling back the

universal family to S, as required.

Remark. As mentioned above, the same proof actually constructs the Grassmannian over Spec(R)
for any ring R, since all of the ring maps of polynomial algebras involved sent indeterminates to
combinations of indeterminates independent of the choice of k. The only thing that changes is that
instead of GLk(R) appearing in the fibre bundle, we take the open affine piece of Ak2R given by
D(det(Xi,j)).

Remark. The second proof uses transposes frequently, which some may find objectionable. To
avoid this we could have simply constructed a locally free sheaf Q of rank r on Grk(r, n) and then a
surjection OnGrk(r,n) → Q using e.g. M I rather than its transpose. In this case, Q is then the dual

of K. The proof then shows that Grk(r, n) with this family in fact represents Gr(n − r, n). This
is unsurprising since fixing an isomorphism kn ∼= (kn)∨ determines isomorphisms OnT ∼= (OnT )∨ for
all k−schemes T and then dualising the short exact sequences gives an isomorphism of functors
Grk(n − r, n) ∼= Gr(r, n). We could also have used r to refer to the rank of the quotient rather
than the kernel in our definition of the Grassmannian, which would have allowed us to avoid using
transposes and would have been consistent with the definition we are about to make. However, I
wanted to emphasise the classical nature of this construction.

Definition 3.8. Suppose now S is any scheme and E is any locally free OS module of rank n. We
may define a more generalsed Grassmanninan functor GrS(r, E) sending an S−scheme T to the set
equivalence classes 〈F , q〉 where F is a locally free sheaf of rank r and q : ET → F is a surjective
morphism of OS modules. Here ET is the pullback of E to T .

We see that GrS(r, E) is a Zariski sheaf, and analogously to the open subfunctors of HilbX/S we
defined in section 3.1, for any open cover {Si} of S we may define a corresponding open cover of
GrS(r, E) by GrSi(r, E

∣∣
Si

). Taking an affine open cover {Si} such that on each piece the restriction

of E is locally free, GrSi(r, E
∣∣Si) is representable for each i by theorem 3.6 and so GrS(r, E) is also

representable by a scheme GrS(r, E). In fact, although it is not true in general that projectivity is

local on the base, since each GrSi(r, E
∣∣
Si

) is a closed subscheme of P(nr)−1

S , it follows that GrS(r, E)
is also a closed subscheme of this projective space. We have thus proved the following theorem.

Theorem 3.9. Let S be a scheme and E be a locally free OS module of rank n. Then GrS(r, E) is
represented by a projective scheme GrS(r, E).
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3.3 Existence of the Hilbert scheme

We have now laid the groundwork that will allow us to prove the main theorem of section 3.

Theorem 3.10. Let S be a locally Noetherian scheme and X be a projective scheme over S. Then
HilbX/S exists as a disjoint union of open and closed, projective S−schemes.

In fact, in light of proposition 3.2 and theorem 3.3, it is sufficient to prove the following:

Theorem 3.11. Let S be a Noetherian scheme, X be a projective scheme over S and P be a
numerical polynomial. Then HilbPX/S exists as a projective S−scheme.

We will need the following results. There first two are stated in the form we use in [15, p.11] and
stronger versions are proved in [4, 9]. The third is found in [13, III.12.11].

Theorem 3.12 (Flattening stratification). Let X be a projective scheme over a Noetherian scheme
S with fixed very ample line bundle OX(1) and F a coherent sheaf on X. Then for every numerical
polynomial P there is a locally closed subscheme SP of S such that for any morphism g : T → S,
g∗F is flat over T with Hilbert polynomial P if and only if g factors through SP .

Theorem 3.13 (Castelnuovo-Mumford regularity). For every polynomial P , and integer m there
is an integer N(P ) such that: If k is a field, and I ⊂ OPmk is a subsheaf with Hilbert polynomial P ,
then for all n ≥ N(P ):

1)dimkH
i(Pmk , I(n)) = 0 for i ≥ 1.

2)I(n) is generated by global sections.

3)H0(Pmk , I(n))⊗H0(Pmk ,O(1))→ H0(Pmk , I(n+ 1)) is surjective.

Theorem 3.14. Let f : X → Y be a projective morphism of Noetherian schemes and let F be a
coherent sheaf on X flat over Y . Then for all y ∈ Y :

1)If the natural map ϕi(y) : Rif∗(F)⊗κ(y)→ Hi(Xy,Fy) is surjective, then it is an isomorphism,
and the same is true for all y′ in a suitable neighbourhood of y.

2)If ϕi(y) is surjective, then ϕi−1(y) is surjective if and only if Rif∗(F) is locally free in a neigh-
bourhood of y.

We begin the construction by reducing to the case X = PnS .

Lemma 3.15. Let S be a Noetherian scheme, X a closed subscheme of PnS and P a numerical
polynomial. Then if HilbPPnS/S

exists, HilbPX/S exists as a locally closed subscheme of HilbPPnS/S
. In

other words, HilbPX/S is a locally closed subfunctor of HilbPPnS/S
.

Proof. Take a closed embedding X → PnS and suppose that H = HilbPPnS
exists with universal family

Z → PnS ×S H.

Both Z and X×SH are closed subschemes of PnS×SH so let Z ′ be their scheme theoretic intersection
(i.e. Z ×PnS×SH X ×S H). Furthermore, by theorem 3.12 applied to Z ′ and P there is a locally
closed subscheme i : H ′ → H such that for any g : T → H, the pullback of Z ′ ×H T is flat over T
with Hilbert polynomial P if and only if g factors through i.
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Now, suppose we are given a morphism T → S and a closed subscheme W of X ×S T flat over T .
By the universal property for H we have a morphism f : T → H such that f∗(Z) = W , giving the
commutative diagram below, where green arrows represent closed immersions.

W X ×S T PnS ×S T T

X ×S H PnS ×S H H

X PnS S

Since W is a closed subscheme of X × T which is itself a closed subscheme of PnS × T and pulling
back closed subschemes commutes with intersection, it follows that:

W = W ∩X ×S T
= f∗(Z) ∩ f∗(X ×S H)

= f∗(Z ∩X ×S H)

= f∗(Z ′)

As W is flat over T with Hilbert polynomial P , we can factor f through i : H ′ → H and this
factorisation g : T → H ′ then pulls back i∗(Z ′) to W. Such a g is unique, so (H ′, i∗Z ′) satisfies the
universal property of the Hilbert scheme and therefore represents HilbPX/S .

We now define a natural transformation of functors HilbPPnS/S
→ GrS(d, E) for a suitable pair (d, E),

depending on the Hilbert polynomial P and integer n. Our aim is to show that HilbPPnS/S
is isomor-

phic to a locally closed subfunctor of GrS(d, E).

Given Y ∈ HilbPX/S(T ), we have the diagram below:

Y PnS ×S T T

PnS S

π

p

For any field k with a morphism Spec(k) → T , by pulling back to Spec(k) we obtain a closed
subscheme Yk → Pnk with ideal sheaf Ik. Then for any integer m:

χ(Ik(m)) = χ(Pnk ,OPnk (m))− χ(Pnk ,OYk(m)) =

(
m+ n

n

)
− P (m) := Q(m)
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We take m0 as in theorem 3.13 with respect to the polynomial Q and integer n, then set d = P (m0)
and E = p∗OPnS (m0).

Since OX(1) is invertible, it is flat, so exactness is preserved by twisting due to lemma 2.3. Thus
the short exact sequence immediately below gives the long exact sequence that follows.

