SEIBERG-WITTEN THEORY ON FOUR-MANIFOLDS

LECTURES BY FRANCESCO LIN
NOTES BY JACKSON VAN DYKE

1. THE INTERSECTION FORM AND MOTIVATION

Throughout, X will be a closed oriented smooth four-manifold. The intersection
form is a bilinear pairing
(1) Qx : H*(X,Z) | Tors@H? (X, 7) | Tors = 7*X) — 7,
which maps (a, 8) — (a — B) [X] since (o — B) € H* whereas [X] € Hy. We can
also think about this in the following slightly different way:

Theorem 1. Suppose o, o € H?, and suppose we have some surface > representing
the Poincaré dual of o, PD [a] € Hy and some surface ¥ representing the Poincaré
dual of o/, PD [&/] € Ha. Then

(2) Qo) =#(2NY)

Example 1. We consider some preliminary examples:

(1) Consider S, then we have H?> =0, so Qx =0
(2) Consider S? x S? then H> =Z & Z, so

(3) QX:=(2 é)

(3) Consider CP?, then we have H? = Z = [CP?], so Qx = [1].

(4) Now reverse the orientation to get CP?. We still have H? = Z, but now
Qx =[-1].

We now consider some preliminary properties of the intersection form

Theorem 2. (1) Qx is unimodular, that is, it has determinant +1.1
(2) Take X, X' then we remove a copy of D* from both, and glue them together
to get X#X. This is called the connected sum. We have the following:

(4) Qxux = Qx ®Qx/

Example 2. If X = CP?#CP?, then we get the following intersection form:

(5) QX:@ ﬂ)

Remark 1. The operation of taking #CP? is what an algebraic geometer would
call blowing up as in fig. 1.

All errors introduced are my own.
1 This can be shown using Poincaré duality.
1
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FIGURE 1. The blowing up procedure.

Theorem 3 (Freedman). Let X, X' be smooth, and simply-connected. Then X is
homeomorphic to X' iff Qx = Qx-.

The proof of this theorem is very challenging.

1.1. Invariants coming from the intersection form. Consider the following
three invariants: the rank of Qx, which is by (X), the signature of Q@ x ® R, which is
the number of positive eigenvalues minus the number of negative eigenvalues, and
the parity. This is even if Qx («, ) € 2Z for all a, and otherwise @ x is odd.

Example 3. So far we haven’t seen very many exciting intersection forms. As an
example, we offer the following:

2100 0000
1 2100000
01 210000
001 21000
(6) Es=1o 0012101
00001210
00000120
0000100 2

This is positive definite, even, and unimodular, with o (Q) = 8.

Remark 2. We don’t typically see such positive definite things in low-dimensional
topology.

Theorem 4 (Donaldson). If X is smooth and the intersection form is positive
definite, then the intersection form is diagonal.

We will prove this later.

Corollary 1 (Donaldson-Freedman-Serre). Suppose X, X' are smooth and sim-
ply connected. Then X and X' are homeomorphic iff they have the same rank,
signature, and parity.

Our generic goal here is to construct infinitely many smooth 4-manifolds which
are homeomorphic but not diffeomorphic. To show these are homeomorphic we
will use the above theorem, and to show they are not diffeomorphic we will use
Seiberg-Witten (SW) theory.

Example 4. Consider the K3 surface:
(7) {23 + a2t + 23 + 25 =0} cCP®
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FIGURE 2. The intersection of the solution sets of two degree 3 polynomials.

This is simply connected, that is 73 = 0, and has the following intersection form:

(8) Ques = —2F5 ®3 ((1) é)

This is even, has rank 22, and signature —16. This can be understood as an elliptic

fibration, that is, there is a nice map: K3 —— CP' = $2 such that the generic
fiber is T2. We will soon see that this is actually F (2).

Example 5. We can consider the even simpler example F (1). This is
(9) CP?*#9CP? — CP*

with a torus as its generic fiber. Explicitly, we can choose two degree 3 polynomials
po and p; and look at their solution set as in fig. 2. We know that

(10) {po =0} N{p1 =0} =9

Now pick any t = [zg,x1] € CP!, and we can look at the set {zopo + 21p1 =0} =
{pt = 0}. In particular, for each 2 € CP?\ {9 points }, there is exactly one t € CP*
such that « € {pt = 0}, so this yields a map

CP?\ {9pts} —— CP*
(11)

x—— tst.x € {p =0}

Note that {pt = 0} us a torus, because pt has degree 3. Now we can blow up the
nine points, and we get a well defined map

(12) CP?*#9CP? — CP*
so we do indeed have a fibration.
Such a torus fibration with some singular fibers might be drawn as in fig. 3.

Example 6. Let’s say we have two E (1) fibrations as in fig. 3. Then take a regular
fiber and a neighborhood D? x T? for both fibrations, take the complements, and
glue them. Since E (1) \ (D? x T?) are over D?, we have that the following is over
S2:

(13) EMW)\ (D*xT?) U, E(1)\ (D* x T?)

This is called the fiber sum. Now we can define E (n) as the fiber sum of n copies
of E(1).
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FIGure 3. Fibration for E (1).
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FIGURE 4. Torus fibration with multiple fiber.

We now consider the Hopf fibration S® — S? where we regard
(14) 5% ={(z0,21) € €| |z +|aa* = 1}
This is given by the S* action X - (29, 21) = (A\20, Az1). Then we can compose:
(15) 53 x 9115 63y g2

to get a torus fibration with no singularities.
Alternatively we can consider the more complicated action p,, : S* — Sy given
by

(16) - (20,21) = (Azg, A" 21)

so there is a point with nontrivial stabilizer of order m. As before, we take the
product:

(17) 83 x 81 —— 83 Pm,y g2

This is still a torus fibration, only now it has a singular fiber at some point which
is a multiple fiber. So the log transform E (n), = E (n) fiber sum {p,}, so we get
fibers as in fig. 4. This changes the topology drastically.

Theorem 5. For fivredn, E (n)p are all homeomorphic, but not diffeomorphic under
some mild assumptions.

2. FORMS AND CONNECTIONS

The goal of this section, is to see why dimension 4 is special in differential
geometry. There are two main ingredients to this:
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(1) 2-forms are special on 4-manifolds
(2) 2-forms represent curvature

Let X™ be any smooth manifold. Then we have the de Rham complex:
(18) 0—-0(X) = (X) = Q*(X) = - = Q" (X) =0

such that d? = 0. In particular we can take homology, and de Rham’s theorem tells
us that the homology of such a complex is isomorphic to

(19) @HZ (XaR)

Of course a class can be represented by many actual forms. Hodge theory then
tells us that if our manifold comes with a Riemannian metric g, then we can find
canonical representatives for cohomology classes. The key input here comes from
linear algebra. So consider some n dimensional vector space (V (-),orientation),
then there is a hodge star, which is a map:

*: AMV ———— ARV
(20)

e1N--Neg —> egr1 N Nep

such that ey Aeg---Aep A---Ae, defines the right orientation. Intrinsically * sends
the volume form of a k-subspace to the volume form of the orthogonal subspace.

