THE DE GIORGI METHOD FOR ELLIPTIC AND PARABOLIC
EQUATIONS AND SOME APPLICATIONS

ALEXIS F. VASSEUR

1. INTRODUCTION

This lecture notes are dedicated to the method introduced by De Giorgi to study
the regularity of solutions to elliptic equations with rough coefficients. He intro-
duced his technique in 1957 [5] to solve the 19th Hilbert problem. In this work, he
showed the regularity of variational solutions to nonlinear elliptic problems. Inde-
pendently, Nash introduced a similar techniques in 1958 [15]. Subsequently, Moser
provided a new formulation of the proof in [14]. Those methods are now usually called
De Giorgi-Nash-Moser techniques. The method has been extended to degenerated
cases, like the p-Laplacian, first in the elliptic case by Ladyzhenskaya and Uralt’seva
[13]. The degenerated parabolic cases were covered later by DiBenedetto [6] (see also
DiBenedetto, Gianazza and Vespri [9, 7, 8]). More recently, the method has been
extended to integral operators, like the fractional diffusion, in [3, 2] and Kassmann
[12] and Kassmann and Felsinger [10]. Further application to fluid mechanics can be
found in [1, 16, 11, 4].

In this lecture notes, we will focus on the original formulation of De Giorgi. We will
stress on its beautiful geometric interpretation, and how it can be applied in different
contexts. We do not try to show the more technical result available, but rather, try
to get a simple description of the strength of the method, and the breadth of the
possible applications.

The rest of the notes are as follows. in a first section, we introduce the original
proof of De Giorgi for elliptic equations. In the second section we investigate the
parabolic case. We include a non homogenous case, to illustrate how source terms
can be handled. Finally we give an application in the context of compressible fluid
mechanics.

2. THE ORIGINAL RESULT OF DE GIORGI

2.1. The result. The 19th Hilbert problem consists in showing the smoothness of
local minimizers of convex energy functionals of the form

(1) E(w) :/QF(Vw) dx,
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where F is a smooth function from R¥ to R, and € is bounded open set of R". This
is a generalization of the Dirichlet integral

/ |Vw|* d.
Q

Local minimizers of the Dirichlet integral verify the associate Euler-Lagrange equation
which is nothing but the Laplace equation:

Aw = 0.

Solutions of the Laplace equation are known to be C*, as it can be easily shown,
for instance, by using the mean value formula. We denote L?(Q) the space of square
integrable functions on 2.

Lemma 1. Let w € L*(Q2) be a solution, in the sense of distributions, to the Laplace
equation. For any radially symmetric compactly supported function n with integral 1,
and any x € {2, we have

w(z) = /Qn(:r —y)w(y) dy,

as long as the support of n(- — x) is included in ). Especially, for any n € N there
exists Cy,, > 0 such that for any x € ()

|D"w(z)| < Cpllw| 2d(x, 09) ="/
where d(x,082) denotes the distance from x to the boundary €.

Proof. This is a very elementary proof. First, for any ball B included in €2, from the
the Stokes formula, any solution to the Laplace equation verifies

Oz/Aw:/ O,w.
B OB

Let Bg be the support of 1, and define for 0 <t < 1
ft) = / n(y)w(z + ty) dy.
Br

Note that, using the polar coordinates

f(t) = /BR nw)y - Vw(z + ty) dy = /OR (n(r)r /537. &xw) dr = 0.

Moreover, f(0) = w(x), since the integral of 7 is equal to 1. So, for t =1,

w(r) = /Qn<y)w(l° +y)dy = / n(y — x)w(y) dy.

Q
Consider now a fix function 7 compactly supported in By, and d = d(x,0f2). The
function ny = d~Vn(z/d) is such that the support of n4(- — x)in included in 2. So

[ D Gy = )yt dy] < a DDl

O

|an(l‘)| — d—(N/2+n)




The Dirichlet case is extremely simple. Surprisingly, the general case is far more
difficult, and its resolution involves deep and beautiful mathematics.

First, let us precise the problem. By a local minimizer, it is meant that
E(w) < E(w+ )

for any smooth ¢ compactly supported in €. As for the Dirichlet case, such a mini-
mizer w satisfies an Euler-Lagrange equation. We denote H'(Q) the set of functions
which are square integrable and such that their derivatives in the sense of distribution
are themselves square integrable.

Lemma 2. Consider F' such that D*F(p) < Al, for any p € RY, for a fized A > 0,
where I is the identity N x N matriz. Then, any w € H*(Q), local minimizer of (1),
1s solution in the sense of distribution to

(2) div(DF(Vw)) = 0, z €,
where DF is the gradient of the functional p — F(p).

Proof. This is, again, a very elementary result. For any € > 0 and smooth function ¢
compactly supported, we have

/QF(VUH—SV¢) dxz/F(Vw) de.

Q

Those integrals are finite since I is at most quadratic, and w € H*. Using a Taylor
expansion for F'; we find

/QDF(Vw) -Vodr > —z«;A/Q IVo|? de.
This is true for any € > 0, so at the limit € goes to 0
/QDF(Vw) -Vodx > 0.
The result is true also for ¢ replaced by —¢. So, finally
/QDF(Vw) -Vodr = 0.

This shows that w is solution to the Euler Lagrange equation is the sense of distri-
bution. 0

From now on, we consider only function F' which verifiy

1
(3) KI < D*F(p) < AI, for any p € RY,

for a fixed A > 1. De Giorgi showed the following answer to the 19th problem of
Hilbert:

Theorem 3. Any local minimizer w € H'(Q) of (1) lies in C*(1Q).
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Note that the strict convexity is necessary for the result to be true. In one di-
mension, consider a functional F' such that both 1 and -1 are minimum of F. Then
x — |z| is a local minimizer of (1), but it is merely Lipschitz.

