ASYMPTOTIC ANALYSIS OF VLASOV-TYPE EQUATIONS UNDER
STRONG LOCAL ALIGNMENT REGIME

MOON-JIN KANG AND ALEXIS F. VASSEUR

ABSTRACT. We consider the hydrodynamic limit of a collisionless and non-diffusive kinetic
equation under strong local alignment regime. The local alignment is first considered by
Karper, Mellet and Trivisa in [24], as a singular limit of an alignment force proposed by
Motsch and Tadmor in [32]. As the local alignment strongly dominate, a weak solution
to the kinetic equation under consideration converges to the local equilibrium, which has
the form of mono-kinetic distribution. We use the relative entropy method and weak
compactness to rigorously justify the weak convergence of our kinetic equation to the
pressureless Euler system.

1. INTRODUCTION

Recently, a variety of mathematical models capturing the emergent phenomena of such
as a flock of birds, a swarm of bacteria or a school of fish have received lots of attention
extensively in the mathematical community as well as the physics, biology, engineering and
social science, etc. (See for instance [7, 12, 33, 42] and the refereces therein.) In particular,
the flocking model introduced by Cucker and Smale in [13] has received a considerable
attention. (See for instance [9, 19, 20, 35].) In [32], Motsch and Tadmor improved the
Cucker-Smale model by considering new interaction, which is non-local and non-symmetric
alignment. Recently, in [25], Karper, Mellet and Trivisa introduced a strong local alignment
interaction as the singular limit of the alignment proposed by Motsch-Tadmor.

In this paper, we consider the Vlasov-type equation with the local alignment interaction,
which is described by

(1.1) Ouf +v-Vaf —AVy- (0f) + Vo (u—10)f) = 0.

Here, f = f(t,x,v) is the one-particle distribution function at position z € R? with velocity
v € R% at time ¢ > 0, and A > 0 is a frictional coefficient. In the force term V, - ((u —v)f),
u denotes the averaged local velocity defined by

fRdvfdv
= 2R
Jra fdv”

thus the force term governs the local alignment interaction.
In [23, 25], the authors studied the kinetic Cucker-Smale model with the local alignment
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term in (1.1). The local alignment force can be regarded as the singular limit of the following
kinetic Motsch-Tadmor model [32]:

Of+v-Vof +V, '( /1) =0,

fR2d —y)f(y,w)(w —v)dwdy
fde (z — ) f(y, w)dwdy

Here, the kernel K" is a communication weight and r denotes the radius of influence of K.
We know that the non-local alignment L[f] is not symmetric interaction.

In [25], the authors considered the case that the communication weight is extremely con-
centrated nearby each agent. That is, they rigorously justified the singular limit » — 0, i.e.,
as K" converges to the Dirac distribution dg, the Motsch-Tadmor kernel K" converges to a
local alignment term:

(1.2)

Lif(z,v) =

Lifl(z,v) — fRd fRd - v)dw = u—v.

We here address a natural question on the asymptotic regime corresponding to a strong
local alignment force in the revised Motsch-Tadmor model (1.1). More precisely, we aim to
rigorously justify the hydrodynamic limit of the singular equation:

1
8tf5+v~vxf5—)\vv-(vfe)—i-gvv-((us—v)fg):o, (z,v) e R x RY, >0,

(1.3)
fg(()?x’v) = f5($7U)7
€d
where u° = W is the averaged local velocity.
Rd J AV

The analytical difficulty for such issue is mainly due to the singularity of the local equilib-
rium. More precisely, the local equilibrium for (1.3) has the form of mono-kinetic distribu-
tion as

(1.4) p(z,t)d(v — u(z,t)).

For this reason, we will consider the hydrodynamic limit in the sense of distributions.
Under this hydrodynamic regime, the associated limit system is the well-known damped
pressureless Euler system:

Op+V-(pu)=0,
(1.5) d(pu) + V- (pu®@u) = —Apu, xR t>0,
pli=0 = po, ul=0 = uo.