0→ IY → OPnS → OY → 0

0→ π∗IY (m0)→ π∗OPnS (m0)→ π∗OY (m0)→ R1π∗IY (m0)

Note that since OPnS and OY are flat, IY is as well. By theorem 3.14, the flatness of IY and OX(1)

and the vanishing of the higher cohomology groups of its twisted fibres implies that R1π∗IY (m0) ∼=
0.

Since OY is flat, there is an exact sequence on the fibres for each t ∈ T :

0→ IY,t(m0)→ OPnS ,t(m0)→ OY,t(m0)→ 0

The long exact cohomology sequence associated to this sequence combined with theorem 3.13 then
implies that dimκ(t) Homi(Pnκ(t),OY,t(m0)) = 0 for all i ≥ 1 and dimκ(t) Hom0(Pnκ(t),OY,t(m0)) =

P (m0). Applying theorem 3.14 then gives that π∗OY (m0) is a locally free quotient of π∗PmT ∼= g∗E ,
of rank d = P (m0).

We use this mapping to prove the following result:

Theorem 3.16. Let GrS(d, E) be represented by a scheme Gr. Then HilbPPn/S is representable by a

locally closed subscheme of Gr. In other words, HilbPPn/S is isomorphic to a locally closed subfunctor

of GrS(d, E).

Proof. Let f : Gr → S be the S−scheme representing GrS(d, E) with Q the universal rank d
quotient of f∗E and K the kernel. Then we have a diagram:

PnS ×S G G

PnS S

π2

π1

f

p

Let G be the cokernel of the composition of morphisms:

π∗1K → π∗1f
∗E = π∗1f

∗p∗OPnS (m0) = π∗2p
∗p∗OPnS (m0)→ π∗2OPnS (m0)

Then let i : H → Gr be the locally closed subscheme obtained by applying theorem 3.12 to the
sheaf G(−m0) and polynomial P . Then G(−m0) pulls back to a sheaf on PnS ×S H that is flat over
H, with all fibres having Hilbert polynomial P . This pull back is a quotient of i∗π∗2OPnS

∼= OH×SPnS .
It therefore is the structure sheaf OZ for some closed subscheme Z → PnS ×S H, flat over H.

Finally, we show that the pair (H,Z) represents HilbPPnS/S
.
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Suppose we have g : T → S and Y → PnS ×S T is an element of HilbPnS/S(T ). Then the morphism
of functors defined above gives a morphism ϕ : T → Gr that pulls back the quotient f∗E → Q to
the quotient g∗E → π∗(OY (m0)). Take ϕ̄ to be the induced map from PnS ×S T → PnS ×S Gr. The
isomorphism of quotients ϕ∗Q → π∗OY (m0) then implies that ϕ̄∗G is isomorphic to OY (m0), so
that ϕ̄∗G(−m0) is flat over T with Hilbert polynomial P . Hence we can factor ϕ through i : H → Gr
such that this factorisation pulls back Z to Y . This morphism is unique, so (H,Z) satisfies the
correct universal property for the Hilbert scheme.

Putting the previous two results together, we have that HilbPX/S is a locally closed subfunctor of

GrS(d, E). Thus HilbPX/S exists as a locally closed subscheme of the projective scheme GrS(d, E).
To show projectivity and finish the proof of theorem 3.11, one applies the valuative criterion for
properness to show that HilbPX/S → GrS(d, E) is proper, and so is a closed immersion.

Remark. One can in fact prove that if X ′ → X is an open or closed immersion, then HilbPX′/S →
HilbPX/S is an open or closed subfunctor. This proves that if X is quasi-projective over S, then

HilbPX/S is representable as a quasi-projective scheme.

3.4 The tangent space to the Hilbert scheme at closed points

Recall that for any scheme X over a field k, the k−points are the points of X with residue field k.
Equivalently, they are the points x ∈ X admitting a morphism Spec(k)→ X with image {x}. If k
is algebraically closed and X is locally of finite type, then these are exactly the closed points of X.
By the universal property of the Hilbert scheme HilbPX/ Spec(k) with universal family ZP , if X is a
quasi-projective scheme over k then there is a bijection between proper closed subschemes Y → X
with Hilbert polynomial P and the k−points of HilbPX/ Spec(k) as in the following diagram.

Y X ×k Spec k ∼= X Spec k

ZP X ×k HilbPX/ Spec k HilbPX/ Spec k

X Spec k

So we have seen that the closed points of HilbPX/ Spec(k) are exactly in bijection with the proper
closed subschemes of X with Hilbert polynomial P . This formalises the notion that the Hilbert
scheme paramaterises the closed subschemes of X.

We conclude section 3 by identifying the tangent space to the closed points of the Hilbert scheme
with a natural vector space. Let X → Spec(k) be a quasi-projective morphism and let H denote
the Hilbert scheme of X over k. As we have already observed in theorem 3.3 the Hilbert scheme
decomposes as a disjoint union consisting of the Hilbert schemes associated to fixed polynomials,
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so the results of this section will also carry through to the case where we fix a polynomial. We
denote each closed point of H by [Z], where Z → X is the corresponding closed subscheme. We
will see that there is a natural isomorphism of k−vector spaces T[Z]X ∼= HomOX (IZ ,OZ). We take
a combination of the approaches found in [16, 4].

First observe that the fibre of the projection map X(E) := X×k Spec(k[E ]/(E2))→ Spec(k[E ]/(E2))
over the closed point of Spec(k[E ]/(E2)) is simply X, so X(E) naturally contains X as a closed
subscheme. Secondly, observe that the structure sheaf OX(E) of X(E) naturally decomposes as
OX ⊕EOX . If F is a coherent sheaf on X, we will abuse notation and also denote by F the sheaf of
OX(E)-modules obtained by pulling back F to OX(E) and then applying ⊗OX(E)k, where k denotes
the constant sheaf k. We can view this as giving F the structure of an OX(E)-module through its
structure as an OX -module and the decomposition of OX(E).

Suppose Z is a closed subscheme of X. Observe that we have an exact commutative diagram:

0 0

IZ IZ

0 OX OX(E) OX 0

OZ OZ

0 0

·E

The flatness of Z implies that the columns are exact (due to lemma 2.3) and that the row is exact
since the following sequence is exact:

0 k k[E ]/(E2) k 0·E π

Then T[Z]H = Homk(mH,[Z]/m
2
H,[Z], k) and is naturally identified with the set of morphisms ϕ :

Spec(k[E ]/(E2))→ H that send the closed point of Spec(k[E ]/(E2)) to [Z]. But this is, by definition
of the Hilbert scheme, naturally identified with the closed subschemes Z̄ ofX×kSpec(k[E ]/(E2)) that
are flat over Spec(k[E ]/(E2)) and pull back to IZ in the fibre over the closed point of Spec(k[E ]/(E2)).
I claim that this is equivalent to finding an ideal sheaf Ī of OX(E) with quotient sheaf Ō such that
the diagram below commutes:
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0 0 0

0 IZ Ī IZ 0

0 OX OX(E) OX 0

0 OZ Ō OZ 0

0 0 0

E

Certainly given a closed subscheme Z̄ with the above properties, we may take Ī = IZ̄ and exactness
follows as before. Conversely, given Ī such that the diagram is exact, the exactness of the left column
implies that Ī pulls back to IZ and by standard properties of flat modules, Ō is flat if and only if
the natural map Ō ⊗k[E]/(E2) (E)→ Ō is injective. Viewing Ō as a cokernel, this is readily verified.