Example 7. Take V = R3, then

(21) *xe1 = eg N e3 *€9 = e3 N\ e *e3 = e N\ ex

Exercise 1. Check that 2 : AFV — ARV which is (—1)™T)/*,

Now if we have any (X™, g, oriented), then we have

(22) * O (X) = QR (X)
Now we can write the point-wise inner product in terms of
(23) (0, B) = a A %B
In particular, the L? norm of a form is
(24) ol = [ anva
X

Now recall the differential:
(25) d: QF(X) — QM (X)
then the adjoint of d with respect to L2-inner product is
(26) 4 = (—1)"FTDT g
That is, we have:
(27) [ (da, B) 12 = (o, d"B) 1o

for every a € Q%! and B € QF. This is effectively all we need on a formal level.

Exercise 2. Show this. Hint:

(28) Oz/d(ﬂ/\*a)
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We say « is closed if da = 0, and « is exact if a = d€ for some £. We also say 3
is co-closed if d*8 = 0 and S is co-exact if 8 = d*n for some 7.

Theorem 6 (Hodge). There is an L?-orthogonal decomposition into the exact,
co-exact, and harmonic forms:

(29) Qk —d (Qk*l) o d* (Qk+1) @ Hk
where
(30) Hy == ker (d + d*)

Note that Hj, provides canonical representatives for H* (X, R). It is not hard to
see that everything is orthogonal, The hard part is to see that they span. The idea
behind it is that the operator d 4+ d* is a very nice operator. In particular, if we
take (d + d*)? = dd* 4+ d*d = A this is called the Hodge Laplacian. It is called this
because in local coordinates,

0? 0?
(31) A= 922 Oa2
Here we would have to use tools from elliptic PDEs.

Another way to think about the representative is as the minimizer of (o) ;. within
the cohomology class.

On a four-manifold, we notice that 2?2 = Q2 and %> = 1. This means we can
decompose into the positive and negative eigenspaces Q2 = Q1 @ Q~ since

+ lower order terms

OF = Span (dz; dovo + drs dwy, dvy dvs + dry dvy, dvy dry + drg dvs).

We are familiar with this behaviour in dimension 4. For example the alternating
group A, is simple iff n > 5 or n = 4. Similarly the adjoint representation of so (n)
is irreducible for n # 4, since

(32) 50 (4) = 50 (3) @ so (3)

We can also decompose Ho into self dual harmonic 2-forms and anti-self-dual
harmonic 2-forms:

(33) Ho=H"DH™

Then in this context we have Qx on H? (X.Z) / Tors, and the nice thing is that
Qx @R on H? (X,R) will just be

(34) Q(@p)= [ans
If d € HT, then
(35) Qx(a,a)z/a/\az/a/\*az||oz||iz>O

which implies Q x is positive definite on H ™', and similarly @ x is negative definite
on H~. This implies that o (X) = dimH " — dim H ™~

Exercise 3. Consider some X*, then we have the complex:
(36) 0— Q°(X) -4 Ql(X) L5 QF (X) — 0

Show d* = g+ od has homology R, H! (X;R), ™ (X). [Hint: What is the adjoint
of h™7]
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FicUuRE 5. Parallel transport.

2.1. Connections on bundles. First consider a complex vector bundle:

E
(37) 1
X

Then a connection takes sections of your bundle, and gives you a 1-form:
(38) V:Q(E) - QY (E)
In particular, it must satisfy the following properties:
(1) fos = fVXS
(2) Vxfs=df (s)®s+ fVxs
We write Vxs to denote Vs evaluated at X. In fig. 5 we can see how the parallel

transport process maintains that Vs = 0 along the path, and in doing so maintains
that a given vector stays parallel in an infinitesimal sense.

Remark 3. If V is a connection, then any other connection is of the form V + a
where a € Q! (End (E)).

A natural object associated with a connection is the curvature. The curvature
of a connection V is an object Fy € Q2 (End (E)) defined by

(39) Fy (X,Y) ZVXVyS—VyVXS—V[y)X}S

where X and Y are vector fields. This is meant to measure how far parallel trans-
ports are from being commutative.

Remark 4. If E is a unitary bundle (that is it has a hermitian metric) then we can
consider connections preserving the metric, meaning parallel transport preserves
length. These hermitian connections are in affine space over Q! (u (E))

(40) Fy € Q* (u(E))

As it turns out, we can use the curvature to recover the global invariants of
FE — X. This is called Chern-Weil theory. In particular, the Chern classes
¢; € H*(X,Z). Pick some connection V on E, then take the curvature Fy €
02 (End (E)). Now fix a local basis of E, and Fy is a two-form with values in
matrices, which is the same as a matrix of 2-forms. This is well defined up to con-
jugation. Now pick a degree k polynomial p : gl (n;C) — C which is conjugation
invariant, and then we can evaluate it on this matrix of two-forms. This gives us

that p (Fy) is a well defined element of Q2 (X, C).



8 LECTURES BY FRANCESCO LIN NOTES BY JACKSON VAN DYKE

Theorem 7. p(Fv) is closed, so in particular, it defines a cohomology class. In
addition, this class [p (Fy)] € H** (X, C) is independent of V. In particular, if we
pick p to be

(41) p(X) =i(2m) " tr (AFX)
then you get the Chern classes ¢, (E).

This is quite general, but we will effectively just use the case that L — X is a
vector bundle and i/27Fy is a closed 2-form representing c; (L).

3. SPINORS AND DIRAC OPERATORS

Recall we have this Hodge laplacian A = (d + d*)Q. This was the negative sum
of second derivatives along with some lower terms. Let’s attempt to write this
without lower order terms:

92 02 B B o \?
(42) A:_aix% ____ awg:<alam1+a28$2+'“+anamn>

n

where we are naively attempting to rewrite this as the square of something. We
can of course write this is

9?2 g 0
43 2 4.
(43) “ 0z? t (102 + azas) 0x1 Oz *
which leads to
44 a?=-1 a;a; +a;a; =0
1 j j

for i # j. These are the relations which define the Clifford algebra.
Example 8. For n = 1, a? = —1 is the only condition, so we need C.

Example 9. For n = 2, we require a% = ag = —1 and ajas 4+ asa; = 0 so we need

the quaternions H.
Exercise 4. Show that for n = 3 we need H & H.
Consider an inner product space (V,()). Then the Clifford algebra is
(45) CAWV, () =TV)/{vev=—{vv)}
where we recall the tensor algebra
(46) T(V)=EVve"
Note that this implies
(47) vRW+wRV=—-2(v,w)
Remark 5. CL(V,()) is very closely related to A*V which was just
(48) ANV =TV)/{vev=0}

We can think of the Clifford algebra as some sort of alternative operation on the
exterior algebra.



SEIBERG-WITTEN THEORY ON FOUR-MANIFOLDS 9

The Clifford algebra has the following natural filtration f
(49) RCRpVCRaVE(VaV)
which allows us to consider the associated graded algebra:
(50) Gry (CL(V, ())) = A"V
We can think of C1(V,()) as a new product structure on A*V where
(51) Ve (VI A AVE) =VAVLA AV — g (01 A Ag)
where the second term, a contraction, is new. This is called the Clifford multipli-

cation. The first term is in A*T1V and the second is in A*~1V.

Remark 6. CL(V,()) is a Z/2Z graded algebra, so it makes sense to say even or
odd. This is what physicists call super-symmetry.

Definition 1. A Clifford module S is a module over a Clifford algebra. That is, a
vector space with an action p of C1(V,()) on S.

