UNIQUENESS AND STABILITY OF ENTROPY SHOCKS TO THE
ISENTROPIC EULER SYSTEM IN A CLASS OF INVISCID LIMITS
FROM A LARGE FAMILY OF NAVIER-STOKES SYSTEMS
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ABSTRACT. We prove the uniqueness and stability of entropy shocks to the isentropic
Euler systems among all vanishing viscosity limits of solutions to associated Navier-Stokes
systems. To take into account the vanishing viscosity limit, we show a contraction property
for any large perturbations of viscous shocks to the Navier-Stokes system. The contraction
estimate does not depend on the strength of the viscosity. This provides a good control
on the inviscid limit process. We prove that, for any initial value, there exist a vanishing
viscosity limit to solutions of the Navier-Stokes system. The convergence holds in a weak
topology. However, this limit satisfies some stability estimates measured by the relative
entropy with respect to an entropy shock. In particular, our result provides the uniqueness
of entropy shocks to the shallow water equation in a class of inviscid limits of solutions to
the viscous shallow water equations.
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1. INTRODUCTION

We consider the vanishing viscosity limit (v — 0) of the one-dimensional barotropic
Navier-Stokes system in the Lagrangian coordinates:

v —ul =0,
(1) uf 4 p(0)e = (M) |
where v denotes the specific volume, u is the fluid velocity, and p(v) is the pressure law.
We consider the case of a polytropic perfect gas where the pressure is given by

(1.2) pv) =v7", y>1,
with « the adiabatic constant. Here, 1 denotes the viscosity coefficient given by
(1.3) pu(v) =bv™.

Notice that if & > 0, u(v) degenerates near the vacuum, i.e., near v = +o00. Very often, the
viscosity coefficient is assumed to be constant, i.e., « = 0. However, in the physical context
the viscosity of a gas depends on the temperature (see Chapman and Cowling [6]). In the
barotropic case, the temperature depends directly on the density (p = 1/v). The viscosity
is expected to degenerate near the vacuum as a power of the density, which is translated
into p(v) = bv™® in terms of v with a > 0.

At least formally, as v — 0, the limit system of (1.1) is given by the isentropic Euler
System:

vy — Uy = 0,
(1.4) { wp + p(v)y = 0.

The idea of approximating inviscid gases by viscous gases with vanishing viscosity is due
to the seminal paper by Stokes [44]. The vanishing viscosity limit has been used later to
construct entropy solutions to the isentropic Euler system, see DiPerna [20, 21|, Hoff-Liu
[29], Goodman-Xin [24], Yu [50]. Recently, Chen and Perepelitsa [8] proved the convergence
of solutions to the Navier-Stokes system with a = 0 towards an entropy solution of the
isentropic Euler system with finite energy initial data. Some results exist for the inviscid
limit of the Navier-Stokes-Fourier system in very special cases, see for instance Feireisl [22]
and [48], and the references cited therein.

In this article, we prove the existence of vanishing viscosity limits of solutions to (1.1) in
some weak sense, and obtain a stability estimate of those limits. We then present the class
of inviscid limits, in which the entropy shocks to (1.4) are unique.

Our result provides an answer, in the case of a shock, to the conjecture: The compressible
Euler system admits a unique entropy solution in the class of vanishing viscosity solutions to
the associated compressible Navier-Stokes system. As a breakthrough result related to this
conjecture, Bianchini-Bressan [2] constructed a globally-in-time unique entropy solution to
a strictly hyperbolic n x n system with small BV initial datum, which is obtained from
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vanishing “artificial” viscosity limit of the associate parabolic system. However, to the best
of our knowledge, there is no result on uniqueness of discontinuous entropy solutions in the
class of vanishing physical viscosity solutions to the Navier-Stokes systems.

Previous uniqueness results for special discontinuous solutions (as solutions to the Rie-
mann problem) required suitable regularity like locally BV or strong trace properties (see
Chen-Frid-Li [7] and Vasseur et al. [33, 37, 47]). Unfortunately, the global-in-time propaga-
tion of those regularities is unknown in general (except for the system with v = 3 see [45]).
In the multi-D case, De Lellis-Székelyhidi[18] and Chiodaroli et al. [9, 10, 11, 12] showed
non-uniqueness of entropy solutions. They showed that entropy solutions to the isentropic
Euler systems in more than one space dimension are not unique, by constructing infinitely
many entropy solutions based on the convex integration method [17, 18].

It is well known that the system (1.1) admits viscous shock waves connecting two end
states (v—,u_) and (vy,uy), provided the two end states satisfy the Rankine-Hugoniot
condition and the Lax entropy condition (see Matsumura and Wang [38]):

—o(vy —v-) = (uy —u-) =0,
3 s.t.
7 { —o(uy —u-)+p(vy) —p(v-) =0,
and either v_ > v4 and u— > uy or v— < vy and u— > u4 holds.

(1.5)

In other words, for given constant states (v_,u_) and (v, uy) satisfying (1.5), there exists
a viscous shock wave (0¥, 4”)(x — ot) as a solution of

—o(0")' = (a")" =0,

~u /
(1.6) —o (@) + p(t*) = V(Ngi )(&”)/)
lime_, 400 (0%,0")(§) = (v, us).
Here, if v— > vy, (0,0)(z — ot) is a l-shock wave with velocity ¢ = — —%,
whereas if v_ < v, that is a 2-shock wave with o = —%.

Let (v,u) be an associated entropy (inviscid) shock wave connecting the two end states
(v—,u_) and (vy,uq) satisfying (1.5) as follows:

(1.7) (v, 7)(z - ot) :{ &:ZJ 7 ois0

As mentioned above, our goal is to show the uniqueness of the entropy shock to (1.4)
in a suitable class, based on a generalization of our recent result [32] on the contraction
property of viscous shocks to (1.1). More precisely, we prove the contraction of any large
perturbations of viscous shocks to (1.1) in the case of 0 < a <y < a+ 1 and v > 1, which
improves the special case v = « in [32]. The contraction holds up to a shift, and is measured
by a weighted relative entropy. Notice that since the relative entropy is locally quadratic,
the contraction measured by the relative entropy can be regarded as L?-type contraction.
To prove the contraction, we employ the new approach introduced by the authors [32],
which basically uses the relative entropy method. The relative entropy method has been
extensively used in studying the contraction (or stability) of viscous (or inviscid) shock
waves (see [13, 14, 30, 31, 32, 33, 34, 35, 36, 40, 41, 42, 47, 48]).
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1.1. Main results. To handle the stability and uniqueness of the entropy shocks, we use the
relative entropy associated to the entropy of(1.4) as follows: For any functions vy, u1, va, ug,

lup — ugl?

(1.8) n((vr, ur)|(ve, uz)) == 5

where Q(v1]vg) is the relative functional associated with the strictly convex function

+ Q(v1fva),

Q(v) =

v—1
For the global-in-time existence of solutions to (1.1), we introduce the function space:
Xr = {(v,u) ERT xR | v —v, u—uc L>®0,T; H (R)),
u—u € L*0,T; H*(R)), v~ € L=((0,T) x R)},
where v and u are smooth monotone functions such that
(1.9) v(r) =vy and u(r)=us for £z >1
The first theorem is on stability and uniqueness of the entropy shocks to (1.4):

Theorem 1.1. Let v > 1 and o, b > 0 be any constants satisfying o < v < a+1. For each
v > 0, consider the system (1.1)-(1.3). For a given constant state (v_,u_) € RT x R, there
erists a constant €9 > 0 such that for any € < ¢ and any (vi,uy) € RY x R satisfying
(1.5) with |p(v—) — p(vy)| = €, the following holds.