Now, since Ī contains EIZ , it is determined as an ideal sheaf of OX(E) by the embedding Ī/(EIZ) ∼=
IZ into OX(E)/EIZ ∼= OX

⊕
EOZ . By commutativity of the diagram, the component of the

morphism lying inside OX is determined by the inclusion IZ → OX , so the choice of Ī as an ideal
sheaf of OX(E) is uniquely determined by a morphism ϕ : IZ → OZ , and such morphism will
produce an ideal sheaf.

We have produced a bijection T[Z]H ↔ Hom(IZ ,OZ) and it follows from the construction that this
is linear, so gives an isomorphism of vector spaces.

For the rest of the essay, we will restrict to the Hilbert scheme of points over an algebraically closed
field k, for X a quasiprojective scheme over k with fixed very ample line bundle. These are the
schemes HilbPX/ Spec(k) where P is a constant polynomial n for n a positive integer. We will denote

them simply by X [n].

The degree of the Hilbert polynomial of a subscheme is the dimension of the subscheme, so if Z
is closed subscheme of a quasi-projective scheme over k with Hilbert polynomial n, then Z is 0
dimensional and so is supported at distinct closed points zi. Consequently OZ is the direct sum
of skyscraper sheaves OZ,zi supported at zi. Then Z having Hilbert polynomial n implies that
dimkH

0(Z,OZ) = n =
∑
i dimk(OZ,zi). We will refer to dimkH

0(Z,OZ) as the length of Z. Thus
the support of Z contains at most n closed points.

When we are considering the Hilbert scheme of points, the tangent space is particularly easy to
compute. If Z is a closed subscheme supported at zi HomOX (IZ ,OZ) =

⊕
i HomOX,zi (IZ,zi ,OZ,zi).

This will allow us to compute the dimensions of the tangent space at k−points in section 5 relatively
easily.
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4 Some examples

Showing that the Hilbert schemes exist in general was hard work, and the construction doesn’t give
a way of identifying the schemes with something more familiar. Although we might hope that since
they represent a natural functor, they will be nice geometric objects, this is not the case. In fact, it
is known that a great many moduli spaces one would think of as being somehow natural are actually
very singular. A paper by Ravi Vakil [21] shows that for a large class of moduli spaces, including
the Hilbert scheme of smooth curves in projective space, every possible singularity of finite type
over Z appears. If even the case of smooth curves is “as singular as possible”, it seems unlikely
that we will be able to obtain any nice, geometric results. However, the case of Hilbert schemes of
points is much more approachable. Before we begin looking at more general constructions, let us
first consider some simple examples.

Example 4.1. We consider X [0] for X any quasiprojective scheme over k. In the simplest possible
scenario, we see that X [0] is simply Spec(k) and the universal family Z is the empty subscheme of
X×kk = X. Certainly if f : T → Spec(k) is any locally Noetherian k−scheme and Y → X×kT is a
closed subscheme proper and flat over T with Hilbert polynomial 0, then Y is the empty subscheme.
Thus f : T → Spec(k) pulls back Z to Y and f is the only possible morphism over k, so is unique.

Example 4.2. In the case of n = 1, if X is projective then X [1] = X and the universal family Z
is the diagonal ∆ : X → X ×k X. If Y ∈ Hilb1X/ Spec(k)(T ), the fibres of the map f : Y → T have
Hilbert polynomial 1 and so consist of single points, so that f is a bijection. We aim to show that
it is in fact an isomorphism. Given this, composing f−1 with the projection Y to X through its
embedding in X ×k T gives a morphism from T to X. It is then immediate from the construction
that the pullback of the diagonal through this map is Y .

Y X ×k T T

X X ×k X X

X Spec(k)

∆

The morphism X → Spec(k) is projective by choice of X, so it is proper. This implies f is
proper, since proper morphisms are stable under base change, closed immersions are proper and a
composition of proper morphisms is proper. As T is locally Noetherian, f being proper with finite
fibres implies it is finite [22, Tag 02OG]

Now let t ∈ T and suppose V ∼= Spec(B) is an open affine subscheme about t, with U := f−1(V ) ∼=
Spec(A) where A is a finite, flat B−module. Say t corresponds to P ∈ Spec(B). Then take elements
a1, . . . , ad ∈ A that map to a basis of A⊗B BP /PP (which is a finite BP /PP vector space because
A is a finite B−module). Observe that the images of these elements generate the module A/PA
since we have a canonical isomorphism A/PA ∼= A ⊗B BP /PP . Let ϕ : Bd → A be the module
homomorphism sending the ith basis vector to ai and let N be the image of this in A. Then
P (A/N) = A/N , so by Nakayama’s lemma there is some f ∈ 1 + P such that Nf = Af . In other
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words ϕf : Rdf → Af is surjective. Af is flat over Bf , so the sequence below is exact.

0→ ker(ϕf )⊗Bf BP /PP → Bdf ⊗Bf BP /PP → Af ⊗Bf BP /PP → 0

But by the choice of ai, this means that ker(ϕf ) ⊗Bf BP /PP = 0 and so by Nakayama’s lemma
again, there is some f ′ ∈ Bf such that ker(ϕf )f ′ = 0, and so Aff ′ is a free Bff ′ -module of
rank r. In other words we have an affine open neighbourhooud of t, V ′ ∼= Spec(B′) such that
U ′ = f−1(V ′) ∼= Spec(A′) and A′ is a free B′ module of rank r. Since r was the dimension of
A ⊗B BP /PP as a BP /PP vector space, which is the dimension as a k-vector space of the global
sections of the fibre over t, r = 1. Thus f is an isomorphism.

Remark. Note that in the previous example we actually proved that given a morphism f : X → S
where S is locally Noetherian, if f is finite and flat then it is finite and locally free, where a morphism
is locally free if it is affine and f∗OX is a finite locally free OS module. We even showed that the
rank of f∗OX near a point s ∈ S is the dimension of the global sections of Xs as a κ(s)-vector
space. The Noetherian hypothesis was used to apply Nakayama’s lemma, since this means that the
affine pieces of S are Noetherian, so all the modules we were considering were finitely generated (in
particular, ker(ϕf ) was finitely generated, so we could apply Nakayama to it). One can also show
that the converse is true, if f is finite and locally free then it is finite and flat. If one drops the
locally Noetherian hypothesis, it can be shown that f is finite and locally free is equivalent to f
being finite, flat and locally of finite presentation. We won’t use any of these results, but they are
discussed at [22, 02K9].

Remark. The above example seems like a lot of work to show that the closed points of X are
parameterised by the closed points of X. This is essentially because we are arguing from first
principles, we are simultaneously proving that Hilb1X/ Spec(k) exists and identifying it with a familiar
object. Considering how much work is required to show that Hilbert schemes exist at all may shed
some light on why it was so difficult to compute this example. If one already knows that the Hilbert
scheme exists, and knows some of its properties, it becomes a lot easier to identify it, as we shall
see in the following sections. We could also have reduced the above to showing that the previous
example was true for X = Pnk , where we have a lot of information, and then shown that this implies
the result for any projective scheme X over k.

Definition 4.1. The nth punctual Hilbert scheme, denoted Hn is defined to by:

Hn := (Spec(k[X,Y ]/(X,Y )n))[n]

Hn is the closed subscheme of (A2
k)[n] that parameterises the length n subschemes of A2

k supported at
the origin o. Observe that if R is a ring and m is a maximal ideal, the natural map R/mn → Rm/m

n
m

is easily checked to be an isomorphism, so we could have defined Hn in terms of the local ring and
maximal ideal of A2

k at the origin.

Turning to the case k = C, if X is any surface with smooth point p, OX,p/mX,p ∼= OC2,p so in fact
Hn will then parameterise the subschemes of length n supported at p.