When there is no friction, i.e., A = 0, the system (1.5) simply becomes the pressureless Euler
system, which serve as a mathematical model for the formation of large-scale structures in
astrophysics and the aggregation of sticky particles [36, 43]. We refer to [5, 6, 21, 41] as the
study on the existence and uniqueness of weak solutions to the pressureless Euler system in
one space dimention, and the §-shock formation was studied in [10]. Concerning the study
on the multidimensional pressureless Euler system with non-local alignment force capturing
flocking behavior, we refer to [17, 32]. The macroscopic models studied in [17, 18, 32]
was formally derived from kinetic Cucker-Smale model [20] and Motsch-Tadmor model [32]
under the mono-kinetic ansatz (1.4), respectively.
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If we consider the stochastic particles as the Brownian motion in (1.3), the kinetic equa-
tion (1.3) becomes Vlasov-Fokker-Planck type equation, in which the Laplacian term with
respect to v is added as follows.

(1.6) Ofe+v-Vaofs — AV, - (vf) + év,, ((u® —v)fF) — éAUfE =0.

This type model have been studied in [8, 23, 24, 25]. In [24], the authors justified the
hydrodynamic limit of (1.6) with the non-local alignment term due to Cucker-Smale model,
under the strong local alignment and strong noise regime. As a mathematical tool, they used
the relative entropy method with strictly convex entropy to show the strong convergence
from (1.6) to the isothermal Euler system with non-local alignment. Indeed, the solution f
of (1.6) strongly converges to the local Maxwellian pexp(—%) as € — 0, thanks to the
existence of strictly convex entropy for the isothermal Euler system.

On the other hand, for the pressureless Euler system (1.5), we have a convex entropy given
by

Jul?
which is not strictly convex with respect to p. Notice that (1.7) is physically the kinetic
energy, but regarded as an entropy in the theory of conservation laws. We will use the rel-
ative entropy method with (1.7) in the weak sense, compared to the previous results based
on the strictly convex entropy. (See for example [8, 24, 31].)

Our main tool based on the relative entropy method follows a program initiated in
[27, 28, 37, 38, 39] for the study on the stability of inviscid shocks for the scalar or system
of conservation laws verifying a certain entropy condition. That has been used as an impor-
tant tool in the study of asymptotic limits to conservation laws as well. (See for instance
[1, 2, 3, 4, 11, 16, 15, 26, 29, 30, 31, 34, 40].)

The rest of this paper is organized as follows. In Section 2, we first present the existence
results of the kinetic equation (1.3) and the asymptotic system (1.5), then the main theorem
of this article. In Section 3 is devoted to the proof of Theorem 2.1.

2. PRELIMINARIES

In this section, we present our main result on the hydrodynamic limit from a weak solution
f¢ of the kinetic equation(1.3) to a strong solution (p,u) of the asymptotic system (1.5).
For that, we first need to present the existence result for the weak solution of (1.3) and the
classical solution of (1.5).

2.1. Existence of weak solutions to (1.3). We here say that f¢ is a weak solution of
(1.3) if for any T' > 0,
£ € C(0,T; L' (X)) 0 L((0,T) x B2,

2 o2 f € L0, T L (R,
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and (1.3) holds in the sense of distribution, that is, for any ¢ € C°([0,T) x R??), the weak
formulation holds

t
/ feo +v - Vb — Ao - Vb + }(us —v) - Vytldvdzds
(22) 0 JR2d e

+ /de f5w(0, - )dvdx = 0.

Before stating the existence of weak solution to (1.3), we define a kinetic entropy F(f¢)
mathematically and dissipation D.(f¢) for (1.3) by

Gl

F(f°) := / — fCdv,
R4 2
D.(f°) := / felu® — v|*dzdv.
R2d
Proposition 2.1. For any € > 0, assume that f§ satisfies

(2.3) 520, f5e L' nL®®), |off5c L'®>).

Then there exists a weak solution f€ > 0 of (1.3) in the sense of (2.1) and (2.2). Moreover,
f¢ satisfies the mass conservation || f<(t)|| L1 (r2ay = || 5| 11 (r2ay for allt > 0, and the entropy
inequality

€ 1 ¢ € ! € €
e [ 70 )(t)dx—i—g/o D.(f )(s)ds+)\/0 /R (wl2f dvdmds</Rd}'(f0)dx.

We make use of the main result in [23] to prove this result. In [23], the authors showed
the existence of weak solutions to the kinetic Cucker-Smale model with local alignment,
noise, self-propulsion and friction:

Oif +v-Vaf + Vo (LIfIf) + Vo (u=0)f)
(25) = /J“Avf - VU ) ((CL - b’7)|2)’l}f),

Lif] = /]RQd Y(x—y)fy,w)(w—v)dwdy, (z,v)€ R x RY, ¢>0,

where the kernel ¢ is a smooth symmetric, pu, a,b are nonnegative constants.

