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One might be wondering if there are actually any theorems in the subject rather
than just definitions and examples. We will now meet our first theorems. Actually
that’s not quite true, we did see that If X = Spec R then Ox (X) = R and the
analogous result for modules.

1. MORPHISMS OF AFFINE SCHEMES

Morphisms of affine schemes all come from Ring homomorphisms, but actually
the more general statement somehow explains why this definition of Spec is so
mysterious in the sense that it lets us know that the choices we made in the definition
weren’t arbitrary.

Theorem 1. Let X = Spec R for some ring R. Let T € LRSp. Then every ring
homomorphism R — Or (T) is actually gpg( for a unique morphism of locally ringed
spaces (go, @, cp#) : T — X in LRSp.

Before we talk about the proof we will talk a bit about what this is telling us.

Remark 1. There is a functor from ringed spaces to rings, where we send any ringed
space to its global sections. This is contravariant, so it’s covariant when regarded
as a functor landing in Ring®". Denote this by ' (—, Q) where T — T' (T, Or) =
Or (T). Then in this language the theorem says that Spec (which is a covariant
functor Ring°? — LRSp) is actually adjoint to T (—, O) i.e.

Homy,rsp (T, Spec R) = Hompginger (Or (T) , R)

so Spec is right-adjoint to T' (—, @). Now since adjoint functors are unique up to
unique functorial isomorphism, we actually were forced to define Spec in the way
that we did.

Exercise 1. Show that the global sections functor defined on all ringed spaces has
the trivial functor R — (-, R) as its right-adjoint.

The point is generic ringed spaces don’t know about geometry. There’s kind of
nothing to attach the sheaf of rings to the underlying topology of the space.

Remark 2. The fact that Ox (X) = R means that morphisms Spec S — Spec R
are in one-to-one correspondence with ring homomorphisms R — S so AffSch =
Ring®P.
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Remark 3. Tt is often useful to consider the category Sch/A = Sch/ Spec A which
has objects schemes T' equipped with a morphism 7" — Spec A, and an arrow is a
map T — T’ such that the triangle commutes

T —m——— T

N T

Spec A

this category is really the same as schemes in which Or is a sheaf of A-algebras.
But this is equivalent to making the global sections an A-algebra because we have
the following diagram:

Or (T)

1

This is important because we will interpret classical algebraic geometry as looking
at Sch/k for k = k, so the sheaf of functions is actually just a sheaf of k-algebras.

Remark 4. We can also interpret the theorem as saying what the functor rep-
resented by a locally ringed space is. The functor Homgen (—, X) which sends
T — Homgen (T,C) is the functor represented by X. If X = SpecR, then we
can say this explicitly. In particular for any ring R we can consider it as the ring
Z [@ / (fg). Then sending R — Or (T') means specifying where the generators
g0, To — to which are specified such that fz +— 0, i.e. the t, have to satisfy

fa (ta) = 0.

Remark 5. For every unital cring R we can look at the subring generated by (1).
This determines the unique morphism Z — R. This means Z is the initial object
in the category of commutative rings with unit. Then in LRSp we get a unique
map T — SpecZ. In particular, Sch/Z = Sch.

Remark 6. Consider a scheme, then by definition this is covered by affines. But we
need to say how they are glued together, and to say that, we need to talk about the
intersections. If we’re lucky the intersection will be affine, but even if not this can
be covered by affines. Then we can determine the morphisms between the overlaps
by this affine covering. The point is that determining a scheme comes down to
looking at affine schemes and their morphisms. Even morphisms of schemes can
be expressed in terms of morphisms of affine schemes. Since this theorem says
these are just determined from ring homomorphisms, in some sense all the data of
schemes is given by morphisms of rings.

Sketch of proof. Consider R — Or (T') and now we need to construct ¢. First we
need the map of sets ¢ : T — X Spec R. From a point p € T we can take the
germs gp : Or (T') = Or,p. Then we can precompose with a : R — Op (T'). Now
Q= (gpo a)”! (myp) is in Spec R, so we define ¢ (p) = Q.

Now we need to show this is continuous. We will show the preimage of a closed
set is closed. We know p € =1 (V (I)) iff I C Q iff (g, o @) (I) € m,, which means
this is the set of points where the maximal ideal at that point contains the stalk of
a(l) at pr a(I), € m,. Le. e Y (V1)) =V (a(I)) is closed.

Now we want to specify ¢”. Recall this automatically determines ¢#. This is a
sheaf homomorphism ¢’ : Ox — ¢,Op. The idea is to give it on a basis of open
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sets Xy = Spec Ry, and show it is compatible. Of course Xy = X \ V (f), and we
already saw that =1 (V (f)) = Vr (a (f))

o (xp) ={peTla, 0f,}

if we restrict to X; = U, then at the stalks a (f) has inverses, but then these are
actually inverses in a neighborhood of that point, so this is covered by open sets
where this has multiplicative inverse, but of course this is unique so this is just
saying « (f) has an inverse in Op (U). But then we have the diagram:

R —2 OT (T)

lﬂTU

Now

Or (U) = (¢.0r1) (Xy)
so we are done. Now things have to be checked on Xy , but this follows from them
all being induced by this same « and that the following diagram commutes:

R
N
Ry R
N S

ng

g

We can also notice that ¢# is a map Rg — Or, defined by a o g,,.
But is this unique? Suppose we have another one (1/), Y, 1/1#). 1/15( has to be «a,
but we will also have a commutative diagram:

Or (T) T

|

OT (U) <T Rf
Yu
where U = X, which commutes since " is a sheaf homomorphism. Then ¢~ (Xy) C
Topy = T\ 'V (a(f)) which is saying o (V (a (f))) € V (f), which is saying that
if the stalk o (f), € my, then ¥ (p) € V (f). So the conclusion is that ¢ (p) = Q1
is some prime ideal of R which has to contain ), but then we again have a germ
map Rg, = Orp, and if Q1 is not equal to Q, then Rg, — Or, will not be a local
homomorphism. (I
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