LECTURE 14
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1. RADICAL OF AN IDEAL

Recall the notion of a radical of an ideal.

Lemma 1. For R a commutative ring and I C R an ideal,
Vi=(\P

PDI

Proof. Recall x € /T iff for some m ™ € P. Thenif I C P, 2™ € P implies = € P
so we have this containment.

Now if z & /I, consider the ring (R/I) [z~!]. Pick a maximal (so prime) ideal
QCR/I [:L‘_l]. Since we have a ring homomorphism:

a:R— (R/I)[z7"]
we can take the preimage P = o~ '@, and then I C P, and 2 ¢ P implies
T ¢ ﬂ P
PDI

as desired. O
Let X = Spec R. Recall that I C R gives us:
V({I)={P2>I}CSpecR
and Y C X gives us:
IV)={feRlYCV(N}=P
Pey

which is an ideal, and in particular

I(Y)=vVIY)
Consider V (Z (Y)).
Claim 1. If Q@ € Y, then
Q2 ([ P=1(Y)
PeYy

Date: September 24, 2018.




2 LECTURES BY: PROFESSOR MARK HAIMAN NOTES BY: JACKSON VAN DYKE

Tautologically, Y C V (Z (Y)).
Nowlet Z=V (J) 2 Y. Thenforany f € J, Y CV (f),so fe Pforal PeY
which implies

fe () P=1()
Pey

Therefore, J CZ (Y), so

Z=V())2VETY)
This means V (Z (Y)) somehow sandwiches itself in between Y and anything that
contains it, so this is the closure of Y, Y.

In the other direction:
(V)= (\P=VI
P2I

this is the “trivial nullstellensatz” we were promised. Note that this gives us the
association:

{ICRIT=VI}={ZCSpecR|Z =7}

where we associate I to V (I) and Z to Z (Z). Le. irreducible Z gets associated to
prime I and vice versa.

Proof. First let I be prime. Then if V (I) = V (J1) UV (J2) this means V (I) =
V (J1J2). But then

V() =VI=I=1TV (J1J2) D J1J
but if J;Jo C I, this means either J; C I or Jo, C I. WLOG let J; C I, then
V(J1) 2V (I).
If I isn’t prime, then for fg € I either f ¢ I or g & I. If we define:
Z =V ) Zy=7Zn0V(f) Zy =720V (g)
we have that Z C V (f) UV (g) which means Z = Z; U Z is not irreducible. O

Note that points don’t have to be closed, and ideals don’t have to be maximal.

V(P)=V(Z({P}))={p} =P

2. EXAMPLES

Example 1. For R a local ring, it has a unique closed point associated to the
unique maximal ideal.

Example 2. Let R = k[zy,--- ,x,] for K = k. Note that classically R = O (k™).
Now the above result gives us an association of X = Spec R, with irreducible closed
subsets Z C k™. Note that we have a homeomorphism between k" <> X, and a
quasi-homeomorphism between k™ — X.

Recall that we have:

X;=X\V(f) (Xet)p = (Xy)y -

We have a sheaf Oy of k-valued furlctions on Y locally of the form a/f, and then
on the other side we have Ox = R. Because the sections of this are effectively
things locally of the form a/f as well, these sheaves are actually the same.

Ox = R=0x,
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Example 3. For I C R consider Spec R/I and Spec R. We have a ring homomor-
phism
R —=— R/I

where a1 P is prime as well, which means we have a map ¢ : Spec R/I — Spec R
which is continuous because

soi:V (I) = X = SpecR.
For the module M = R/I < R, we write M(g) for M as an R-module. Then

0 IgP
I(M(R))P:{MP JCPpP

Wiy (U) = BT (U NV (1))
ie.

Mgy = i.M R/l =i.0;,
where Z = Spec R/I so we get (Z,0%z).
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