Observe that the closed points ofHn correspond to the ideals I < C[X,Y ] such that dimC C[X,Y ]/I =
n and mn ⊂ I ⊂ m, where m = (X,Y ). If n is 1 or 2, this is easy to analyse. For n = 1, I = m is the
only possible ideal. For n = 2, the possible ideals are in bijection with the one dimensional linear
subspaces of m/m2, so that H2

∼= P1
C
∼= P(ToC2). This corresponds geometrically to the fact that
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the subschemes of length 2 at o are in some sense the limit of subschemes supported at two separate
points, where one is fixed at o and the other approaches p from some tangent direction. For large
n, a subscheme of length n at o can also be viewed as the limit of a family of subschemes supported
at n distinct points, one fixed at o whilst the others approach. This interpretation shows that the
behavior for large n quickly becomes wild. However, one particular type of behavior remains easy
to analyse, that where the n− 1 movable points all approach the origin along some smooth curve.

Definition 4.2. We say that a closed subscheme Z supported at 0 is curvilinear if dimC ToZ = 1.
The open subscheme of Hn consisting of curvilinear subschemes supported at the origin is denoted
Hc
n.

These are the closed subschemes viewed as the limit of points approaching along a smooth curve,
where the tangent of the curve is the tangent line to Z at o. There is a natural morphism Hc

n → P1
C

that sends a curvilinear subscheme to its tangent direction. If the tangent direction to Z at o is
the line Y + a1X = 0 for some a1 ∈ C, the ideal of Z is then given by (Y + a1X + b2X

2 + · · · +
bn−1X

n−1, Xn) for some bi ∈ C. Thus the morphism is a locally trivial Cn−2 bundle over P1
C, which

means that Hc
n is irreducible and of dimension n− 1.

A result of Briançon in [3] says that Hc
n is dense in Hn.

Understanding the punctual Hilbert schemes will be useful to us later in section 6.
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5 The Hilbert-Chow morphism

The Hilbert-Chow morphism is a morphism of schemes ρ : X
[n]
red → X(n) that captures many of the

properties of the Hilbert scheme in terms of the more readily understood symmetric power X(n).
We might expect the two schemes to be related, based on our understanding of the closed points of
the two schemes. The closed points of X(n) consist of collections of n not necessarily distinct closed
points of X, where order is irrelevant. In other words, the points of X(n) are in correspondence with
the effective degree n 0−cycles of X. Thus we would be tempted to define the map of closed points
ρ : X [n] → X(n) sending a subscheme Z to

∑
z∈Z dimk(OZ,z)[z]. This does in fact correspond to a

morphism of schemes capturing a lot of information about X [n], especially when X is non-singular
and has dimension 1 or 2. In this section we will construct ρ and prove some of the most important
properties of the morphism, which appear when X is a quasiprojective variety of dimension 1 or 2.
Much of the material of this section is based on [4, Chapter 7].

5.1 Quotients of a scheme by a group action

We first begin by defining the symmetric power as a scheme. Throughout this essay, by a variety, we
mean a reduced, separated scheme of finite type over an algebraically closed field k. In particular
we do not require varieties to be irreducible. Recall that the closed points of a quasiprojective
variety correspond to a “classical” quasiprojective variety, and in many instances facts about these
varieties can be deduced from working with the closed points. See, for example, [13, II.4].

Definition 5.1. If X is a quasiprojective variety over k with G a finite group acting on X, then
the quotient of X by G (if it exists) is a variety X/G with a surjective morphism π : X → X/G
such that each point of Y corresponds to an orbit of X under G, and any G−invariant morphism
ϕ : X → X ′ factors through π. If it exists, it is therefore unique. Morover, if X is smooth and the
action is free, X/G is smooth.

Then, for a quasi-projective variety X, X(n) is defined to be the quotient of the n−fold product
Xn under the action of Sn that permutes the factors.

In fact, in the case described above, quotients always exists. Moreover, if X is projective then X/G
is as well, and if X is quasi-projective then X/G is also quasiprojective. A full discussion can be
found in [12] but a proof is outlined below.

If X = Spec(A) with A a finitely generated k−algebra, it is easy to show that X/G = Spec(AG),
where AG is the fixed field of A under the action of G and π : X → X/G is just the map determined
by the inclusion AG → A. For projective X, one may embed X into some sufficiently large
projective space Pnk such that the action of G on X descends from an action of G on Pnk that
sends X to itself by first embedding X in some Pmk and then embedding this in (Pmk )|G| in such
a way that the image of X in the gth factor is the composition of the embedding of X into Pnk
and the automorphism of X determined by g. Taking B =

⊕
iBi the G−invariant graded subring

of the finitely generated homogeneous co-ordinate ring of X corresponding to this embedding, we
construct a new homogeneous co-ordinate ring. Set B′ =

⊕
iBki, where the degree of Bki is defined

to be i, for some sufficiently large k such that B′ is generated by its first graded component. Thus
B′ is a quotient of a finitely generated k−algebra and so determines a projective variety embedded
in Prk, where r is the number of generators of B′ of degree 1. This Y is then a quotient of X by G
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and so X/G is projective.

Finally, observe that if π : X → X/G is a quotient of X by G and U is any open subscheme
invariant under the action of G, π

∣∣
U

: U → π(U) is a quotient of U by G, and conversely if X
is covered by open G−invariant subschemes for which the quotient exists, then they glue to give
a global quotient. So if X is quasi-projective, in the same way that we extended the action of G
on a projective variety X to Pnk , we may extend the action of G to a closed subscheme of some
projective space containing X and then make use of the previous observation. We then see that
X/G is quasi-projective.

A final result about quotients by finite group actions is that if S is a quasi-projective smooth surface,

then the singular locus of S(n) is exactly S(n) \ S(n)
0 , where S

(n)
0 is the image under the projection

map from Sn → S(n) of the dense open set consisting of points (p1, . . . , pn) such that all of the pi
are distinct. An explanation using the étale topology and formal neighbourhoods (notions which
we will not describe) can be found in [4, Chapter 7].

5.2 Cartier divisors and the symmetric power

We aim to embed X(n) in a larger variety and then define a morphism from X [n] into this larger
variety, such that the image is the embedded copy of X(n). This will then immediately give the

desired morphism X
[n]
red → X(n).

Take X → Pnk a locally closed subscheme. Then X(n) is a locally closed subvariety of (Pdk)(n). We de-

note by P̌dk the dual projective space to Pdk parameterising hyperplanes, and by Divn(P̌dk) ∼= P(n+d
d )−1

k

the space of effective divisors of degree n on P̌dk. For n = 1, we have the natural isomorphism from
Pdk to Div1(P̌dk) sending a point p to the set of hyperplanes containing p, Hp. For general n, we
define a morphism ch : (Pdk)n → Divn(P̌dk) such that

p = (x1, . . . , xn) 7→
∑
i

Hxi

This is invariant under the action of Sn, so factors through (Pdk)(n), giving a morphism also denoted
by ch. This is an isomorphism onto its image, which is a closed subvariety, so we have an embedding
of (Pdk)(n) into Divn(P̌dk), which in turn gives the desired embedding for X(n).

By definition, Divn(P̌dk) represents the functor Divn that sends schemes T over Spec(k) to the
set of effective, relative Cartier divisors D → P̌dk ×k T . Relative means that D is flat over T , or
equivalently, that the restriction to each fibre over a point t ∈ T is a Cartier divisor. Therefore to
give a morphism X [n] → Divn(P̌dk) is equivalent to giving a natural transformation of functors. We
first show how to construct an effective Cartier divisor from a coherent sheaf on a particular type
of k−scheme, and then use this to construct such a divisor in the relative setting. The main result
will be:

Theorem 5.2. Let X be a smooth irreducible projective variety and T a k−scheme, with F a
coherent sheaf on X ×k S that is flat over T such that for all t ∈ T , supp(Ft) 6= X. Then there
exists an effective Cartier divisor div(F) on X ×k T such that constructing div(F) commutes with
base change.