Let (0”,1") be a wviscous shock connecting the two end states (v—,u_) and (vy,uy) as a
solution of (1.6).

Then for a given initial datum (v°,u®) of (1.4) satisfying

0 _ ~2
(1.10) / '“27“" + Q(°|5)dz < oo,
R

the following is true.
(1) (Well-prepared initial data) There exists a sequence of smooth functions {(vf,u§)}v>0
such that

lim vf =0°, limuf =u’ ae, v§>0,

v—0 v—0

wy (G (e (en®), - @ - o(pe)) )+ Qi) do
:/_Z (W+Q(U0|m)dm.

(ii) For a given T > 0, let {(v”,u”)},>0 be a sequence of solutions in X to (1.1) with the
initial datum (vy,ug) as above. Then there exist functions vee and us such that as v — 0
(up to a subsequence),

(1.12) V= s, U —use in M((0,T) x R) (space of Radon measures).
In addition, there exist shift Xoo € BV((0,T)) and constant C > 0 such that the limit
functions voo, Uno Satisfy that for a.e. t € (0,T),

(1.13) /OO (Vs t1s0) (£ 2)| (8, ) (& — Xoo(t)))dae < c/_oo n((0°, 4 [(5, @) ).

—00



Moreover, the shift Xo, satisfies

(1.14) [ Xoo(t) — ot| <

(50+(1+t)ﬁ),

[v— — vy
where ~
& = / n((vo,u0)|(®,ﬁ))daz.
—0o0
Therefore, entropy shocks (1.7) (with small amplitude) of the isentropic Euler system (1.4)
are stable and unique in the class of weak inviscid limits of solutions to the Navier-Stokes
system (1.1).

Remark 1.1. 1. By (1.13), the limits Voo, Uso Salisfy veo € ¥ + L*°(0,T; L} (R)) and
Uso € U+ L®(0,T; L2(R)).

2. Theorem 1.1 provides the stability and uniqueness of weak FEuler shocks in the wide class
of weak inviscid limits to solutions to the Navier-Stokes system.

8. In fact, the smallness of amplitude of shocks is not needed in the proof of Theorem 1.1.
The constraint is due to Theorem 1.2.

4. It is worth emphasizing from the assumption on « and v that Theorem 1.1 also holds in
the case of the shallow water equations (i.e., v = 2) in a class of inviscid limits of solutions
to the viscous shallow water equations (i.e., v =2, a« =1). We refer to Gerbeau-Perthame
[23] for a derivation of the viscous shallow water equations from the incompressible Navier-
Stokes equations with free boundary.

Remark 1.2. For the global-in-time existence (and uniqueness) of any large solutions to
(1.1) in X7, we refer to [39] in the case of o < 1/2 and v > 1. More precisely, they proved
that p = 1/v and u satisfy

p—pu—u€L>0,T;H (R)), u—ue L*(0,T; H*(R)), p~' € L>((0,T) x R).

This implies that there exists a solution in Xp to the system (1.1) with o < 1/2 and
v > 1, since the system (1.1) is equivalent to the one in the Eulerian coordinates for such
strong solutions. The result of [39] was extended by Haspot [27] to the case of o € (1/2,1].
Recently, Constantin-Drivas-Nguyen-Pasqualotto [15, Theorem 1.5] extended it to the case
of « > 1/2 and v € [o,a + 1], but they handled it on the periodic domain. it would be
possible to extend their result to the case where solutions have different limits at the infinity
on the whole space as a perturbation of a shock, by combining the two methods: one is the
relative entropy method with BD entropy as in [39]; the other is the analysis of the evolution
of the active potential as in [15]. We leave it as a future work.

The starting point of the proof of Theorem 1.1 is to derive a uniform-in-v estimate for
any large perturbations of viscous shocks to (1.1). It is equivalent to obtain the contraction
property of any LARGE perturbations of viscous shocks to (1.1) with a fixed v = 1:

vt — ug =0,
1.15
(1.15) ur +p(v)y = (@ux)x
As in [32], we first introduce the following relative functional E(:|-) to measure the contrac-
tion:
for any functions vy, u1, ve, u,
(1.16) 1

B((onu)l(02,02) 1= 5 (w1 + (o)) =2 = (pe2)%) )"+ Qurlen),
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where the constants v, « are in (1.2) and (1.3). The functional E is associated to the BD
entropy (see Bresch-Desjardins [3, 4, 5]). Since Q(vi|va) is positive definite, (1.16) is also
positive definite, that is, for any functions (vi,u;) and (vg, uz) we have E((v1, u)|(ve, u2)) >
0, and

E((vl,ul)](vg,m)) =0 a.e. ~ (vl,ul) = ('UQ, 'LLQ) a.e
The following result provides a contraction property measured by the relative functional
(1.16).
Theorem 1.2. For any v > 1 and o, b > 0 satisfying o < v < a+ 1, consider the system
(1.15) with (1.2)-(1.3). For a given constant state (v_,u_) € RT x R, there exist constants
€0, 00 > 0 such that the following is true.
For any € < 9, 05 'e < A < &y, and any (vy,us) € RY x R satisfying (1.5) with |p(v_) —
p(vy)| = €, there exists a smooth monotone function a : R — RT with lim, 1 a(z) =
1+ ay for some constants a_,ay with |ay —a_| = X such that the following holds.
Let U := (,1) be the viscous shock connecting (v_,u_) and (vy,uy) as a solution of (1.6)
with v = 1. For a given T > 0, let U := (v,u) be a solution in Xp to (1.15) with a
initial datum Uy := (vo,uo) satisfying [~ E(Uo|U)dz < oco. Then there exists a shift
X € WHE((0,T)) such that

/00 a(z)E(U(t,z + X(t))|U(x))dx

T 0o
+505/ / lod' (2)|Q (v(t,z + X (t))|0(z)) dedt

(1.17)
+(50/ / )0t @ + X (1))|02 (p(v(t, z + X (1)) — p(v(x )}dwdt

< [ a@E(Ue)U@)ds
and

. 1

[XOI < 50+ (1)),
(1.18) 2\ [ -

for some positive function f satisfying || f|lz107r) < 5e E(Uy|U)dx

0

Remark 1.3. 1. Theorem 1.2 provides a contraction property for wviscous shocks with
suitably small amplitude parametrized by € = |p(v_) — p(vy)|. This smallness together with
(1.5) implies |[v— — vi| = O(e) and |u— — uy| = O(e). For such a fixred small shock, the
contraction holds for any large solutions to (1.15), without any smallness condition imposed
on Uy. This implies that the contraction still holds for any large solutions to (1.1), which
provides a weak compactness to prove Theorem 1.1 as the inviscid limit problem (v — 0).

2. In (1.17), the dissipation terms will be used to show the convergence of {u”},~¢o in (1.12).

Remark 1.4. The contraction property is non-homogenous in x, as measured by the func-
tion x — a(x). This is consistant with the hyperbolic case (with v = 0). In the hyperbolic
case, it was shown in [40] that a homogenous contraction cannot hold for the full Eu-
ler system. Howewver, the contraction property is true if we consider a non-homogenous
pseudo-distance [47] providing the so-called a-contraction [33]. Our main result shows that
the non-homogeneity of the pseudo-distance can be chosen of a similar size as the strength
of the shock (as measured by the quantity \).
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The rest of the paper is as follows. We explain main ideas of proofs of the mains results
in Section 2. In Section 3, we provides a transformation of the system (1.15), and an
equivalent version of Theorem 1.2, and useful inequalities. Section 4 is dedicated to the
proof of Theorem 3.1. Finally, Section 5 is dedicated to the proof of the main Theorem.