Remark 7. By the universal property, to check that S is a Clifford module, we just
need to check

(52) p()-(p(v)-s)=—(v,0)-s

for all vectors. We don’t need to check for everything in the Clifford algebra, which
is huge. For a vector of length one, this means it somehow squares to —1. So this
is somehow related to how many complex structured we have. That is, if S is a
module over a Clifford algebra, then there are many compatible almost-complex
structures.

All we've really done is linear algebra? So now let’s globalize to a Riemannian
manifold (M, g). So if we have a bundle (T'M,g) — M, this gives us a bundle of
Clifford algebras C1(T'M) — M.

Definition 2. A Clifford bundle is a hermitian bundle

S
(53) 1
M
equipped with a connection V, where S is a bundle of Clifford modules with an
action p of C1(T,M) on S, along with the following compatibility:
(1) The Clifford action of each vector v € T,,M on S,, (the fiber at m) is
skew-adjoint, that is, (v - s1,s2) + (s1,v-52) =0
(2) V$ (p(V) - 5) = p(VxY)s +p(¥) - Vs

Example 10. We know CI acts on the exterior algebra, so it is a module over it,
so let’s globalize this. This gives us that Cl(TM, p) acts on A*TM ® C.

Definition 3. So if S is a Clifford bundle, then the Dirac operator is the compo-
sition:

(54) rS) B r@Mes) 5 r@rMes) 2 r(s)
where I' (S) denotes the sections of our bundle.

2 That is, differential geometry over a point.
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Locally, the Dirac operator looks like
(55) DS =Y p(e)VES

Exercise 5. Check that D? looks like a Laplacian, that is, the first order term is
the negative sum of second derivatives.

Example 11. The Dirac operator of Cl1(T'M, p) acting on A*T*M is just d 4 d*.
A*T* M splits as Qv @ Q°99 and d + d* respects this splitting. We should think
of this operator as moving between these two parts.

Example 12. Now we can pick more interesting Clifford modules. Consider n = 2.
We have seen that Cl (Rz) = H. We can just take S = H where this acts on itself.
Now write H = C @ jC, so we have

(56)

pen=(1 o) =m rer= (0 V)= stae=(g O)=a

These are the famous Pauli matrices, which form a basis for the traceless skew-
hermitian matrices su (2).

Example 13. Let’s consider X = R2. Then the Dirac operator is:

0 -2 -z 0 -20
_ _ oz, ox —
(57) D =e1Ve; +eyVey = (821 B 2.622 0 2) (28 0 )

We have our trivial bundle H — R2, and this splits as C @& jC — R2, and the D
respects this decomposition. In particular, D sends one component to the other.
The two objects in this decomposition are what are called the half-spinor bundles.

Example 14. We are after all interested in 4-manifolds, so we consider such an
example now. Consider the Clifford algebra Cl (R4, ()) which acts on some S, where
rankc S = 4. So if we pick a basis eg, e1, €2, €3, in order to specify D we only need
to specify how it acts on this basis. We specify:

(58) p(eo) = (IOQ _012> p(e;) = (3 _3j>

where o} is the hermitian adjoint, so we transpose and conjugate.

Definition 4. A spin® structure C' on X is a Clifford bundle S — X* for which
Cl(TX) acts on S via p is the one we just saw.

It is not obvious, but they do exist.
In general, S — X splits as ST @® S~ — X, and the Dirac operator splits as

(59) r(st) r(s)
~_
o

D% and D~ are L? adjoint to each other.

Theorem 8. D7 is first order, elliptic,® and self adjoint.

3 This is nice from the point of view of analysis. In this context it just means Dts = 0 implies
s € C>®, and dimker DT dim coker DT are both finite.
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Once we know these are finite, we can define the index of the operator, which is
(60) ind D := dimker D" — dim coker Dt € Z

By the Atiyah-Singer index theorem, we can compute this index in topological
terms:

1

(61) ind D" = 5 (¢ (ST) =0 (X))
Exercise 6. (1) What is the index of
(62) d+d* . Qever Qodd

(2) Find a natural operator on forms with index o (X).

Fact 1. If (S, p) is a spin® structure, then (S ® L, p ®idy,) is also a spin® structure.

4. SEIBERG-WITTEN EQUATIONS

Recall that a spin® structure s is S = ST & S~ — X where rankc S = 4 is
Hermitian, and (X 4 g) is a Riemannian metric.

An action of C1(T'X, g) acting on S is a Clifford module structure. If we pick an
orthonormal basis eg, eq, €2, e3 then

(63) p(eo) = (?2 _012> p(e) = <£ _g;>

Associated to s are two kinds of objects

(1) ® e ' (ST), called a spinor
(2) A= V4, which is a spin® connection, which is a connection making S — X
into a Clifford bundle. That is,

(64) Vi (p(Y) @) =p(VxY) - 2+p(Y)  (V5®)
where V x is the Levi-Civita connection.

Suppose A and A’ are spin® connections. Recall that these are unitary, so they
preserve the metric on S, so their difference A— A’ = a € Q! (U (n)). Indeed even a
stronger statement is true because they actually preserve the Clifford multiplication,
so we get

(65) A— A =a®idg

where a € Q! (iR), so they are diagonal. This is somehow a much simpler ob-

ject. Often times it is convenient to study the connection induced by A on the
determinant line bundle det ST = A2S* which we will call A*.

(66) A—A =a®idg~ Al — A =24

so we end up just working with 1-forms.

4.1. The equations. Consider pairs (A, ®). We will consider the space C (X, 5)
of all such pairs. This is an affine space over Q! (iR) x I'(ST). There are two
Seiberg-Witten (SW) equations. The first one is:

(67) Di®=0




12 LECTURES BY FRANCESCO LIN NOTES BY JACKSON VAN DYKE

For the second one, we need a nice observation. For the metric, we have the action
of T* X on S using the Clifford multiplication. We can extend this to forms A*T* X
and the formula is just

1 a
(63) planp) =3 (p(@)p®)+ D" (8) p )
Exercise 7. Show that p sends the self dual forms to su (S+):
(69) p: QT = su(ST) C End(S)

So End (S) is all matrices, and then if we have a self-dual form, we get something
of the form

(70) p@=(5 o)

where A is traceless and skew-hermitian.

If we have ® € T'(ST), we can take the traceless part (P®*), € isu(2). If we
have a basis such that

(71) P = (g)

then
« () — = |oz\2 aB
(72 v =(5)@ D=5 )
o ((alP+182) 2 aB
(73) (@27), = aB (|»3|2 -~ |a|2)

Now we have p~! ((@®*),) € iQ" and the second Seiberg-Witten equation is as
follows:

1

(74) SFL =07t (@0))

All together, we pick w € i2? (X), and then the SW equations are

(75) Fu (A, @) =0
Di® =0 er(s)
(76) Sy .
1p(Fi —4wh) = (@9*), €isu(ST)
These equations have a lot of symmetries. The gauge group is
(77) G(X,s)={u:X—S"}
which acts on C (X, s).
(78) u-(A,®) = (A—u'du,u-®)

where A is the pullback connection, and v~ tdu is in Q.

