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Abstract

This paper is devoted to the study of the regularity of solutions to some systems of
Reaction—Diffusion equations. In particular, we show the global boundedness and regular-
ity of the solutions in 1D and 2D, and we discuss the Hausdorff dimension of the set of
singularities in higher dimensions. Our approach is inspired by De Giorgi’s method for elliptic
regularity with rough coefficients. The proof uses the specific structure of the system to be
considered and is not a mere adaptation of scalar techniques; in particular the natural entropy
of the system plays a crucial role in the analysis.
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1 Introduction

This paper is devoted to the analysis of the following system of Reaction-Diffusion equations

atai_vx' (Dzvxaz) :Qi(a)a l S {L"'?p}a
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The equation holds for ¢ > 0 and the space variable x lies in {2 where

- either Q = RV,

-or Q C RY is a bounded domain with smooth boundary and the system is completed by
imposing the Neumann boundary condition

D;Vya; - v(z))p0 = 0,

where v(z) stands for the outer normal vector at x € 9S).
The matrices D;(x) are required to satisfy
NxN

{ D; € (LOO(Q)) ’ (1.2)
Di(z)¢ - € > al¢]?, a>0 for any ¢ € RY, z € Q. '

Such a system is intended to describe e.g. the evolution of a chemical solution: the unknown a;
stands for the density of the species labelled by i € {1,...,p} within the solution. Accordingly, the
unknowns are naturally non negative quantities: a; > 0. The right hand side of (1.1) follows from
the mass action principle applied to the reversible reaction

i viAi < i i A,
i=1 i=1

where the p; and v;’s — the so-called stoichiometric coefficients — are integers. The (positive) co-
efficients k¢ and ky, are the rates corresponding to the forward and backward reactions, respectively.
The key feature relies on the conservation property

There exists (myq,...,m,) € NP, m; # 0, such that
p p (1 3)
Z Mifti = Z m;v; '
i=1 i=1
which implies
d p
E;/ﬂmz a;dz =0,
while the entropy is dissipated: we set K = ky,/kg, then
1243
P P p H a;

3" Qila) In(a; /KM @HD) — _kf<H o~ K] al'-’i> m|—=—— <0 (14
i=1 i=1 i=1 K Ha;/i

Actually, we realize readily that, up to a change of unknowns, we can reduce the situation to

mizl, klezkb.



From now on, we adopt this framework and a crucial role will be played by the quantity

p p
= Zui = Z Vi,
i=1 i=1

where the coefficients u; and v; are still integers.

As we shall see below, our analysis will be faced to restriction on the space dimension N and
the parameter fi; one of the most interesting situation we are able to deal with is the following
example corresponding to 4 species subject to the reactions

A1+A3<—>A2+A4,

which leads to .
Qi(a) = (=1)""(asas — ayaz), (1.5)

We refer for a thorough introduction to the modeling issues and mathematical properties of such
reaction diffusion systems to [12, 14, 15, 20, 21, 22, 24, 28, 31]. Information can also be found in
the survey [7] with connection to coagulation-fragmentation models and in [25] for applications in
biology. Let us also mention that (1.1) can be derived through hydrodynamic scaling from kinetic
models, see [3].

In this contribution we are interested in the derivation of new L*° estimates and we investigate
the regularity of the solutions of (1.1). Quite surprisingly, the question becomes trivial when the
diffusion coefficients vanish: for D; = 0, we are dealing with a system of ODEs and the conservation
property (1.3) guarantees that solutions are globally defined. Conversely, certain reaction diffusion
systems might exhibit blow up phenomena, see e.g. [23], as it is also well known when considering
non linear heat equations [16, 35]. Therefore global well-posedness and discussion of smoothing
effects is an issue.

While standard techniques can be applied to show the existence of a smooth solution locally in
time, with, say, initial data in L' N L>(Q), extending the result on arbitrarily large time interval
is a tough question. Roughly speaking, this is due to a lack of estimates since the only natural
bounds are provided by the mass conservation (1.3) and the entropy dissipation (1.4). In turn
this leads to an “L! framework” which is quite uncomfortable and with such a bound it is even
not clear that the right hand side of (1.1) makes sense. Recently, by using the tricky techniques
introduced in [27, 26], it has been shown in [11] that the solutions of (1.1) in the quadratic case
(1.5) are a priori bounded in L?((0,T) x €) so that the nonlinear reaction term makes sense at
least in L'. Besides, [11] establishes the global existence of weak solutions of (1.1), (1.5). The
dissipation property (1.4) is also the basis for studying the asymptotic trend to equilibrium [9, 10]
in the spirit of the entropy/entropy dissipation techniques which are presented e.g. in [34] (we refer
also to [2] for further investigation of the large time behavior of nonlinear evolution systems using
the entropy dissipation).