2. IDEAS OF THE PROOF.

We describe in this section the methodology and main ideas of our results.

Uniform estimates with respect to the viscosity. The main results of this paper
boil down to the proof of stability of the viscous shocks to the Navier-Stokes equations
UNIFORMLY with respect to the strength of the viscosity. This can be obtained by con-
sidering only the case of the viscosity v = 1, replacing the notion of stability by the notion
of contraction, valid even for large perturbations (Theorem 1.2).

Indeed, if (v¥,u") is a solution of (1.1), then

v(t,z) = v’ (vt,vx), u(t,x) = u”’(vt,vx)

is a solution to (1.15), i.e., the Navier-Stokes equations with v = 1. Note that, even if the

initial perturbation (vg — 0¥,ug — @”) is small, let say of order &, then the perturbation
(vo — 0,up — @) is big (of order & /v):

~ 1 B &

| B©0©)d = [ Bws©o @) =1

v

where E(-|-) is defined in (1.16), and the rescaled v-dependent functional E,(-|-) is defined
in (5.4).

However, a contraction independent of the size of the perturbation in the case v = 1, as in
Theorem 1.2, provides, after rescaling, a similar contraction for any values v:

/ A& /) B, (U7 (1,6 + vX (t)0))[0%(€)) de < / al&/v) B, (U3 |07 de.
R R

This gives a uniform stability result with respect to v provided that the weight function a
is uniformly bounded from below and from above, that we have a control on the shift which
is independent of the transformation

t
X(t) —vX <y> ,
and that we have a uniform bound of [, E, (Uy Up) d¢. The first two conditions are verified
by Theorem 1.2 thanks to (1.18), and considering A < 1, and the last one is verified thanks
to the well-prepared initial data (1.11).

The contraction when v = 1: Theorem 3.1. This result is a generalization of the result
in [32] where only the case a = v was considered. The extension introduces severe technical
difficulties. A key to the extension is the local minimization explained below.

Step one: Considering a new velocity variable. We need to control the growth of the
perturbation due to the hyperbolic terms (flux functionals). Thanks to the relative entropy
method, the linear fluxes are easier to handle (the relative functional of linear quantity
vanishes). Therefore, the main hyperbolic quantities to control are the pressure terms de-
pending only on the specific volume v. At the core of the method, we are using a generalized
Poincaré inequality Proposition A.1, first proved in [32]. The Navier-Stokes system can be
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seen as a degenerate parabolic system. But the diffusion is in the other variable, the velocity
variable u. Bresch and Desjardins (see [5, 3, 4]) showed that compressible Navier-Stokes
systems have a natural perturbed velocity quantity associated to the viscosity:

h =u" +v (p(v”)%)z.

Remarkably, the system in the variables (v¥,h") exhibits a diffusion in the v variable (the
Smoluchowski equation), rather than in the velocity variable. For this reason, we are
working with the natural relative entropy of this system, which corresponds to the usual
relative entropy of the associated p-system in the U} = (v”, h") variable:

(U} |U}) = E,(U"|0").

For the rest of the proof of this theorem, we consider only ¥ = 1 and work only in the new
set of variable (v, h). To simplify the notation, we denote U = (v, h) from now on.

Step 2: Evolution of the relative entropy. Computing the evolution of the relative entropy
in Lemma 4.2, we get

% _oo a()n(U(t, &+ X (1))|U-(€)) dg

= XY (Ut -+ X@) + T UL, -+ X (t) — T9UU(L, -+ X (1))

The functional J9°°¢(U) is non-negative (good term) and can be split into three terms (see
(4.10), (4.18)):

TN U) = JP°UU) + Go(U) + D(U),

where only jlgmd(U) depends on h (and actually does not depend on v). The term D(U)
corresponds to the diffusive term (which depends on v only, thanks to the transformation
of the system).

Step 3: Construction of the shift. The shift X (t) produces the term X (t)Y (U). The key
idea of the technique is to take advantage of this term when Y (U(¢,-)) is not two small,
by compensating all the other terms via the choice of the velocity of the shift (see (4.20)).
Specifically, we algebraically ensure that the contraction holds as long as |Y (U (t))| > £2.
The rest of the analysis is to ensure that when |Y (U(t))| < €2, the contraction still holds.

The condition |Y (U(t))| < &2 ensures a smallness condition that we want to fully exploit.
This is where the non-homogeneity of the semi-norm is crucial. In the case where the
function a is constant, Y (U) is a linear functional in U. The smallness of Y (U) gives only
that a certain weighted mean value of U is almost null. However, when a is decreasing, Y (U)
becomes convex. The smallness Y (U(t)) < &2 implies, for this fixed time ¢ (See Lemma 4.4
with (4.14) and (4.1)):

(2.1) /Rge_cglng(U(t’g+X(t))|f)€(‘5))d§<C’(i>2

This gives a control in L? for moderate values of v, and in L' for big values of v, in the
layer region (|§ — X (t)] < 1/e).

The problem now looks, at first glance, as a typical problem of stability with a small-
ness condition. There are, however, three major difficulties: The bad term J%¢(U) has
some terms depending on the variable h for which we do not have diffusion, we have some
smallness in v, only for a very weak norm, and only localized in the layer region. More im-
portantly, the smallness is measured with respect to the smallness of the shock. It basically
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says that, considering only the moderate values of v: the perturbation is not bigger than
e/ (which is still very big with respect to the size of the shock €). Actually, as we will see
later, it is not possible to consider only the linearized problem: Third order terms appear in
the expansion using the smallness condition (the energy method involving the linearization
would have only second order term in ¢).

In the argument, for the values of ¢ such that |Y (U(t))| < 2, we construct the shift as
a solution to the ODE: X (t) = —Y (U(t,- + X (t)))/e*. From this point, we forget that
U =U(t, &) is a solution to (3.3) and X (t) is the shift. That is, we leave out X (¢) and the
t-variable of U. Then we show that for any function U satisfying |Y (U)| < 2, we have

(2.2) —€i4Y2(U) + g1y — 900417y < 0.

This is the main Proposition 4.1 (actually, the proposition is slightly stronger to ensure the
control of the shift). This implies clearly the contraction. From now on, we are focusing on
the proof of this statement.

Step 4: Maximization in h for v fired. We need to get rid of the dependence on the h
variable from the bad parts J**(U). The idea in [32] (for v = a) is to maximize the bad
term with respect to h for v fixed:

B(v) = sup (7"(v, 1) — T**(h)).

We then had an inequality depending only on v and dyv (through D(U)) for which we can
apply a generalized Poincaré inequality. This does not work anymore when + # «. This is
because B(v) involves powers of p(v) which cannot be controlled by the good terms due to
big values of p(v). The new idea is to maximize in h ONLY for the fixed values of v such
that p(v) — p(9:) < 03 for a constant d3 to be determined (and depending on the Poincaré
inequality). This leads to the decomposition (4.17), (4.18). The bad terms involving values
p(v) —p(ve) > 03 can now be controlled using additional information from the unconditional
estimate |Y (U)] < &2 (see (4.35), (4.68)).