From their analysis in [23], we notice that all terms except the local alignment term V,, -
((u —v)f) are not crucial in the existence theory of weak solutions to (2.5). Therefore the
same existence theory can be applied to our case (1.3), so we refer [23] for its proof.

On the other hand, we notice that the entropy inequality (2.4) for (1.3) is simply reduced
more than that for (2.5) with g > 0. Indeed, at least formally, multiplying (1.3) by |v|? and
integrating this over the phase space R??, we have

d o[

1
— fgdvda:+/\/ v|? fEdvdax + / feluf — v|*dzdv = 0.
dt Jp2a 2 R2d € Jp2d

This justifies the inequality (2.4) rigorously by the standard method in [23].

2.2. Existence of classical solutions to (1.5). We here present the local existence of
classical solution to the pressureless Euler system (1.5) as the following Proposition.



Proposition 2.2. Assume that
d
(2.6) po>0 mRY and (po,up) € H¥(RY) x HTYRY)  for s > SRt

Then, there exists T > 0 such that (1.5) has a unique classical solution (p,u) € X where
X is the solution space defined by

X = {(p.u) : p € C°[0, Tn); H3(RY) N CH([0, Tn); H* 1 (RY)),
u e OO0, T]; H*TH(RY) N ([0, Tn]; HE(RY))}.

Moreover, the smooth solution (p,u) satisfies the entropy equality

SE(pu) + (o) =0,

where E(p,u) is an entropy for (1.5) given by (1.7).

Remark 2.1. For s > g + 1, by Sobolev inequality, the solution (p,u) obtained from the
theorem above is indeed a classical solution, i.e, (p,u) € C1(R? x [0, Ty]).

Proposition 2.2 is the well-known result. We refer to [17] and [18] for its proof. In
particular, the pressureless Euler system (1.5) with damping A > 0 has a global-in-time
classical solution, provided the initial data is small enough.

2.3. Main result. We here state our result on the hydrodynamic limit of (1.3). For any
fixed initial data (po,uo) satisfying (2.6), we will consider a proper initial data f§ satisfying
(2.3) and

o (A1) Jpa(F(f§) — E(po, uo))dx = O(Ve),

o (A2): p§—po=0O(Ve) in L®(RY),

o (A3): u§ —up = O(v/E) in L®(RY),
where pg and uf are defined by

1
v = [ fido, wi=— [ oga
R4 Po JRE

Theorem 2.1. Assume that the initial datas f§ and (po,uo) satisfy (2.3), (2.6) and (A1)-
(A3). Let f¢ be the weak solution to (1.3) satisfying (2.4), and (p,u) be the classical solution
to (1.5). Then, we have

(2.7) Af%mw—mwﬂmsaﬂwatSﬂ,

where p° = [pa fodv, p*uf = [gavfedv and the constant C(T.) depends on T..
Therefore, we have the following convergences

p°—p weakly in M([0,Ty] x R%),

p°uf — pu  weakly in M([0,T,] x RY),
(2-8) Pt @uf — pu®u  weakly in M([0,T,] x RY),

/ fEloPdv — plu*  weakly in M([0,T,] x R%),
R4
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where M([0, T,] x R?) is the space of nonnegative Radon measures on [0, ] x R?. Moreover,
for any ¥ € CY(R?) with Vi € L®(RY),

(2.9) y fEb(v)dv — pip(u)  weakly in M(]0,Ti] x R%).

3. PROOF OoF THEOREM 2.1

In this section, we present the proof of the Theorem 2.1. We first use the relative
entropy method to derive a relative entropy inequality (2.7), which underlies the proof
of the convergence (2.8). To use the relative entropy method, we consider the entropy

E(p,u) = p@, as mentioned in Introduction. Since £(p,u) is not strictly convex with
respect to the density p, we will not be able to get the strong convergence of p by the
relative entropy method with the entropy (1.7). Thus, after obtaining (2.7), we will use the
mass conservation law and (2.7) to get the weak convergence of p.

3.1. Relative entropy estimates. In this part, we show the inequality (2.7).
We begin by defining the following notations:

P = pu, U_(J’i,>, A(U)—(%Tp) F<U>—<_Op>’

Then, we can rewrite (1.5) as a simpler form, that is the system of conservation laws of the
form

(3.10) O,U + divy AU) = AF(U).

