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1. Radical of an ideal

Recall the notion of a radical of an ideal.

Lemma 1. For R a commutative ring and I ⊆ R an ideal,
√
I =

⋂
P⊇I

P

Proof. Recall x ∈
√
I iff for some m xm ∈ P . Then if I ⊆ P , xm ∈ P implies x ∈ P

so we have this containment.
Now if x 6∈

√
I, consider the ring (R/I)

[
x−1

]
. Pick a maximal (so prime) ideal

Q ⊆ R/I
[
x−1

]
. Since we have a ring homomorphism:

α : R→ (R/I)
[
x−1

]
we can take the preimage P = α−1Q, and then I ⊆ P , and x 6∈ P implies

x 6∈
⋂
P⊇I

P

as desired. �

Let X = SpecR. Recall that I ⊆ R gives us:

V (I) = {P ⊇ I} ⊆ SpecR

and Y ⊆ X gives us:

I (Y ) = {f ∈ R |Y ⊆ V (f)} =
⋂
P∈Y

P

which is an ideal, and in particular

I (Y ) =
√
I (Y )

Consider V (I (Y )).

Claim 1. If Q ∈ Y , then

Q ⊇
⋂
P∈Y

P = I (Y )

Date: September 24, 2018.

1



2 LECTURES BY: PROFESSOR MARK HAIMAN NOTES BY: JACKSON VAN DYKE

Tautologically, Y ⊆ V (I (Y )).
Now let Z = V (J) ⊇ Y . Then for any f ∈ J , Y ⊆ V (f), so f ∈ P for all P ∈ Y

which implies

f ∈
⋂
P∈Y

P = I (Y )

Therefore, J ⊆ I (Y ), so

Z = V (J) ⊇ V (I (Y ))

This means V (I (Y )) somehow sandwiches itself in between Y and anything that
contains it, so this is the closure of Y , Y .

In the other direction:

I (V (I)) =
⋂
P⊇I

P =
√
I

this is the “trivial nullstellensatz” we were promised. Note that this gives us the
association: {

I ⊆ R | I =
√
I
}
∼=
{
Z ⊆ SpecR |Z = Z

}
where we associate I to V (I) and Z to I (Z). I.e. irreducible Z gets associated to
prime I and vice versa.

Proof. First let I be prime. Then if V (I) = V (J1) ∪ V (J2) this means V (I) =
V (J1J2). But then

IV (I) =
√
I = I = IV (J1J2) ⊇ J1J2

but if J1J2 ⊆ I, this means either J1 ⊆ I or J2 ⊆ I. WLOG let J1 ⊆ I, then
V (J1) ⊇ V (I).

If I isn’t prime, then for fg ∈ I either f 6∈ I or g 6∈ I. If we define:

Z = V (I) Z1 = Z ∩ V (f) Z2 = Z ∩ V (g)

we have that Z ⊆ V (f) ∪ V (g) which means Z = Z1 ∪ Z2 is not irreducible. �

Note that points don’t have to be closed, and ideals don’t have to be maximal.

V (P ) = V (I ({P})) = {p} =: P

2. Examples

Example 1. For R a local ring, it has a unique closed point associated to the
unique maximal ideal.

Example 2. Let R = k [x1, · · · , xn] for k = k. Note that classically R = O (kn).
Now the above result gives us an association of X = SpecR, with irreducible closed
subsets Z ⊆ kn. Note that we have a homeomorphism between kn ↔ Xcl, and a
quasi-homeomorphism between kn ↪→ X.

Recall that we have:

Xf = X \ V (f) (Xcl)f = (Xf )cl .

We have a sheaf OY of k-valued functions on Y locally of the form a/f , and then

on the other side we have OX = R̃. Because the sections of this are effectively
things locally of the form a/f as well, these sheaves are actually the same.

OX = R̃ = OXcl
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Example 3. For I ⊆ R consider SpecR/I and SpecR. We have a ring homomor-
phism

R R/I

α−1 (P ) P

α

where α−1P is prime as well, which means we have a map ϕ : SpecR/I → SpecR
which is continuous because

ϕ−1 (V (J)) = V (α (J))

so i : V (I) ↪→ X = SpecR.
For the module M = R/I ← R, we write M(R) for M as an R-module. Then

I
(
M(R)

)
P

=

{
0 I 6⊆ P
MP I ⊆ P

M̃(R) (U) = M̃ (U ∩ V (I))

i.e.

M̃(R) = i∗M̃ R̃/I = i∗OZ
where Z = SpecR/I so we get (Z,OZ).
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