Step 5: Ezpansion in . Although we have no control on the supremum of |p(v) — p(?:)],
we can control independently the contribution of the values |p(v) —p(9:)| > 03 in Proposition
4.3 (for the same 3 related to the maximization process above. The coefficient d3 can be
chosen very small, but independent of £ and of £ /). The last step is to perform an expansion
in the size of the shock ¢ every small, uniformly in v (but for a fixed small value of §). As in
[32], the expansion has to be done up to the third order. It leads to the exact same generic
expression (A.5). The generalized nonlinear Poincaré inequality, Proposition A.1 concludes
the proof.

The inviscid limit: Theorem 1.1.

We have now a stability result uniform with respect to the viscosity. It is natural to
expect a stability result on the corresponding inviscid limit. The result, however, is not
immediate. Several difficulties have to be overcome. First, due to the BD representation as
above, the stability result for v fixed is on the quantities:

Uy =", h"), h"=u"+v (p(v”)%>x.

This is the reason we need a compatibility condition on the family of initial values Uj. This
also leads to a very weak convergence (in measure in (¢,z) only). The next difficulty is
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that for small values of v, the relative entropy control only the L' norm of Q(v) = 1/v7~!.
Therefore the pressure p(v) = 1/vY cannot be controlled at all. Therefore, we do not control
the time derivative of u in any distributional sense in z. Moreover, we have to study carefully
the effect of small and big values of v together with big values of |u| through truncations
(see (5.9) and (5.13)). This is particularly important to pass to the limit on the shift in
the contraction inequality (note that the shift converges only in Lf, (RT), for 1 < p < o0).
Finally, it has to be shown that the shift converges to ot when the perturbation converges
to 0. This can be obtained, thanks to the convergence of v in C°(R¥, VVI;CSI(]R)) It is

interesting to note that the continuity (in time) of v is enough. We do not obtain any such
control on u (nor h).

3. PRELIMINARIES

3.1. Transformation of the system (1.15). We here provides an equivalent version of
Theorem 1.2 as in [32]. First of all, since the strength of the coefficient b in p(v) does not
affect our analysis, as in [32], we set b = « (for simplification) and introduce a new effective
velocity

h:=u+ (p(vﬁ)x

The system (1.15) with p(v) = yv~ is then transformed into

(3.1) { v — hy = —(vﬂp(v)w)z
hy —|—p(’U)$ =0,

where 3 := v—a. Notice that the above system has a parabolic regularization on the specific
volume, contrary to the regularization on the velocity for the original system (1.15). This
is better for our analysis, since the hyperbolic part of the system is linear in w (or h) but
nonlinear in v (via the pressure). This effective velocity was first introduced by Shelukhin
[43] for @ = 0, and in the general case (in Eulerian coordinates) by Bresch-Desjardins
[3, 4, 5], and Haspot [26, 25, 28]. It was also used in [49].

As mentioned in Theorem 1.2, we consider shock waves with suitably small amplitude &.
For that, let (0., u.)(x — o.t) denote a shock wave with amplitude |p(v_) — p(v4)| = € as
a solution of (1.6) with p(v) = yv~". Then, setting h. = @, + (p(ﬁg)%) , the shock wave

x

(Vg he)(z — oct) satisfies

(3.2) ol 4 p(3:) = 0

)
For simplification of our analysis, we rewrite (3.1) into the following system, based on
the change of variable (¢,z) — (t,{ = x — oct):

v — 0.0 — he = — (Uﬁp(v)g)
(33) hy — Ughg —I—p(’U)g =0
v|t=0 = vo, hlt=0 = uo.

3
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For the global-in-time existence of solutions to (3.3), we consider the function space:
Hr :={(v,h) ERT xR | v —v € C(0,T; H(R)),

(3'4) h .72 —1 o]
—u e C0,T; L*(R)), v € L*™((0,T) x R)},

where v and u are as in (1.9).
Theorem 1.2 is a direct consequence of the following theorem on the contraction of shocks
to the system (3.3).

Theorem 3.1. Assume v > 1 and o > 0 satisfying a« < v < a+ 1. For a given constant
state (v_,u_) € RT x R, there exist constants g, 0y > 0 such that the following holds.

For any € < 9, ;e < A < 8y, and any (vy,us) € RY x R satisfying (1.5) with |p(v_) —
p(vy)| = €, there exists a smooth monotone function a : R — RT with lim,_, 1+ a(z) =
1+ ay for some constants a_, a4 with |a— — ay| = A such that the following holds.

Let U, := (i.,he) be a viscous shock connecting (v_,u_) and (vy,uy) as a solution of
(3.2). For a given T > 0, let U := (v, h) be a solution in Hy to (3.3) with a initial datum
Uo := (vo, ug) satisfying [~ n(Uo|Us.)dx < oo, there exists a shift function X € W1((0,T))
such that

/R a(€)n(U(t,€ + X(1)[0-(€))de

Iy // (u(t, € + X(1)[3:(6)) dedt

(3.5) )
v [ a6+ X)X (1) - plan(e)|[acar
< /R a(€)n (U] T )

and
X(0)] < 50+ 7))

(3.6)

for some positive function f satisfying || f[l101) < B0 /_OO n(Uo|U.)d€

Remark 3.1. 1. In [32], the authors proved Theorem 1.2 in the case of a = . Therefore,
it suffices to prove the remaining cases where 0 < a < v < a+1. That is, B =~v—a € (0,1].
2. Notice that it is enough to prove Theorem 3.1 for 1-shocks. Indeed, the result for 2-shocks
1s obtained by the change of variables x — —x, u — —u, 0z — —0%.

Therefore, from now on, we only consider a 1-shock (175,55), 1.6, U > Uy, U_ > Ug, and

(3.7) 0. = _\/_p<v+)p<v>_

Vy — U=

Remark 3.2. As mentioned in Remark 1.2, we consider the solution (v,u) € Xp to (1.15).
Then, (3.3) admits the solution (v, h) in Hr. Indeed, since vi = u, € L?(0,T; H'(R)) by
(1.15),, we have v —v € C(0,T; H'(R)). To show h—u € C(0,T; L*(R)), we first find that
for (v,u) € Xp,
heu=u—u+ Sp)s v, € L0, T; L(R)).
Y
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Moreover, together with the fact that v € L>((0,T) x R) by Sobolev embedding, we find that
d v v
u = —p'(v)ve + —(M)vxul« + Mum e L*(0,T; L*(R)),
dv\ v v
o (6% o o
COME I (5 = Dp()" v, +p(0) 7o € L2(0, T3 LA(R),

which implies hy € L*(0,T; L?>(R)), and therefore h — u € C(0,T; L*>(R)).

3.2. Global and local estimates on the relative quantities. We here present useful
inequalities on () and p that are crucially used for the proofs of main results. First, the fol-

lowing lemma provides some global inequalities on the relative function Q(:|-) corresponding
to the convex function Q(v) = ”;f{l, v>0,7>1.

Lemma 3.1. For given constants v > 1, and v— > 0, there exist constants c1,ca > 0 such
that the following inequalities hold.
1) For any w € (0,v_),

Qv|w) > cilv —wl|?,  for all 0 <v < 3v_,
Q(v|w) > ealv —wl|, for all v > 3v_.

2) Moreover if 0 <w <u<v or0<v<u<w then

(3.9) Qvhw) > Q(ulw),

and for any 6, > 0 there exists a constant C > 0 such that if, in addition, v— > w > v_—0, /2
and |w — u| > 0, we have

(3.8)

(3.10) Qv|w) = Q(ulw) = Clu —v|.