Once this is in place, we construct the Hilbert-Chow morphism as follows:
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Suppose T is a k-scheme and Y → Pdk×kT is a closed subscheme, flat over T with Hilbert polynomial
n in the fibres. Consider the following diagrams:

H P̌dk

Pdk Spec(k)

p

p̌
H ×k T P̌dk ×k T

Pdk ×k T Spec(k)

p̌T

pT

Here, H → Pk ×k P̌dk is the incidence correspondence (which as a set is the collection of pairs (x, l)
such that x ∈ l) p, p̌ are the projection maps restricted to H, pT = p× 1T and p̌T = p̌× 1T . Then
using pT and p̌T to pull back, then pushforward the coherent sheaf OY gives a coherent sheaf F on

P̌dk ×k T which is flat over T . For each t ∈ T , supp(Ft) = {l ∈ P̌dk : l∩Zt 6= φ} so is a proper subset
of P̌dk, allowing us to apply theorem 5.2 to obtain div(F) an effective Cartier divisor on P̌dk ×k T .
Moreover, given a morphism of schemes T ′ → T we have another commutative diagram:

H ×k T ′ P̌dk ×k T ′

H ×k T P̌dk ×k T

Pdk × T ′ Pdk ×k T Spec(k)

So that if Y → Pdk×kT is a closed subscheme, the sheaf on P̌dk×kT ′ constructed from the pullback of
Y is isomorphic to the pullback of the sheaf on P̌dk ×k T constructed from Y , since the construction
commutes with base change the two divisors produced are the same. In particular, the restriction
of div(F) to a fibre over t is the divisor assosciated to Ft, so that div(F) is relative. Then we really
have defined a natural transformation of functors giving ρ : X [n] → Divn(P̌dk). If X is a (locally)
closed subscheme of Pdk, then X [n] is a (locally) closed subscheme of (Pdk)[n] and we see that the
morphism defined over X [n] is the restriction of the morphism ρ : (Pdk)[n] → Divn(P̌dk). The latter
two schemes are projective, so in particular are both proper over Spec(k) whence ρ is proper.

It will be immediate from our construction of the divisor that for any closed subscheme Z of
X with Hilbert polynomial n, (i.e. taking the case T = Spec(k)) the associated divisor will be∑
z∈Z dimk(OZ,z)HZ . Then the set-theoretic image of X [n] is exactly X(n), so the morphism

factors as ρ : X
[n]
red → X(n).

5.3 Constructing effective Cartier divisors from coherent sheaves

We begin with some algebra.

Lemma 5.3. Let R be a ring and M an R−module. Then for any n, for any short exact sequence:

0 Rn Rn M 0
ϕ ψ′
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The value of det(ϕ) is (up to multiplication by a unit) independent of the resolution chosen. In
particular, as ϕ is injective, det(ϕ) is not a zero-divisor.

Proof. Suppose we have another such short exact sequence:

0 Rn
′

Rn
′

M 0
ϕ′ ψ′

Then ψ and ψ′ correspond to two choices of generators of M , m1, . . . ,mn and m′1, . . . ,m
′
n′ . We

can then take matrices A and B such that for all i,
∑
j ajimj +m′i = 0 =

∑
j bjim

′
j +mj . Then by

embedding Rn into the first n copies of R in Rn+n′ and embedding Rn
′

into the last n′ copies, we
can construct a sequence:

0 Rn+n′ Rn+n′ M 0
ψ′′

Where ψ′′ acts as ψ on the first n co-ordinates and ψ′ on the final n′. The sequence can be
made exact if the homomorphism corresponding to the red arrow is taken to be either of the
homomorphisms below.

θ =

(
ϕ A
0 1n′

)
θ′ =

(
1n 0
B ϕ′

)

As kernels are unique up to isomorphism, there is an automorphism α of Rn+n′ such that θ′ = θ◦α,
so det(θ′) = det(α) det(θ) proving the claim.

We will assume that the reader is familiar with the notion of depth of modules over a local ring,
and quote the following standard commutative algebra result:

Theorem 5.4 (Auslander-Buchsbaum). Let R be a Noetherian local ring and M a non-zero finitely
generated R-module of finite projective dimension. Then the following relation holds:

pd(M) + depth(M) = depth(R)

Lemma 5.5. Suppose X is a scheme and 0 → En →, . . . ,→ E0 → 0 is an exact sequence of
locally free coherent sheaves, for n ≥ 1. Then there is a cannonical isomorphism of OX-modules:⊗n

i=0(det(Ei)))(−1)i → OX

Proof. The case n = 1 is clear since then E1 ∼= E0. When n = 2, we can take an open cover over
which the sheaves are free and so we see that the sequence is locally split. It is then immediate that
over each open set Ui in the cover there is a canonical isomorphism det(E0) ⊗ det(E2)|Ui ∼= E1|Ui .
These isomorphisms then glue together do define a global isomorphism.

Finally, if n ≥ 3, by taking Ē to be the locally free coherent sheaf that is the kernel of the map
E2 → E1 we can split the short exact sequences into two shorter sequences:

0 En . . . E2 Ē 0

30



0 Ē E1 E0 0

Applying induction we get two canonical isomorphisms to OX :

det(E0)⊗ det(E1)−1 ⊗ det(Ē) ∼= OX

det(Ē)

n⊗
i=2

(det(Ei))(−1)i+1 ∼= OX

Tensoring the first with the inverse of the second gives the desired isomorphism.

Using the previous lemma, along with the following results (which we won’t prove, but can be found
in [4, Chapter 7] and [11]) we are ready to prove theorem 5.2.

Lemma 5.6. Let X be a smooth projective variety of dimension n over k and T a k−scheme, with
F a coherent sheaf on X ×k T , flat over T . Then F admits a locally free resolution of length n.

Definition 5.7. If X is any scheme, then the depth of x ∈ X is defined to be depth(OX,x).

Lemma 5.8. Let X be a scheme and f, g two Cartier divisors on Y . Then f = g if and only if
their stalks agree at every depth one point of X.

Proof of theorem 5.2. Take a resolution of F by locally free coherent sheaves:

0 En . . . E0 F 0

Locally about each x ∈ X ×k T we may take an open neighbourhood U on which the Ei are free.
Then let U ′ −U \ supp(F ). The condition that supp(Ft) 6= X for any t ∈ T ensures that any open
set in X×k T contains a point outside of supp(F), so U ′ is a dense open subset of U . Over U ′ there

is a canonical isomorphism OX×kT →
⊗n

i=0(det(Ei)(−1)i). Since the Ei are free sheaves over U , then
their determinants are isomorphic to the restriction of the structure sheaf to U (the isomorphisms

being non-canonical but well-defined up to a unit), giving an isomorphism
⊗n

i=0 det(Ei)(−1)i →
OX×kT . Composing these two morphisms gives an automorphism of OX×kT

∣∣
U ′

as an OX×kT -
module, in other words a section f ∈ O∗X×kT (U ′) that is well defined up to a section of O∗X×kT (U).
Since U ′ is dense in U , f defines a section of K∗(U) which in turn gives an effective Cartier divisor
on U .

We now need to show that the divisor on U is independent of the choice of resolution, so that the
local definitions glue to give a global effective divisor. It is sufficient to check that at points of
depth 1 by lemma 5.8.

