EXISTENCE OF GLOBAL WEAK SOLUTIONS FOR 3D
DEGENERATE COMPRESSIBLE NAVIER-STOKES EQUATIONS

ALEXIS F. VASSEUR AND CHENG YU

ABSTRACT. In this paper, we prove the existence of global weak solutions for 3D com-
pressible Navier-Stokes equations with degenerate viscosity. The method is based on the
Bresch and Desjardins entropy conservation [2]. The main contribution of this paper is
to derive the Mellet-Vasseur type inequality [32] for the weak solutions, even if it is not
verified by the first level of approximation. This provides existence of global solutions
in time, for the compressible Navier-Stokes equations, for any v > 1 in two dimensional
space and for 1 < 7 < 3 in three dimensional space, with large initial data possibly
vanishing on the vacuum. This solves an open problem proposed by Lions in [27].

1. INTRODUCTION

The existence of global weak solutions of compressible Navier-Stokes equations with
degenerate viscosity has been a long standing open problem. The objective of this current
paper is to establish the existence of global weak solutions to the following 3D compressible
Navier-Stokes equations:

pt + div(pu) =0

1.1
(pu)¢ + div(pu @ u) + VP — div(pDu) = 0, (1.1)

with initial data
pli=o = po(z),  puli=o = mo(x). (1.2)

where P = p?, v > 1, denotes the pressure, p is the density of fluid, u stands for the
velocity of fluid, Du = [Vu+ V7u] is the strain tensor. For the sake of simplicity we will
consider the case of bounded domain with periodic boundary conditions, namely Q = T3.

In the case v = 2 in two dimensional space, this corresponds to the shallow water
equations, where p(t,z) stands for the height of the water at position z, and time ¢, and
u(t, z) is the 2D velocity at the same position, and same time. In this case, the physical
viscosity was formally derived as in (1.1) (see Gent [15]). In this context, the global
existence of weak solutions to equations (1.1) is proposed as an open problem by Lions in
[27]. A careful derivation of the shallow water equations with the following viscosity term

2div(pDu) + 2V (pdivu)
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can be found in the recent work by Marche [28]. Bresch-Noble [6, 7] provided the mathe-
matical derivation of viscous shallow-water equations with the above viscosity. However,
this viscosity cannot be covered by the BD entropy.

Compared with the incompressible flows, dealing with the vacuum is a very challenging
problem in the study of the compressible flows. Kazhikhov and Shelukhin [25] established
the first existence result on the compressible Navier-Stokes equations in one dimensional
space. Due to the difficulty from the vacuum, the initial density should be bounded away
from zero in their work. It has been extended by Serre [34] and Hoff [20] for the discon-
tinuous initial data, and by Mellet-Vasseur [33] in the case of density dependent viscosity
coefficient, see also in spherically symmetric case [10, 11, 18]. For the multidimensional
case, Matsumura and Nishida [29, 30, 31] first established the global existence with the s-
mall initial data, and later by Hoff [21, 22, 23] for discontinuous initial data. To remove the
difficulty from the vacuum, Lions in [27] introduced the concept of renormalized solutions
to establish the global existence of weak solutions for v > % concerning large initial data
that may vanish, and then Feireisl-Novotny-Petzeltovd [13] and Feireis] [14] extended the
existence results to v > %, and even to Navier-Stokes-Fourier system. In all above works,
the viscosity coefficients were assumed to be fixed positive numbers. This is important to
control the gradient of the velocity, in the context of solutions close to an equilibrium, a
breakthrough was obtained by Danchin [8, 9]. However, the regularity and the uniqueness
of the weak solutions for large data remain largely open for the compressible Navier-Stokes
equations, even as in two dimensional space, see Vaigant-Kazhikhov [37] (see also Germain
[16], and Haspot [19], where criteria for regularity or uniqueness are proposed).

The problem becomes even more challenging when the viscosity coefficients depend on
the density. Indeed, the Navier-Stokes equations (1.3) is highly degenerated at the vacuum
because the velocity cannot even be defined when the density vanishes. It is very difficult
to deduce any estimate of the gradient on the velocity field due to the vacuum. This is the
essential difference from the compressible Navier-Stokes equations with the non-density
dependent viscosity coefficients. The first tool of handling this difficulty is due to Bresch,
Desjardins and Lin, see [4], where the authors developed a new mathematical entropy to
show the structure of the diffusion terms providing some regularity for the density. An
early version of this entropy can be found in 1D for constant viscosity in [35, 36]. The result
was later extended for the case with an additional quadratic friction term rp|u|u, refer
to Bresch-Desjardins [2, 3] and the recent results by Bresch-Desjardins-Zatorska [5] and
by Zatorska [40]. Unfortunately, those bounds are not enough to treat the compressible
Navier-Stokes equations without additional control on the vacuum, as the introduction of
capillarity, friction, or cold pressure.

The primary obstacle to prove the compactness of the solutions to (1.3) is the lack of
strong convergence for \/pu in L?. We cannot pass to the limit in the term pu®u without
the strong convergence of |/pu in L?. This is an other essential difference with the case of
non-density dependent viscosity. To solve this problem, a new estimate is established in
Mellet-Vasseur [32], providing a L>(0,T; L1og L(f2)) control on p|u|?. This new estimate
provides the weak stability of smooth solutions of (1.3).
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The classical way to construct global weak solutions of (1.3) would consist in construct-
ing smooth approximation solutions, verifying the priori estimates, including the Bresch-
Desjardins entropy, and the Mellet-Vasseur inequality. However, those extra estimates
impose a lot of structure on the approximating system. Up to now, no such approxima-
tion scheme has been discovered. In [2, 3], Bresch and Desjardins propose a very nice
construction of approximations, controlling both the usual energy and BD entropy. This
allows the construction of weak solutions, when additional terms -as drag terms, or cold
pressure, for instance- are added. Note that their result holds true even in dimension 3.
However, their construction does not provide the control of the pu in L>(0,T; L log L(£2)).

The objective of our current work is to investigate the issue of existence of solutions for
the compressible Navier-Stokes equations (1.1) with large initial data in 3D. Jungel [24]

studied the compressible Navier-Stokes equations with the Bohm potential xp (%), and

obtained the existence of a particular weak solution. Moreover, he deduced an estimate
of Vpi in L*((0,T) x Q), which is very useful in this current paper. In [17], Gisclon and
Lacroix-Violet showed the existence of usual weak solutions for the compressible quantum
Navier-Stokes equations with the addition of a cold pressure. Independently, we proved
the existence of weak solutions to the compressible quantum Navier-Stokes equations with
damping terms, see [38]. This result is very similar to [17]. Actually, it is written in [17]
that they can handle in a similar way the case with the drag force. Unfortunately, the
case with the cold pressure is not suitable for our purpose.