As long as we have enough regularity, (2) can be rewritten in the non divergence
form as

D?*F(Vw) : D*w = 0.
For any open set O, we denote C*(O) the space of function v such that

v(z) —v(y
[v]lce(0) = l[vllz=(0) + sup lote) = vip)l i)‘
z,y€0 |$ - y|

is finite. The strict convexity property of F' translates into a strict ellipticity property
for the equation on w. Note that if Vw is C, then D*F(Vw) is also C*. So (forgetting
the dependence on w in D*F(Vw)) the equation can be rewritten as

A(x) : D*w =0,

for a C* elliptic matrix A. Then the standard Schauder theory (which was known at
the time) ensures that Vw is C1*. By differentiating the equation we get

D?F(Vw) : D*0;w = —D*F(Vw) - Vo;w : D*w.

Note that the second term is C'“. So, again, forgetting about the dependence of this
term with respect to w we can use the Schauder theory on the linear problem

A(x) : D*0qw = f(z)

and find that w € C*“. Bootstrapping the argument, we get, finally, that w € C*(Q).
Note that at this point we have only Vw € L?(Q2). We need to fill the gap between
L? to C°.

The first idea of De Giorgi is to consider, for every 1 < i < N, the derivative with
respect to x; of (2). Denote u = d;w, this gives

(4) div(F"(Vw)Vu) = 0.
Thanks to (3), for every = € Q
%1 < F'(Vw) < AL

Forgetting about the dependence of A(z) = F”(Vw) on w, it can be rewritten as a
classical linear elliptic equation in the divergence form:

(5) div(A(x)Vu) =0,
with the elliptic condition on A:
1
(6) K[ < A(z) < A, x € Q.
De Giorgi showed the following theorem.
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Theorem 4. Let u € H'(Q) be a weak solution to (5) with A verifying (6). Then
u € C*(Q) for any Q CC Q, with

[ullca@y < Cllulliz@)-

The constant a depends only on A and N. The constant C' depends on A, N, §2, and
Q.

To apply Theorem 4 to u = J;w and fill the gap by showing that Vw is C'*, we
would need first to show rigorously that indeed v € H' (and so Vw € H?) and that
it verifies (5) in the sense of distribution. This can be shown by standard method
reminiscent of the proof that H' solutions to an elliptic equation are indeed H?. For
the sake of completeness, we give the proof of this fact at the end of this section.

Theorem 4 is significantly different in spirit with the results on elliptic regularity
which existed before. Most of the previous results can be seen as perturbation of the
Laplace operator. For instance, when the coefficients are C*, we can use that locally,
when zooming on small ball, the operator is almost constant, and so behaves like the
Laplace operator. In the De Giorgi case this is not true anymore. Still, zooming is
very important. It is worth noticing right away that the property (6) is preserved by
the natural scaling of the equation.

From now on, we will denote L any operator —div(A(z)V-), where A is uniformly
elliptic, that is, verifies (6). Note that if a function u verifies Lu = 0, then, for any
A € R and any € > 0 the function

(7) u(y) = Au(z + €y)

is solution of an other equation Lii = 0 for an operator L which verifies (6) for the
same value of A. This property, based on the linearity of L, will be crucial in the
proof.

2.2. proof of Theorem 4. The proof has two steps. The first step consists in
showing that the energy control the supremum bound, and so that the function is
indeed bounded. The second step consists in going from L*° to the modulus of
continuity C“. It uses a so called oscillation lemma.

2.2.1. First lemma. We denote uy = sup(0,u), and for any r > 0, B, stands for the
ball of center 0 and radius r. In this section, we show the following lemma.

Lemma 5. There exists a constant § depending only on A and N such that for any
u solution to Lu = 0 in By, where L verifies (6), we have the following property. If

gl 22z <9,
then

HU+HL°°(B1/2) < 1/2
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It will be very important later that C' does not depend on u. The choice of the size
of the balls is not consequential. Changing the size of the ball changes the constant
C. But the size of the ball for the L* norm has to be smaller than the ball for the
L? norm. This is already a regularization result. The solution u can be unbounded
on the boundary of B;. It is regularized inside. This result will be applied later on
rescaled functions @ as (7). As a first easy application of those rescaling techniques,
we have the following corollary.

Corollary 6. Let u € L*(Q) be a s~0lutz’0n to Lu = O~where Q is a bounded open set,
and L verifies (6). Then, for any Q CC Q, u € L>®(Q).

Proof. let d be the distance from Q to 9. For any = € Q, consider in B,
dN/2
w(y) = d———u(x + dy).
[ullz2(0)
The function @ verifies L@ = 0, where L verifies (6), and [|i]|z2(z,) < 0. So, from
Lemma 5,

u(zr) < 1/2.
Applying the same result on —@ we obtain the bound by below, and
la(z)| < 1/2.
Hence ([0l () < 4~ ull20)/0. a

We give now the proof of Lemma 5.