Let v ∈ X ×k T be a point of depth 1 and let Ē be the kernel of E0 → F . Then the following
sequence is exact:

0 Ē E0 F 0

Taking stalks, since OX×kT,v is depth 1, the projective dimension of Fv is at most 1 by theorem
5.4. In particular, this implies that Ēv is projective by standard results about projective dimension.
But any projective module over a local ring is free, so Ēv is free. We can then take a small open
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neighborhood W about v on which all of Ei and Ē are free. Taking stalks at the short exact sequence
above at a point z inside of W outside of supp(F) shows that the ranks of E0 and Ē must be the
same, since their stalks at z are isomorphic.

On W , we have the canonical isomorphism Ē ∼=
⊗n

i=1 det(Ei)(−1)i−1

, so div(F) is defined with
respect to isomorphisms between OX×kT and det(E0) ⊗ det(Ē)−1. But this is just (up to a unit)
det(ϕ), which is independent of choice of resolution by lemma 5.3. Thus div(F) is well-defined and
gives a global Cartier divisor.

To see that the construction commutes with base change, take h : T ′ → T any morphism. Since
F is flat, any finite free resolution of F pulls back to a finite free resolution of h∗F . Thus we
immediately see that h∗(div(F)) = div(h∗(F)).

Now we see what the divisors look like when T = Spec(k), to understand the Hilbert-Chow mor-
phism. Let F be a coherent sheaf on X flat over Spec(k). Since the depth 1 points of X are exactly
the generic points [V ] of prime divisors V on X, we may understand div(F) by taking an open
neighborhood U around each such [V ]. Locally on (sufficiently small) U we have a resolution:

0 OrX OrX F 0
ϕ

On U , div(F) is determined by det(ϕ). In particular, the stalk of div(F) at [V ] is just the stalk
of det(ϕ) at [V ]. Since X is a smooth variety, we have a correspondence between Cartier and Weil
divisors as in [13, II.6] and the Weil divisor corresponding to div(F) is then

∑
V nV V , where nV is

the order of vanishing of det(ϕ) in the discrete valuation ring OX,[V ]. It follows that given a closed

subscheme Z → X, the associated divisor in Divn(P̌dk) is
∑
z∈Z dimk(OZ,z)Hz, which is realised as

an element of X(n) as
∑
z∈Z dimk(OZ,z)[z]. Recalling the remarks made at the end of section 5.2,

we see that we have now proved the existence of ρ.

5.4 Applications of the Hilbert-Chow morphism

Now that we have the Hilbert-Chow morphism, we may make immediate use of it. If X is any
smooth quasiprojective variety, (considered as a classical variety) we may consider the subset Xn

0

of Xn given by elements (x1, . . . , xn) with each of the xi distinct. This is a dense open set, and its

image X
(n)
0 in X(n) is also dense and open, corresponding to the zero cycles

∑
i[xi] where the xi are

distinct. The action of Sn on Xn
0 is free, so X

(n)
0 is a smooth open subscheme of X(n) of dimension

dn. Pulling this back through the Hilbert-Chow morphism gives an open subset X
[n]
0 of X [n]. By

our identification of the tangent space in section 3 we see that the dimension of the tangent space

at points of X
[n]
0 is dn and we also see that ρ

∣∣
X

[n]
0

is an isomorphism. We will see in section 6 that

there is a lot of information to be gained by stratifying X [n] through pulling back certain natural

subsets of X(n) through the Hilbert-Chow morphism. But we will see already that considering X
[n]
0

is useful in its own right in the upcoming theorem.

Lemma 5.9 (Connectedness). Let X be a connected quasiprojective scheme over k. Then X [n] is
connected for all n ≥ 0
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We will need results about the connectedness of the Hilbert scheme of points for what follows, but
we will not include a proof. The argument is by induction and involves taking the projectivisation
of a suitable ideal sheaf on X × X [n]. This turns out to be the incidence correspondence Z ⊂
X [n] ×k X [n+1] where Z is the closed subscheme corresponding to pairs (W,W ′) such that W is
a closed subscheme of W ′. Z is shown to be connected if X [n] is, and since there is a surjective
morphism from Z to X [n+1], this scheme is also seen to be connected. A full discussion can be
found in [16]

The second part of the next theorem was originally proved by Fogarty [5]. The first part is proved
similarly.

Theorem 5.10. 1) Let C be an irreducible, smooth, quasiprojective curve. Then for all n ≥ 0,
C [n] is smooth and irreducible of dimension n

2)Let S be an irreducible, smooth, quasiprojective surface. Then for all n ≥ 0, S[n] is smooth and
of dimension 2n

Proof. Let X = C or S and set d = dim(X). We will show that at each closed point [Z] of X [n], the
dimension of the tangent space T[Z]X

[n] is dn, proving smoothness. If X [n] were reducible, since

X̄0
[n]

is irreducible and X [n] is connected, any other irreducible component will intersect X̄0
[n]

non-trivially. Any point in the intersection will be singular, so no other component exists.

Forgarty’s original proof used the identification of the tangent space at such points that we saw in
section 3 to reduce the result to a purely algebraic one. We will instead give a proof using Serre
duality.

The first exact sequence below gives rise to the second one:

0→ IZ → OX → OZ → 0

0→ HomOX (OZ ,OZ)→ HomOX (OX ,OZ)→ HomOX (IZ ,OZ)

→ Ext1
OX (OZ ,OZ)

But dimk HomOX (OZ ,OZ) = n and dimk HomOX (OX ,OZ) = n since the Hilbert polynomial of
Z was n, so the first map in the sequence is an isomorphism kn → kn. Thus HomOX (IZ ,OZ) is
naturally a subspace of Ext1

OX (OZ ,OZ). Since there is a smooth, dense open subset of X [n] which

is of dimension dn, it suffices to prove that dimk Ext1(OZ ,OZ) ≤ dn to ensure dimk T[Z]X
[n] = nd

When X is a curve, Serre duality gives that Ext1
OX (OZ ,OZ) ∼= H0(OZ ⊗ KX)∨ ∼= kn so we are

done.

When X is a surface, Serre duality gives that Ext2
OX (OZ ,OZ) ∼= H0(OZ⊗KX)∨ ∼= kn. So we have:

n− dimk Ext1
OX (OZ ,OZ) + n = χ(OZ ,OZ)

Where we denote by χ(F ,G) the alternating sum
∑
i(−1)i dimk ExtiOX (F ,G) analagously to the Eu-

ler characteristic. But this is zero, since taking a locally free resolution 0→ Er → · · · → E0 → Oz →
0 gives that χ(OZ ,OZ) =

∑
i(−1)iχ(Ei,OZ) =

∑
i(−1)in · rank(Ei). Then

∑
i(−1)irank(Ei) = 0

as the sequence is exact and χ(F ,G) is additive in short exact sequences in the same way that the
usual Euler characteristic function is.
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Since X [n] is (quasi-)projective if X is, X [n] is always separated and finite type. By the proceeding
theorem, when X is a smooth curve or surface, X [n] is in addition smooth and irreducible. It must
then be reduced since a non-reduced point would be singular. In these two cases then, X [n] is even
a variety. This behavior of the Hilbert scheme of points is very specific to low-dimensional varieties,
as the following example shows, even when X is a smooth variety, if its dimension is ≥ 3 then X [n]

will be singular for some n.