Building up from the result [38] (a variant of [17]), we establish the logarithmic estimate
for the weak solutions similar to [32]. For this, we first derive a “renormalized” estimate on
pp(Jul), for ¢ nice enough, for solutions of [38] with the additional drag forces. It is showed
to be independent on the strength of those drag forces, allowing to pass into the limit when
those forces vanish. Since this estimate cannot be derived from the approximation scheme
of [38], it has to be carefully derived on weak solutions. After passing into the limit x
goes to 0, we can recover the logarithmic estimate, taking a suitable function ¢. This is
reminiscent to showing the conservation of the energy for weak solutions to incompressible
Navier-Stokes equations. This conservation is true for smooth solutions. However, it is
a long standing open problem, whether Leray-Hopf weak solutions are also conserving
energy.

Equation (1.1) can be seen as a particular case of the following Navier-Stokes
pt + div(pu) =0

(pu); + div(pu @ u) + VP — div(u(p)Du) — V(A(p)diva) = 0, (13)

where the viscosity coefficients p(p) and A(p) depend on the density, and may vanish on
the vacuum. When the coefficients verify the following condition:

Mp) = 201 (p) — 21(p)

the system still formally verifies the BD estimates. However, the construction of Bresch
and Desjardins in [3] is more subtle in this case. Up to now, construction of weak solutions
are known, only verifying a fixed combination of the classical energy and BD entropy (see
[5]) in the case with additional terms. Those solutions verify the decrease of this so-called
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k-entropy’, but not the decrease of Energy and BD entropy by themselves. The extension
of our result, in this context, is considered in [39].

The basic energy inequality associated to (1.1) reads as

/ /p|Du\2dxdt < E, (1.4)

B = B0 = [ (ol + )

1 1
Ey=E ,uo—/( u2+”>dx.
0 = E(p,u)(0) A 5ol ol po v

Remark that those a priori estimates are not enough to show the stability of the solutions
of (1.1), in particular, for the compactness of p?. Fortunately, a particular mathematical
structure was found in [2, 4], which yields the bound of Vp2 in L2(0,T; L(f)). More
precisely, we have the following Bresch-Desjardins entropy

o7
/< plu+ Vinp|* + o )dx—l—/ /|Vp2|2d:cdt

9t

Q —
Thus, the 1n1tlal data should be given in such way that
po € L7(), po>0, Vipo € L*(),

where

and

1 . Imo® _ (15)
my € L (), my=0 if pp=0, ; e L (Q).
0

Remark 1.1. The initial condition V,/pg € L%(Q) is from the Bresch-Desjardins entropy.

The primary obstacle to prove the compactness of the solutions to (1.6) with ro =71 =0
is the lack of strong convergence for \/pu in L?. Jungel [24] proved the existence of a
particular weak solutions with test function py, which was used in [4]. The main idea
of his paper is to rewrite quantum Navier-Stokes equations as a viscous quantum Euler
system by means of the effective velocity. In [24], he also proved inequality (1.9) which
is crucial to get a key lemma in this current paper. Motivated by the works of [2, 4, 24],
we proved the existence of weak solutions to (1.6) and the inequality (1.9), see [38]. The
advantage of ro and r; terms is that there is a compactness pu ® u in L' and the strong
convergence of ,/pu in L?. In particular, we need to recall the following existence result
in [38].

Proposition 1.1. For any « > 0, there exists a global weak solution to the following
system

pt + div(pu) =0,

(pu); + div(pu @ u) + Vp? — div(pDu) = —rou — r1plul*u + kpV

(M) (1.6)
5 )

INote that  here is not related to the  term in (1.6).
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with the initial data (1.2) and satisfying (1.5) and —rq [ log_ podx < co. In particular,
we have the energy inequality

T T T
t —l—/ /p|]D)u|2d:cdt+r0/ /|u|2dxdt+7"1/ /p|u]4d$dt§Eo, (1.7)
0 Q 0 Q 0 Q

where

1 1 K
E(t) = E(p,u)(t) = / <2p\u|2 + pl+ ]V\pr) dz,
Q v—1 2
and
1 1
Bo= B0 = [ (ool + L0+ 519Vl ) d
and the BD-entropy

/( p|u+Vlnp\2+p71+—|V\f| —rologp> dﬂs+/ /\V,o 2|2 dx dt
/ /p|Vu VTu|2dmdt+f-@/ /p[VQIngdedt (1.8)
<2 [ (sl + 197l + 5+ 59l — ralog ) do+ 260

where log_ g = logmin(g, 1); the following inequality for any weak solution (p,u)

1 1 1
w2 |lv/pll 20,152 0)) + B2 IV et 220,100 02)) < O (1.9)

where C' only depends on the initial data.
Moreover, the weak solution (p,u) has the following properties

pu e C(0, T L2, (), (/p)i € L2(0,T) x (1.10)
If we use (px,uy) to denote the weak solution for k > 0, then
Vel — /pu strongly in L*((0,T) x Q), as & — 0, (1.11)

where (p,u) in (1.11) is a weak solution to (1.6) and (1.2) for k = 0.
Remark 1.2. The energy inequality (1.7) yields the following estimates
[vpuall Lo o,;22(0)) < Eo < 00,
ol oo 0,727 (2)) < Eo < 00,
IVEV VDl Lo 0,1 02(0)) < Eo < o0,
[veDullr20,7;22(0)) < Eo < oo,
vroull 20,22 (02)) < Eo < 00,
I ¥/ripullpago,rre)) < Eo < oo.
The BD entropy (1.8) yields the following bounds on the density p:
IVl Lo o.1;02(0)) < € < o0, (1.13)

IVEPV? 108 pll L2(07:22(0)) < C < 00, (1.14)
V02 || 2072200 < C < 00, (1.15)

(1.12)
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and
ol
VAVl rsoa < | <poruo|2 + 2 9l = rolog po) di + 2By < oo,
(1.16)
where C' is bounded by the initial data, uniformly on rg, r1 and k.
In fact, (1.13) yields
Vp € L=(0,T; L5 (Q)), (1.17)

in three dimensional space.

Remark 1.3. Inequality (1.9) is a consequence of the bound on (1.14). This was used
already in [24]. The estimate for the full system (1.6) is proved in [38].

Remark 1.4. The existence result of [2] contained the case with x = 0, which can be
obtained as the limit when x > 0 goes to 0 in (1.6), by standard compactness analysis.

Remark 1.5. The weak formulation reads as

T T
/pu-wdxgzg—/ /puwtdxdt—/ /pu®u:v¢d:cdt
Q 0 Q 0 Q
T T
—/ /deiw/dedt—/ /pDu:V”L/JdJJdt
0 Q 0 Q

T T T
Z—To/ /ugbda:dt—m/ /p|u|2u¢dazdt—2fc/ /Aﬁv\/ﬁib dx di
0o Ja 0o Ja 0o Jo
T
—/{/ /A\/ﬁﬁdivwdxdt.
0o Ja

for any test function 2.

(1.18)

Our first main result reads as follows:

Theorem 1.1. For any 6 € (0,2), there exists a constant C' depending only on &, such
that the following holds true. There exists a weak solution (p,u) to (1.6) with kK = 0
verifying all the properties of Proposition 1.1, and satisfying the following Mellet- Vasseur
type inequality for every T > 0, and almost every t < T':

/Qp(t, 21 + [ult, 2)) In(1 + [u(t, 2)[2) dz

,
< / po(1 + [uo|?) In(1 + |uo|?) da + 8/ (PO‘“O’Q + % +|Vy/pol* — 7o log_ Po) dx
0 0

T N ) 3
+ 16Ey + C/ </ (p27_1_2)25> </ p(2 +In(1 4+ |ul?))s dw) dt,
0 Q Q

where v > 1 in two dimensional space and 1 < v < 3 in three dimensional space.