Exercise 8. If F, (A, ®) =0, then F,, (u- (A, ®)) = 0.
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The moduli space of solutions is
(79) Mg (X,8) ={(4,9) | F, (A, ®) =0} /G (X,9)
under good circumstances, this is a smooth manifold.
This action of G on C is very nice. In particular, if we have a configuration there

are only two possible stabilizers. That is, if ® is not identically zero at some point,
then the stabilizer of any configuration of the point A, ® is trivial:

(80) Stab (A, ®) = {1}
These are called irreducible configurations. On the other hand, if ® = 0, then
(81) Stab (4,0) = S*

which is constant u : X — S'. These are called reducible points. The action is not
free here, so it is somehow not a good point.
We now consider some properties of this moduli space.

Fact 2. M, ,(X,s) is compact.

Remark 8. This is what makes SW theory somehow global, because we don’t have
to do any extra work to get compactness. This is somehow a miracle. If we change
signs in these equations, this compactness fails miserably.

The following is a key formula in SW theory:

Theorem 9 (Weitzenbock formula).

1 1
(82) D, D ®=V4V,® + 2PX (Fh)®+ 75®
where s is the scalar curvature of X.

So when are there reducible solutions (A, 0) to the SW equations? Well of course
when the spinor is zero, we have that

(83) Fuug(A,0) <= F, = 4w"(identity on iQ*

Suppose I have k closed and self-dual, then this is also coclosed, so it is harmonic,
k € Ht. Then we can calculate

/X4w/\k—/4w+/\k—4/FXtAk—/FAtA—5(2;T01(S+)u[k]) [X]

which means if b2+ > 1, then we have a nontrivial fiber constraint on w for the
existence of reducible solutions. Recall by = dim H*, the number of positive
eigenvalues in Qx.

Fact 3. For w outside of a codimension b subspace Fy, , (A, ®) has no reducible
solutions.

Fact 4. For generic w as above, M, 4 (X,s) is a smooth manifold of dimension

(84) d= i (¢i (ST) [X] —2x — 36)
Proof.
(85) 2inde D} +ind (d* +d* : Q' - Q@ QF)

4By SW equations
5By Chern-Weil theory
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FIGURE 6. The reducible solutions, and wg, wy on either side of them.

5. SW INVARIANTS

Suppose we are in the simplest case in which d = 0. Then M., (X,s) is a 0
dimensional compact manifold, so it has a finite number of points, all of which are
oriented. Then the SW invariant is

(86) SWeg (X,8) = # M, (X, 5)
counted with sign.
Fact 5. If by (X) > 2, then SWy, (X, s) is independent of (w, g).

As in fig. 6 we can find a path from any irreducible w; to irreducible wy without
touching a reducible w.

Since SW (X)) is a well-defined invariant, we have that spin® (X), the collection
of spin® structures, is an affine space over H? (X, 7).

Now we want to compute the SW invariant in explicit examples using the un-
derlying geometry.

5.1. Positive scalar curvature. Recall the following formula from theorem 9:
_ 1 s
(87) DAD;@:vjVA@+§pX (Fj+)<1>+1<1>

we now consider some Clifford bundle (S, (), V®) — X, and D the Dirac operator.
Then we have the following:

Fact 6.
(88) D?s =V*Vs+ Ks
where V* is the adjoint of V : Q°(S) — Q1 (S), and K is the curvature form.

Remark 9. The interpretation here is that the curvature controls the difference
between Ds = 0 (harmonic spinors) and Vs = 0 (parallel spinors).

Proof. Fix a frame with eq,--- , e, such that V.,e; =0 at p. Then

(89) Ds = Z e;Ve,s
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so we have
2. S (, oS
(90) D?%s = Z e; Ve (Ve s)
3
(91) =3¢ (M+ VS vgs)
i,J
(92) = Z e?Vi Vis + Z eieijinjs
i i#£]
(93) = =D VEVEs+ Y eie; (VEVE - VEVE) s
1<J
(94) =V*'Vs+ Ks

O

Suppose (X, g) has s > 0. Pick (A, ®) a solution to the unperturbed equations.
We know D}I’ = 0 from the first SW equation, which implies

1 5
(95) 0:D;D§<I>:VQVA<I>+§,0 (F:{t)cI)—&-th
so now take the inner product with ® to get
1 5
(96) 0=(ViV4D,®),. + <2p (Fi) q>,¢>> + <4<1>,c1>>
L2 L2
1 1
(97) — IVl + 7 8]+ [ Sl >0

where we have used:

Exercise 9. Show that since %p (F;{t) = (®P1),, we have that <%p (FL) D, <I>>L2 =
FI) -
1 L4

This means ® = 0, so every solution is reducible, so SW = 0 for positive scalar
curvature, modulo adding a tiny w as perturbation.

Remark 10. In general, scalar curvature somehow gives bounds for solutions to the
SW equations.

5.2. Kéahler surfaces. A Kahler surface is a complex manifold (X, g) with a com-
patible symplectic form. For example projective surfaces are Kahler. It is somehow
the case that on a Kéhler manifold, gauge theoretic objects correspond to holomor-
phic objects.

Let X be a compact smooth 4-manifold. An exceptional sphere in X is an
embedded 2-sphere with self-intersection number S-S = —1. If (X, J) is a complex
surface, then a submanifold S C X is called an exceptional divisor if it is an
exceptional sphere and a holomorphic curve. A complex surface (X, J) is called
minimal if it does not contain any exceptional divisor.%

Definition 5. A minimal K&hler surface is said to be of general type iff the canon-
ical class K = —¢y (T'X, J) satisfies K - K > 0 and K - w > 0.

6 We can also define an exceptional symplectic sphere, which is a submanifold of X which is
an exceptional sphere, and a symplectic manifold. Then a symplectic 4-manifold is minimal if it
does not contain any exceptional symplectic spheres. This is somewhat unnecessary here because
Kahler manifolds are of course both complex and symplectic.
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Theorem 10. If X is Kihler and by > 2, then the SW invariants (evaluated in the
canonical spin® structure) are SW (X, kx) = 1. In addition, if we pick X minimal
of general type, then SW (X,s) =0 for s # tkx.

In general, for (X,.J), we have that J? = —1 and J being orthogonal leads to a
spin® structure.

Remark 11. From the principal bundle viewpoint, this is because there exists a
natural embedding U (n) — spin® (2n).

Example 15. Any surface {z8 4 ...+ 2§ = 0} C CP? for n > 5 is such an exam-
ple.

Both SW equations have a very natural description on a Kéhler manifold. There
are two main ingredients here. First is the spinor bundle, and the second is that
self-duality also interacts well with the Kahler structure. We can write this very
explicitly:

(98) QeC= g o
p+g=n

where we have:

(99) z; = x; + iy dzj = dxj +idy; dz; = dxj +idy;
For example, on a 4-manifold which is Kéhler, we have

(100) PeC=0*"gql g0

where

(101) 0?9 = Span {dz; A dz}

(102) QY = Span {dz; A dz1,dz A dZz,dzo A 877, d20 A dZ3}
(103) Q%2 = Span {dz1 A dZ3}

Now the second ingredient is that the self-duality interacts well with the Kahler
structure:

(104) PRC=0"2Cae0 oC
where

(105) OF = Span {dxy Ady; +drg Adyz, -}
and these are both two dimensional.

Lemma 1.

