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Recall we defined ample generics for general actions G
�

X. This means there is
a comeager orbit on Xn for all n. In particular we are interested in G = Aut (M)
where G

�

G by conjugation. Then the goal is to give a criterion for ample generics
to exist. Then the point is that this implies sip which tells us that the topology is
given by the pure group.

Also recall we defined a group action to be topologically transitive if there exists
some dense orbit. This is weaker in the sense that it doesn’t have to be comeager,
just dense, and not on finite tuples but just G

�

G.

1. JEP

Definition 1. A partial isomorphism from A to B is an isomorphism from a finitely
generated substructure of A to a finitely generated substructure of B.

If K is an amalgamation class (for us typically a Fräıssé class) of structures we
let K (n) be the class of tuples which are of the form (A, f1, . . . , fn), where A ∈ K
and the fi : A 99K A are partial automorphisms. We say that

(A, f1, · · · , fn) ≤ (B, g1, · · · , gn)

if A ≤ B and fi ⊆ gi. We say that K (n) has JEP if for any(
A, f

)
, (B, g) ∈ K (n)

there is
(
C, h

)
with (

A, f
)

(
C, h

)
(B, g)

≤

≤

.

Example 1. Consider the class of graphs. Then K (n) has JEP. In particular we
can just take C = AqB with no additional edges.

Counterexample 1. Let K be equivalence relation with two classes. K (1) does
not have JEP. Take f switching the two classes and g not switching them.

Exercise 1. Prove that (for K the circular order) K (1) does not have JEP.

As it turns out JEP is equivalent to having a dense conjugacy class. This isn’t
really a deep theorem, it just depends on understanding what this really means.

Proposition 1. Let K be a Fräıssé class, M its limit, and G = Aut (M). Fix
n < ω. TFAE:
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(i) The class K (n) has JEP.
(ii) The action of G

�

Gn by conjugation is topologically transitive.
(iii) There is a dense conjugacy class of an n-tuple of G.

Proof. (ii) ⇐⇒ (iii): We have already seen this.
(i) =⇒ (ii): We prove for n = 1. There is really no formal difference, but the

notation and intuition is easier. Let U , V be nonempty open subsets of G. WLOG

U = Uf = {σ ∈ G |σ ⊇ f} V = Vg

for f and g partial isomorphisms. Let A ⊆M be finitely generated containing do-
main and range of f , and B ⊆M be finitely generated containing domain and range
of g. I.e. (A, f) , (B, g) ∈ K (1). Since we are assuming JEP we can amalgamate
them to get some (C, h) with embeddings

ϕ1 (A, f)→ (C, h) ϕ2 (B, g)→ (C, h) .

Let τ1 extend ϕ1, τ2 extend ϕ2, and ε ∈ G extend h. Then

τ−11 ετ1 ⊇ f τ−12 ετ2 ⊇ g
so

τ2τ1 (U) ∩ V 6= ∅ .
(ii) =⇒ (i): Let (A, f) , (B, g) ∈ K (1). Again, let

U = Uf ⊆ G V = Vf

By assumption there is τ ∈ G such that τ (U) ∩ V 6= ∅. Let ε ∈ τ (U) ∩ V . Let C
be the structure generated by τ (A) ∪B, and let h = ε|C∩ε−1(C). Then

τ |A (A, f)→ (C, h) id : (B, g)→ (C, h)

are embeddings. This proves JEP. �

2. Stronger than JEP, weaker than Amalgamation

Amalgamation turns out to be too strong. Consider the case of graphs. If
we have (A, f), (B, g) overlapping in (C, h), these cannot amalgamate in general
because simple because these might disagree. But if, for example, h is surjective,
i.e. it is a proper isomorphism then we can always amalgamate. More formally this
property says that for every (A, f) there is some (B, g) such that

(C, h)

(B, g)

(D, k)

can be amalgamated. But this is even too strong. We instead ask for the following
property. For any (A, f) we have some (B, g) such that we can extend it to (C, h)
and (D, k) such that

(C, h)

(A, f)

(D, k)
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can be amalgamated. This is called the weak amalgamation property or sometimes
the existential amalgamation property.1

Definition 2. We say K (n) has the existential amalgamation property (EAP) if
for every (A, f) there is (B, g) which is definite on A, which means

(i) (A, f) ≤ (B, g)
(ii) For every embedding

ϕ1 (B, g)→ (C1, h1) ϕ2 (B, g)→ (C2, h2)

there is some (D, r) with embeddings

ψ1 : (C1, h1)→ (D, r) ψ2 : (C2, h2)→ (D, r)

such that
ψ1 ◦ ψ2|A = ψ2 ◦ ψ1|A .

In other words we have the diagram:

(C1, h1)

(A, f) (B, g) (D, k)

(C2, h2)

where the dashed arrows must commute.

Proposition 2. For
(
A, f

)
≤ (B, g) ∈ K (n) TFAE:

(i) (B, g) is definite on A.
(ii) For any two nonempty open subsets V1, V2 ⊆ Ug, we have(

U id|A · V1
)
∩ V2 6= ∅

where · denotes conjugation.

1Professor Simon things this should really be called the weak existential amalgamation prop-
erty, or WEAP.


	1. JEP
	2. Stronger than JEP, weaker than Amalgamation