3) For any w € (v_/4,v_),

(3.11) Ip(v) — p(w)| < eslv —w|, for allv>wv_/2,

Proof. We refer to [32, Lemma 2.4, 2.5]. O

Next, we use (3.8) and (3.9) above to prove the following lemma, which is used for the
proof of Theorem 1.1.

Lemma 3.2. For given constants v, M > 1, there exist constants C > 0 and kg > 1 such
that the following inequalities hold.
1) For any k > 3M and w € (M~*, M),

(3.12) max{ (k™' —v),, (v — k) } < CQv|w), for anyv > 0.
2) For any w1, ws € (M~ M),
(3.13) Qv|wy) < CQ(v|ws), for any v € (0,ky ") U (ko, 00).

Proof. e proof of (3.12) : i) If k=1 < v <k, then max{(k~!—v)4, (v—k)+} = 0 < CQ(v|w).
ii) If 0 < v < k!, we have

(3.14) max{(k! —v)y,(v—k) } =kl —v< kL
Since v < k=1 < M~1/3, we use (3.8) and (3.9) to have
Qv|w) > QM ™1/3|w) > 1| M1 /3 — w|?.
Moreover, since w > M !, we have
Qv|w) > c14M~2/9 > (c;4M~1/3)k™1,
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which together with (3.14) implies the desired inequality.
iii) If v > k, we have
max{(k™' —v)y, (v —k) }=v—k<v—3M.
Likewise, using (3.8), we have
Q(v|w) > ealv — w|.

Since v > 3M > w, we have

Qolw) > eafv — 3M),

which completes the desired inequality.

e proof of (3.13) : We set C' := Zmax{Q 1} Since Q' < 0, there exists k1 > 1
such that for all v > kq,

~Q'(M)v = (1-0)Q(v) + (Q (MM — Q(M)) — C(Q(M™HM ™! —Q(M™).
Moreover, since @' is increasing and 4 (Q'(v)v — Q(v)) > 0, we have
(= CQ/(ws) + Qwn))v > (~ CQM™) + Q(M >)v > —Q/(M)o
> (1= C)Qv) + (Q(M)M — Q(M)) — C(Q (MM — QM)
> (1-0)Qv) + (Q'(wi)wr — Q(wr)) — C(Q' (wz)w — Q(w2)).
which together with the definition of Q(+|-) yields that
Qv|wy) < CQ(v|ws), for all v > ky.

On the other hand, since Q(v) — 400 as v — 0+, there exists kg > k; such that for all
v < ko_l,

Qv) > (CQ (M) = Q'(M))v + (Q(M)M - Q(M)) = C(Q (MM —Q(M™1)).
Then we have
(C-1)Q(v) = Q(v)
> (CQUM™) = Q'(M))v + (Q(M)M = Q(M)) = C(Q' (MM~ = Q(M™1))
> (CQ'(wz) — Q'(w1))v + (Q'(w1)wr — Q(w1)) — C(Q'(w2)wz — Q(wz)),
which yields that Q(v|w;) < CQ(v|ws) for all v < ky*. O
We present now some local estimates on p(v|w) and Q(v|w).

Lemma 3.3. For given constants v > 1 and v— > 0 there exist positive constants C' and 6§,
such that for any 0 < § < dx, the following is true.
1) For any (v,w) € R satisfying |p(v) — p(w)| < & and |p(w) — p(v_)| < 6,

(3.15) p(v|w) < (fg;lp(l) + 5) [p(v) = p(w) .

2) For any (v,w) € R2 such that |p(w) — p(v_)| < &, and satisfying either Q(v|w) < & or
Ip(v) — p(w)| <0,

(3.16) p(v) = p(w)|* < CQ(v|w).
Proof. We refer to [32, Lemma 2.6]. O
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4. PROOF OF THEOREM 3.1

Throughout this section, C' denotes a positive constant which may change from line to
line, but which stays independent on ¢ (the shock strength) and A (the total variation of
the function a). We will consider two smallness conditions, one on ¢, and the other on /.
In the argument, ¢ will be far smaller than £/ .

4.1. Properties of small shock waves. In this subsection, we present useful properties of
the 1-shock waves (¥g, he) with small amplitude e. In the sequel, without loss of generality,
we consider the 1-shock wave (0., he) satisfying 0.(0) = v*+”+ Notice that the estimates

in the following lemma also hold for h. since we have h. = (Us)f/ and C71 < 2 (vs) <C.
But, since the below estimates for ¢, are enough in our analyms we give the estlmates only

for o..

Lemma 4.1. We fir v— > 0 and h— € R. Then there exists eg > 0 such that for any 0 <
e < gq the following is true. Let U. be the 1-shock wave with amplitude |p(v_) — p(vy)| =€
and such that v.(0) = % Then, there exist constants C,C1,Co > 0 such that

(4.1) —C7 12 CrElEl < 3l (¢) < —Ce?e 2kl e e R
Therefore, as a consequence, we have
(4.2) [ f?ﬂ] vl| > Ce?.

Proof. Using v_ /2 < 0. < v_, the proof follows the same arguments as in [32, Lemma 2.1].
Therefore, we omit its details. ([l

4.2. Relative entropy method. Our analysis is based on the relative entropy. The
method is purely nonlinear, and allows to handle rough and large perturbations. The
relative entropy method was first introduced by Dafermos [16] and Diperna [19] to prove
the L? stability and uniqueness of Lipschitz solutions to the hyperbolic conservation laws
endowed with a convex entropy.

To use the relative entropy method, we rewrite (3.3) into the following general system of
viscous conservation laws:

(4.3) OU + 0 A(U) = ( aﬁ(”ﬂoaﬁp( ))>,

v (h) A(U) = (ini_p?v))'

The system (4.3) has a convex entropy n(U) := %2 + Q(v), where Q(v) = L—
Q'(v) = —p(v).

Using the derivative of the entropy as

(4.4 v = ().

the above system (4.3) can be rewritten as

where

(4.5) QU + e A(U) = 0 (M(U)agvn(U)),
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where M(U) = (”OB 00), and (3.2) can be rewritten as

(4.6) OeA(U.) = 0 (M(0.)0eVn(0s) ).
Consider the relative entropy function defined by
nUV)=nU) —=nV) = Vp(V)(U -V),
and the relative flux defined by
AU|V)=AU) - AV)-VAWV)U -V).
Let G(-;-) be the flux of the relative entropy defined by
GU;V)=GU) - G(V) = Vn(V)(AU) — A(V)),

where G is the entropy flux of 7, i.e., 9;G(U) = Ei:l on(U)0; Ak (U), 1<i<2.
Then, for our system (4.3), we have

_ 72
itz = "Ll Qi)
(47) Awlo) = ()
p(ol.))’

G(U§ ﬁa) = (p(v) - p(f}a))(h - ila) - 0677<U‘ﬁa)7

where the relative pressure is defined as
(4.8) p(vjw) = p(v) = p(w) — p'(w)(v — w).
We consider a weighted relative entropy between the solution U of (4.5) and the viscous
shock U, := (;z) in (3.2) up to a shift X (¢) :
a(©n(U(t,€ + X (1))|U:(6))-

where a is a smooth weight function.

In Lemma 4.2, we will derive a quadratic structure on %[5 a(&)n(U(t, £+ X ())|U=(€))d¢.
For that, we introduce a simple notation: for any function f : RT x R — R and the shift
X(1),

FEEE) = f(LEE X (1))
We also introduce the function space:
H = {(v,h) €eRT xR | v v € L®(R), h— h. € L*(R), 9 (p(v) — p(7.)) € L*(R)},
on which the functionals Y, 7% 79°°¢ in (4.10) are well-defined for all ¢ € (0, 7).