Proof. The proof is based on energy. We consider a sequence of level sets of energy on
shrinking balls. As mentioned above, we have a regularization effect. So we expect
to have a layer close to dB;. In the recursive process, we want to escape from this
layer. We consider the family of ball By centered at 0 with radius 1/2(1+27%). Note
that By = B; and By, converges to By, when k converges to infinity. the sequence of
ball B goes in a dyadic way from B; to By ;.
We consider in the same way, a family of “energy levels” C}. going in a dyadic way
from 0 to 1/2:
Crp=1/2(1 —27%).
We define now the sequence of energy above the level set Cj, in the ball By:
U= [l do.
By,
where
U = (U — Ck)+
The aim is to derive an estimate of the form
(8) Uk < C*UY,

for a suitable constant C' > 1 and > 1. It is worth noting that this inequality is
non linear. This is fundamental. The term C* converges to infinity when k converges
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to infinity. But, since 3 > 1, if the initial term Uy (which is the L? norm of u, in Bj)
is small enough, then the nonlinear term will be even smaller, and the sequence Uy
will be shown to converge to 0. At the limit this gives

/ (u—1/2)% dz = 0.
By 2

This means that in the ball of radius 1/2, the energy above the level 1/2 vanishes.
And so, u is smaller than 1/2 in this ball.

The non linear inequality (8) is obtained via rather simple tools. We use linear
tools as the energy estimate (which is linear since the equation itself is linear) and
the Sobolev imbedding. The only nonlinear estimate that we use is the Tchebychev
inequality (also known as Markov inequality) which is as follows:

Hz, f(z) > R> 0} < ||f1|_1|)L1.

To gain the nonlinear estimate, we have to lose in term of level set on f. This explains
why we introduce the level sets C}. We split the proof in several steps.

Step 1. The two first ingredients are the Sobolev inequality, given by

v|lze(s)) < ClIVV|| 28

for p(N) = 1\2,—2, whenever v is supported in B;, and the energy inequality given by

the following lemma.

Lemma 7. (Energy inequality) If u is solution to Lu =0 and ¢ € C{°(By) then

| Vel ae<clveli. [ e

BiNsupp ¢

If A is symmetric then C = A2,

Proof. We multiply Lu = —div(A(z)Vu) by ¢*u, to get

/VT(¢2u+)AVu+ dx < 0.
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We have to transfer a ¢ from the left V to the right V. Indeed,
/VT(g02u+)AVu+ dx
= /VT(gpu+)A<qu+ dx + /(gou+)VTg0AVu+ dx
— [ Vi euAT(pus) do — [ 97 (pun) AV da
+/(Lpu+)VT<pAVu+ dx
= /VT(<pu+)AV(<pu+)dx — /VT(gou+)(A — AT (V)u, dx
— / uiVTgpAVgo dx.

In the symmetric case A = AT, using (6) gives the result with C' = A2. Otherwise we
use

] [ (ua - AT o
< 2V (o) 2| (Vip)us

1/2
< on2 ( 9 euav o) dx) 1Vl

1
< 3 /VT(gou+)AV(gou+) dr + 2A3/(Vg0)2ui dx.
And so

/ 1V (u) P < A / VT (s ) AV () da

< (J/(ch)%& dx.

Step 2. We introduce truncation functions ¢ verifying
¢r = 1  in By,
= 0in Bf |,
with
(V| < C2F.
Note that

U, < /¢iui dz.
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We have also 1Bk+1 < ¢k, and ug11 < ug. The Sobolev inequality with v = g 1ugy1,
and the energy inequality with ¢ = ¢, give

2/p
(/(¢k+1uk+1)pdm) < C/|V(¢k+1uk+1)‘2dx

< C2* / | Ot | do
< C*uy.
Using now the Tchebychev inequality, we get

2/p
(/(¢k+1uk+l)p d:(;) Hor1tp1 > O}|2/N

U1 < /(¢k+1uk+1)2 dr <
= C*U[{(prug)? > 273N
Cc* 1+2/N 1+2/N
< U +2/ < (28/NC>kUk+ / )

9—8k/N "k
This gives (8) with =1+ 2/N.

Step 3. To show that Uy converges to 0, we compare (8) with a geometric series. We
want to show that taking Uy small enough, we have for any &

(9) chypt < L
(2C)FT
Consider kg such that
1 1
e S ——
207 (20)7

and ¢ small enough such that (9) is valid for £ < kq. It is possible to find such that
J since ky is fixed. Let us show by induction that (9) is still true for any k& > ky. Fix
a k > kg. Assume that it is true for all j < k. Then

1
U1 £ ——>
(2C) 51
and
_ _ 1
(2C)7

Hence we can compare to the geometric sequence and find that Uy converges to 0
when k goes to infinity. Passing into the limit, we find

/ (u—1/2)2 dz = 0.
By /2

This implies that ||uy| e < 1/2. O



2.3. The Oscillation lemma. The second step consists in obtaining a so-called
oscillation lemma. We denote for any open set D: oscpu = supp u — infp u.

Lemma 8. Let u be a solution of Lu = 0 in By where A verifies (6). Then there
exists AN(A, N) < 1 such that

08CR, ,, U < AOSCp, U .

This lemma implies C'“ regularity of the solutions. Its strength is that it gives a
definition that depends only on the L* norm. The proof of C regularity follows that
way. Consider u € H'(Q) solution to Lu = 0 in Q, and Q CC Q. Let d = d(£2,09).

Take any z( in €2. We introduce the rescaled functions

ur(y) = ulzo +dy/2),
Un(y) = tin-1(y/4).
As before, u,, are solutions to (5) with diffusion matrices A, (y) = A(zo+y/4"). Note
that A, verifies (6) for the same fixed A. We apply recursively Lemma 8 on u,,. This
gives
sup  [u(zo) — w(@)] < 2[|ullLoe ) A"

|zo—z|<4—m
Note that this estimate does not depend on z,. Hence u is in C*(Q) with

_ In A\
2In2°

We reformulate slightly the oscillation lemma in the following way.

Proposition 9. Let v <1, Lv =0 in By. Assume that |ByN{v <0} > u (> 0).
Then supp, , v < 1— X\, where X depends only on u, A, and N.