(106) Ot e C=02a 000 as 02
(107) Q- -t

is pointwise orthogonal to w.
Note that here we have:
(108) w=dx1 A dyl + dxo A dyg = % (le ANdzi A dfg) S Qb1

We can see holomorphic objects coming out of this directly. This leads to imag-
inary valued self dual forms, for example (FXt). We can write them directly as
ifw+ p — @, where f € C* and p € Q%2
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Fact 7. A connection At on a line bundle has Fg’f = 0 iff it determines a holo-
morphic structure on the line bundle.

Then you can just ask an algebraic geometer.
For any line bundle Ly we have

(109) S+ =% (L) 5™ =% (Lo) & Q% (L)

and then Dy = 5; + 04. This shows that the solutions to the Dirac equation
become some sort of holomorphic sections of your line bundle.

5.3. General symplectic manifolds. We now consider arbitrary symplectic 4-
manifolds.

Theorem 11. Let X be a symplectic manifold such that b > 2. Then SW (X, kx) =
1 where kx is the canonical spin® structure. We also get constraints on the classes
for which SWx (s) # 0.

To see what the constraints are explicitly, see [1].

Exercise 10. We know the symplectic form is locally dzy A dzs + dxs Adzy. Show
there is a compatible metric” such that w is self-dual.

The key idea here is that we have the SW equations

(110) 0 (P —dut) = (207)
Di®=0

Now pick a large perturbation of the form Fy¢ + itw for some A, And for t > 0,
then there is exactly one solution to the SW equations.

6. GLUING AND FLOER HOMOLOGY

6.1. Initial constructions. Recall we wanted to compute the SW invariants of
these elliptic surfaces F (n)p’ o where the picture was as in fig. 3. This involved
gluing spaces together, and then studying how the topology is changed by this
process. We will now study this more closely.

Let X be such that b; > 2. For s a spin® structure, we have defined SW (X, s) €
Z. For h € Hy (X,R), we can define

(111) m(X,h)= Y SW(Xs)eSM R

s€spin®(X)
We can also view it as a function on Hy, where we are pairing a class in cohomology
with a class in homology. There are only finitely many nonzero SW, so this sum

is well defined. In our case Hy has no torsion, so we aren’t losing any information
when we take this sum.

Example 16. Let X be the K3 surface E (2). In this case

1 s=ky(a1=0
(112) SW (X, s) = { s=ke (1 =0)
0 o/w
Then taking the above sum, we get
(113) m(e(2),h) =1

7 In the sense that w (-,-) = g (-, J)
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X
K

X

FIGURrRE 7. Splitting X into two submanifolds X; and X, each
with Y as their boundary.

’(sz
VAN
= gl wa o )
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~—

—

FIGURE 8. Subtracting 7% x D? from E (n) and E (m) to get E (N)
and E (m).

Theorem 12. For n > 2, (p,q) = 1, we have an explicit formula for the SW
1nVariants:

 onet sinh (F - h)"
(114) mn (E (M)p.q h) =2 sinh (F' - h/p) sinh (F - h/q)
where F is the class of the fiber.

Note that the multiplication F - h is the intersection product.

Consider some 4-manifold X, then split this up with some 3-manifold Y as in
fig. 7. The general picture here is that we would like to assign some vector space
(HM(Y),()) to Y. Then since X; has Y as its boundary, we want to associate
some element ¥y, € HM (Y') to X; such that m (X7 Uy X2, h) = (¥x,,%x,). This
is of course just a heuristic, we will need to somehow decorate these things with
cycles.

In general, the reduced Floer homology HM (Y') does this under favorable con-
ditions.

Example 17. To obtain E (n 4 m), since this is the fiber sum E (n) #E (m) we
cut out a copy of T2 x D2, and we get a manifold with boundary as in fig. 8. where

(115) E(n) = E () \ T? x D?
(116) E(m) = E(m)\ T? x D?

so these both have 9 = T5.

We will first define this reduced Floer homology group for S, and see the fol-
lowing theorem:

Theorem 13. HM (53) =0
Corollary 2. If X = X 1# X, with b > 1, then SW (X, 5) = 0.
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T

'81) = v Jz

X

FIGURE 9. (Left) Some manifold with boundary T5. We have a
nontrivial loop 7 inside of T2, and a 2-chain v; such that dv; = n.
(Right) Two submanifolds with shared boundary.

< Q)

FI1GURE 10. Potential glueings of four manifolds with the same boundary.

In the case of T, we need to do something a bit more complicated. We want to
form

(117) HM (T°,T,)

where I'), is some collection of local coefficients. Just choose any nontrivial [n] €
Hi (T,R), then the key computation is that HM (T%,T)) = R, and () is just the
product .

Now suppose we have some manifold with T3 as the boundary. Then inside of
T3, we have this nontrivial loop 7, and then inside X;, we have a two-chain v;
such that dv; = n as in fig. 9. Something like this defines an element in the Floer
homology of the boundary. We will denote this ¢, ,, € HM (T3, Fn)~

Theorem 14. m (X; Uy Xo, 11 Ua) = 9¥x, 00 - VX 00

6.2. Excision principle. If we have four manifolds X7, X5, X3, X4, all with the
same boundary as in fig. 10, then these pairs give us:

(118) m (Xl U X27 v U VQ) = le,Dle2,l/2 m (X3 U X47 v3 U V4) = ng,us'l/]X4,u4
(119) m (Xl ) X47 vy V4> = le,llle4,V4 m (XB U X27 vz U V2) = ng,ngXQ,VQ

which implies

(120) m (Xl U XQ, 141 U 1/2) m (X3 U X4, Vs U 1/4) =m (X1 U X4, V1 U 1/4)
m (Xg U XQ, vy U VQ)
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OONG ==

FiGURE 11. Adding a neck between the two submanifolds, and
then stretching this out according to some parameter .

As an example of this, we can consider X; to be m, X5 to be T? x D?, X3

—

to be E (m), and X, to be T? x D? as well as in fig. 8. Then we get
(121) m(E(2),h)? =m(E4),h)-m(T?x S%h)

This second multiple is where the sinh comes from since 72 x S? has by = 1.

The heuristic for Floer homology, is that we slice up the manifold, and then add a
neck as in fig. 11. So we change the metric, but the SW invariant does not change.
Now if we send this to infinity, we can understand these two individiaul pieces
separateely. So Floer homology arises from studying the SW equations without
perturbation:

+d —
(122) ? A® N 0 .
30 (Fi) = (29%),
on the cylinder R x Y. This product must be in this order to get proper orientation.

At this point, we can see a “correspondence” between configurations (A4, ®) on
R x Y, and paths of configurations (B (t),® (¢)) on Y. A spin® structure on a
3-manifold Y, is a rank 2 hermitian bundle S — Y equipped with a clifford multi-
plication which sends p : TY — su (2), p(e;) = o;.