Remark 4.1. As mentioned in Remark 3.2, we consider the solution (v, h) € Hr to (3.3).
Then, using the fact that ve € C(0,T; L*(R)), 0. € L*(R), and v=',v € C(0,T; L>(R)),
we find

O (p(v) = p(2)) € C(0, T; L*(R)),
which implies (v, h) € C(0,T;H).
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Lemma 4.2. Let a : R — R be any positive smooth bounded function whose derivative
is bounded and integrable. Let U, := (%g) be the viscous shock in (3.2). For any solution
UeC(0,T;H) to (4.5), we have

(4.9) 9 [ a@mU™ . oI0.€)ds = XY (UF) + T™U%) - g9 (),

dt Jg

where

(4.10)

Y (U) = - /R o n(U02)dé + /R adeVn(02)(U — T)de,

Th() = /R o (p(v) — p(52)) (h — he)dE + o /R 0D ep (0] d

a'v” (p(v) — p(2:)) 9 (p(v) — p(0e))dE — /R d (p(v) — (@) (v — 62)dep (i) dé
ade (p(v) — p(ve)) (07 — 07)0ep(-)de,

~ 12
ngOd(U) ::O;/Ra/ — he df—|—0'€/Ra/Q(Q}”l~)e)df+/Ra’U’B|a§(p(U)_p(ﬁe))‘Zdé..

Remark 4.2. In what follows, we will define the weight function a such that o.a’ > 0.
Therefore, —J9°°% consists of three good terms, while J%** consists of bad terms.

—

Proof. To derive the desired structure, we use here a change of variable £ — £ — X (¢) as

(4.11) /R (U (1, 6)|T(€))de = / (U, )| 0% ())de.

Then, using the same computation in [32, Lemma 2.3] (see also [46, Lemma 4]), we have

a [ XU O )

=X / (U0 de + / [(W(U) = Vi(0:%)) (- 0eAW) + 0 (MU)2eVN(D)) )

= V(U)W = 07%) (= X007 = 0, A7) + 0 (M(@X)@W(U;X)))] d

= X( - /RG/XU(UWEX)dg + /Raxagvn(ﬁex)((] _ UgX)) LAt LI,
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where

I = —/Ra‘X(?gG(U; U-%)de,

b= [ a X 0evn0 ) AW s

b= [ o (Vo) = V() )0 (M ()2 (V0(V) - V() e,
= [ o (Vo) = Va0 )0c (V) = M(T))cTn(T %)) de
o= [ @S (O 100 (MO )0cvn(0)) e

Using (4.7) and (4.4), we have
I = /R " XG(U; U ¥)dg = / o ((p(v) = () (h = h7) = 0on(UI0) ) dg

— | X (v(v) — p(5=X _ % [ -
= [ o) = pa ) (0= i) - 5 |
I, = —/Ra_Xagiz;Xp(vw;X)df.

- ~z—: 2d§ - UE/RGI_XQ(U|{78)CZ€7

By integration by parts, we have
B = [ @ (o) = p(7 ) 26 (70 (pl0) = (7)) )t
=- / a™*0|0g (p(v) — p(3-))[PdE — / T (p(v) — p(57)) D (p(v) — p(227)) d
R R
= [ @ (o) =)0 (107 = )06 ) e
. /R o (p(v) - p(i7)) (v — ) Oep (i ) dé

— [ @ 0(p(o) = (6 0 — 52 e
Since it follows from (4.6) and (4.4) that
Is = / a X (V) (U|UZX)0e AU )dE = / X o007 >d§
R

we have some cancellation

Lt Is = o / 0 X 0o X p(u]5-X)de.
R
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Therefore, we have

4 r,
dt Ja

=X (= [ @O0+ [ o X oeTn(O )W - O i)
+ [ @ (o) = () (0= ) - F / o X h= R de — o [ @ Quuln)ag

“XnU|UY)dg

o [ a0 p(oliz Vg [ o X0 o) = pl52)) e (0(0) - (i)l
= [ @ o) = p(5)) (0 = ) ) (e e
R
= [ a X oc(pto) = p5)) (o7 = (5)7%) (i) = [ a0 loc(p(o) - (i )P,
Again, we use a change of variable £ — & + X () to have
S RCRIUAT:
_ X(— /R a/n(UX|0.)de + /R ade V(U ) (UX — Ue)dg)
+ /Ra,(p(vX) _p(ﬁs))(hx - ﬁs)dg - % /Ra/ - ~5 Qdf - UE/RCL,Q(UXWE)C%
. [ adespX[ade ~ [ @8 (o) = p5) 06 (p0™) - p(0) e
R R
= [ @) = plo0) (09 - 32) dep(rde
R
~ [ ade(o(w®) = p(02) (01 =) 0cp(i)de [ ao®)¥10c(o(¥) ~ pl.)) e,
which provides the desired representation. ]

4.3. Construction of the weight function. We define the weight function a by

p(3:6) — plv.)
M

where [p] := p(v4) — p(v—).We briefly present some useful properties on the weight a.
First of all, the weight function a is positive and decreasing, and satisfies 1 — A < a < 1.

Since [p] = ¢, p'(v-/2) < p'(0:) < p'(v-) and

(4.12) al€) =1

(4.13) o = —\2eP)

we have

(4.14) /| ~ éw’ .
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4.4. Maximization in terms of h—h.. In order to estimate the right-hand side of (4.15),
we will use Proposition 4.2, i.e., a sharp estimate with respect to v — . when v — 7. < 1,
for which we need to rewrite 7°*¢ on the right-hand side of (4.9) only in terms of v near
Ue, by separating h — h. from the first term of J%*?. Therefore, we will rewrite J°*? into
the maximized representation in terms of h — he in the following lemma. However, we will
keep all terms of 7% in a region {p(v) — p(9-) > 0} for small values of v, since we use the
estimate (4.68) to control the first term of J%¢ in that region.

Lemma 4.3. Let a: R — RT be as in (4.12), and U, = (ZE) be the viscous shock in (3.2).

Let § be any positive constant. For any solution U € C(O,f;?—l) to (4.5), we have

(4.15) % /R (U™ (1, |U=(€))dg = X(0)Y (U™) + By(UY) = G5(U),

where
(4.16)
Y(U) = — /R o/n(U|0.)de + /R a0 (0.)(U — 0.)de,

Bs(U) := ag/Raagﬁgp(vm)df + 2<175 /Ra'\p(v) — p(0) L (o) —p(an) <61 dE
4 /R & (p(0) — () (h — he) Loy —p(o.ro6) €
- /R 0P (p(v) — p(5:)) 9e (p(v) — p(5c))dé — / o (p(v) — p(5.)) (v — 7)0ep(2)de

R
- /R ade (p(v) — p(72)) (v — 02)dep(v.)de,

2
O¢

g
Gs(U) = 5 /]R d Lip()-p(i)<e} 4 + 5 /R a

+o. [ dQUult)s+ [ av?l0c(pto) = p(i)) P

h D)= p(E)

~ 12
h = he| Lipw)—p(s.)>03dE

Remark 4.3. Since o.a’ > 0 and a > 0, —Gs consists of four good terms.