In other words, if v is a solution of Lv = 0, smaller than one in By, and is “far
from 17 in a set of non trivial measure, it cannot get too close to 1 in By s.
Let us first show how this leads to Lemma 8. Consider the function

o(z) = 2 u(x)_supu—i—infu
0SCp, U 2 '

We have —1 < v < 1. Assume that v is half of the space smaller than 0 in Bj.
Then we can apply Proposition 9 on v which gives that oscp, ,v < 2 — A. Hence
oscp, , u < (1 —A/2)oscp, u. We get the same result if v is half of the space bigger
than 0, working with (—v).

To prove Proposition 9, we may first note that if the set
{o <0} B > [Bi] - 6%,
then

lvsllz2my <0
and Lemma 5 imply that v|p, , <1/2.
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So we must bridge the gap between knowing that [{v < 0}| > 1|B;| and knowing
that |[{v < 0}| > |B:1| — 6%

The main tool is the following De Giorgi isoperimetric inequality. It may be con-
sidered as a quantitative version of the fact that a function with a jump discontinuity
cannot be in H'.

Lemma 10. There exists a constant Cy > 0 depending only on N such that the
following holds true. Consider w such that [, [Vw,[*dr < Cy. Set

Al = {w <0} N By
Cl = {w = 1/2} 1 By
|ID| = {0 <w < 1/2} N By|.

Then we have

Co|D| > Cn(|C] A~ w)?

Proof. Consider w = sup(0, inf(w, 1/2)). Note that Vi = Vw,;1{p<w<i/2y. For x in
A and y in C', we have

1/2 =w(y) — w(z) :/0 (y—z) - Vo(r+tly —x))dt

ly—z|
< / \Vw|(x + se,) ds,
0

where e, = y — x/|y — z|, and we made the change of variable s = t|y — z|. This
quantity is smaller than the same integrating along the whole ray coming from z in
the direction e, in B;. With a slight abuse of notation (assigning the value 0 to Vw
outside of B; for instance), we get

1/2 < / |V|(x + se,) ds.
0

integrating this inequality for all y € C', we get

|C!/2§L(Aw|vw|(x+seg)ds) dy
< /B (/OOO|Vw|(x+seg)ds) ay.

Writing the first integral in polar coordinates for (y—x), and noticing that the function
does not depend on r we get

yC|/2</ N~ 1/ (/ v a:—i—seg)ds) do dr
Sn
g/ / \Vw|(x + se,) dsdo
v |Vo|(z + se,)
// ! NI dsdo.




The last term is nothing but
Vw
JRLC
B |I’ - y|
Integrating x € A we find

4] [c)/2 < /B Val(y) (/ #) dy.

Among all A with the same measure |A| the integral in x is maximized by the ball of

radius |A|'/Y, centered at y
alz—ylN-

1/2
4] [Cl/2 < |A|1/N( / |Vw+|2) D2
D

Since [ |Vwy|*dx < Cj the proof is complete. O

So

Proof of Proposition 9. We consider the new sequence of truncation
wp = 2F[v — (1 —279)].

Note that for any £ we have wy < 1. So from the energy inequality, we have

|V (wy) |* dx < Cp.

By

We have also [{wy, < 0} N By| > u. We apply Lemma 10 recursively on wy, as long as

/ (wesr)?. dz > 8.
B1

We get

By
So, from Lemma 10, there exists a constant o which does not depend on k such that

{0 < wy, < 1/2Y N By| >

Then

This clearly fails after a finite number of k. At this ky we have for sure that

Lemma 5 then implies that wg,11 < 1/2 in By/s. Rescaling back to v gives the result
with A = 27 (kot2),
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2.4. Proof of Theorem 3. To conclude the proof, we need to show that any w &€
H'(Q) weak solution to (2) is such that u = 9w € H' and is a weak solution to
(4). The proof use elementary techniques of elliptic theory and have nothing to do
with the De Giorgi techniques. We present it here for the sake of completeness. It
is related to the higher regularity proof of linear elliptic operators in the L? theory.
In all the section we assume that (3) is verified. Recall that a weak solution to (2)
verifies for every ¢ € C2°(Q2)

/ V¢DF(Vw)dx = 0.
Q

By density, this is still valid for any ¢ € Hj ().
By weak solution to (4), we mean that for every ¢ € C'°(Q)

/ V¢! D*F(Vw)Vudz = 0.
Q

Again, by density, this is still true for any ¢ € H(Q), as long as u € H'(Q2). We
need the following proposition.

Proposition 11. Let w € H'(Q) be a weak solution to (2). Then, for any Q CC Q,

w € H?(Q), and for every i, u = yw is a weak solution to (4).
As, usual, we will first show a localized version in a fixed ball.

Lemma 12. Let w € H*(B3) be a weak solution to (2). Then, w € H*(By), and for
every i, u = Qyw s a weak solution to (4) in B;.

This lemma implies the proposition in the following way. Denote d = d(2, 00),
and for any x € ()

B.(y) = wle+ ).

The function @, € H'(Bs) and verifies (2) in By for F(y) = F(3y/d). Since Q is
compact, there exists a finite number m of ball By/3(z;) such that Q C U, By/s(w;),

and w € H?*(2). By the theorem of partition of the unity, any function ¢ € C°(Q)
can be decomposed as

where ¢ € C°(Bg/3(x;)). And so
/ Vo' D’F(Vw)Vudr =) / Vol D*F (Vi) Vi, dz = 0.
Q i— JQ

We now turn to the proof of the lemma.
Proof. For any —1 < h < 1 we consider the operator defined on C'(RY)

Tigte) = PO 00
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For any cut-off function 7, non negative, compactly supported in By and equal to 1 in
By, we can define two operators 57T}, and Tj,(n-) well defined from L?(Bs) to L?(Bs),
and from H'(Bs) to H}(Bs). We have the following properties.