Example 5.1. Take X = Spec(k[X1, . . . , Xd]) for d ≥ 3. Let m be the ideal (X1, . . . , Xd) and let
Z be the closed subscheme determined by m2. Then X [d+1] is singular at [Z]:

T[Z]X
[d+1] ∼= Homk[X1,...,Xd](m

2, k[X1, . . . , Xd]/m
2)

∼= Homk[X1,...,Xd](m
2/m4, k[X1, . . . , Xd]/m

2)

∼= Homk[X1,...,Xd](m
2/m4,m/m2)

∼= Homk[X1,...,Xd](m
2/m3,m/m2)

∼= Homk(m2/m3,m/m2)

∼= Homk(kd(d−1), kd)

∼=kd
2(d−1)

and for d ≥ 3, d2(d−1) > d(d+1). This argument immediately shows that if X is a smooth variety
of dimension d then X [d+1] is singular and so we see that if we want every Hilbert scheme of points
to be smooth for a given variety X, we must restrict our attentions to curves and surfaces.

In fact, Iarrobino in [14] produced an example showing that if X is a nonsingular projective variety
of dimension d ≥ 3, X [n] is reducible for all n sufficiently large. He shows that Hilbn(A) for A a
regular local ring of dimension d has dimension greater than cn2−2/d for some c depending only on
d. He then uses the embedding Hilbn(A) → X [n] arising from the embedding of the local ring at
a smooth closed point to show that X [n] contains a closed subscheme of dimension cn2−2/r, which

is larger than dn for d sufficiently large. Then X̄
[n]
0 is an irreducible component of dimension dn,

but doesn’t contain this closed subscheme, so X [n] is reducible. The example can also be viewed
as proving that the dimension of the component of X [n] consisting of closed subschemes of length
n supported at a single point is larger than dn for n sufficiently large and is analogous to the
discussion of the punctual Hilbert schemes seen in section 4.

With this in mind, if one is interested in smooth or irreducbile schemes then for a general variety
X, one can only study X [n] for small n. As we will see in section 6, it actually turns out to be of
interest to consider the collection of X [n] for all n simultaneously, so this would be a big drawback.

Theorem 5.11. Let C be a singular quasiprojective curve. Then the Hilbert-Chow morphism
ρ : C [n] → C(n) is an isomorphism.

Proof. Recall that we have already seen that ρ induces an isomorphism C
[n]
0 → C

(n)
0 and C

[n]
0 is

dense in C [n]. But at a closed point [Z] in C [n], since the local rings at all closed points of C are
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discrete valuation rings, if Z is supported at p1, . . . , pr and has length ni at pi, the stalk of IZ at
pi must be the nthi power of the maximal ideal. The ideal sheaf of a closed subscheme is uniquely
determined by its stalks where the subscheme is supported, so the Hilbert-Chow morphism is also
a bijection between closed points, because here the map is [Z] 7→

∑
i dimk(OZ,pi)[pi]. Thus ρ is a

bijection, and a birational morphism, whence an isomorphism by Zariski’s main theorem (theorem
2.7).

We have now seen that the Hilbert scheme of points for varieties of higher dimensions need not be
irreducible or smooth, and for curves they are simply the symmetric powers. This is exactly why
we are primarily interested in the case of surfaces, they strike just the right balance between being
interesting and being understandable.

In the case of a surface, we have already seen that ρ : S
[n]
0 → S

(n)
0 is an isomorphism. Recalling from

section 5.1 that the singular locus of S(n) is S(n) \S(n)
0 , this shows that the Hilbert-Chow morphism

ρ : S[n] → S(n) is actually a resolution of singularities ( i.e. S[n] is smooth and irreducible, and ρ
is a proper birational morphism) which is a reason in and of itself to find it interesting.

In fact, the theory of Hilbert schemes of points on surfaces is very rich. For example, Beauville [1]
showed that ρ : S[n] → S(n) pulls back the cannonical divisor on S(n) to the cannonical divisor on
S[n]. Then ρ is said to be a crepant resolution of singularities. Beauville also showed that if S is a K3
surface, then S[n] has an everywhere non-degenerate holomorphic two form, making it holomorphic
symplectic. In the case that S was an abelian surface, he also formed the generalised Kummer
varieties from S[n], which are another class of irreducible holomorphic symplectic varieties. Other
than these two families, there are only two other isolated examples of irreducible holomorphic
symplectic varieties known to us, as pointed out in [6]. It may be the case that there are not
very many other examples of holomorphic symplectic varieties, which would then provide good
motivation for being interested in S[n]. On the other hand, there may be many examples of such
varieties that simply haven’t yet been found. Even if this were the case, the fact that they haven’t
yet been discovered could indicate that the families arising from the Hilbert scheme of points are
more readily understandable than the others, which would still provide a good reason to take an
interest in them.

35



36



6 The Betti numbers for the Hilbert scheme of points on a
smooth projective surface

We now come to the final result in this essay: the computation of the Betti numbers of S[n] in terms
of the Betti numbers of S, where S is a smooth projective surface over C. This is a big theorem and
a good note on which to end. It shows that despite the erratic behaviour of the Hilbert scheme in
almost all cases, if one finds the right situations to consider, there are fascinating results to uncover.

This was originally proved by Göttsche [7] by computing the ranks of the l−adic cohomology
groups of surfaces over F̄q and then applying the Weil conjectures to this result to compute the
Betti numbers for surfaces over C. The result has since been realised as a statement about the
Heisenberg algebra. More specifically, taking H =

⊕
iHi where Hi denotes the rational cohomology

group of S[n], H has the structure of an irreducible module under the Heisenberg algebra. This
allows, amongst other things, a computation of the Betti numbers of S[n] and gives some insight
into the relation between the Betti numbers for different n. This approach was taken by both
Grojnowski [10] and Nakajima [19] and is discussed in [6]

We will obtain the result through yet a third method, following [4, Chapter 7]. By producing a
suitable stratification of S(n) we will relate the Betti numbers of S[n] to the known values of the
Betti numbers of S(n), which are given by a generating function due to Macdonald [17]

Theorem 6.1. If p(S(n)) =
∑
i bi(S

(n))zn denotes the Poincaré polynomial of S(n), then:∑
n

p(S(n))tn =
(1 + zt)b1(S)(1 + z3t)b3(S)

(1− t)b0(S)(1− z2t)b2(S)(1− z4t)b4(S)

We will show that the Hilbert-Chow morphism is strictly semismall according to the following
definition, and then use this to compute the cohomology.

Definition 6.2. Let f : X → Y be a projective morphism of varieties over C. Suppose Y may be
written as a disjoint union of locally closed, smooth subvarieties Yα and then let Xα = f−1(Yα).
Suppose further that for each α, f

∣∣
Xα

: Xα → Yα is a locally trivial fibre bundle with fibre Fα
in the analytic topology. Then the morphism f is said to be strictly semismall if for each α,
2 dim(Fα) = codim(Yα).

6.1 Stratification

In this section we will show that ρ : S[n] → S(n) is strictly semismall with fibres given by products
of the punctual Hilbert schemes discussed earlier, for a natural choice of stratification of S(n). This
will allow us to apply the results of the previous section and compute the Betti numbers of S[n].

Suppose I = (n1, . . . , nr) is an ordered partition of n, so that 1 ≤ n1 ≤ · · · ≤ nr and
∑
i ni = n.

We define S
(n)
I to be the set consisting of the points

∑
i ni[xi] where the xi are distinct points in S.

We then have a stratification of (the closed points of) S(n). Defining S
[n]
I = ρ−1(S

(n)
I ) then gives

a stratification of (the closed points of) S[n] into locally closed strata. It is sufficient to work with
closed points, since in this instance we are dealing with varieties.