Recall on a 4-manifold we have these two bundles ST and S~, now on R x Y, if
we pick a spin® structure we have this ST @ S~ — R x Y, and now multiplication
by p (%) : St = 5~ is an identification, so ST ~ S~. Now we write B as a spin®
connection, and ¥ is a spinor. Suppose we have a time dependent configuration
B(t), ¥ (t) on Y, then from this we can get a 4-dimensional configuration A, ® just
by

0
(123) vA = FTh vB Dlixy = V(1)
Now with a connection of this form we have that
d
(124) Fae = dt A (dtBt> + Fpe
Then we have
d
(125) *q Fipt = %3 (dtBt> + dt AN xFgt
and
: 1
(126) FAf = i(FAt +*FAt)

Warning 1. There are two different ¢s in use here, and two different xs in play
here, which is why we have to be careful with orientation and write R x Y, rather
than the other way around.
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Now we can write down the SW equations in terms of B and & for a 3-manifold.
d
LU+ Dpd =0
(127) w o e
GBt = —xFpi —2p7" ((¥TU),)
where Dp is the three-dimensional Dirac operator. Said somewhat differently:

Fact 8. The three-dimensional SW equations are of the form

(128) LB (1), W (1) =~ grad £ (B (1), ¥ (1)

In particular, for fized By,

(120)  L£(B,¥)= ,é / (B' ~ BY) A (Fpe + Fry ) + % / (Dp¥, ®) d Vol
which is called the Chern-Simons-Dirac functional.

Remark 12. Dp in dimension 3 behaves somewhat like the Dirac operator in di-
mension 1: On R?, B is the trivial connection

i B
(130) Dp = < P Oz 5 Oz 8 da:z)
T% - Zaﬂfz 77]%
This is very similar in spirit to the Dirac operator in dimension 1, which is just
—10y : C (S L (C) O. This is first order, elliptic, and self-adjoint. It also admits an
L? orthonormal basis of eigen-functions {e?} <z The spectrum is discrete, real

(since it is self-adjoint), and infinite in both directions.
Now define
(131) C (Y,s) = {(B,¥) | Bspin® connection , ¥ spinor on Y}
(132) G(Y,s)={u:Y =S}
with action
(133) u-(B,¥)=(B—u"du,u-0)
and stabilizers
0 U#0
(134) Stab (B, ¥) = {51 o/
If we take Gy C G (Y, 5) to be
(135) Go = {u(yo) =1}
then Gy acts on C (Y, s) freely. Then this functional acts as:
(136) L:M=C(Y,s)/Go(Y,s) = R/ (2r°Z)

Note that M is an infinite dimensional smooth manifold, with an action of S!, so
now Floer theory in this contexts is some sort of S* equivariant homology theory by
applying ideas of S'-equivariant Morse homology. We will see this in more detail
in the next section.

This action is R valued, but then becomes circle valued as a result of the follow-
ing:

8 From an analysis point of view, this is the difference between Morse homology and Floer
homology, since in Morse homology we need things to be bounded below.
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FIGURE 12. Example of what the critical set might look like.

Exercise 11. Show:
(137) L(u-(B,9)) = L(B, ) =2 ([i] = c1(s))[Y]
where u: Y — S =k (Z, 1), which means [u] € H* (Y, Z).

So we have seen that critical points will correspond to grad £ (B, ¥) = 0. In fact
we have the following:

Fact 9. The critical set:
(138) [(B,9) | grad £ (B, W) = 0} /G
1s compact.

All reducible solutions are of the form (B,0). The first of the two SW equations
in 3-dimensions is always satisfied by this, and the second equation reduces to
Fg: = 0, that is, B! must be flat. In particular, if there exists such a solution,
we know the curvature represents the Chern class, so this tells us that ¢; (s) =
[i/ (27) F:] = 0 € H? (X, C) which implies ¢; is torsion. In other words, reducible
solutions only exist for torsion spin® structures. In the other direction we have the
following:

Exercise 12. Suppose ¢; (s) is torsion, then show
(139) {Fp: =0} /G (Y,s) = H* (Y,R) /2riH" (Y, Z)
This is the torus of flat connections. This is by (Y')-dimensional. The picture of the
critical set is something like fig. 12.
7. PROPERTIES OF MONOPOLE FLOER HOMOLOGY

7.1. S'-equivariant homology. Suppose we have a space with an S'-action, like
some finite CW-complex.

Example 18. Consider S? with the S' action obtained by rotating around its axis.
Example 19. S! acts on S3 via the Hopf fibration. This is a free action.

In general the action might not be free, but up to homotopy equivalence we
can always make it free with the Borel construction. First we take the universal
fibration

ES?
(140) l

BS?
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which means ES! is contractible, and the S! action on it is free. Then take
Spe— 83— 85— ..

(141) | 1 i
pt «— CP' — CP? — ...

then in the limit we get S mapping down to CIP*°, which is contractible with free

Sl-action.
Define the homotopy quotient by:

(142) X//S' = X x BES*/S*
Then the Borel S! equivariant cohomology is
(143) Hi (X) = H* (X//S")

This is functorial in the sense that if we have such an S! action on both X and Y,
then we have that f: X — Y gives us

(144) fo 1 He (V) — H (X)

As a special case, if we have X — pt, we get a map

(145) Hzi (pt) = His (X)

but we also have that

(146) H% (pt) = H* (BS') H* (CP*®) = Z [u]

where degu = 2. All together, this means that there is a natural map Z [u] —
HY, (X). That is, HE, (X) is a module over Z [u].

Theorem 15 (Localization). v 'H%, (X,K) = H* (XSI;K) QK K [u_l,u} for
some field K, where XS s the fized point set of the S' action on X.

Exercise 13. Compute the cohomology for the two examples above.

7.2. Formal properties of monopole Floer homology. Consider some closed,
oriented, connected manifold Y. Associate three objects to this.

(147) M, (V) —=— HM, —Z M,
\/
The first is HM bar, the middle is HM-to, and the third is HM-from.? These are
modules over F [i], where degu = —2, and
(148) AM,(Y)= P HM(V,s)
s€spin®(Y)

We have the following dualities:

(149) HM, (Y) =~ HM (-Y)
(150) HM, (Y) = HM" (-Y)
(151) HM, (Y) >~ HM (-Y)

where —Y is the manifold with opposite orientation.

9 These correspond to HF*°, HF T, and HF ~ respectively.
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FicUure 13. W is bringing Y, to Y; in the sense that it has these
as its boundary.

As for gradings, each HM., (Y, s) is relatively graded over Z/2d (s) Z where d (s) €
N.

As a special case, let Y be a homology sphere, so H, (Y) & H, (53), this means
there is only one potential spjnc structure, and d of this structure is actually 0.
Then the relative grading in HM (5’3) lifts to a canonical absolute Z-grading. So we
can talk about the actual grading of an element whenever we consider a homology
sphere.

Example 20. As a basic example we can just consider Y = S3.

(152) HM (S%) =F [u™", ]
(153) HM (S%) =F [u™", u] /F [u]
(154) HM (V) = F [u]

Example 21. If Y is a homology sphere, then
(155) HM (V) =F [u™',u]

up to grading shift. The group HM, (Y,s) vanishes in degree low enough, and the
map i, is an isomorphism in degree high enough.