Lemma 13. For any ¢,V € L*(Bs), ¢ € H'(Bs), ® € [L*(Bs3)]N, we have
(10) / Th(nd) = — / o, VPTiel = n*Ti[Vo] + 2n[Thd] Vi

(1) G DF@) ) = aTib(w) [ DF(E) + (00 + he) — (@)
(12)  nThéllL2ss) < CnHV¢HL2 Bs)-
Moreover, if supp < H’f]ThQ;Hm(Bg,) is bounded, then 9;¢ € L*(By) and

||aiQ~5||L2(B1) < sup ||77Th¢~5||L2(B3)a
|h|<1

0ip = lim 0T,
weakly in L*(By).

Proof. The first statement is obtained via a change of variable y = x + he;.

/Th<77€5)?/~1 _ / (no) (@ +hh€z‘)¢(x) Ir / wdl‘
_ [ (9)(@)d(x — hei) () (2)d(z)
- / 3 dr — / ASARASYAS A

h
= —/&nTmZ-

This means that —nT_, is the dual operator of Tj,(n-) in L.

dx

The second equality is just the remark that V and T} are commuting.
After computation, we find

nDF(@(aH— hez)) DF(®(x))

nTWDF(®)(r) =
d h
ICC 61 / D?F(®(x) + {{®(x + he;) — ®(x)]) dt,
which gives the result.
We have
1
0

Hence

1T00| L2(By) < NLeo||050L2(By)-

14



Consider a sequence of mollifiers for ¢ < 1/2

52(2) = (/)

where 0, is a smooth nonnegative function compactly supported in By with integral
1. Consider

an - QNS * 55'
Since ¢, is smooth, for z € B, nThqgg(x) converges to 1781-655(3:) when h goes to 0. But
nThoe = n(Td). are uniformly bounded (both with respect to h and €). Passing into
the limit in &, we find that 8;¢. are uniformly bounded in L?(By). In turn, 9;¢ is in
L2(B;) and Ty¢ converges weakly to 9;¢. O

Let us fix a cut off function . We consider the test function
(b = T,h(n2Thw) € H& (Bg)

we got

0= /V(bDF(Vw) dx
= — /nV(Thw)nThDF(Vw) dx — 2 / Vn(Tyw)nT,DF (Vw) dx
= — /nV(Thw) [/0 D?F(Vw(x) + t(Vw(x + he;) — Vw(z))) dt} nV(Thw) dx

—2/(V17)(Thw) {/01 D?*F(Vw(x) + t(Vw(x + he;) — Vw(z))) dt} nV (Thw) dz.

Using the property (3) we get

%/n2|V(Thw)|2dx < 2A\//|Vn|2]Tthdx\//n2|V(Thw)|2dx

/n2|V(Thw)|2dx < 47! / VI Tal do < Cllwl3 s,

This gives that d;w € H'(Bj). For any test function ¢ € H}(B;), we consider the
test function

and so

T np € HY(By).
We get

0= —/V(bThDF(Vw) dx.

Since d;w € HY(By), T,DF(Vw) converges to O;{DF(Vw)} = D?F(Vw)Vow
weakly in L?(By), and at the limit

/V¢DF2(Vw)V81-w dx = 0.
which finishes the proof. O
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3. THE PARABOLIC CASE

The parabolic case was first introduced with the techniques of Nash. We present,
here, a version with a "De Giorgi packaging”. We begin with the homogenous case.

3.1. The homogenous case. Consider the equation:

(13) Oyu — div(A(t, z)V,u) =0 in (0,7) x €,
where A verifies

1
(14) N < A(t,x) < AT, for any (t,z) € (0,7) x Q,

but without further assumption on the regularity of A. We have the following theo-
rem.

Theorem 14. Let u € L>(0,T; L*(Q2)), Vu € L*((0,T) x Q) be a weak solution to
(13) in (0,T) x Q.Then, there exists o > 0 such that for any Q@ CC Q, and any
0<s<T

ue C((s,T) x Q).

Define @), = (—7,0) X B,. As in the previous section, we show the proof with going
from (Q2) to Q1/2. Theorem 14 can easily be deduced from this case by adequate
zooming as in the previous section. We consider the first De Giorgi lemma.

Lemma 15. there exists 6 > 0 such that for any u solution to (13) with (14) in
(—1,0) X By: [f

luy |* do dt <9,
Q1
then

uy <1/2 in Q1.
Proof. We have now to consider two layers in position and time. We consider the
sequence of time
Tp = —1/2(1427%),
and the sequence of cylinders
Qr = (T1,0) x By,
where By, is defined as before as centered at 0 with radius 1/2(1 + 27%). We define
the sequence of energy

Uk = / ]uk]2 dl‘dt,
k

where as before
up = (u— C)+,
with
Crp=1/2(1 —27%).
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We consider the exact same family of cutoff non negative functions ¢, compactly
supported in By 1, equal to 1 in By, and such that |V¢,| < C2F.