Remark 1.6. The right hand side of the above inequality can be bounded by the initial
data. In particular, it does not depend on ry and ri. This theorem will yield the strong
convergence of ,/pu in space L?(0,T;9) when g, 71 converge to 0. It will be the key tool
of obtaining the existence of weak solutions, in [32].
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We define the weak solution (p,u) to the initial value problem (1.1) in the following
sense: for any t € [0,7],

e (1.2) holds in D'(Q),

e (1.4) holds for almost every ¢ € [0, T],

e (1.1) holds in D'((0,T) x Q)) and the following is satisfied
p=0, peL>(0,T];L7(2)),
p(L+ [uP) In(1 + [u2) € 1(0, T; 1} (9),
Vpz € L2(0,T; L3(Q)), V./p e L>®(0,T; L3(Q)),
Jpu € L>(0,T; L*(), /pVu e L*(0,T; L*(Q)).

Remark 1.7. The regularity V./p € L>(0,T; L*(2)) and Vp? € L2(0,T; L2(Q)) are from
the Bresch-Desjardins entropy.

As a sequence of Theorem 1.1, our second main result reads as follows:

Theorem 1.2. Let (pg, myg) satisfy (1.5) and
[ o0+ o) In(1 + o) dis < .
Q

Then, for v > 1 in two dimensional space and 1 < v < 3 in three dimensional space, and
any T > 0, there exists a weak solution of (1.1)-(1.2) on (0,T).

We cannot obtained directly the estimate of Theorem 1.1 from (1.6) with x = 0, because
we do not have enough regularity on the solutions. But, the estimate is not true for the
solutions of (1.6) for k > 0. The idea is to obtain a control on

/Q plt, 2)gn(B(p)u(t, z)) da

at the level x > 0, for a ¢, suitable bounded approximation of (1 + |u|?)In(1 + |u/?),
and a suitable cut-off function ¢ of p, controlling both the large and small p. The first
step (see section 2) consists in showing that we can control (uniformly with respect to k)
this quantity, for any weak solutions of (1.6) with x > 0. This has to be done in several
steps, taking into account the minimal regularity of the solutions, the weak control of the
solutions close to the vacuum, and the extra capillarity higher order terms. In the limit
K goes to zero, the cut-off function ¢ has to converge to one in a special rate associated
to k (see section 3 and 4). This provides, for any weak limit of (1.6) obtained by limit x
converges to 0, a (uniform in n, rg, and 1) bound, to:

/Q ot 2)pn(d(p)u(t, z)) da.

Note that the bound is not uniform in n, for x fixed. However, it becomes uniform in n at
the limit x converges to 0. In section 5, we pass into the limit n goes to infinity, obtaining
a uniform bound with respect to r¢g and r1 of

/Qp(t,:n)(l +lu(t, 2)[2) In(1 + [u(t, 2)[?) da.

Section 6 is devoted to the limit r; and rg converges to 0. The uniform estimate above
provides the strong convergence of /pu needed to obtain the existence of global weak
solutions to (1.1) with large initial data.
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2. APPROXIMATION OF THE MELLET-VASSEUR TYPE INEQUALITY

In this section, we construct an approximation of the Mellet-Vasseur type inequality for
any weak solutions at the following level of approximation system
pt + div(pu) = 0,
M ) (2.1)
v
with the initial data (1.5), verifying in addition that py > m%) for mo > 0 and /poug €
L*°(Q). This restriction on the initial data will be useful later to get the strong convergence

of \/pu when t converges to 0. This restriction will be cancel at the very end, (see section
6)

(pu); + div(pu @ u) 4+ Vp? — div(pDu) = —rou — r1p|ul’u + kpV(

In the same line of Bresch-Desjardins [2, 3, 24], we constructed the weak solutions to
the system (1.6) for any x > 0 by the natural energy estimates and the Bresch-Desjardins
entropy, see [38]. The term rou turns out to be essential to show the strong convergence of
V/pu in L?(0,7T; L?(£2)). Unfortunately, it is not enough to ensure the strong convergence
of \/pu in L?(0,T; L*(Q)) when r¢ and r; vanish.

We define two C'°°, nonnegative cut-off functions ¢,, and ¢k as follows.

1 1
m(p) =1 f —, ¢m(p) =0 fi —_— 2.2
m(p) orany p> —, ¢ (p) or any p < o (2.2)

where m > 0 is any real number, and |¢/,| < 2m;
and ¢ (p) € C*°(R) is a nonnegative function such that

or(p) =1 forany p < K, ¢x(p) =0 for any p > 2K, (2.3)

where K > 0 is any real number, and |¢}| < 2.
We define v = ¢(p)u, and ¢(p) = ¢m(p)dx (p). The following Lemma will be very useful
to construct the approximation of the Mellet-Vasseur type inequality. The structure of

the k quantum term in [24] is essential to get this lemma in 3D. It seems not possible to
get it from the Korteweg term of BD [2] in 3D.

Lemma 2.1. For any fixed k > 0, we have
IV L2 0,7;02(0)) < C,
where the constant C depend on k > 0, r1, K and m; and
pr € LA0,T; LY°(Q)) + L*(0,T; L*%(Q))  uniformly in k.
Proof. By (1.9), we have

HvPiHL‘l(O,T;L‘l(Q)) <C.
For v, we have
Vv = V(o(p)u) = (¢'(p)Vp)u + ¢(p)Vu,
and hence

(¢ (p)Vp)u + d(p)Vul 120 1;2(02))
1 1
< CllptuVpt|20m120) + CllvVPVUllL20,m:2(0))
1 1
< Cliptualpao,rns@)IVetll a0 La@)) + CllVeVull L2 0,7:02(0))
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where we used the definition of the function ¢(p). Indeed, there exists C' > 0 such that

16() 7| + ] <c

'Wm
VP
for any p > 0.

For p;, we have

pt = —Vp-u— pdivu

=-2Vy/p- p%upi — v/py/pdiva = 51 + 5.
Thanks to (1.12), (1.13) and (1.17), we have

Sy € LY0,T;L7(Q)) for1<r<

ol O

By (1.12) and (1.17), we have

[\CR V]

Sy € L*(0,T;L5(Q)) for 1 <s <

Thus, we have
pe € LY0,T; L7(2)) + L*(0, T3 L*(€)).

O
We introduce a new C(R?), nonnegative cut-off function ¢,,:
pn(u) = @n(‘u|2>v (2.4)
where ¢, is given on R* by
= if0<y<n,
Gny) | = 1oy ifn<y<C, (2.5)

with @/ (0) =0, $,(0) =0, and Cp, = e(1 +n)? — 1.
Here we gather the properties of the function ¢, in the following Lemma:
Lemma 2.2. Let ¢, and @, be defined as above. Then they verify
e a. For any u € R, we have
pn(u) =2 (207 (Juf)u @ u+1g;, (Juf?)) (2.6)
where 1 is 3 X 3 identity matrix.

e b [Fh(y) < ﬁ for any n > 0 and any y > 0.
o C.