Proof. For any fixed § > 0, we first rewrite J°%¢ and —79°°? into

JHUU) = / a’ (p(v) = p(Be)) (h = he) L) —p() <6 dE
R

=:J1

+ a/(p(v) - p(@a))(h - Ba)l{p(v)fp(65)>6}d§ + 0e /]R aaﬁf}ap(w{)a)df

a'v? (p(v) — p(8:)) ¢ (p(v) — p(B:))dE — /Ra’ (p(v) = p(02)) (v — 2 )Oep(0.)dE

——

ad (p(v) — p(0:)) (V7 — 68 )0ep(v:)dE,
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and

_ ngOd(U) — _& a/

- - 12
> /. h — he h = he| d&1(p(w)—p(5.)>51d8

2 o. /
1{p(v)*p(175)§6}d5 ) . a
=:J

~o. [ dQuidg - [ av? oc(ple) -~ p(a) [ de.
R R

Applying the quadratic identity az? + Bz = a(z + %)2 — % with # := h — he to the
integrands of J; 4+ Js, we find

<\ 2
o ~ |2 . ~ o ~ p(v) — p(v 1 -
=% | (000 = p0) = ) = =% = e = PP L) —
Therefore, we have the desired representation (4.15)-(4.16). O

4.5. Main proposition. The main proposition for the proof of Theorem 3.1 is the follow-
ing.

Proposition 4.1. There exist €g, dg, 03 > 0 such that for any € < g9 and 50_15 <A<y <
1/2, the following is true.
For any U € HN{U | |Y(U)| < €2},

1 €
i R(U) = —5Y2(U) + (1+ 605 \6’53((]8)\
=07 (U) =G (U) = (1= 805 ) GalU) = (1= 80)D(U) <0,

where Y and Bs, are as in (4.16), and G; , gf, Ga, D denote the four terms of Gs, as follows:

O¢

72
9 /QC a"h—h5| 1{?(11)7p(175)>§3}d§,

e : pv) = p(Ue))?
G (U) = /Q o (b= he - ()7()) Lp(0)—p(i) <8} 48

2 Oc

G, (U) =

(4.18)
Go(U) = o /R o/ Qo]52)de,

D) = /R a0 (p(v) — p(5.)) [*dé.

4.6. Proof of Theorem 3.1 from Proposition 4.1. We will first show how Proposition
4.1 implies Theorem 3.1.

For any fixed € > 0, we consider a continuous function ®. defined by
8%’ lf Yy S _825
(4.19) Oo(y) =S —Hy, if |yl <&
—E%, if y > 2.
Let eg,dp, 03 be the constants in Proposition 4.1. Then &, A be any constants such that
0<6<50and50_16<)\<50<1/2.
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We define a shift function X (¢) as a solution of the nonlinear ODE:
)

(4.20) { Et) . (V(UX )(2\553(UX)!+1),

where Y and Bs are as in (4.16).
Therefore, for the solution U € C(0,7T; H), the shift X exists and is unique at least locally by

the Cauchy-Lipschitz theorem. Indeed, since o7, h’e, a’ are bounded, smooth and integrable,

using U € C(0,T;H) together with the change of variables £ — & — X (¢) as in (4.11), we
find that the right-hand side of the ODE (4.20) is uniformly Lipschitz continuous in X, and
is continuous in .

Moreover, the global-in-time existence and uniqueness of the shift are verified by the a
priori estimate (4.24).

Based on (4.15) and (4.20), to get the contraction estimate, it is enough to prove that
for almost every time ¢ > 0

(4.21) D.(Y(U)) (21B5, (U] + 1) Y (U) + By, (U) = G3, (UF) <0
We define

F(U) = @o(Y () (21B5, (V)] +1) Y (U) + |Bs, (V)] = G5, (U), WU € H.
From (4.19), we have

—2|Bs.|, if |[Y] > €2,
€ ) — :

Hence, for all U € H satisfying |V (U)| > €2, we have

F(U) < =[Bs(U)| = G5, (U) <0
Using both (4.22) and Proposition 4.1, we find that for all U € H satisfying |V (U)| < €2,

€ €
F(U) = =00+ |Bsy (U)] = 007.G2(U) — 8P (U) < 0.
Since dg < 1/2, these two estimates show that for every U € H we have
€ €
FU) < —5OX|B(;3(U)| — 50XQQ(U) —60D(U).

For every fixed ¢ > 0, using this estimate with U = UX(t, -), together with (4.15) and (4.21),
we have

d ~ 8 E
(@2) G [ anU¥ |0 < FOX) < 60 Bsy (0)] — . 020%)  8aD(U),
R
Therefore we have
d
¥ / an(U™|Ue)dg + do 92( *) +60D(U) <0,

which completes (3.5).
In particular, since it follows from (4.23) that

50i/ |Bs, (U™)]dt < / n(Uo|U.)dé < 0o by the initial condition,
0 R
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using (4.20) and || ®c|| foo(r) < E% by (4.19), we have
12 1A -
5+ 31l Bl < 52 [ Uol0l)de

This provides the global-in-time estimate (3.6), thus X € WH1(R*). This completes the
proof of Theorem 3.1.

(4.24) |X| <

The rest of this section is dedicated to the proof of Proposition 4.1.

4.7. Expansion in the size of the shock. We define the following functionals:

o(v) == —2(172 /Ra’|p(v) — p(9.)2d¢ - /RCL/Q(UWs)df — /Raagp(f)g)(v — U )d§

+01€ /R adeh. (p(v) — p(i.))de,

Ty(v) = o /R aDe-p(v]5.)de,

Ty(v) = - /R o |p(v) — p(i) [2de.

20,

(4.25)

G>(v) = o /R o' Q(v]52)de,
D) = /R 00?0 (p(v) — p(52)) 2de.

Note that all these quantities depend only on v (not on h).

Proposition 4.2. For any constant Co > 0, there exist 9,03 > 0, such that for any
e € (0,e0), and any \,d € (0,93) such that € < X, the following is true.
For any function v : R — RT such that D(v) + Go(v)is finite, if

2
€ -
(4.26) Yy(v)l < C2, [p(v) = p(0e) || oo (m) < 3,
then
1
Res(v) = —S\Yg(v)P + (14 6)|Z1(v)|

+(1+0 (;)) o) - (1-6 (;)) Go(v) — (1 — 6)D(v) < 0.

Proof. The proof is almost the same as that of [32, Proposition 3.4], because Yy, 71,75, Go
defined in (4.25) are the exactly same functionals as in [32, Proposition 3.4], and the diffusion
D is slightly different but has the same expansion. Note that this proposition corresponds
to an expansion in p(v) near p(v.) (up to d3) for p(v.) close to p(v_) (up to €). It is therefore
natural that the expansion is similar to the case of a = =y as in [32, Proposition 3.4], since
the viscosity is almost constant near p(v_). For completeness, the main part of the proof
is given in Appendix A. O

(4.27)

4.8. Truncation of the big values of |p(v) —p(?.)|. In order to use Proposition 4.2 in the
proof of Proposition 4.1, we need to show that the values for p(v) such that [p(v)—p(0.)| > 03
have a small effect. However, the value of d3 is itself conditioned to the constant Cy in the
proposition. Therefore, we need first to find a uniform bound on Y, which is not yet
conditioned on the level of truncation k.
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We consider a truncation on |[p(v) — p(0:)| with a constant k& > 0. Later we will consider
the case k = d3 as in Proposition 4.2. But for now, we consider the general case k to
estimate the constant Cs. For that, let 1 be a continuous function defined by

(4.28) Yr(y) = inf (k,sup(—k,y)) .