We obtain the energy inequality in the following way: We multiply the equation
by ¢, k11, and integrate in both time and space on (s,t) x By for

T, <5 <Tp1 <t <0.
We find

( / ¢z+l|uk+1|2dx) (1) < ( / sbzﬂwwdx) 0 [ [V ammAvudrar

Using the energy inequality in = only from the previous section we get

t
([otatmara) @y [ [19GumParar

t
< ( / ¢2+1|uk+1|2dx) )+ [ [ VowaPlucal drar

Using the range of s and t, we get

1 t
([otatmaras) ey [ [P aar

Tkt1

0
< (/ qszﬂ\ukﬂﬁdx) (3)+A/ /\v¢k+1|21uk+ly2da:dr.
T

Taking the mean value in s between T}, and T} we get

1 t
([otatwaras) 0y [ [IVGemPaar
Trt1

Tk+1 0
< 2k+2/ /qﬁzﬂ\ukﬂﬁdmsw/ /|V¢k+1|2\uk+1\2dxd7'.

Tk Tk

Summing the estimate for the worst ¢, and t = 0 we get

0
Ery1 = sup (/(gbk+1uk+1)2 dx) +/ |V i1ty |? da dt < CFU,.

Tk4+1<t<0 Thy1 /B

The quantity &1 controls ¢y ugq in L>®(Ty11,0; L?(By)) and, thanks to Sobolev,
in the space L?(Tj1,0; L*N/W=2)(B,)). The coeficients (00, 2) and (2,2N/(N — 2))
verifies both

2 N N

p g 2
So, by interpolation, 41 control the LP(L9) norm of any such (p,q) with p > 2. We
consider the one verifying p = ¢ =2(2+ N)/N. So

||¢k+1uk+1||i2(2+N)/N(Qk+1) < O

17



And so,
Uk+1 = / |Uk+1|2d££ dt
Qrt1
Qk+1

= / ]uk+1 ’21{uk>2—(k+2)} dx dt
Qk+1

~ 2
< €k+1|{uz > 272(k2) Qrt1 N

2

2+N
S gk+1 22(k+2) / |uk|2 dx dt
Qk+1

2
< cty,TEY
So, a before, there exists ¢ small enough such that if Uy < 4, we have
li =0.
Jim Uy =0
This ensures that
uy <1/2 on Qo = (—1/2,0) x By s.

O

We now turn to the second lemma of De Giorgi. We denote Q = (—3/2, —1) x By.
We then have the following theorem.

Theorem 16. There exists a constant 0 < X\ < 1 such that for any solution u of (13)
in Qo verifying (14), we have the following:
If -1 <u<1onQy and

O

{u<0}nQ@|>

|

we have
u < 1—A in Q1/2-

To show this theorem, we need a result similar to the isoperimetric inequality for
the parabolic case. We show the following lemma.

Lemma 17. There ezists o« > 0 such that for any u solution to (13) in Qo verifying
(14), with u < 1 we have the following. Denote

Al = {u = 1/2} N Q1
Cl=Ku<0}nQ|
D] = {0 <u<1/2}N(QUQ).
IF14] > 6, 1C| > Q12 then
|D| > a.

18



Proof. We assume that the lemma is wrong. Then we can find a sequence u, such
that the associated quantities

[ Ak = Hux = 1/2} 0 Q1 = 6

Gkl = Hur <0} N Q| > |Q|/2
IDi = {0 < ux < 1/2} N (Q1UQ)| < 1/k.

Consider a cutoff function ¢ in x only, compactly supported in By and equal to 1 in
By. Consider ¢?v;, where v, = (u);. We have

(15) 010 (v1)? — div(¢® AV (vp)?) + 20V PAV (vg,)? + 2¢°Vur AV, = 0.

Then integrating in x, we have for —1 < s <t <0

16) ([ ewrar) w1 [96wr < ([ #wra) @+ ca-s)

This energy inequality give that ¢uvy, is uniformly bounded in L?(—2,0; H*(B,)) ( and

so is ¢|vg|?). Hence, from (15), d,vy, is uniformly bounded in L' (Q2)+L>(—2,0; W1(Q2)).
Using the Aubin lemma, we find that the sequence ¢v; converges to ¢v up to a sub-
sequence in L? when k goes to infinity. Using Tchebychev, for any € > 0,

]}LIgo {|ox —v| > e} N (—2,0) x By| =0.
Now, if e <wv < 1/2 — ¢ then either |[v — vg| > € or 0 < v, < 1/2. So
e <v<1/2—}NQ1UQ| < [{Jv—ui] > e}NQrUQ|+ {0 < v, < 1/2}N(Q1UQ)],
which converges to 0. So
{e<v<1/2-e}n(QUQ)| =0.
This is true for any € > 0 hence
{0 <v<1/2}N(QUQ)| =0.
For almost every ¢t € (—2,0), Vu(t,-) € L?*(By). So thanks to the isoperimetric lemma
of De Giorgi in the stationary case, for almost every ¢t € (—3/2,0) we have either
v(t,) <0 in By, or v(t,-) >1/2 in Bj.

In the same way, if vy, < 0, then either |[v — vg| > e or v <e. So

Q1/2 < {ue <0}n Q| < [{lv—wi| 2} n Q|+ {v <e}n Q)
<H{v<ernaql.

Passing into the limit ¢ — 0, we find
{o<0}nQl>1Ql/2.
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So there is some times —3/2 < s < —1 such that v(¢,-) < 0 in B;. Now, consider
a nonnegative function in x, ¢; > 0 compactly supported in By of integral 1. the
energy inequality ensures that for those time s, and ¢t > s

an ([ dtwrar) @< ([ dtuds) 6)+ e - o) < e - o).

But [ ¢3(uy)?dx in all time is either negative or bigger than 1/2. So it cannot reach
the value 1/2, and finally

v(t,z) =0 on Q.
But, for any ¢ > 0, if vy, > 1/2, then either |[v — vg| > e or v > 1/2 — €. So
0 < Hue 21/2) N <[{lv—wel Z e} N+ {v = 1/2 -} Nl
So, passing into the limit first in £ — oo, then ¢ — 0, we get
H{v>1/2}NQq| > 6.
This leads to a contradiction. ([

The proof of Theorem 16 and Theorem 14 now follows the lines of the previous
section.