=14+In(l+y) if0<y<n,
Gnly) 4 =0 if y > Cy, (2.7)
>0, and <1+In(l1+4+y) ifn<y<Cp.

In one word, 0 < ¢}, <14 1In(l+y) for any y > 0, and it is compactly supported.
e d. For any given n > 0, we have

o (W)] < 6+ 2In(1 +n) (2.8)
for any u € R3.
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o c.
(1+y)In(1 +y) fo<y<n

en(y) = 20+ (1 +n))y - (1 +y)In(1+y) +2(In(l +n) —n), if n <y < Cy,
e(14+mn)? —2n—2 if y > Ch,

(2.9)
&n(y) is a nondecreasing function with respect to y for any fized n, and it is a
nondecreasing function with respect to n for any fized y.

on(y) = (1 +y)In(l +y) a.e. (2.10)
as n — oo.
Proof. We prove each statement one by one as follows:
e a. Thanks to (2.4), we have ¢/, (u) = 24, (|u|?)u, and
on(u) =2 (20 (Juf’)u @ u+1g, (Juf?),
where I is 3 x 3 identity matrix.

e b. The statement of b. follows directly from (2.5).
e c. Integrating (2.5) with initial data @),(0) = 0, we have

1+In(l1+y) it0<y<n,
SLy)=<1+2In(1+n)—In(l+vy), ifn<y<C, (2.11)
0 if y > C,,

Since
14+2In(1+n)—In(1+C,) =0,
thus, for any y > 0, we have
Gnly) = 0.
For any n <y < C},, we have
1+2In(14+n)—In(l+y) <1+2In(1+y) —In(1+y) =1+In(1+y).
Thus, for any y > 0, we have

Gn(y) <1+In(l+y).
e d. By a.-c.,

2
" - 2 ~/ ’u‘
lon ()| < 4@, |[ul” + 2|3, | < 4T|u]2
e f. Integrating (2.11) with initial data ¢, (0) = 0, it gives (2.9). Moreover, thanks
to c., ¢n(y) is an increasing function with respect to y for any fixed n. We have
also that @, (y) is a nondecreasing function with respect to n for any fixed y.

+2(1+1In(1+n)) <6+ 2In(l +n).

O

The first step of constructing the approximation of the Mellet-Vasseur type inequality
is the following lemma:
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Lemma 2.3. For any weak solutions to (2.1) constructed in Proposition 1.1, and any
P(t) € D(—1,+00), we have

_ /OT [ oot awa+ [ ' | owemraa+ [ ' R

— [ pgnta)u(o)ds,
(2.12)
where
S = po(p)(Du + HA\/\?]I), and
(2.13)

F = p*u¢/ (p)divu + 202 Vp2 ¢(p) + pV(p)Du + roue(p)
T ruplulPuc(p) + ky/BVG(0)AVE + 2060(p)V VBAVE,
where I is an identical matriz.
In this proof, x, m and K are fixed. So the dependence of the constants appearing in
this proof will not be specified.
Multiplying ¢(p) on both sides of the second equation of (2.1), we have
(pv): — pug (p)pe + div(pu ® v) — pu @ uVe(p) + 2p2 Vp2 ¢(p)
— div(¢(p)pDu) + pVé(p)Du + rous(p) + riplul*ud(p) — £V (v/pé(p) Av/p)
+ 6VPV () AVP + 264(p)V/PA/p = 0.

Remark 2.1. Both V,/p and p; are functions, so the above equality are justified by regu-
larizing p and passing into the limit.
We can rewrite the above equation as follows
(pv): +div(pu ® v) —divS + F = 0, (2.14)
where S and F' are as in (2.13), and here we used
pug’(p)p; + pu @ ug'(p)Vp = pug/(p)(p: + Vp - u)
= —p*ug/(p)divu.
We should remark that, thanks to (1.9), (1.12)-(1.16),

”FHL%(QT;H(Q)) <C, |Slzz207200) < C,

since /p¢(p) and pg(p) bounded. Those bounds depend on K and k.

We first introducing a test function ¢ (t) € ©(0, +00). Essentially this function vanishes
for ¢ close t = 0. We will later extend the result for 1(t) € D(—1,+00). We define a new
function ® = ¢ (t)¢!,(V), where f(t,x) = f *ni(t,z), k is a small enough number. Note
that, since v (¢) is compactly supported in (0, 00). ® is well defined on (0, c0) for k small
enough. We use it to test (2.14) to have

T e —
/0 /Qiﬂ(t)cp;l(v)[(pV)t +div(pu ® v) — divS + F|dz dt = 0,
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which in turn gives us

T
/0 /Q@Z’(t)@;z(v)[(f’v)t +div(pu ® v) — divS + F|dx dt = 0. (2.15)

The first term in (2.15) can be calculated as follows

T

| [ ooe @i ds

0 Q
T T

- [ [vwe@edsas [ [ o0e,@m - (v de d
0 Q 0 Q
T

= | [ v @ + i dede + R

:/OT/Ql/}(t)pt@'n(v)vdxdt—i-/{)T/le(t)pwn(v)tdxdt—kl%h

T
R = /0 /Q GOV — (7)) da .

Thanks to the first equation in (2.1), we can rewrite the second term in (2.15) as follows

/ /¢ v)div(pu @ v) dz dt

(2.16)

where

. (2.17)
- /0 /Q v @ dedi— [ [ o7 + R,
and
T e
Ro= [ [ e @ldivion ©9) - G e v
By (2.15)-(2.17), we have
T
/ /1/1 (pon (Vv dmdt+R1+R2—/ /w(t)go;(v)<ﬁvsdxdt
0 e (2.18)

+/0T/Q¢(t)%(V)F:0

Notice that v converges to v almost everywhere and

pen (V) 0r = pon(v)e in L((0,T) x Q).
So, up to a subsequence, we have

' (pon (V) d dt — ' (pon(v)) e dxdt as k — 0. (2.19)
)i Iy

Since ¢, (V) converges to ¢, (v) almost everywhere, and is uniformly bounded in L>°(0, T; 2),

we have
/ /1,!) F—>/ /1[) v)F as k— 0. (2.20)

Vv € L*(0,T; L*(Q)),

Noticing that
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we have

Vv — Vv strongly in L*(0,T; L*()).
Since S converges to S strongly in L2(0,T; L?(52)), and ¢! (¥) converges to ¢ (v) almost
everywhere and uniformly bounded in L*>((0,7) x ), we get

T N T . ,
/D /S)¢(t)apn(v)dlvs dxdt——/o /Qw(ws.w%(v)) da dt, (2.21)
which converges to

T
—/ / D)8 : V(e (v)) da dt. (2.22)
0o Jao
To handle Ry and Ra, we use the following lemma due to Lions, see [26].