By the theory of conservation laws, the system (3.10) has a convex entropy &(p,u) = pg

with entropy flux G given as a solution of

d+1
(3.11) 0, Gi(U) = 0u, (V)0 A (U), 1<i<d+1, 1<j<d.
k=1

introduce the relative entropy and relative flux:
EVIU) =&(V)-&E(U) - DE) - (V - U),

(3.12) A(V|U) = A(V) — A(U) — DA(U) - (V = U),

where DE(U) and DA(U) denote the gradients with respect to U, and DA(U) - (V —U) is
a matrix defined as

d+1
(DAW) - (V=U))i; =Y 0, A(U)(Vi = Ux), 1<i<d+1, 1<j<d
k=1

Since E(U) = %, we have



If we consider V = (q‘iu), then we have
2
q p u
o) eviv) = D~ Lluf? + 5 g — )~ uigw — pu)
= %\u — w\z.

The next proposition gives a key formulation to get the relative entropy inequality for the
system of conservation laws (3.10).

Proposition 3.1. Let U be a strong solution of (3.10) and V' be a smooth function. Then,
the following equality holds

T ewiyar =L [ evyde— [ VoDEW) : AV|U)da
dt Jga dt Jra R4

(3.14) — | DEW) -8,V + divy A(V) — \F(V)]da
R4

— /\/ (D2E(UYF(U) - (V =U) + DEU) - F(V))dx
Rd

The derivation for (3.14) can be found in [24, 31]. We present its proof in Appendix for
the reader’s convenience.

We now apply (3.14) to our issue together with the following macroscopic quantities
corresponding to the weak solution f¢ obtained in previous section:

PE _ EUE UE _ p‘s
- p ’ - PE

where p® = fRd fedv, p*uf = f]Rd vfedv.

Lemma 3.1. Assume that the initial datas U5 and Uy satisfy (2.3), (2.6) and (Al)-(A3).
Let U¢ be a weak solution of (1.3) satisfying (2.4) and U the classical solution of (1.5).
Then, the following inequality holds

EUA|U)(t)da
Rd

<CyVE+C / E(UF|U)dads + / (FUFO)E) — F(fE))da
(3.15) 0 JR Re

_ / [ DEW) - [0 + ding A(UF) — AF(U)]drds

0 JR4
_ )\/t/ (D2E(U)F(U) - (UF — U) + DE(U) - F(U?))dwds,
0 JR4

where the integrand OU® + divg A(U®) — AF(U®) is regarded in the sense of distributions.
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Proof. First of all, it follows from (3.14) that

E(U[U) (t)dex < / E(UE|Up)da + / (EWU) (1) — EUE))da
Rd Rd Rd

- /t/ V.DEW) : A(U*|U)dxds
0 JRd
(3.16) —/0 DEU) - [0,UF + div, A(U®) — AF(U?)]|dxds

Rd
- )\/t/ (D2E(U)F(U) - (U — U) + DE(U) - F(U?))dds
0 JRd
5

k=1

We estimate the three terms Z7, Zo and Z3 above as follows.
e Estimate of Z; We use (3.13), assumption (\A3) and the mass conservation to get

1
7, = / pE s — o Pdz < 0(5)/ pidz < Ce.
2 JRrd R
e Estimate of 7, We decompose 7, as

T, = / (EU9) () — F(O)(1)da + / (F(f9)(t) — F(f))da
R R4

.17 + [ (PR - EWode + [ (00 - £(U7)da

4
= 2215g
k=1

We first notice that Holder’s inequality yields
2
>
e |2 _ ‘fRd vf dv‘ </ o fed
pe fRd Jedv T Jpa

Thanks to (3.18), we have the minimization property
(3.19) E(U7) < F(f°),

which yields Z3 < 0.
The assumption (A1) directly gives Z3 = O(y/2).
We use the assumptions (A2) and (A3) to get

1
3 L polluol = 45%) + (o0 = ) luilPde < CVE.

(318) 5|2 —

p°lu

i =
2

where we have used uj = O(1) due to (A2). Thus we have
L <CVE+ | (FUED - F(fi)is
R
e Estimate of 735 We first compute the relative flux as follows. Since

A(UF|U) = A(UF) = A(U) = DA(U) - (U* = U),



and
DA(U) - (U° = U) = D,A(U)(p° — p) + D, AU) (P} — P)

_ (Ps_P)T
PO P+ P (P~ P)+ (PP~ P)®P)’
we have

AUF|U) = ( 0

sPEoPe—1IP@P+ p;;PPQ@P—;P@(Ps—P)—;(PE—P)®P>

B <p€<us - u>0® (us — u>>'
Ju)?