3.2. The non homogenous case. For a bounded set 2, we consider the equation
on u

(18) Op +div(pVr) =0,
(19) I (pu) + div(pu(Vi + V) + pVs - Vu

—div(A(t,x)V,u) = f+divE  in (0,7) x Q,
where A and p verify

1
(20) 3 Selta) <A,
1
(21) K] < A(t,x) < AT for any (¢,x) € (0,7T) x €,

but without further assumption on the regularity of A and p. Note that if 1] is
divergence free, and p is bounded by below and by above at ¢ = 0, then (20) is
fulfilled for all time and space. The case include the classical parabolic case with drift
in the divergence form (V; =0, p =1, and V5 = 0)

Opu + div(puVy) + div(A(t, x)Veu) = f + divE,
Together with the case with the velocity in the non divergence form:

Ou~+ Vs - Vu+ div(A(t,x)V,u) = f+ divF.

We assume that there exists e > 0 such that
feP(0,T; LY (Q)),  |Vi> e LP(0,T; L%(Q)),  [|F’| € LP*(0,T; LI (%))
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where (pfﬂf)’ (pi, q;) and (pr, qr) verify

2 N
(22) 1 <p<oo, 1 <q< oo, -+ —=2—ce.
p q

Note that since €2 is bounded, it is not a restriction to consider the same e for all

functions. We will denote
3

[Fll 0% = Z Vil Lri .o ) + 1 f e o2 @) + 11 o ominam @)
i=1
We will consider only “suitable” solutions which verify for any K > 0

Oi(pv¥) + div(pvE Vi + 2puvg Va) + pVs - Voi + 2Vok AVug

< div(AVv%) + 2(f + divF)vg + 2puVs - Vg,
where v = (u — K),. This inequality is obtained formally by multiplying Equation
(19) by 2vk and using Equation (18). Indeed,
v {0(pu) + div(pViu)} = {0 + div(pVi) Huvk) + p{0wu + Vi - Vutug

V2 v?
= P{étTK +Vi- VTK}

(23)

V% _ v
= 3t(P7) + le(PV17)-

It is verified, for instance, for any weak solution u € L>°(0,T; L*(Q2)), Vu € L*((0,T)x
Q) of (19), as long as p and V] are smooth. Even this case is interesting, since the
result does not depend on the amount of regularity on those quantities. We have the
following theorem.

Theorem 18. Let u € L>=(0,T;L*(2)), Vu € L*((0,T) x Q) be a suitable solution to
(19) in (0,T) x Q, where (21), (20) and (22) are verified. Then, there exists o> 0
such that for any Q CC Q, and any 0 < s < T

uwe C(s,T) x Q).
Note that for e < 1,
i(s,y) = u(t + s, + ey)

is solution to

8(ptt) + div(pi(Vy + V3)) + pVs - Vi — div(AVa) = f + divE,

Oy + div(pV1) = 0,
with
=cF(t+¢&%s,2 + ey),
eVi(t +e%s,x +¢ey),
E2f(t+e%s,w +¢ey),
p(t+€%s, 2 + ey),
= At +e%s,x +¢ey).

F
V;
f
j
A
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And
| Fllzms ey = el f o ey,
Vil N 2oz 2y = 1 Vil? M 22 (o2,

E P o2 oy = e I|F P o2 pon)-

Note that 5 and A are verifying (20) and (21). Moreover, zooming if necessary, we
can always assume that the norms of f and V are as small as we need on a fixed
cylinder Q).

Note that the equation is not linear anymore. This introduces some new difficulties.
The function @(t, z) = Au(t, x) is solution to

Oi(pit) + div(pi(Vy + Vo)) + pVs - Vi — div(A(t, )V, i) = Af + div(AF),

where the right-hand side term becomes large when X increases. This has to be dealt
with when engineering the second lemma of De Giorgi.

We first derive the energy inequality in a form that will be useful for both lemmas.

Lemma 19. Let u be a suitable solution to (13), and ¢ be a cut off function in x
only, compactly supported in the domain of definition of u. We define v = (u— K),.
Then for every s < t we have

(/p%2¢2 dw) (t) - (/p%2¢2dx> (s)—i—%/;/w(qbv)]?d:vdt

< 1+ B (|F opssumms + 1) ([{v > 0} N suppo| ¥52)
(161 + 19622 + Lsopll

gl =" llglzaa,

(p,q) €T

with

where the sum is taken on

1 1 e 1 1 e

(' q) € {(pi, @), (pr. ar), (pf=Qf)}}~

For all the (p,q) € Z we have
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Hence

1
0<-<1,
p
1
0<-<1
q
Moreover,
2 N
(24) -+ —=N.
p q

Proof. Multiplying Equation (23) by ¢?, and integrating in x, and noticing that vu =
v? + Kv, we get

o [ vyt [I9Gora
v | P v+ 4 v)|* dx
S/A\ngﬁl%ﬂdaj
-I—/gb(qu) (Vi + 2Vo) pv? da —|—/2qung2§ -Vovdx
+/p¢2vw-(V2 —Vg)dz+/Kp¢2Vv-ngw
+/¢27de:r;
—Q/QSU(qu)-Fdx—/qSZVU-Fdx.
Using that ¢Vv = V(vp) —vVe, [Vi| < 14+ VA%, p < A, v = v, and Vo =
Vulgysoy, we find:
8/ U—2¢2dx+l/w(¢v)]2dx
t p 2 A
1
< - 2
<o [ IVGuPds

+C/(¢ VoD (VA" + (1 + K2)Val* + [Va[* + [F]* + [f)(v* + Liusoy) dov.