Lemma 2.4. Let f € W'P(RYN), g € LI(RN) with 1 < p,q < oo, and ]13 +% < 1. Then,
we have

[div(fg) * we — div(f(g * we))ll Lrmry < Cllf lwro@vy 19l Loy
for some C > 0 independent of €, f and g, r is determined by % = % + %. In addition,
div(fg) * we — div(f(g* we)) = 0 in L"(RY)
as e — 0 if r < oc.
This lemma includes the following statement.

Lemma 2.5. Let f; € LP(0,T), g € L9(0,T) with 1 < p,q < oo, and % + % < 1. Then,
we have

[(f9)e * we — (f(g * we))ell o) < Cllfell oo,y 19l Laco,m)
for some C > 0 independent of €, f and g, r is determined by % = % + %. In addition,
(fg)e*we — (f(g*we))y =0 in L"(0,T)
as e — 0 if r < co.

With Lemma 2.4 and Lemma 2.5 in hand, we are ready to handle the terms R; and Rs.
For x > 0, by Lemma 2.1 and Poincaré inequality, we have v € L?(0,T; L°(Q2)). We also
have, by Lemma 2.1,

pr € LA0,T; L¥°(Q)) + L*(0,T; L*%()).
Thus, applying Lemma 2.5,

mi< [ [ @G- (o]

gawéié

Similarly, applying Lemma 2.4, we conclude

Ry —0 as k—0. (2.24)

(2.23)

ol () [(pv)i — (pV)t]‘ dedt — 0 as k— 0.
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By (2.19)-(2.24), we have

//wtpgpn da:dt+/ /¢ v)F dz dt

(2.25)
+/0 /QijJ(t)S V(@) (v))dzdt =0,

for any test function ¢ € ©(0, 00).
Now, we need to consider the test function ¥ (t) € ©(—1,00). For this, we need the
continuity of p(t) and (,/pu)(t) in the strong topology at ¢ = 0.

In fact, thanks to Proposition 1.1, we have

(Vo) € L0, T L3(Q)), € L2(0,T; H(Q)).
This gives us
Vp € C([0,T]; L*(2)) and V/p € C(0,T; L*(Q)),
thanks to Theorem 3 on page 287, see [12]. Similarly, we have
p € C([0,T]; L*(2)) (2.26)
due to

1 3
IVollzz0,r:02(0)) < CIVPT |l Lao,rrr@) lo* |l Lao.ree@)-

Meanwhile, we have
Vp € L*(0,T; LP(?)) for any 1 <p <6,

and hence
Vp € C([0,T); LP(Q2)) for any 1 <p <6. (2.27)

On the other hand, we see

esshmsup/ lv/pu — /pouol|? dz

1
< esslimsup </(P|U|2+,Y+H|Vﬁ|2)dff—/(2po|uo|2+ ,ypo ) + KV /| da
Q - Q

t—0 1

N———

—I—esshmsup( /\FUO \ﬁuo—fu)dx—l—/( o p7)>

v—1 _fy—l
—messlimsup‘v\fo V\f‘ d:v+2messhmsup/v\f0 (V/py — Vi/p)dz
t—0
(2.28)

We have
esshmsup/ Vo - (V/py — V/p)dz (2.29)
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So, using (1.7), (2.27) and the convexity of p — p?, we have
esslimsup/ lv/pu — /pouo|? dx
t
<2esshmsup/ Vpouo(y/pouo — v/pu) dz
~ 2esstimsup ([ a7 — vpudn (o)) de+ [ Va1 - o) Vpuds
Q Q

t—0
= B1 + Bs.
By Proposition 1.1, we have
pu € C([0,T7]; vaveak(Q)). (2.30)
We consider B; as follows
By =
. m(p) m(p)  dm(po)
2ess lim sup (/ oUg poug — pu)) dx —/ 00| o dx
s ([ o o Vil (P — Sl

then we have B; = 0, where we used (2.27) and (2.30).
Since m > myg, and pg > mio, we have

|Ba| < [[v/pouol| Lo (0,750) v/ Pull Loo (0,7;12 (02)) €88 lir? sup 1T = ém(p)ll L20,1:0) = O
—

Thus, we have

esslimsup/ lv/pu — Vpoug|?dz = 0,
t—0 Q

which gives us
Vpu € C([0,T); L*()). (2.31)
By (2.26) and (2.31), we get

lim — / /psDn )dx dt = /pogon(vo) dzx.
T=0 T

Considering (2.25) for the test function,

Ui (t) = 0(t) for t>7, () = w(f)é for t < 7,

we get

—/TT/thpaan) dxdt+/0T/QwT(t)<p;(V)Fdxdt

v [ [ et viginara="0 [ [ o) drar

Passing into the limit as 7 — 0, this gives us

_ATA¢tp¢n(V) dmdt+/0T/sz(t)<p;(v)Fdxdt

. (2.32)
—i—/o /sz(t)S:V(cpn(v))da:dt:/onl/)(O)cpn(vo)dx.
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3. RECOVER THE LIMITS AS M — o0

In this section, we want to recover the limits in (2.12) as m — oo. Here, we should
remark that (p,u) is any fixed weak solution to (2.1) verifying Proposition 1.1 with x > 0.
For any fixed weak solution (p,u), we have

dm(p) — 1  almost everywhere for (t,x),
and it is uniform bounded in L*(0,7’;2), we also have
rodx (p)u € L*(0, 75 L*(Q)),
and thus
Vi = dmPru — ¢pgu  almost everywhere for (¢, x)
as m — 0o. By the Dominated Convergence Theorem, we have
Vi — éu in L*(0,T; L*(Q))
as m — oo, and hence, we have
en(vin) = on(¢xu) in LP((0,T) x Q)

for any 1 < p < o0.
Meanwhile, for any fixed p, we have

¢ (p) — 0 almost everywhere for (¢, )

m

as m — co. We calculate |¢),(p)| < 2m as 5 < p < L and otherwise, ¢,(p) = 0, thus,

2m —
we have

[p@(p)| <1 for all p.
We can find that

T T
/ / () (0n (Vi) da dt — / / ¥ () (pon (0 (p)u)) da dt
0 Q 0 Q

and

/pown(vmo)—>/poson(¢>x(po)uO)
Q Q

as m — oo.
To pass into the limits in (2.32) as m — oo, we rely on the following Lemma:

Lemma 3.1. If
lamllze0r0) < C, am —a a.e. for (t,z) and in LP((0,T) x Q) for any 1 < p < oo,

f € LY(0,T) x Q), then we have

/OT/Q<;5m(ﬂ)amfdﬂcdt_>/(]T/Qafdxdt as m — 0o,

T
/ /‘p(b;n(p)amf‘ drdt —0 asm — .
0 Q

and
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Proof. We have

|pm(p)amf — af| < |ém(p)f — fllam| + |amf —af| = I + L.
For I1: ¢m(p)f — f a.e. for (t,z) and

[om(p)f — FI <2|f] a.e. for (t,2),

by Lebesgue’s Dominated Convergence Theorem, we conclude

/OT/Q 6m(p)f — f| dudt =0

as m — 0o, which in turn yields

/OT/Q |G (p) @ f — am f da dt

T
< Netmll 2o /0 /Q m(p)f — f] de dt
-0

as m — oo. Following the same line, we have

T
/ / lam f —af|dxdt —0
0 Q
as m — 00. Thus we have

/OT/Qqu(p)amfdxdt—)/OT/Qafda:dt

as m — Q.