We can represent each ordered partition I = (n1, . . . , nr) by I ′ = (1α1 , . . . , nαn) where αi is the
number of times i appears in I.
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We may then define a map πI : S(α1) × · · · × S(αn) → S(n) that sends (s1, . . . , sn) to
∑
i isi.

S(α1)×· · ·×S(αn) contains a dense open subset (S(α1)×· · ·×S(αr))0 corresponding to the quotient
of (Sα1 × · · · × Sαn)0 (the open dense subset of Sα1 × · · · × Sαn ∼= Sr where each component is
distinct) by the natural action of Sα1 × · · · × Sαn . Restricting πI to this open subset gives an

isomorphism with S
(n)
I , so that the image of πI must be S̄

[n]
I . Since the varieties involved are

projective, πI is projective and we have already seen that it is birational. In fact, more as true, as
shown in the following proposition.

Proposition 6.3. πI : S(α1) × · · · × S(αn) → S̄
(n)
I is the normalisation of S̄

(n)
I .

Proof. Smooth varieties are normal, quotients of normal varieties are normal and the product
of normal varieties is normal, so we see that S(α1) × · · · × S(αn) is normal. Suppose now that

f : N → S̄
(n)
I is the normalisation of S̄

(n)
I . Then πI factors through f via some morphism g :

S(α1) × · · · × S(αn) → N . But as S
(n)
I is locally closed and smooth, it is a normal open subscheme

of S̄
(n)
I , so f : f−1(S

(n)
I ) → S

(n)
I is an isomorphism. Then g : π−1

I (S
(n)
I ) → f−1(S

(n)
I ) is also an

isomorphism, so g is birational. But it has finite fibres since πI does, so by Zariksi’s main theorem
it is an isomorphism.

This way of associating to a particular ordered n−tuple the data of both I and I ′ shows that we can

identify S
(n)
I with the quotient of Sr0 by Sα1 × · · ·×Sαr , where this group acts on Sr0 by restriction

of the natural action on Sα1 × · · · × Sαr to the natural embedding of Sr0 . This action is free, so

S
(n)
I is smooth and has dimension 2r.

Proposition 6.4. Let I = (n1, . . . , nr) be a partition of n as above. Then if S is a smooth

projective surface, ρ : S
[n]
I → S

(n)
I is a locally trivial fibre bundle (in the analaytic topology) with

fibre Hn1×, . . . ,×Hnr

This should not be surprising. After all, the reason we were interested in the punctual Hilbert
schemes is because every closed subscheme in X [n] is the disjoint union of closed subschemes sup-
ported at distinct single points. Each Hm parameterises the subschemes of length m supported at
a single point p, which is, set theoretically, ρ−1(m[p]).

Proof. Suppose s ∈ S(n)
I , s =

∑
i ni[xi]. Then taking a suitable product of disjoint open (analytic)

neighbourhoods Ui of the points xi gives an open neighbourhood U ⊂ S
(n)
I containing s. The

disjointness of the Ui immediately gives that ρ−1(U) ∼= U ×Hn1
× · · · ×Hnr by the above remark,

as required.

We can now prove the following:

Theorem 6.5. The Hilbert-Chow morphism ρ : S[n] → S(n) is strictly semismall with respect to

the stratification of S(n) into S
(n)
I , and moreover the fibres are irreducible.

Proof. For each I = (n1, . . . , nr) a partition of n, we know that the fibre FI is Hn1
×, . . . ,×Hnr

and that the dimension of Hni is ni− 1, so that dim(FI) =
∑
i(ni− 1) = n− r. On the other hand,

we also saw that S
(n)
I had dimension 2r, and so has codimension 2(n− r), proving the claim.
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6.2 Computing the Betti numbers

Since a full description of intersection cohomology complexes and the results we will use in this
section would require significantly more background knowledge than can be assumed, only a brief
outline will be given.

Suppose X is a complex algebraic variety. We will consider its rational cohomology, Hi(X) through-
out this section.

The intersection cohomology complex on X is a complex of sheaves ICX (more correctly, an element
in the derived category) such that the sheaf cohomology of ICX is the intersection cohomology of
X. We write IHi(X) = Hi(X, ICX). The intersection cohomology groups extend cohomology in
the sense that the groups they produce satisfy a form of Poincaré duality, even when the spaces
involved are singular. In the case of a variety, there is a duality between IH−i(X) and IHi(X),
so that if X is smooth and projective, (or the quotient of a smooth projective variety by a finite
group) of complex dimension n, then ICX is the constant sheaf Q in degree n and 0 elsewhere,
denoted QX [n]. In this case we have IHi−n(X) = Hi(X) and the duality between IHi−n(X) and
IHn−i(X) just becomes the usual duality between Hi(X) and H2n−i(X).

Following [4], we will quote two lemmas from [8]

Lemma 6.6. Let f : X → Y be a proper morphism of algebraic varieteies that is strictly semismall
with irreducible fibres, with respect to a given stratification of Y as the disjoint union of locally
closed nonsingular strata Yα. Then Rf∗(ICX) =

∑
α ICȲα

Lemma 6.7. Let f : X → Y be a finite birational morphism of irreducible algebraic varieties.
Then Rf∗(ICX) = ICY .
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We end by computing the Betti numbers of S[n]:

Let I = (n1, . . . , nr) be a partition of n as usual. Then by theorem 6.5 we may apply lemma 6.6 to
see:

Rρ∗(QS[n] [2n]) = Rρ∗(ICS[n]) =
∑
I

IC
S̄

[n]
I

By proposition 6.3 we have the normalisation πI : S(α1)× · · · ×S(αr) → S̄
(n)
I . Applying lemma 6.7,

we have:

IC
S̄

(n)
I

= RπI∗(QS(α1)×···×S(αr) [2(
∑
i

αi)])

Which gives:

Rρ∗(QS[n] [2n]) =
∑
I

RπI∗(QS(α1)×···×S(αr) [2
∑
i

αi])

Since the rational cohomology groups of a scheme are isomorphic toRπ∗(Q) where π is the projection
to a single point and Q is the constant sheaf, taking cohomology commutes with pushforward. The
relation above then tells us that:

H2n+i(S[n]) =
∑
I

Hi+2
∑
i αi(S(αi) × · · · × S(αr))

Finally, using theorem 6.1, we get the desired result:

∑
n

p(S[n])tn =
∑
n

∑
I

p(s(α1)) · · · · · p(S(αr))z2(n−
∑
i αi)tn

=
∏
j

∑
k

p(S(k))z2k(j−1)tjk

=
∏
j

(1 + z2j−1tj)b1(S)(1 + z2j+1tj)b3(S)

(1− z2j−2tj)b0(S)(1− z2jtj)b2(S)(1− z2j+2tj)b4(S)
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[6] L. Göttsche, Hilbert schemes of points on surfaces, Proceedings of the International Congress
of Mathematicians, Vol.II (Beijing), Higher Ed. Press p. 483-494 (2002)
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phismes de schémas IV, Inst. Hautes Études Schi. Publ. Math. no.32, 361 (1967)

[12] J. Harris, Algebraic Geometry, A First Course, Graduate Texts in Mathematics, no. 133
Springer-Verlag, New York (1992)

[13] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics, no.52 Springer-Verlag,
New York, (1977)

[14] A. Iarrobino, Reducibility of the families of 0-dimensional schemes on a variety, Invent. Math.
15 p. 72-77 (1977)

[15] J. Kollár, Rational Curves on Algebraic Varieties, Springer-Verlag, Berlin (1991)

[16] M. Lehn, Geometry of Hilbert Schemes, CRM Proceedings & Lecture Notes Volume 38 (2004)
p.1-30
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