Our approach is inspired by De Giorgi’s methods for studying the regularity of solution of
diffusion equations without requiring the regularity of the coefficients, see [8]. The crucial step
consists in establishing a L*° estimate on the solution, and, then, we can deduce that holderian
regularity holds. This approach has been used in [33] to obtain an alternative proof to the regularity
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results for the Navier-Stokes equation [5, 18] and it also shares some features with the strategy
introduced in [29, 30]. It has also been applied to study convection-diffusion equations [19] and
regularity for the Quasi-geostrophic equation [6]. In the framework of Reaction-Diffusion systems,
the De Giorgi’s method was first introduced in [1]. In our situation, it is worth pointing out that the
proof highly relies on the structure of the whole system and the argument is not a mere refinement
of a scalar approach. Indeed, we use in a crucial way the properties of the underlying entropy
functional. As we shall see however, restrictions appear between the space dimension N and the
degree of nonlinearity of the reaction term measured by means of . For this reason, the L*>
estimates can be proved in 2D for the quadratic operator (1.5) or in 1D considering cubic terms.

Theorem 1.1 We consider the quadratic operator (1.5) (or assume @ = 2). Let N = 2 and
suppose that the diffusion coefficients fulfill (1.2). Let a? > 0 satisfy

4
Z/ ai (1 + |z| + | In(a)]) dz = My < oco. (1.6)
i=1 /9

Then, (1.1) admits a global solution such that for any 0 < T < T* < 00, a; belongs to L= ((T,T*) x

Theorem 1.2 Let N = 1 with m < 3 and suppose that the diffusion coefficients fulfill (1.2). Let
a? > 0 satisfy (1.6). Then, for any 0 < T < T* < 0o, a; belongs to L=((T,T*) x Q).

We point out that these statements do not require any regularity property on the diffusion
coefficients D; which are only supposed to be bounded. As a byproduct, we expect that such a
result can be the starting point to apply the strategy developed in [9, 10] and then this would lead
to the proof of the convergence to the equilibrium state for large time, with an exponential rate.
Moreover, by using the new bound, a direct bootstrap argument combined to the standard local
existence of smooth solutions shows the global regularity of the solution.

Corollary 1.1 Let the assumptions of Theorem 1.1 or 1.2 be fulfilled. Suppose moreover that
the D;’s are of class C%(Q) with bounded derivatives up to order k. Then the solution belongs to
L>(T, T*; H*(Q)). Accordingly for C> coefficients with bounded derivatives, the solution is C* on
(T, T*) x Q .

In higher dimensions, the same method provides information on the Hausdorff dimension (def-
initions are recalled in Section 4) of the set of the singular points of the solutions.

Theorem 1.3 Let N =3 or N =4 and 1 = 2. We suppose that the coefficients D; are constant
with respect to x € Q. Let a) > 0 satisfy (1.6). We consider a solution of (1.1) on (0,T) x .
We call singular point any point (t,x) having a neighborhood on which one of the function a; is not

C®. Then, the Hausdorff dimension of the set of singular points of the solution a does not exceed
(N? —4)/N.



The existence of a weak solution in this case has been proved in [26]. In the next section,
we briefly recall the fundamental estimate that follows from (1.4). This bound is used in Sec-
tion 3 where we adapt De Giorgi’s approach to the system (1.1). There, the restriction on the
space dimension and the degree of nonlinearity will appear clearly, through the application of the
Gagliardo-Nirenberg inequality. Section 4 is devoted to the estimate of the Hausdorff dimension of
the set of singularities in higher space dimensions.

2 Entropy Dissipation

In the following Sections, we adopt the viewpoint of discussing a priori estimates formally satisfied
by the solutions of (1.1). As usual the derivation of such estimates relies on various manipulations
as integrations by parts, inversion of integrals and so on. Then, they apply to the smooth solutions
of the problem that can be shown to exist on a small enough time interval by using classical
reasoning for non linear parabolic equations. Besides, these estimates also apply to solutions of
suitable approximations of the problem (1.1). Such approximation should be defined so that the
essential features of the system are preserved. Hence, let us reproduce the reasoning in [11]: by
truncation and regularization we deal with an initial data
" e CR(Q), @20

which converges in L'(2) to a? as n > 0 tends to 0 and such that

p

p
supZ/ al” (14 |z + | In(ad™)|) dz < Cy Z/a?(l + ] + [ In(a?)|) dz = Cy My < oo.
1/ i=1 Y

n>0 e

Next, let us consider a cut-off function ¢ € C'°(R) such that 0 < ((s) < 1, supp(¢) C B(0,2) and
((s) =1 for |s| < 1. Then, in (1.1) we replace Q;(a) by

Qi (a) = Qi(a)C(nlal),

with |a| = y/af + ... +a2. Accordingly, for any n > 0 fixed, and a; € LY(2), QY(a) belongs
to L>(2). We can show that the corresponding regularized problem admits a unique smooth
solution, globally defined, see [17, 28]. Therefore, in what follows we discuss a priori estimates on
solutions of (1.1): for the sake of simplicity we detail the arguments working directly on (1.1), but
we keep in mind that the arguments apply to the regularized problem as well. In turn, we obtain
bounds on the sequence a;, which are uniform with respect to n > 0. Finally, existence of a global
solution satisfying the estimates follows by performing the passage to the limit n — 0; a detail that
we skip here, referring for instance to [11].

As a warm up, let us discuss the a priori estimates that can be naturally deduced from (1.3)
and (1.4). The results here apply in full generality, without assumptions on p, N, fi.



Proposition 2.1 Let a? > 0 satisfy

P
Z/ ai (1 + |z + | In(a)]) dz = My < oco. (2.7)
i=1 /9

We set

i=1
Then, for any 0 < T < oo, there exists 0 < C(T) < oo such that

g/{l@i(lem+|1n(ai)‘>(tax)dl’+g/ot/ﬂ}VI\/CL_Z-F(S,:B)dxds
—I—i/;/ﬂ@(s,x)dxds} < (7).