We now consider the functoriality of this construction. If we have the situation
in fig. 13, then this induces a map

(156) HM (W) : HM, (Yp) — HM, (Y1)
This decomposes via the spin® structures as
(157) HM(W)= @  HM(W,sw)

sw €spin® (W)
Fact 10. If we are again in the situation of fig. 13, then for for Yy and Y1 homology
spheres, by (W) =0, and b (W) = 0, then the map
(158) M (W, sy ) < FIM (Vo) — FIM (V7)
is an isomorphism of degree (by (W) — c% (s)) /4.
Proof. This follows from L?-hodge theorem. O
Corollary 3. For Yy and Yy homology spheres, by = 0 (negative definite) we get
the inequality:

1

(159) h(Y0) 2 h(¥) + g (tkQw —inf [Quw (c.0)])



SEIBERG-WITTEN THEORY ON FOUR-MANIFOLDS 25

where we are taking the infimum over characteristic classes c, that is, ¢ is ¢1 of
some spin® structure.

Proof. By doing surgery, we can assume by (W) = 0, without changing ). Then
we have the following commutative diagram:

HM () M%) 1N (v7)

(160) i i
x J/ HM(W,Sw) 24 l
HM (Yy) ———— HM (Y1)
and this diagram commutes. O

Theorem 16 (Elkies). rk Qw > inf. |Qw (¢, ¢)| where we range over characteristic
c. Furthermore, we have equality iff Qw = [—1]".

This is a theorem from number theory. This gives us the following:
Corollary 4 (Donaldson). Suppose X is closed, and Q, < 0, then Q, = [—1]".

Proof. Remove two balls from X, and think of this as a cobordism from S? to itself.
Then since h (53) = 0, by Elkies theorem, the intersection form is standard. [l

8. S1-EQUIVARIANT MORSE (AND FLOER) HOMOLOGY

We now actually define the monopole Floer homology. Let M be the configura-
tion space

(161) C(Y,s) ={(B,¥)} /G

equipped with an additional S'-action, where S* = G/Gy. Then we have the Chern-
Simons-Dirac functional f : M — R/ (27722). The goal of this section is to compute
some kind of S'-equivariant homology.

8.1. Usual Morse homology. Consider some smooth finite-dimensional manifold
X, and take some Morse function f : X — R, then with some additional data,
we can define a Morse complex C, (X, f), which gives us the Morse homology
H, (X,F), which is the same as singular homology.

Now we want to provide a Morse-theoretic framework for S!-equivariant homol-
ogy. The way we deal with this, is by using some-sort of blow-up construction.
We can basically just think of this as polar-coordinates. Suppose M is finite-
dimensional and we have this S'-action. Assume that the stabilizer of a point is
either {0}, or S'. The {0} case is irreducible, and an S'-stabilizer is reducible.

Example 22. Consider C with multiplication by S!'. The origin is a fixed point,
and everything else is free. Indeed, C = R=% x S/ {0} x S!, and then blowing up
is just

(162) C +— C° =R=20x 52

to get a manifold with boundary. Then in C°, the S'-action is free, and C?/S! =
RZ9. See fig. 14 to visualize this example.
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N
7

FIGURE 14. The blow-up projects under .

FIGURE 15. The fixed points M5 and v (p) for pe M.

Example 23. Consider the space C* = RZ%x §27~1/{0} x §2"~! then the blowup
is

(163) (C")7 =R x §2n~1 5 C" = R20 x §2"71/ {0} x §*~!

and (C")7 /S* = R20 x CP" 1.

Example 24. In general, for (M, g) with an S'-action, we can suppose S! acts
isometrically, then M5 is the fixed point set of S! as in fig. 15. then S* acts on

v (p), so v (p) has a natural almost complex structure, now we blow-up fiber-wise,
and then

(164) M < M°
where S! acts freely on M°. 7 is a diffeomorphism from M \ OM? — M\ MS".

Fact 11. Consider f : M — R with an action of S*. Then grad f|M\M81 pulls

back to a vector field M? \ OM?, which extends naturally to a vector field on M7,
(grad f)7. Note that this is not the gradient of a function on o.

Example 25. Consider f : C" — R with an S'-action, then f(2) = (z, Lz) /2
for L some hermitian matrix. In this case grad f (z) = Lz, In polar coordinates
(r,) € RZ0 x §2n=1 Then for r > 0,

(165) grad f (r,¢) = (A (¢) 1, Lp — A(p) ¢)
where A (¢) = (p, Ly). This tells us that this formula defines an extension to r = 0,
the boundary of M?. We can think of this heuristically in fig. 16.
Remark 13. Critical points of (grad f)°:
(1) 7! ( irreducible critical points of (grad f))
(2) (reducible critical point, eigenvector of L),

We know Ly = A (p) ¢, so if you assume L has simple spectrum Ay < -+ < Ay,
each of them corresponds to a critical point in (M7) /S*.
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e 'on
S .

FIGURE 16. This is a “fake picture” of what is going on when we
extend grad f.

FIGURE 17. The gradient flow grad f?, and the corresponding crit-
ical points of various indices. The upper point on the boundary is
boundary-stable, and of index 1. The bottom point on the bound-
ary is boundary-unstable, and also of index 1. Then the bottom
critical point on the right is irreducible and of index 0, and the
top critical point is irreducible of index 2. Then the middle critical
point on the far right is of index 1.

8.2. Properties of (grad f)’.

Fact 12. (1) grad f° is tangent to OM? as in fig. 17.
(2) The flow is not Morse-Smale
(8) A 1-parameter family could break in 3-components.

8.3. Calculations. Now we have a manifold with boundary, so we can calculate
three different things: homology of the boundary, homology of the space itself, and
the homology of the space relative to the boundary.

Take irreducible CP, boundary-stable Cf, and boundary-unstable Cy. The
boundary maps are as follows. We have 9) : C) — CY_,, which counts trajec-
tories in 0-dimensional moduli spaces. Then we have 8%, 9%, 9%, and lastly we
have 52, 527 5?, and 52 which count on the boundary. These are moduli spaces in
OM? /S*. In general, all of them drop the index by 1, except for 52, and 53 which
drops the index by 2.

(166) Cv=CYaC;
then the boundary is defined by

- a0 oL9°
1 — 0 s 0 u__
(167) J (82 aﬁ@ﬁ%)
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D2 b

FIGURE 18. The critical points a, b, ¢, and d for the case D2.

Fact 13. (X,(’;) is a chain complex whose homology computes the homology of the
underlying space H, (X).

To check this is a complex, we have to check (5‘)2 = 0, so we just have to write

this out to get terms of the form 9§99 + 335282. The idea is to look at ends of
1-dimensional moduli spaces.

Let’s compute D? as in fig. 18. In index 3, we have F (a), for index 2 we get
F (b), and in index 0 we get F (d). Then computing homology, we get 0 in all degrees
except 0, where we get F.

Then

(168) Cr=C*a®C" C=C"qC"
and then we define 9 and 0 analogously.

8.4. Definition of monopole Floer homology.
(169) C(Y5) <= C7 (Y5) = {(B,r,9) [r € R=C, | ¥[ , =1}

Note that G acts freely on C?. Note that grad £ extends to (grad £)°. Since
the action is free, C? (Y, s) /G is an infinite-dimensional manifold with boundary,
equipped with the vector field (grad £)°. So now formally, we can just apply the
construction of Morse-homology, to get

(170) HM (Y, 5) HM (V,5) HM (Y, 5)

which are more or less obtained as before, by taking the homology of the boundary,
of the space, and of the space relative to the boundary.

9. PSEUDO-HOLOMORPHIC CURVES
Definition 6. Pseudo-holomorphic curves

So if we have a pseudo-holomorphic curve u : ¥ — (M,w), then we can define
the energy

(171) E (u) — / |dul?