Then, by using DE(U) = (_:T), we have
t
I3 = / / po(u® —u) ® (u° —u): Vyudrds
0 JRrd

t
< C||UHLOO(07T*;W1,OO(Rd))/ / p°|uf — uldads.
0 JRrd
Therefore, by E(U¢|U) = 75|u‘E — u|?, we have
t
T, < Clull= ooy | [ EUW)dads,

0

To get the relative entropy inequality (2.7) from Lemma 3.1, we need to estimate the last
three terms in the right hand side of (3.15) as follows.

Lemma 3.2. Under the same hypotheses as Lemma 3.1, we have
(3.20) ‘ /0 t | DEW) - [OU7 + divy AQUS) ~ AF(U)Jdrds| < OV,

and

(3.21) /R (FGO-F )z /0 t /R (D€(U)F(U)(U*~U)+ DE(U)F(U?))dads < 0.

Proof. e Estimate of (3.20) First of all, it follows from (2.2) that
p" + Vg - (p7u®) =0,
h(pu®) + Ve (Pu”@u®) + Ap°u" =V, | (v ®@u —v®0)fdy,
R4

in the distributional sense. This implies that

t
/ DEW) - [BUF + diva A(U) — F(US)]dads
0 JR4
t
= / Dp&E(U) -divx(/ (u5®u5—v®v)f6dv)dxds
0 Rd R4

t
= —/ V.DpEU) : (/ (VRu —v® U)fadv)dxds,
0 JRrd R
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Since DpE(U) = w and v @ u® —v®@v = u° ® (u° —v) + (v —v) ® v, we use Holder’s
inequality to estimate

‘ / DEU 8tU5+d1va(U5)—F(UE)]dxds’
Rd

§// \quw/ (u5®u5—v®v)f5dv’da:ds
0 Jrd R
t
SHUHLOO(O,T*;WLOO)//
0 Jra

t
= C/ / (Jus| + [v])|u® — v| fedvdxds

1/2 1/2
< C/ / (Juf* + |v] )fsdvd:c) / (/]RQd |u® — U\Qfsdvda;> / ds.
J

/ (v ® W —v)+ (u —v)® v)fsdv’da:ds
Rd

By the minimization property (3.19), since

J:/ psuEde—l—/ |v2f€dvdx52/ |v|? fedvde,
R4 R2d R2d

the Holder’s inequality and entropy inequality (2.4) yield

‘ / DEU) - [B,U° + div, A(UF) — F(Ua)]dxds‘
Rd

(/ [ FUW d:cds /D (f%) ds
(/ F(fE) d:v /Ds(fe)ds

1/2
< COVT, /D féds) Ct<T,

IN

where [pq F(f§)dx is bounded w.r.t. € by the assumption (AL).
We use (2.4) to estimate

(3.22) /0 D.(f%)(s)ds < e /R F(f)de < O=,

which complete (3.20).
¢ Estimate of (3.21) Since

P 1
DpD,E(U) = —= = —% and  DpDpe(U) = 1.
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we have

— )\/t/ (D*E(U)F(U)(U® — U) + DE(U)F(U?))dxds
0 JRd

t
=3 [ [ QP = ) = o~ pu) — g dads
0 JRd

t t
:)\// p€|uu€]2d1:d5+)\// p°|uf|Pdads
0 JR4 0 JRd
t
§)\// p° |[uf |Pdads
0 JRd

t
g)\// lv|? fedxduds
0 R2d

where the last inequality is due to minimization property (3.18).
Thus, we have

/ (FUE)E) — F(FE))da — A / / (D2E(U)F(U)(UF — U) + DEU)F(U))dads
R4 0 R4

t
< [ F@ - Fuinde e [ [ F (s,
Rd 0 JRd
Since the kinetic entropy inequality (2.4) yields
t
F(F) () der + )\/ / (o2 f dudvds < / F(fS)d,
R4 0 JR2d R4

we have (3.21). O
By Lemma 3.1 and 3.2, we have the Gronwall type inequality

t
E(UE|U)(#)dz < Cy/E + C / £(U°|U)duds.
0 JRA

Rd
This implies

) EWUEU)(t)dx < Cy/e.
Since :
(3.23) EWUEU)() = %ps(lf)\(uE —u)(t)?,

we complete the relative entropy inequality (2.7).