If Q is a bounded domain, this estimate holds for T' = +o0.

sup {
0<t<T

Proof. As a consequence of (1.3) and (1.4), we get

42 p v
— i(1+1n(a;)) dz + /Div“- —d +/©d = 0.
dtizl/ﬂa( n(a;)) dz ZZI g a ” T i T

Then, (1.2) allows to bound from below

zp:/D.V a-.vxaidx>azp:/wdx—4azp:/‘v \/E}de
i:lQZﬂCZ @i D)o @ i:1sz ‘

In a bounded domain this is enough to conclude since we have

p P P
Z/ a;|In(a;)|dx = Z/ai In(a;)dz — 22/ a;In(a;) o<y, <1 do
=1 Q =1 Q i=1 Q T
z 2
< Z/ailn(ai)dx + p—19.
i=1 79 ¢

In the whole space, we compute, still by using (1.3) and denoting by M the sup norm of the
diffusion coefficients,

d ”/ ”/ x

— a;lr|de = — D,V a; - — dx

sz:/\v a-\dx—sz:/M\/a-dx
i=1 79 o im1 J0 Vi Z

P P

a |V.a;|? M?

< - — da.

< 2;/9 m dx+2a;/§2aldx

IN




Hence, we arrive at

p
Z/al —|—|x\+lnal dx—i— Z//|VCLZ dd—l—//@dxds
i=1 Q

<M0—|——Z//azdxds

< (14 tMQ/(Zoz))MO

It remains to control the negative part of the a;In(a;)’s; to this end, we use the classical trick
/ a;|In(a;)|dz = / a;In(a;) dz — 2/ a; In(a;) (Lpcq, <otetre + Lomoi2cg, <1 ) do
Q
4
< ]ai In(a;)dz + - 7 e~ lel/4 Ay +/ |z|a; dx
Q €Ja Q

since —slIn(s) < %\/E for any 0 < s < 1. We conclude readily by combining together all the pieces.
| |

3 L bounds

In the spirit of the Stampacchia cut-off method, L*° bounds of solutions of certain PDEs can be
deduced from the behavior of suitable non linear functionals. Here, such a functional is constructed
in a way that uses the dissipation property (1.4). Let us consider the non negative, C'' and convex
function

I+ 2)In(l+2) —= if z >0,
q’(z)_{o if 2 < 0.

Then, for £ > 0, we are interested in the evolution of

P
;/Q(I)CL—

Lemma 3.1 There exists a universal constant C, such that for every a = (ay, ..., a,) solution of
(1.1), for any k >0, and for any 0 < s <t < oo, we have

Z/ —ktxdx+4a2//‘v\/—_k}7xdxd7

< Z/ ®(a; — k)(s,z)dz
— /o
=1 ) . ) )
+OZ/ / (L+ K + (14 K)a; — KTY) In(1+ [a; — k] ) (7, 2) dodr
i=1 /s /9
where [z]+ = max(0, z) denotes the non negative part of z.
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Remark 3.1 Notice that the universal constant does not depend on the actual solution a nor on k.
It is also worth noticing that, in order to make sense of this inequality we need only oziﬁ*1 In(1+ a;)
to be integrable, although it is required to have aiﬁ to be integrable to make sense of the equation
(1.1). This point will be very important in the next section. We got this feature thanks to the
similarity of the function ® and the natural entropy of the system (1.1).

Proof. Multiplying (1.1) by ®'(a; — k) and summing yield
42 p p
" . /
T ; /Q O(a; — k)dz + ; /Q D;V.a;-Va; ' (a; — k)de = ; /Q Qi(a)®'(a; — k)dx. (3.8)
On the one hand, we observe that (1.2) leads to
Z/DVaZVaZCI)” dx—Z/DV&ZValﬁdx
p

-3 / D1+ o= K1) Vol + o = 1)

> 4aZ/ }v$\/1 + [a; — k]+}2dx.

On the other hand, we rewrite the right hand side of (3.8) as

Z/ Qi(a) In(1 + [a; — k];) dz
- Z/ Qi(a) = Q:(1 +[a — k]1)) (1 + [a; — k]y) dz
T Z /Q Qi(1+[a — k]+) In(1 + [a; — k]+) du,

where (1.4) implies that the last term is < 0. We are thus left with the task of estimating (Q;(a) —
Qi(1+[a—kl+)) In(1+ [a; — k).

To this end, let us consider the polynomial function P : R — R defined by P(u) = []}_, u.
Clearly, given u,v € RP, we have

|P(u) — P(v)| = ’/o VP(u+ s(v—u))- (u—wv)ds| < Cllu—v /0 IVP(u+ s(v—u))|ds

where || - || stands for any norm on ]Rp As a matter of fact, since the p;’s and v;’s are non-zero

integers, we have 0;P(u) = v; [[}_, Z” where v; ; = v; if i # j and v;; = v; — 1. In particular,
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note that Y7 v/ . =7 — 1. Therefore, working with the ¢! norm, we get

i=1"1,j
p p
IvP@)l <Y (v )
j=1 =1

which yields, by using the convexity of the functions z +— 2V,

IPu) = PO)| < Jue—vel x v (T]
/=1 1 i—1

j=

p

’

Vi + | | "Ui
=1

vii < C S (14 |uw;["!) and finally we obtain

/
v, .