So w is J-holomorphic iff v minimizes E (u) within its homotopy class.
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For (A, ®), we define

. 1 2 1 2 s\ 2
(172) E(A,@)_1/|FAt| +/|VA®|+§/(\<I>| +§)
Then (A, ®) solves the SW-equations iff it minimizes E (4, ®).

10. TRIANGULATION CONJECTURE

Recall that we start with some configuration space C (T,s) = {(B, ¥)} with an
action of the gauge group G, then we blow up the configuration space to get

(173) C(T,5) = {(B,0)} +—— C7 {(B,r,9) [r e R=", |[¢[| ;- = 1}
If we take the gradient of the Chern-Simons-Dirac functional:

1
(174) grad £ (B, ¥) = (2 * Fgi +p 1 (DY) ,DB\I')

we can explicitly extend this as:
(175)

(grad £)7 (B,7r,9) = <; x Fe + 1271 (Yp3) , A (B, ) r, Dy — A (B, ) ¢>

a.

We have the following types of critical points of (grad £)
(1) Irreducible critical points of grad £
(2) Reducibles (B,0,) with (B,0) a criticalm points of grad £ and ¢ is a unit
eigenvector of Dp/S?.
Generically Dp has a simple spectrum, so we have eigenvalues -+ < A_; <0 <
Ao < A1 < Ay < --- where \; corresponds to one critical points ¢;. Then we have
the following facts:

Fact 14. (1) ¢; is stable iff \; > 0
(2) Two consecutive critical points \; and A1 differ in grading by 2.

Example 26. Consider C (53). We know that positive scalar curvature implies
there are no irreducible solutions, and since by (Y) = 0, we have exactly one re-
ducible solution. Since grading differs by 2, there’s no room for a differential here.

Example 27. Consider C of the Poincaré homology sphere. Again we have positive
scalar curvature, so there are no irreducible solutions, and H; (Y) = 0. So this is
basically the same as the previous example.

Example 28. We can also calculate C (¥ (2,3,7)). There is just one reducible
solution, only now there are also two irreducible solutions, and each comes with a
trajectory F @ F — F, so we have a nontrivial differential.

Theorem 17 (Manolescu). The triangulation conjecture is false in higher dimen-
sions, that is, for n > 5, there exists a topological manifold M™ not homeomorphic
to a simplicial complex.

As it turns out, this is equivalent to a problem in low dimensional topology.
Consider the homology cobordism group
(176) 0% = {Yoriented, ZHS?} / ~
where two Yy ~ Yy both ZHS? iff y; — W as in fig. 13. This is an equivalence in
H, (-,2).
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Remark 14. ©% = 0 for n # 3 (in the PL category).
As it turns out, ©% # 0. There is a homomorphism
(177) w03 — 7./27

Theorem 18 (Rokhlin). Suppose X* is a smooth spin, then 16 divides the signature
o (X).

Remark 15. For X spin, Qx is even, so for algebraic reasons we know that 8 divides
o (X). The cool thing is then that since we insist the space is smooth, we can boost
this to be a 16.

Suppose we have that Y is a ZHS3. Then it is a classical result that any such
Y bounds some W which is also spin. Then define

g (W)
8

(178) p(Y) = €7)27

This is well defined, since if we have some other W', we can glue them together along
Y, and we get a closed spin manifold, so 16 divides the signature ¥ (W \ W’) =
o (W) — o (W'), so its divisibility is indeed well defined.

Example 29. 5% is the boundary of B*, so yu (S®) = 0. For the Poincaré homology
sphere, we get that this is the boundary of Pg,. Then TS 2 gives us the Eg Dynkin
diagram, so we get u of Poincaré to be 1.

Theorem 19 (Galeski-Stern-Matumoto). The triangulation conjecture is false iff
p does not split, that is, there are no elements [Y] € ©% with order 2, and p = 1.

So this is the fact that Manolescu showed:

Theorem 20 (Manolescu). There ezists a 3 : ©3; — Z, which is not a homomor-
phism, such that

(1) B([=Y]) = =B ([Y])
(2) B(IY]) = u([Y]) (mod 2)

This implies the triangulation conjecture is false because of the following. Sup-
pose the homomorphism splits. Then we have an element Y or order 2, so 2[Y] = 0,
which is the same as [Y] = —[Y]. Then we get 8 ([Y]) = 8(—[Y]), but this is an
integer, so we must have that 8 (Y) = 0, which means p (Y') = 0.

Recall in monopole Floer homoloy we get this invariant h(Y) € Z called the
Froyshov invariant. This gives us a map h : ©% — Z, but this doesn’t have the
second property from theorem 20. To see this, we can simply check the example
3 (2,3,7) from before.

So we need to exploit an extra symmetry of the Seiberg-Witten equations in the
presence of spin structures. This extra symmetry is:

(179) Pin(2) = S'uJgS' CH

This is like a Hopf link as in fig. 19

Returning to theorem 18, we have a spin® structure S = ST > 5~ — X*, where
both S* have complex rank 2. Then the Dirac operator D} : I' (S*) — T'(S™) has
index

(180) ind D4+ = dimker — dim coker = = (¢} (S*) — o (X))

0| =
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Sl

JS!
FIGURE 19. Hopf link of S' and JS*.

We have an action of J on S* where J2 = —idg+, and J is complex antilinear.
Then this implies S* are ranky = 1 quaternionic vector bundles.
There is a distinguished connection Ag, the spin connection so that

(181) D}, (1) = (Da®) 7

is quaternionic linear. This is because

(182) Spin (3) =5U(2) { (Z al laf* lblbf = 1) }

acts on C? = H, where we have identified (z,w) with z + Jw. Then we have that
SU (2) and J both act on H and commute.

This means ker Ajgo is a quaternionic vector space (if X is spin), and similarly
for the cokernel where coker Azo =ker D}.

Then in 2Z, we get

(183) ind D y: = é (cl (1) -0 (X)) - —éU(X)
and St is congruent to its conjugate, which means 16 divides o (X) as desired.

In the case of a three manifold, Y with a spin structure, S — Y, we have an
action of J on S, and we get J2 = —idg, and J is complex antilinear. For By the
spin connection, we get that Dp, : I' (S) — I' (S) is quaternionic linear.

Now for (B, V) € C (Y, s), we have

(184) J (B,%) = (B,vJ)
where B = By + b, and B = By — b. Then we have
(185) J?(B,¥) = (B,—V¥) ~ (B,¥)

are gauge equivalent. This means the function £ is invariant under the Pin (2)
action on C (Y, s) since we have this extra 7.

So now we might try to do some sort of Pin (2) equivariant Floer homology. We
can formally define this to be a module over

(186) Mpin(o) (0t) =F [V, Q] /Q* = H* (BPin (2))

where degV = —4, and degQ = —1. Note that this contains F [Q] /Q3, which is
H, (R]P’2), so this is where RP? comes into this picture.

In the spin® case, Dp has simple spectrum, so A; corresponds to critical points,
which is the unit sphere eigenspace modulo S'. In our case, Dpg, has simepl (in
the quaternionic sense) spectrum, so an eigenvalue \; corresponds to S3/S! = §2
where 7 acts on this, so we get RP%.
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