3.2. Convergence. In this part, we use (2.7) to show the convergence (2.8), thus the con-
vergence of the kinetic equation (1.3) to the pressureless Euler system (3.10).

3.2.1. Convergence of p* and p*u®. First of all, by Proposition 2.1, we have the conservation
of mass

10* )l ey = 106l L1 ey, > 0.
Notice that by the assumption (A1), {p§}->0 is uniformly bounded in L>(0, T}; L' (R%)).
Thus there exists p such that

(3.24) p°—p weak-* in M([0,Ti] x RY),
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where M ([0, T,] x RY) is the space of nonnegative Radon measures on [0, T}] x R
We now claim that
(3.25) p=pon [0,T,] x R

We start with the fact that for any function ¢ € C2°([0,T}] x R%), taking ¢ = ¢ as a test
function in (2.2), we find

t
(3.26) / / (p°0tp + p*us - Vyo)drds + / po#(0, x)dx = 0.
0 JRd Rd
From (3.26), we will derive the following equation of p:
t
(3.27) / /d(ﬁatgb + pu - Vy)drds + /d po®(0, x)dx = 0.
The weak convergence (3.24) yields
(3.28) / / P Oipdxds  — / / pOrpdrds as e — 0.
R4 R4

For the convergence of second term in (3.26), we consider

/ /Rd ou) - Vypopdrds
(3.29) - /0 /R (=) Vogdeds + | t |7 = - Vgdads

=11+ 1.

We use the Holder’s inequality and the conservation of mass to estimate

t 1/2 9 1/2
1< Vool | ([ o) ([ et = uar) Cas
Rd R4
1/2 1,6 _ 2 1/2
< CTApil i [ ool =)
Then by the assumption (\A2) and the relative entropy inequality (2.7), we have

11§081/4—>0 as ¢ — 0.

Since w is smooth, (3.24) yields
Io—0 ase—0.

Thus we have

t t
(3.30) / / peu - Vypdrds — / / pu - Vypdrds as e — 0.
0 JR4 0 JR4
It obviously follows from the assumption (A2) that
(3.31) / pe¢(0, x)dx —>/ pop(0,x)dxr ase — 0.
Rd Rd

Therefore, by (3.26), (3.28), (3.30) and (3.31), we have shown the equation (3.27).
On the other hand, since (p,u) is a classical solution to the continuity equation
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we can find

t
(3.32) /0 /]Rd (pOrd + pu - Vy@)dxds + /Rd po®(0, z)dx = 0.

We now use (3.27) and (3.32) to complete the claim (3.25).
For any function g € C2°([0, Ti] x RY), there is a smooth solution ¢ € C°([0, Ti] x RY) of

O+ Vid =g,

thanks to the smoothness of wu.
Then, by (3.27) and (3.32), we have

// p— pgd:l:ds—/ / p) (0 + u - Vyo)drds
R4 R4

which implies the claim (3.25).
Therefore, by (3.24), (3.25) and (3.29), we have shown

p°—p weak-* in M([0,T] x RY),

(3.33) .
pfut — pu  weak-* in M([0,Ty] x R%).

3.2.2. Convergence of p°u ® u®. For any vector-valued function ® € C°([0, Ty] x R?), we

consider
t
/ / (Pu® @ u® — pu®u): Pdrds
0 JRd

(3.34) - /Ot /Rd(pe(ue —u)®@ut): ‘PdﬂdeJr/ot /Rd(p5u® (u — u)) : Bdzd
+/Ot/Rd((,0€—p)u®u):<I>dxd
=01+ T2+ T3

For [J1, we use the Holder’s inequality and minimization property (3.19) to get

t 1/2 1/2
J1 < HCI)HLoo/ (/ p5|u5—u\2dxds) (/ p° U dw) ds
0 \JRd
t
SC/ (/ p€|u€—u\2dxds / F(fo) dx
0 \JRd

Then, by (2.4), (2.7) and the assumption (A1), we have

1/2 1/2
Ji SCT*</Ide5]uE—u|2d:L") </Rd]-"(f§)dx) —0 ase—0.