Clearly, we have []}_, |u;

p

p
[P(u) = P()] < C Y fug —ve x Y vy(1+ a7+ o).
(=1

i,j=1

We apply this inequality with u; = a; and v; = 1 + [a; — k]4 and we make use of the following
simple remarks

0< (14 [ag — k)" < C (1+ a; — KJEY), )
0<a; <la;—k]y +ksothat 0 <al ' <CO([a; — k" + EFY),
la; — (L + [a; — k)| <14 |a; — [a; — K] | <1+ k.

Applying the same reasoning with u; replacing v;, we arrive at

‘Qi(a) —Qi(1+[a— k]+)‘ <C (1+k) Z (1 + kT o [ay — k]zﬂ)’

j=1
where the constant C' depends on 1 and p < oo. Then, we end the proof by using the simple
inequality: for any w,v > 0, v 'In(1 +v) + o" ' In(1 + u) < 2(u" 'In(1 + w) + "' In(1 + u)).
(As usual we have adopted the convention to keep the same notation C' for a constant that does

not depend on the solution, even when the value of the constant might change from one line to the
other.) ]

Remark 3.2 We point out that the arguments above do not apply so easily to situations where the
unknown a is an infinite sequence, like e.g. for coagulation-fragmentation models (the constant C
involves a sum over the reactants).

Let 0<T <T* < oo and 0 < K < oo be fixed. Set
0<t,=T(1—1/2Y<T<T*, 0<k,=K(1-1/2")<K.

Let us denote

p

U, = sup Z/ﬂ@(ai—kn)(t,x)dxjtéla'z:[ /Q}Vx\/ljt[ai—kn]+’2(7,aj)dxd7.

*
tn <L<T* =
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The aim is to show that, for a suitable choice of K > 0, U,, tends to 0 as n — oo which will yield
the L*° bound.

We start by making use of Lemma 3.1 with 0 < ¢, 1 < s <t, <t <T* and we average with
respect to s € (t,_1,t,). After some manipulations, we obtain

on L
UnS— / / (s,z)dzds
T tn 1 )

T (3.9)
+CZ/ / (L+ K + (L4 ko)[a; — kal} ) In(1 4 [a; — k)3 ) (7, 2) dzdr.

The crucial step consists now in establishing the following non-linear estimate, where restriction
on both the space dimension N and 7z appear.

Proposition 3.1 Suppose N < 2. There exists a constant C' > 0 (which does not depend on the
solution, nor on T, T*, K ) such that

U, < C Kn, K, T) UN 2N

where
Kn, K.T) = %K NN | (1 1 KT) G, 2"N+O/N 4 (1 4 [()Rye 2n(@N+O/N-R)

and Sy = 2max(1/KN+I/N 1/ KWN+F2A/NY - Ry = 2max(1/KCNFD/N=F 1 ) 2NFD/N=T) -y =
Sp 4+ 2max(1/ KN 1/K¥N).

Let us explain how the restrictions on N and 1z work. First of all, it will be crucial to remark
that KC(n, K,T) is bounded with respect to K > 1 provided @ < 2(N + 1)/N —1 = (N + 2)/N
which means 7 = 2 in dimension N = 2 and = = 2 or 3 in dimension N = 1. Second of
all, we go back to Lemma 3.1 and we shall exploit the dissipation term that comes from the
diffusion. Indeed, we expect an estimate of ®(a; — k) in L>(0,T*; L'(Q)) together with an estimate
of (14 [a; — k] ) ™Y2V (1 + [a; — k]+.) in L2((0,T*) x ). Combining these information would lead
to V,Z(la; — k]y) € L*(0,T*; L'(Q)) where

= [T g [y

Let us consider a nonnegative function v defined on [T, T*] x 2 such that Z(u) belongs to L>®(T, T*; L*(Q2))
and V,Z(u) belongs to L*(T,T*; L'(Q)) According to the Gagliardo-Nirenberg-Sobolev inequality
(see [4], Th. IX.9, p. 162) the latter implies that

Z(u) € LA(T, T% LY V-1(Q)).
we seek a homogeneous Lebesgue space with respect to the variables ¢, x. For N < 2 we can obtain:

Z(u) € LNTAN((T,T*) x Q).
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Indeed, if N =2 we have (N +2)/N = N/(N —1), and if N = 1:

T* T*
| [rtasaes [ Ol oo i < lologrmo ol oo

Eventually, we aim at comparing Z(u)™N*2/N to 4(u)In(l 4 u) where ¢ : R* — R* has a
polynomial behavior. Specifying the behavior of ¢/ will induce restrictions on @ that depend on
the space dimension. Of course, it suffices to discuss the comparizon as © — 0 and © — oo. Since
In(1+2)+1/(1+2) =1 ~,_ 22/2 we first obtain that Z(u)N+2/N > y@N+HI/N /8 for 44 € [0, 6],
d > 0 small enough. It follows that ¢ (u)In(1 + u) can indeed be dominated by Z(u) for bounded
u’s provided (u) ~yu_o u™N /N Next, there exists A > 0 such that for z > A large enough, we
have In(1+ z) +1/(1+2) —1 > £1In(1 + z). Thus, for u > 24 we get

1 “ 1
Z(u) > 7 /u/2 vIn(l+2)dz > ﬁu\/ln(l +u/2) > Cruy/In(1 + u).