Integrating in time, and using Holder gives the result. O

The first lemma is similar to the previous case. Except that it is easier to work
with the energy/dissipation of energy instead of [ |u|? dx dt.

Lemma 20. there exists § > 0 such that for any u solution to (19) in (—1,0) x B;:
If
Il ]l < 4,
with
1F N —10xB, <1,
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then
up <1/2 in Q.

Proof. We use the same setting as for the homogenous case, Except we are working

with o
& = sup (/(qbkuk)Q dm) +/ |V (¢rur)|* do dt.
T, J B,

T}, <t<0
Following the previous section we have now from the energy inequality

(25)
Erer < C* [ w2 dudt+ CH 1+ | F Crop) i Ly Il (Huisr > 030 Qi)

Qk
Thanks to Sobolev, &, control the L>(L') norm and the L'(LN/®N-=2)) norm of

(¢érug)?. By interpolation, it controls all the norms LP(L9) with
2 N
4+ —=N.

P q
|. Hence

Especially all the norms involved in the definition of ||| - ||
115, uilll < C&.

And
Erir < CFEN{upyy > 0} N+ 4 Ohgl T2/ (N+2)
14e/(N+2 142/(N+2
< Ok (g g g

Note that e < 2. So as long as & <1
Epyr < 200NN

From (25), we can have & as small as we want, taking ¢ small enough. Then, for §
small enough, we have for all k, & < 1 and &, converges to 0 when k — oo. O

As before we denote Q = (—3/2, —1) x By.
Theorem 21. There exists 0 < X\ < 1, and n > 0 such that for any suitable solution

u of (19) with
1 F Q> <
|

O

Ifu<1on@ and
|

{u<0}nQ@|>

|

then u <1 — X in Q2.
Because the equation is not linear any more, we need the smallness condition 7

As before we first show the following lemma.
Lemma 22. There exists a > 0 such that for any u suitable solution to (19) with
1Flle. < 1

If|A] >4, |C| > £ then |D| > a.
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Proof. of Theorem 21. The proof goes by contradiction. The energy gives now

(/gb?vgdx) (t)+%/s /|V(gbvk)|2d:vdt
< </ ¢y, dx) (5) + Clt — s|/N+2),

The function ¢uvy, is uniformly bounded in L?(—2,0; H'(Bsy)), and so d;vy, is uniformly
bounded in L'(Qs)+L>(—2,0; W~1(By)). Hence, up to a subsequence, ¢uvj, converges
in L?(Q,) to ¢v. As before, we show that |D| = 0. So for almost very time t €
(—3/2,0), we have eitherv( ) <0, orv( ) > 1/21in By. But |[{v < 0}nNQ| > |Q|/2].
So, there exists so —1 such that f »*vi(s)dxr = 0. Consider sy < s < 0 the biggest
s such that [ ¢?vi(7)dx =0 for so < 7 < s. Assume that s < 0. Using the energy
inequality, we get that for every s <t <0

/¢2U§(t) dr < /(b%i(s) dx + Cylt — 5|/ N+
g Colt — ’e/ N+2)

For [t — s| small enough, [ ¢*v3(t)dz < 1/8. Hence we cannot have v(t, ) > 1/2 for
those values of ¢, and from the dlchotomy7 we have v(t,-) < 0. Hence [ ¢?vi(t)dz = 0.
This contradlcts the definition of s. Hence |A| = 0, which leads to a Contradlctlon U

Proof. Consider kY such that Ka > QU Q| where « is defined in the previous

lemma, and denote n = 1 We consider, as before, the sequence

+A
wy = 2F(u — (1 —277))
which verifies for any k: w, < 1 and [{w; <0} N Q| > |Q]/2, and
O (pwy) — div(AVwy) + div(pwy (Vi + Vo)) + pVs - Vg, = 28 f +div(2"F — (28 — 1) pV3).
and so for every k < k°
1Fillq. < (L +X)2%Fllg, < 1.
Then, for a fixed k£ < kg,
if [[[(w)illl >0, for any j<k+1,
we get
0 < Hwjr1 >0} N[ = [{w; > 1/2} N@ul.
So, from the previous lemma,
{0 <w; <1/2} N (@ UQ)| >«

and

|{wk < 0} N (Ql U Q)‘ > ka.
But this fails for k = k°. So, for sure, there exists a k < k® such that

Il(wisa)+ 111 <6,
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and

[ Fell. < 1.
So from the first lemma, wg,; < 1/2 in 1. This means that u < 1 — 2~ (2+k%) ip Q12
This gives the proof of the result with A = 2~ 0O

This provides the following easy lemma.
Lemma 23. If -1 <u <1 in Q2 and ||Fllg, < n then
08CQ, <1-—A
We can now prove the main theorem.

Proof. For d > 0, we define 2 the set of points of 2 whose distance from 92 is greater
to d. Consider e < inf((1,1/||F||)/¢,d, /f/2), and for every (t,z) € Q x (to,T) and
s < tg/(2¢?)
ues,y) = SN2t 4+ 225, 4 ey).
The function w, is a suitable solution in ¢ to (19) with
[Fllo, < 1.

Moreover
[[uZlllq, < elllu®lllg-

So, for € small enough, this quantity will be smaller than §. Thanks to Lemma 20,
for all those (t,z) € Q

Uue < 1/2 in Q1/2-
In the same way we find that u. is bounded by below on @);/2. This gives a uniform
L* bound of u on Q.

The C'“ regularity is obtained in a similar way.
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