17

We now consider fOT Jo 1P (p)am f| dx dt. Notice that |pg],(p)| < C, and pdi,(p) con-
verges to 0 almost everywhere, so |p@),(p)am f| < C|f|, and by Lebesgue’s Dominated

Convergence Theorem,

T
[ [ putoransids =0
o Ja
as m — oo.

Calculating

/ / P(t) V(¢ (vin)) dz dt

/ / ¢ mgpn Vm) (v¢m¢Ku + d)mvﬁbKu + ¢m¢KVU) dx dt

_/0 /gz¢m(p)am1f1 dxdt"‘/oT/QPqﬁlm(P)amb dz dt,

where
am1 = Gm(p) e (Vin),
f1 = (t)por (p) (Du T KA/;H) (WVox(p) + b (p) V),
and

am2 = @5 (Vi) Om(p)¢r ()0 = ) (Vi) Vin,

(3.1)
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fo = 9(0)xc(p) (Dum%g 1) Vo = 266K (0} (KAVFV VG + VDUV V7).

So applying Lemma 3.1 to (3.1), we have

/ /¢ V(en(vm)) dxdt*/ /?/) £)S : V(& (dx (p)n)) da dt

as m — 0o, where S = ¢ (p)p(Du + R‘TP[H).
Letting F},, = F,,1 + Fino, where

Fy = p*ug/ (p)divu + pVé(p)Du + kv/pVe(p) Ay/p

A
= 0 (60K (6) + 60 (p)6lc(p)) (pudive + - D+ 9y =0)
where A
oK (p)(pudiva + Vp - Du + mVp\/éﬁ) e L'((0,7) x Q),
pd' (p)(pudiva + Vp - Du + /inA\/\ﬁf) c L'((0,T) x Q),
and
Fma = dm(p)ox (p)(202 Vo2 + rou + r1plul?u + 26V /pA/p),
where

o (p) (Qp%vp% +rou+ riplulfu+ 2mv\prﬁ) e L'((0,T) x Q).
Applying Lemma 3.1, we have

//w )l (Vin) Fom dwdt—>/ /zp ) (o (p)u) F dz dt,

F = p*ugl (p)divu + 2p2 V2 dx(p) + pV o (p)Du + rougr (p)
+riplulPudk (p) + £y/pV oK (p)AVD + 2605 (p)V/DAVp.

Letting m — oo in (2.32), we have

//1/) (ppn (o (p dxdt—l—/ /vp Yoh (b (p)u) F dx dt

4 /O /Q B(0)S : V(g (bx(p)w) da di = /Q (0) poen(éx (po)uo) da,

which in turn gives us the following lemma:

where

Lemma 3.2. For any weak solutions to (2.1) verifying in Proposition 1.1, we have

//w (pon(dr(p dz:dt+/ /z,z) )l (b (p)u) F da dt

(3.2)
4 /O /Q B(0)S : V(g (bx(p)w) dadi = /Q (0)poson (61 (00)u0) d,
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where S = ¢ (p)p(Du + H%H), and

F = p*ugl(p)divu + 2p2 V2 ¢ (p) + pVer (p)Du + roud (p)
+ ripluludk (p) + £V oK (p)AVp + 266K (p)V/pAV/p.

where 1 is an identical matriz.

4. RECOVER THE LIMITS AS k — 0 AND K — o0.

The objective of this section is to recover the limits in (3.2) as K — 0 and K — oo. In

this section, we assume that K = /(%, thus K — oo when x — 0. First, we address the
following lemma.

Lemma 4.1. Let k — 0 and K — oo, and denote v, = ¢ (pi)uy, we have

plis bounded in L"((0,T) x Q) for any 1 <r <2 in 2D,
(4.1)

andany1<r<g m 3D.
For any g € CY(R") with g bounded, and 0 < o < o0 in 2D, 0 < a < 5% in 3D, we have
prg([val®) = p®g(Jul?);  strongly in L'((0,T) x Q).
In particular, we have, for any fized n,
prspn(Vi) = pon(u)  strongly in L'((0,T) x Q), (4.2)
and
211+ 2 271+ @ (Juf? trongly in L'((0,T) x Q 4.3
P (L4 @(|vel®)) = p7 (A + @, ([ul”))  strongly in L™ ((0,T) x ), (4.3)
for 1 <~ < 3.
Proof. In 2D, we deduce that
pl € L0, T : L'(Q)) N LY0,T; LP(Q)) for any 1 < p < oo.

Thus, p/. is bounded in L"((0,7) x Q) for 1 <r < 2.
In 3D, we deduce that

pl € L0, T : LY(Q))n LY0,T; L3(Q)).
Applying Holder inequality, we have

2 3
HpZHL%((O,T)XQ) S HPZHIS/OO(O,T;Ll(Q))||pZHI5/1(O,T;L3(Q))'
Thus, py, is bounded in L3 ((0,7) x ).
We have that (py); is uniformly bounded in
L}0,T; L5(Q)) + L*(0, T; L**(Q)),
thanks to Lemma 2.1; and also we have
HVpRHLOO(O,T;L3/2(Q)) <C.

Applying Aubin-Lions Lemma, one obtains

pr — p  strongly in LP(0,T; L*?(Q))  for p < oc.
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When £ — 0, we have \/psu, — y/pu strongly in L?(0,T; L?(2)) in Proposition 1.1, (
also see [38]). Thus, up to a subsequence, for almost every (¢, x) such that p(t,x) # 0, we
have

/Pl
we(t,z) = YPRIR a2,
vV Pk
and
v — u(t,x),

as k — 0. For almost every (¢, x) such that p(t,z) =0,
pRg(Ivil®)| < Cpi(t, ) = 0= pg(|ul?) (4.4)

as k — 0.
Hence, p2g(|v,.|?) converges to p®g(|u|?) almost everywhere. Since g is bounded and (4.1),
@g(|v,|?) is uniformly bounded in L"((0,T) x ) for some r > 1. Hence,

rg(vil®) = pg(juf?) in L((0,T) x Q).

By the uniqueness of the limit, the convergence holds for the whole sequence.

Applying this result with o = 1 and g(|v.|?) = @n(vk), we deduce (4.2).

Since v > 1 in 2D, we can take o = 27 — 1 < 27; and take v < 3 in 3D, we have
2y —-1< 5% Thus we use the above result with a = 2y — 1 and g(|v.|?) = 1 + &, (|v./|?)
to obtain (4.3).

O

With the lemma in hand, we are ready to recover the limits in (3.2) as kK — 0 and
K — o0o. We have the following lemma.