Hence Z(u)N*+2/N dominates 1 (u) In(1 4+ u) provided N < 2 and (1) ~yoo uNF2/N . Reasoning
the same way, we also prove that there exists C' > 0 such that Z(u) < C ®(u) holds for any u > 0.
Let us summarize the properties that we need to justify Proposition 3.1.

Lemma 3.2 Let us set
b(u) = U(N+4)/N]logu§1 i u(N+2)/N]lu21'

There exists a constant C > 0 such that
Y(u)In(l +u) < C Z(u) NN and Z(u) < C d(u).

holds for any u > 0. Furthermore, for every nonnegative function u defined on [T, T*] x Q we have:

/ ars ([2@(“)“’@@) / : / VoV TTal*(r, ) dadr.

T<r<T* T
Proof of Proposition 3.1. The proof splits into two steps: in the former we modify (3.9) so that
in the latter we can make the dissipation terms appear by appealing to the Gagliardo-Nirenberg
inequality.

Step 1. The first step consists in showing the following inequality:

/Q |\VZ(u)| dzx

p T*
Uy < C K K,T) Y / / B(a — k1) (1 + [a; — kn_a]4) dadr, (3.10)
i=1 Jtn-1 JQ

where the auxiliary function ¢ has been introduced in Lemma 3.2. We start by noting that if
a; > kyn > ky_1, then (a; — kp_1)/(kn — kn_1) > 1. Therefore we can write for any a, 3 > 0,

a; — k,_ a a; — k., _ g
]]‘aizkn < <[/{; ]: 1]+) ﬂ{knéaiﬁl-&k‘nq} + <[/{: /: 1]+) ﬂaizl—l—knq
n — fhn-—1 n — hn-—1
ona N 2n,8 3
S e [a; — kpa]f No<a;—k, <1 + P [a; — k)3 Lok, 1>1-
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By using these simple estimates with « = (N +4)/N, § = (N+2)/N and a = (N +4)/N = +1,
B = (N+2)/N — i+ 1 respectively (note that in both case a > 3), we are led to

(1+ KN In(1 + [a; — kn)s) < (1 + KF) 200N Gpap(a; — kpoy) In(1 + [a; — kno1]y),
and
(1+ k) [as — k) In(1 + [a; — kn)y) < (14 K) 2MCNFYN=D Ryah(a; — k1) In(1+ [a; — k1] ).

Coming back to (3.9) yields

2" &
U, < / / a; — k,_1)dxds
tn

1 4 Ku Sp2nWN+4)/N + (1 + K)RKQn((2N+4)/N—ﬁ))
T*
X Z/ / ¢(az - kn—l) 111(1 + [CLZ‘ - kn—l]—f—) dx dr.
i=1 Ytn—1JQ

The first integral in the right hand side can be dominated in a similar way (using o = 4/N,
B = 2/N); precisely, we have

2n p tn
/ / ) do ds

<z p/ /1+ o) In(L+ [a; — kals) deds

IN
'ﬂIH

-
on2N+4)/N a; — k,_1)In(1 — kp1]) dzd
sztnlfw DL+ [a; — ko 1]4) dds.

Therefore, we have proved from (3.9) that (3.10) holds.

Step 2. Now, we go back to Lemma 3.2 so that (3.10) becomes

U, < C K(n, K,T) i/T /Q‘Z([ai ] )| g (3.11)

Let us distinguish depending on the dimension N = 1 or N = 2 how we conclude by using the
Gagliardo-Nirenberg-Sobolev inequality.
For N = 2, using the Gagliardo-Nirenberg-Sobolev inequality and Lemma 3.2, we obtain

U, < CKn,K,T) i[/T (/\VZ _1]+)‘dx)2d7'

i /tnl (/Q ®([ai = kn-1)+) dw)2 ds]

12



Then, we use the second statement in Lemma 3.2 to obtain

U, < CKn,KT)

xi Ktnf;?gw /Q ®(a; — kp_y)(1) dz /tT /Q }V$\/1+[ai—kn_1]+‘2dxd7)
+/:*1 (/Q@([ai—knl]Jr)dx)Q ds

< COA+T K(n K, T)U>_,

For N =1, we proceed as follows

U, < OK(n,K,T)i/t: <]|Z(ai—kn_l)(t,-)H%m(Q) /QZ(ai—kn_l)(t,x)dx) dt
K(n,K,T) Z{ sup / Z(a; — k1) dz

tn—1<t<T™*

IN

X /:_1 </Q (1Z(ai — kp—i1| + |V Z(a; — kp_1]) dx)2 dt]
< C K K,T) i [2T*< sup /QQJ(ai—knl)dx)g

Pt to1 SEST*

2 7
+ ( sup / O(a; — knq) dx) / / ’Vx\/l + [a; — kn71]+}2 dx dt]
tn—1<t<T* JQ tn—1 JQ

< CKmKT)(1+T) U,

This ends the proof of Proposition 3.1. [
Finishing the proof of the L*> bound needs the following elementary claim.
Lemma 3.3 Let <Vn)n€N be a sequence verifying
Vo < M™VI

for some M > 0, ¢ > 1. Then for any ny € N, there exists €, such that if V,, < €, then
lim, .V, =0.