For 75, we use the Holder’s inequality and the conservation of mass to estimate

t 1/2 1/2
o< lu=lulo [ ([ otan) ([ ol —upar) s
0 R4 R4

1/2
< CT, ||p0||1L/12(Rd (/Rd P us — u|2d:c> —0 ase—0.
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Taking u ® u : VP as a test function due to regularity of w, it follows from the weak
convergence of mass (3.33); that

J3—0 ase—0.
Thus we have
/Ot/HQd(peu‘E@uE—pu@u) : ®ddxds - 0 ase — 0.
Therefore, we have shown

PP @uE — pu®@u  weak-* in M([0,Ti] x RY).

3.2.3. Conwergence of [ga [¥|v|*dv. For any ¢ € C2°([0,T.) x R?), we have

/ot /Rd (/Rd [l = plul? ) dduds

t t

:/ / fﬂv—uﬂ%dvdmds—i—/ / (p°|uf|? — plul?)pdxdt
0 Jr2 0 JRrd

=1+ I>.

(3.35)

By (3.22), we have
t
L < HqﬁHLoo/ D(f%)ds -0 ase—0.
0

We use (2.7) and (3.33) to get

t t
I = / / p°|u — ul>pdadt + 2/ / (p*u — pu) - updxdt
0 JRd 0 JRrd
t
- / / (0° = p)|ul’¢dadt
0 JRrd
— 0.

Therefore, we have
/ felolPdv — plul?> weak-* in M([0,T.] x RY).
R4

This complete the proof of theorem.

3.2.4. Convergence of [pa [F(v)dv in (2.9). We first use (2.7) and (3.22) to estimate

t t
/ felv — uPdvdzds < 2/ / (v —uf]? + |u — ul*)dvdzds
0 JR2d 0 JR2d
<Cle+T*Ve) < Cye.

(3.36)
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For any ¢ € C°([0,T%) x RY) and ¢ € C'(R?) with Vi € L>®(R?), by using (3.36) and

mean-value theorem, we have

/
/ (L, z) f(p(v) — YP(u))dvdrds
0 JRr2d

/ 8t (6(0) — () dvdads + [ 6(t,) F(1(v) — () dvdads
[v—u|<el/4 |[v—u|>el/4
< H¢HOOHV¢HOO</UUS€1/4 fflv — uldvdzds + /|vu|>€1/4 [l — u\dvdwds)

t
<Nl Vo (/1 sy + 7/ [ [ 0 = uPdudads)

< O/t

R2d

which yields
/ fep(v)dv — p“(u) weakly in M([0,T] x RY).
Rd

Therefore, by the convergence of mass (3.33),, we complete

fE(v)do — pp(u)  weakly in M([0,Ti] x RY).
R4

APPENDIX A. PROOF OF PROPOSITION 3.1

First of all, by the definition of the relative entropy (3.12),, we have

T ewiv)de = / 06z — [ DEW)- oUdx
dt ]Rd ]Rd ]Rd
— | D*(U)oU - (V —U)dx— | DEWU)I(V —U)dx
Rd Rd
= [ 9EWV)dz— | D*€U)OU-(V —U)dx— | DEU)-0,Vdx
R4 R4 R4

3
= ZIK
=1

By (3.10), we rewrite Zy as
Ty = | D*(U)(div,A(U) — A\F(U)) - (V = U)dz
Rd

= | V.DEWU):DAU)-(V -U)dz — X | D*EWU)FU)-(V - U)dz,
R4 Rd

where we have used the following formula on integration by parts: (See [4, 24] for its
derivation.)

D2E(U)div, A(U) - (V = U)dz = | V.DEU): DAU) - (V - U)da.
R4 Rd
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By adding and subtracting, Z3 can be written as

Ty = — [ DEU)- (BV + divaA(V) — AF(V))dz
Rd

+ [ DEW)-divyA(V)de — A | DEW) - F(V)dx
R4 Rd

= — [ DEW)- (8V + divy A(V) — AF(V))da
Rd

— | V.DEWU):A(V)dz —X | DEWU)-F(V)dx
R4 R4
We use the relative flux (3.12), to get

Ty+Ts=— | VuDEWU): A(V|U)dz — | DEU)- [0V + divyA(V) — AF(V)]da
Rd R4

- )\/ (D*S(U)F(U) - (V —=U)+DEU) - F(V))dx — V.DEWU) : A(U).
Rd Rd
Thanks to (3.11), the last term vanish as follows.
— | VDEW):AU) = DEU) - divy A(U)dx = / div,G(U)dz = 0,
R4 R4 Rd
which complete the proof.
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