3

Lemma 4.2. Let K = k™1, and k — 0, for any ¢ > 0 and ¢ <0, we have
T

- [ [ wopent) e

0 Ja

.
< 8[| Loe (/Q <P0|u0\2 + % +|V/pol* = rolog_ po> dx + 2Eo> (4.5)
T
Cllwle=) [ [+ EuaP) " dedt +00) [ popno) do

Proof. Here, we use (pg,u,) to denote the weak solutions to (2.1) verifying Proposition
1.1 with > 0.
By Lemma 4.1, we can handle the first term in (3.2), that is,

/ /w (Prpn (Vi) dacdt—>/ /w (ppn(u)) dz dt (4.6)

¢@Am%mmm6w@4m%MMx (4.7)

and

3
as k —0and K =k 14 — oo.
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/T/ () (Vi) - Vo (py) da dt =

//1/) Vo ok (pr) @y : VVi da dt — //¢ Voo (Vi) - Véie(pn) da di (4.8)

=P+ B.

We can control P as follows

T
IPo] < |14l e / / I Vi (o) dar dt

1 1
<l Wll=)s el 12 1 1t ) (<19 o rascon
(4.9)
1
< _— w [, K/il pﬁ 4
\ﬁ (n, 1l o)™ llps 4
2

C 1
< —/ﬁ_Z =2Cks — 0
vK

1 1
L3(0.T:L3 () (’“ IV pr ‘L4(07T;L4(Q))>

as k — 0, where we used 3(y+ 1) < 57 for any v > 1.
Calculating Py,

T 1
- / / GO bx (o)p: Vv dadt
0 9]

T
/ /Wt)pl(sbx(pn))%; : Vuy, d dt (4.10)

/ / V() pror(pr)en : (Vox(pr) @ uy) dadt
= P11 + Pio.
We bound Pjs as follows

|Pra| = — / / V() plox (p)ey : (Vor (pe) @ uy) dodt

- / [ STk o)) T v
" (4.11)

_1 1 1
< O, ||z ¥ [0k 1l 4 K4Vl ao,reac)) ) |19k v/oxllze
L3(0TL3(Q))

< gn_% = QCK% -0
VK

as k — 0, where we used |¢ (pr)/Pr| < \/%, ”gO,lr:(Vk)Vk||Loo(07T;Loo(Q)) < C(n) since ¢,

is compactly supported, and (V +1) < 57 for any v > 1.
Thanks to part b of Lemma 2 2 and

0 (Vie) 1 Ve = AV, @, (|ve]?) Vi ® vie + 2divue @, (|vi]?),
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we have
|P11\<4/ /w )oK |pz||Vu,{|da:dt+2/ /w )i 213, (1val?)] 97 [diving | da dt
<4||¢||Loo/ /pK|VuK|2d1‘dt—|—C’ ]| o) / /p% Lz dt

+2/ /w Voxe 2184 (vl 12 [ diveng| da dt,

(4.12)
and the term
T
2 [ [ wto)ionl?I, (vl dive| deds
<2/ /¢ ) bx [ [V | Dur|? da dt (4.13)
C(lllz) / [ 1eutvaPlet asar
Thus,
T
’P11’§4H¢HL00/ /pK\Vu,Q\Qd:cdt
+2/ /w )oK 2@ ([vicl?) | pw |Duy|* da dt (4.14)

+ C ([ L) / / 1+ @ (|vel?)p? " da dt.

The first right hand side term will be controlled by

0
A|b|| oo (/ (Po!uo\2 + % + |V/pol?* — 7o log_ po) dx + 2E0>
0 _

due to (1.16); and the second right hand side term will be absorbed by the dispersion term
Aj in (4.23). By Lemma 4.1, we have

/ /1+<pn [ve|2)p2 ™ 1dxdt—>/ /l—i—gon lul*))p? =t dx dt (4.15)

as k — 0.
Note that

T
/ / ()@l (vie)(rous + rlp,{|u,i|2u,{) dxdt >0, (4.16)
0 Ja

so this term can be dropped directly.
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We treat the other terms in F' one by one,

T
[ [ s ve)usic(oaiva,| s

1 . 4.17
< C(n, ) lpaasll Lao,rsLa)) IVesdivag || 2 o,7;22(0)) (4.17)
3 3
X N9k (pr)v/Prcll L= | i | La 0,00y < Cn, )RS — 0
as k — 0, where we used Sobolev inequality, and |¢ (px)\/Pr| < #;
T
| | ooeanTontpomu dear
9% (pr)v/Pel (1, 2 g
< C(n, ¢)K7f &3 (Vi ll ao,msza) ) IVPeDWs L2 0,12 ) |05 | L2 ((0,7;24(02))
K1
< C(n, w)né —0
(4.18)

as Kk — 0;

T
< [ ] VR i) AV de

(1 i i 4.19
<2C(n,¢)k1 </‘04 |Vp?f||L4((0,T;L4(Q))> IVEAV Pl L2 0,20 108 | Lao.1:20(02)) (4.19)

< QC(n,w)/f% —0

as k — 0, where we used |px¢(px)| < 1. Finally

T
Ii/o /()‘wl(t)cpn(vm)(ﬁK(pn)V\/p?A\/p?‘ dx dt

1/ 1 1 1 4.20
< 20(n, )r' ( IV ||L4<<0,T;L4(m>> IVRA VBl 2oz lot sy 420
< QC(n,w)/ﬁ —0
as k — 0. A
For the term S, = ¢x (px)pr(Duy, + K \/\%7 ) = S1 + So, we calculate as follows
T
| [ oo s view) dede
o Jo
T
- /0 [ 6 @6x(p)pDu s V(s v) do e
(4.21)

T
—/0 /Qw(t)[vufﬁpg(vn)p,{] :Dun((ﬁK(pn))? da dt

T
+ / / D()onbic () (0L s (ve) DV (b () de
0 Q
=A; + As.
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For A1, by part a. of Lemma 2.2, we have
T
Ay :/ /lb(t)[vun@;;(vn)pn] :Duﬁ(QsK(p,{))Q d dt

—2/ /@D " (vl (D (px)) 2 peDuy : Vu, do dt

(4.22)
14 / /Q D)o Dk (0)) 2 ([Val?) (Vv ® Vi) : D da dit
0
= A1 + Ajo.
Notice that
Du, : Vu, = [Du,|?,
thus
T
A >2 / / DG (vel?) (D (90))2 el Dug|? da d
0 Ja (4.23)

T
—4HwHLoo/ /,0,4|Vu,4|2dxdt,
0 Q

where we control Ajo

2 T
Ap <4/ /|¢ |V"~| |Vu,{|2d:vdt§4|]z/)”Loo/ /pK|VuK|2dxdt
0 Q

”
< A9l (/ (PO\UOP + % + \VJpTﬂQ —1rglog_ p0> dr + 2E0> ,
o _

thanks to (1.16). For As, thanks to (2.8), we can control it as follows

3
|A2| < C(n, ) [V pxDusl| L2 0,102 |0k | 20,7520 (2)

1 1 ¢ \/PnHLoo (0,T)x
x (k*|VpillLao,rze @) K 1 L) (4.24)
K
C
< - = Cks =0
\/EHZ

as k — 0. Note that the first right hand side term of (4.23) has a positive sign and control
the limit using from the pressure (4.14). We need to treat the term related to So,

/ / (6)Ss : V(i (vie)) da dt

[ /Q DOV (30) 5 Vi (pn) Ao do dt )

T
bk / / Db () (Vi)Y P/ B () A/ it dit
0 Q
= Bl + B27
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we control Bj as follows

|Bi| < C(n, ) [IV/ps Vsl r2 (0,7 c2(0) IVEAV Pl 120, 1512(0)) VE

4.26
< Ck2 =0 (4.26)
as k — 0, where we used ||¢% || 1o (0 7:100(02)) < C.
For B>, we have
1 1 1
B2l < Cnopit (19 o rascon
(4.27)

1
x || s ||L4(0,T;L4(Q))H\/EA\//TNHLQ(O,T;L?(Q))H@Z)/K(pn)pﬁHLOO(O,T;LOO(Q))
< C’/—ii —0
as k — 0.