Proof. Without loss of generality we suppose ng = 0. Let us set W,, = In(V,). We have
W, <nln(M) + qgW, 4

which yields

W < In(M) 3" ¢" 75 + "Wy < " In(MY @107 ),

J=0
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So, if Vy < M~Y@=1/9*) W) converges to —oo, and V, converges to 0. .

Hence, it remains to check that the first term of the iteration can be made small choosing K large
enough. Indeed, let us go back to Proposition 3.1. Picking K > 1, we can summarize the obtained
estimate as
U, < C(l + 1/T) 2n(2N+4)/N un]X;FQ)/N‘
The keypoint is to remark that Qg, KRx and K#Sk remain bounded for large K’s so that the
constant C' above does not depend on K. Hence, we apply Lemma 3.3 to V, = (C(1+ 1/T))N/2 U,.
Now, let us specialize (3.11) to the case n = 2; we get (with C' which still does not depend on

K)
Z [ ([ 19260, K720 da:)2 it + Z [ (/ 1otas- K/2)+dx!)2 dt]

(3.12)
in dimension N = 2 and in dimension N = 1 the same expression is multiplied by the quantity
SUPg<i<rs Doy Jo P(a; — K/2) dz. This allows to establish the following statement.

U, < C

Lemma 3.4 Let € > 0. Then, there exists K. > 1 such that for any K > K. we have Uy < €.

Proof. The proof reduces to prove that the two integrals in the right hand side of (3.12) tend
to 0 as K — 4o00. As a matter of fact, there exists C' > 0 such that for any z > 0 we have
(14+2)In(1 4+ 2) < C z(1+ |In(z)|). Furthermore, there exists C' > 0 such that for any £ > 1 and
z > 0, we have

[ — K+ (L+ [ In(lz = K])]) < C =(1 + | Inz]).

Accordingly, we deduce that ®(a; — K/2) converges to 0 for a.e (t,z) € (0,7) x Q2 as K goes to
infinity and is dominated by a;(1 + |In(a;)|), which verifies

ZZ;/OT* (/gz@i(1+\ln(ai)|)dx|)2 dt < o

owing to Proposition 2.1. Applying the Lebesgue theorem then shows that

Jim. {é/f (/Q (jas — K/2],) dx)2 dt} —0.

Next, we simply write

1
1+[6LZ‘—K/2]+

VIZ(al — K/2) = ]laiZK/Q \/ln(l + [ai — K/2]+) -+ -1 ani.

Then, we remark that z +— In(1+ 2) +1/(1 + z) — 1 is non decreasing which allows to evaluate

|V$Z(6LZ — K/2)| S ﬂaiZK/Q \/ln(l + CLZ‘) + -1 |V$6LZ| = ]]'aiZK/Q ‘V$Z(CLZ)‘ S |V$Z(CLZ)‘

1+CLZ‘

14



We readily conclude since the 1,,>x/2 |VoZ(u)| decreases to 0 as K — oo for a.e (t,z) € (0,7) x
while Lemma 3.2 yields

Z/T* (/ V.2 (a; |dx) dt<z sup /QqD(ai)dx /OT*/QNx\/aT\dedKoo

0<t<T™*

by using the basic estimates in Proposition 2.1 again. We conclude by classical integration theory
arguments. ]

We can now finish the proof of Theorem 1.1. Let us emphasize the dependence with respect
to K by denoting U We first fix K which makes UQ(K) small enough (remark that K is more
constrained as 7" is chosen small) so that we obtain by applying Lemma 3.3

lim UK) =

n—oo

T*
(K) ) dz dt > 0.
U, _T—t / / T

Letting n go to infinity and applying the Fatou lemma, we deduce that

T*
T*— / / K) dx dt =0,

which implies that 0 < a;(t,x) < K for a.e (t,x) € (T,T*) x Q.

However, we clearly have

4 Haussdorff Dimension of the Set of Singular Points

In this section we study the Hausdorff dimension of the blow-up points of the solutions of (1.1).
The derivation of the necessary estimates remains close to the strategy described in the previous
section; again restrictions on the space dimension and the degree of nonlinearity appear. It turns
out that relevant results can be obtained by this method in dimension N = 3 and N = 4 with
= 2, while we are not able to reach improvements in direction of higher nonlinearities for lower
dimensions. For the sake of simplicity, in what follows we assume that the diffusion coefficients D;
are constant with respect to the space variable (but they still depend on i, otherwise the problem
becomes trivial by remarking that p(¢, z) = 7| a;(t, x) satisfies the heat equation 9;p— DA, p = 0,
with D the common value of the diffusion coefficients). Then, we shall prove Theorem 1.3.

To begin with, let us recall a few definitions about Hausdorff dimension. For a given nonempty
set ACRY s>0,0 >0, we set

H3(A) = inf {% Z (diam(Ai))S, AC LZJAi, diam(4;) < (5},
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and then H*(A) = lims_,o H3(A). The Hausdorff dimension of A is defined by
dimy(A) = inf{s > 0, H*(A) = 0} = sup{s > 0, H*(A) = +oo}.
We refer to [13] (p. 171) for more details.

The starting point of the proof is two-fold: first we identify the highest P norm available with
the estimate deduced from mass conservation and entropy dissipation, and second we remark that
the problem admits an invariant scaling. This is the purpose of the following claims.

Lemma 4.1 Let N > 2. There exists C > 0 such that for any u € L>*(0,T; LY(Q)) verifying
Vu e L*((0,T) x Q), we have

N

T N+2
(/O /Q‘u‘(NH)/Ndxdt) < C((1+ T ullzwo i@y + IVevallomxn )

Lemma 4.2 Let a be a solution of (1.1). Let to > 0 and xo € Q. Then, for any 0 < e < 1
ac(t,x) = PV q(ty + e, x0 + ex)
satisfies (1.1).

Keeping in mind Lemma 4.2 we consider now solutions of (1.1) that are defined for negative
times. Let us set

kn=1-1/2",  t,=1+1/2"  B,=B(0,t,), Qn=(—tn,0) x B,.

Note that B, C B,_1 and Q,, C 9,,_1. We introduce a cut-off function

(o : RY =R, 0<Glz) <1,
Co(x) =1 for x € B, Co(z) = 0 for x € 0B, _1,
sup |07,Ca()| < C 2°™.

i,j€{1,....,N}, zeRN

We define

P
= sup Z/ —kn)dx+2// ‘Vx\/ljt[ai—knh‘?dxds.
n i=1 On

—1, <t<0

Multiplying (1.1) by (,(x)®'(a; — k) we obtain the following localized version of (3.8)

Z/ a; — k) Cndx—i-Z/DVaz Vaas 0" (a; — k) Cod
_g /Q Qi(a)®(a; kn)Cndx+; /Q D, : D, d(a, — k) da

16
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where D?(,, stands for the hessian matrix of ¢, and A : B = ZkNJ:l Ay By, Remark that 0 <
1g,(z) < Cu(z) < Gal(x) < 1 and |07,¢.(x)| < 2%, ,(x). Then, reproducing the proof of
Lemma 3.1 and (3.9) we obtain

n p
U, < 0<22” + 2— Z// ®(a; — ky) (s, ) dzds
Qn—l

(4.14)
+CZ //Q ) (1K 4+ (Lt ko)las — k™) In(L + [a — kals) () dedr.

From this relation we shall be able to establish the following statements.
Proposition 4.1 Let N > 2. The following relation holds
U, < C 2nmH) 1t

for any n > 1. Accordingly, if Uy is small enough then lim,,_,. U, = 0.

Corollary 4.1 There exists a universal constant n, > 0 such that any solution of (1.1) satisfying

P .0
Z/ / \ai](N”)/N dzdr <n,
= J-3)B(03)

is such that for any i € {1,...,p} we have
0<a(t,x) <1 a. e. in (—1,0) x B(0,1).

Proof of Proposition 4.1. We start the proof by remarking that 0 < k, < 1, and k, > k,_1.
Consequently we have 0 < [a; — k,]+ < [a; — kn_1]4. Then, we make a; — k,,_; appear by using

0 —kny \" n(fi-1) i1
Doow, < \ 3 — Boi>, g <2 [a; — ko]
n — fhmn-—1

It follows that the last integral in (4.14) can be dominated by

C(1 4 2=y Z// ai — kp a7 In (14 [a; — knoi]y) dadr.
Qn-1

Similarly, we check that
D(a;—kn) < (1+[a; ko)1) In (L4 [a;—ko)y) < (2"F D 427N [a; —k, 5" In (1+[a;i— k1))

Combining these inequalities, and identifying the highest power of 2" involved we finally get from
(4.14)

Z/{ <C 2" (E+1) Z// —kn 1“ ! In (1+[&i_kn71]+) dz dr. (415)

On—1
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The next step consists in evaluating u*~!In(1 + «) by functions having a polynomial behavior,
so that the right hand side of (4.15) will be dominated by a power larger than 1 of U,,_1, up to the
use of the Gagliardo-Nirenberg-Sobolev estimate. To be more specific, we note that there exists
C > 0 such that for any v > 0, on the one hand

u210§u§1 -+ UﬂuZl S C CD(u)
and, on the other hand
w1 In(1 + u) < CuF 0N geyey + uF 1O 1,5, 0<ay<1, 0 < Qo

The choice of the exponents «y, as, comes from information in Lemma 4.1 which then leads to the
constraints NV € {3,4}, and n = 2. Hence, with these considerations (4.15) becomes

U, < Cp2" (E+) Z // - kn—l]z_l—'—ao Lo<ai—kna<1

Qn 1
+[CLZ‘ — kn 1]i 1+Otoo]1 K — 1>1) dx dr

P
< Cp2n(Etl) Z{( sup / O(a; — kyq) da: // ‘V \/1+ i — K 1+} da:dT}
Bn—l Qn 1

Py —tn <t<0

< OT2n(ﬁ+1)u:Lj%/N )

Coming back to Lemma 3.3 finishes the proof of Proposition 4.1. n

Proof of Corollary 4.1. We are thus now left with the task of discussing the smallness of

Uy = sup 2/02 (a; da:+/_2/02 ’Vx\/aT} dz dr.