With (4.6)-(4.27), in particularly, letting x — 0 in (3.2), dropping the positive terms
on the left side, we have the following inequality

T
—/ /w’(t)papn(u) dx dt
0 Q
X
<8l ([ (sobul? + 25+ (9GP~ rolog ) do + 26

T
+4(0) /Q poon (o) dz + C([14]| ) /0 /Q (1+ & (uf2))p> " dar dt,

which in turn gives us Lemma 4.2. O

5. RECOVER THE LIMITS AS n — 00.

In this section, we aim at recovering the Mellet-Vasseur type inequality for the weak
solutions at the approximation level of compressible Navier-Stokes equations by letting
n — oo. In particular, we prove Theorem 1.1 by recovering the limit from Lemma 4.2. In
this section, (p,u) are the fixed weak solutions.

Our task is to bound the right term of (4.5),

T
C(ltll ) / /Q (1+ @, (jul?) 27 da dt

< (vl [ ' ( [t dx) - ([ o+ sttupy? d) i (51)

2-6 )

< (vl [ ' ([ 57) " ([ pesmas pepian) a
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where we used part ¢ of Lemma 2.2. By (4.5) and (5.1), we have

_/OT/QQp/(t)pgpn(u) da:dtS/onsDn(UO)de
0 > dx—i—?Eo)

8l ([ (ooluof + 28
Clvlo) [ ' (f <p>> ([ otz ma-+ )’ d:c)g .

Thanks to part e. of Lemma 2.2 and Monotone Convergence Theorem, we have

T T
—/ /Q//(t)pgon(u) daz dt — —/ /1/1’(t)p(1+|u|2)ln(1+|u|2)dazdt (5.2)
0 Q 0 Q

as n — 0o.
Letting n — oo, we have

/ /1/; p(1+ |ul )1n(1+]u\2)d:cdt§w(O)/p0(1+\u0]2)ln(1+|u0\2)d1:
Q
.
8wl ([ (ool + 2 4 19 VAPE - rolog ) do+ 250 ) 53)

2—46

+C’/0T </Q(p2“3)236>2 </Qp(2—|—ln(1 + yuP))ﬁd:p)g dt.

Taking

Owh—t =

then (5.3) gives for every

L /+ ([t +uymar s |u|2>dm> at

£
2

”
< /on(l + [ug*) In(1 + |[ug|?) dz + 8 </Q <p0|u0]2 + % +|V/pol* — 7o log_ p0> dx + 2E0>

+C/0T </Q(p27_1_g)225>2;§ </Qp(2+ln(1+ |u]2))§dx>g dt.

This gives Theorem 1.1 thanks to the Lebesgue point Theorem.

l\D\m

6. RECOVER THE WEAK SOLUTIONS

The objective of this section is to apply Theorem 1.1 to prove Theorem 1.2. In partic-
ular, we aim at establishing the existence of global weak solutions to (1.1)-(1.2) by letting

ro — 0 and 7 — 0. Let 7 = ro = r1, we use (p,, u,) to denote the weak solutions to (2.1)
verifying Proposition 1.1 with x = 0.
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By (1.7) and (1.8), one obtains the following estimates,
vprar| e 0,m;22(0)) < C5
el Lo (0,750 L (02)) < C
IverVue| 20702 0)) < C; (6.1)
IVVorll Lo 0,m;22(0)) < C5
HVP;Y/2||L2(O,T;L2(Q)) <C.
Theorem 1.1 gives us
sup [ il In(1+ u, ) do < C. 6.2)
te0,7]

It is necessary to remark that all above estimates on (6.1) and (6.2) are uniformly on 7.
Thus, we can make use of all estimates to recover the weak solutions by letting » — 0.
Meanwhile, we have the following estimates from (1.7),

T
/ / rlu,|? dzdt < C,
0o Jo
T
/ / rpe|u |t dedt < C.
0o Jo

To establish the existence of global weak solutions, we should pass to the limits as r — 0.
Following the same line as in [32], we can show the convergence of the density and the
pressure, prove the strong convergence of ,/p,u, in space L2 ((0,T) x ), the convergence
of the diffusion terms. We remark that Theorem 1.1 is the key tool to show the strong
convergence of /p,u,. Here, we list all related convergence from [32]. In particular,

(6.3)

VPr — +/p almost everywhere and strongly in L _((0,T) x Q)),

3 (6.4)
pr—p in C°0,T;LE,(9));
the convergence of pressure
pl — p? strongly in Li,.((0,T) x Q); (6.5)
the convergence of the momentum and /p,u,
pru, — pu strongly in L*(0,T; L} (Q)) for pe€ [1,3/2); (6.:6)
Vpra, — y/pu strongly in L _((0,T) x Q); .
and the convergence of the diffusion terms
prVu, = pVu in D, 6.7)

orViu, = pVTu in D'

It remains to prove that terms ru, and rp,n|ur|2ur tend to zero as r — 0. Let ¢ be any
test function, then we estimate the term ru,

T T -
ru, Y dx dt S/ /7‘27‘2 u,||¢| dx dt
Iy [ it o8

< VIVl Lo,y <o) 19 20, x0) — 0
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as r — 0, due to (6.3).
We also estimate 7p, [u,|?u, as follows

T
2
rpor| | “up dmdt‘
[ o oo
< VPIVTY e Pl 2oy < Ve || oo o n2 )y 1€l 2o 0,7y x) — O

asr — 0.
The global weak solutions to (2.1) verifying Proposition 1.1 with x = 0 is in the following
sense, that is, (pr, u,) satisfy the following weak formulation

T T
[ouevanizt = [ [ puaza— [ [ g ou, o
Q 0o Jo 0o Ja
T T
—/ /pldivwdl‘dt—/ /p]D)uT : Vi da dt (6.10)
0o Jo 0o Jo
T T
= —r/ /urwdxdt—r/ /pr\uTIQurwdxdt,
0 Q 0 Q

where 9 is any test function.
Letting » — 0 in the weak formulation (6.10), and applying (6.4)-(6.9), one obtains that

/pu-@bdajﬁ / /puwtda:dt—/ /pu@u Vi dx dt
Q

T
—/ /p”divwd:):dt—/ /p]D)u:Vzﬁd:Udt—O.

0 Q 0 Q

Thus we proved Theorem 1.2 for any initial value (pg, ug) verifying (1.5) with the additional
condition pg > m%) This last condition can be dropped using [32].

(6.11)
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