—2<t<0

It turns out that this quantity can be evaluated by involving the norm LOV+2/N on a slightly larger

domain; this is precisely the purpose of Corollary 4.1. The mass conservation yields

dtz/ CO az t l‘ dl‘ - Z/ D D2C() az(t .T) dx < CZ/ ai(t,x) dZE,

=1 B(073)

since (p has bounded second order derivatives and is supported on B(0,3). We integrate over the
time interval (¢,7), and then we average over T € (—3, —2). Hence, we get

P P 0
sup / a;(t,z)de < C / / a;(1,z)dxdr
2<t<0; B(0,2) ZZI ~3.JB(0,3)
p 0
< C’Z/ / a;(t,x)dedr
— J-3/B(03)

P, o0 N/(N+2)
< ) ( / / lag(7, )| NN dg dT) .
i—1 -3 JB(0,3)
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Similarly, the entropy dissipation yields
d z Dzv$az . v$ a;
a;/gco(x) a; In(a;) dx+/9(o(x) Co(x) . ( )da:
p
= Z/ D; : D2(o(x) a;In(a;) dz
i=1 Y

p
< C’Z/ a;| In(a;)| de.
B(0,3)

i=1

Again we integrate with respect to the time variable. We shall also use the trick
ulIn(u)| = uln(u) — 2uIn(u)No<cu<; < wln(u) + Cv/u.

It follows that

P 0
sup Z/ a;|In(a; \d$+a2/ / ’VI@IdedT
B(0, 2) — J—2JB(0,2)

~2<t<0
< C / / <ai] In(a;)| + \/a_l) dadr.
= J-3/B(03)

Furthermore, we have u|In(u)| = uln(u)l,>; — wIn(u)locucs < C(Ju| M+ 4 /u). Therefore,
using the Holder inequality, we end up with

(N+2)/N 1/2
up Z / [l 1dx<02(u IS sopepom + 10l sopemoay )

—2<t<0 4
Coming back to the definition of U, finishes the proof. "

Now, these statements allows us to deduce some property of the solution of the original Cauchy
problem by using the scaling argument in Lemma 4.2. Indeed, we notice that

to 432

/ / la. (T, ) N+2)/N dz dr = 2W+2/N-(N+2) / \a(s,y)|(N+2)/N dy ds
-3 JB(0,3) ly—zo|<3e

to—3e2

holds (recall that we are dealing with the case 7 = 2 only). We deduce the following statement.

Lemma 4.3 Let N =3 or N =4 and n = 2. Then there exists a universal constant n, > 0 such
that for any a solution of (1.1), any ty > 0, zg € Q and 0 < € <K 1, we have the following property.

If:
Z €N+2

then a; satisfies 0 < a;(t,x) < 1/e? on |t —to| < €2, |x — zo| < € and a; is C™ on this set.

to 432

/ ‘a(&y)’(NJrQ)/N dy ds < N 672(N+2)/N
ly—zo|<3e

to—3e2
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Notice that it is enough to show the boundedness of the a;. Then the full regularity on the
(possibly smaller) neighborhood is obtained by induction, using classical theory of parabolic equa-
tions.

We start by localizing: namely, we consider (0,7) x B(0,R), 0 < T, R < co. We set

S ={(t,z) € (0,T) x B(0,R), uis not C*° on a neighborhood of (¢, x)}.

We cover S by rectangles with step size €2 in the time direction and e in the space directions,
centered at points (t,z) € S. By the Vitali covering lemma (see [32], p. 9) we actually consider a
countable covering of disjoints such rectangles (at the price of multiplying e by a suitable constant
which does not matter). We denote {C}, j € N} the set of these rectangles, centered at (¢;,z;) € S.
Since (t;, ;) denies the conclusion of Lemma 4.3, we have

p
1
Z “N+2 // |ai (s, Z/)‘(NH)/N dyds > n, c—2(N+2)/N
- 19 .
=1 '

where fC’VJ stands for the rectangle centered at (¢;, ;) with step size 3¢? in the time direction and
3¢ in the space directions. We introduce the function

p
1
Fult.a) =g () Y- oy [ [ laslsn)| 2/ dys
i=1 &

Hence, denoting by £ the Lebesgue measure, we have the following estimate

£(Un @) < L((t2) € 0.7 x BO.R), Fs(t.) > . /=V2)

c(N+2) /N
< / /Fg t,x)dedt

as a consequence of the Tchebyschev 1nequahty. It yields by direct evaluation

L(U C’) (N+2/N p // ‘a|(N+2/Nd d / /
jen &y ydas

’f] leEN

= (t,x)dxdt

IN

2(N+2)/
_ (N+2 /N
B Z la ‘L(N”)/N ((0,T)x€)"

Since the Lebesgue measure of the C}’s is proportional to eV 2, we deduce that the cardinal of the
covering is of order O(2N+2/N-(N+2) — o=(N*~4)/N) " Eyrthermore, the C}’s realize a covering of S
with sets of diameter &; we conclude that the Hausdorff dimension of S is dominated by (N?—4)/N.

| ]

Remark 4.1 [t is not obvious that we can improve this estimate, which is in the spirit of [29, 30]
for the Navier-Stokes equations, up to a sharp result as in [5, 18]. A difficulty is related to the fact
that we are dealing with diffusion coefficients that depend on the component of the system, which
prevents from using reqularizations by a common heat kernel.
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