We then define the function vy uniquely (since the function p is one to one) as

(4.29) p(0k) — p(:) = Yr(p(v) — p(0e)).
We have the following lemma (see [32, Lemma 3.2]).

Lemma 4.4. For a fired v— > 0, u_ € R, there exists Ca, kg, 9,9 > 0 such that for any
e < eo, /A < 8o with X < 1/2, the following is true whenever |Y (U)| < &2:

_ 2
(4.30) L wn=hefas+ [ 1@l d < 05

2
(4.31) 1Yy (0r)] < Cg%, for every k < k.

We now fix the constant d3 of Proposition 4.2 associated to the constant Cy of Lemma
4.4. Without loss of generality, we can assume that d3 < ko (since Proposition 4.2 is valid
for any smaller d3). From now on, we set (without confusion)

V= @537 U:: (@7h)7 B:: 6537 g:: g63'
Note from Lemma 4.4 that

62

(4.32) Yy (0)] < Car

We first recall the terms Y in (4.16) as

y — _/Ra"h_;lﬁdg _ /RQ’Q(yyﬁe)dg + / ( — Oep(Ve) (v — 02) + agile(h - h5)>d§.

a
R
In what follows, for simplification, we use the notation:

Q:={¢ | (p(v) —p(0e))(§) < 03}

We split Y into four parts Yy, V3, ¥; and Yy as follows:

Y=Y, + Y+ Vit Y,
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where
Vyim =50z [ alo(e) = p(a) Pl - [ dQuulnde ~ [ adeaa)o — i)
b [ adche(pto) - p(o0) e,
Y, = _;/ﬂa/@ e - p(v) ;P(f}s))ng
[ o) —p(w) (e - PP g
e JQ B 5
Y = /Qaagﬁs (h—he - p(”);p(%))dg,

Y, = —/ a'Q(v|v.)dE — a0ep(e ) (v — 0 )d§
(91

(914

_h |2 - -
—/ a/|h2hg|dg+/ adche (h — he)de.

Notice that Y; consists of the terms related to v — ., while ¥}, and Y] consist of terms related
to h—h.. While Y} is quadratic, and Y] is linear in h—he. Since {£ | |p(v) —p(?:)| < d3} C €,

Y,(U) is the same as Yj(v) in Proposition 4.2. Therefore we need show that Y,(U) —
Y,(U), Yi(U) and Y5(U) are negligible by the good term G.
For the bad terms B in (4.16), we will use the following notations :

(4.33) B =B+ By + By +Bs+ Bs+ Bs,

where

Bi = 0'5/ aagf}sp(v‘@g)df,
R

By = [ @) =plo)h=hds, B =5 [ dlp(o) —ple)de,
By = — /R a'v® (p(v) — (7)) e (p(v) — p(32)) d,
Bi— - /R o/ (p(v) — p(5.)) (v® — 52)9ep(.)de,

B = | adelote) = p(5:)) (0 = P2)0cp(i.)d.

We also recall the notations G, , g1+, G2, D in (4.18) for the good terms.
We now state the following proposition.

Proposition 4.3. There exist constants €y, 0y, C, C* > 0 (in particular, C' depends on the
constant 03 in Proposition 4.1) such that for any ¢ < gy and 50_15 <A< b < 1/2, the

following statements hold true.
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1. For any U such that |Y (U)| <
(4.34)  |BL(U) - By(D)] § < —Ga(U)) + (i)zgz(U)> ,
(4.35) (

>/\m

(436) B (U) - B (0)| < \ﬂDw),
(4.37) |Bs(U)| + |B4(U)| + |Bs(U)| < Cdy <D(U) + (%(U) — Ga( _)) + QQ(U))

(4.38)  |BU)| < c*gj + CVaD(U).

2

C*
2. For any U such that |Y (U)| < e2 and DU) < TET’
(4.39)
Yo (U) = Yy (O) + Y5 (U) ] + [Yi(U)]? + |[Ye(U)|?
2

1/4
<o ( SD0)+ (@) - 6(0) + 6701+ (2) grwn+ (5) gz@)) ~

To prove this proposition, we will control the bad terms in different ways for each case
of small or big values of v, which all correspond to the big values of |p(v) — p(?c)| (as
|p(v) — p(0:)| > 03). For that, we set

(4.40) p(vs) — p(0:) == ¥3, (p(v) — p(:)),  p(s) — p(Bc) := 3, (p(v) — p(%2)),
where ¢, and ¢§3 are one-sided truncations of 15, defined in (4.28), i.e.,
V5, (y) = inf(d3,9), ¥, (y) = sup(~03,y).

Notice that the function v (resp. ©p) represents the truncation of small (resp. big) values
of v corresponding to |p(v) — p(e)| > d3.

By comparing the definitions of (4.29) and (4.40),
(p(0s) = P(02)) Lip(o) () -0} = (P(0) = P(0e)) Lp(w)—p(2.)2~55}»

(P(0) — P(Ve)) Lip(w)—p(s.)<ss} = (P(V) = P(Ve)) Lip(o)—p(5.)<d3}-
We also note that

(4.41)

p(v) —p(vs) = (p(v) = p(2:)) + (p(¥:) — p(0s))
= (I —4%) (p(v) — p(2e))
= ((p(v) = p(v:)) = d3)
p(o) —p(v) = (p(vs) — p(¥:)) + (p(2:) — p(v))
(4.42) = (% —1) (p(v) — p(2:))
= (= (p(v) = p(?:)) — d3) 4.
lp(v) = p(@)| = [(p(v) — p(¥:)) + (p(3c) — p(v))|
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Therefore, using (4.29), (4.40) and (4.42), we have
(4.43)

D) = / a0 (p(v) — p(.))Pde
R
- /Ravﬁ‘as(p@) = () P (L (o) —p() <05} + Lp(o)—p(a0) 583} T Lipw)—p(ae) <} )IE
—D(0) + / av® |0e(p(v) — p(5s))|2dE + / a0 (p(v) — p(an))|2de
R R
> / a0 (p(v) — p(a))2dE + / a0 (p(v) — p(o)) .
R R
On the other hand, since Q(v|v:) > Q(v|0:), we have
(444) o] / 10/|Qu]52) dE > Ga(U) — Go(T) = |0 / /] (Q(vl) — Qo)) de > 0,
R R
which together with (4.30) yields

(4.45) 0<Go(U) — Go(U) < Go(U) SCE;.

We first present a series of following lemmas.

Lemma 4.5. Under the same assumption as Proposition 4.3, we have

@) [ 1lot) —plafae+ [ ldloto) - )]s < \fti),

(4.47) /R Id/|

(4.48) /R @207 p(v) - p(o) 2 € + /R @27 Ip(v) — p()| d€ < CX* (DU) + $62(U))

(4.49) /R la' |2

Proof. Proof of (4.46): We split the proof into two steps.

|p(v) - p(6€)|2 - |p(@b) - p(68)|2‘1{p(v)—p(65)§63} d€ < \/i,D(U)

W lp(v) = p(3:) = 7 |p(3) — p(3)2| dé < ON (D) + $Ga(1))

Step 1: Note first that since (y — d3/2)+ > 03/2 whenever (y — d3)+ > 0, we have

(450) (=301 < (0= /DLy < =00/ (L5 ) < 2y - a2,

Hence, to show (4.46), it is enough to show it only for the quadratic part, with o, defined
with d3/2 instead of d3. We will keep the notation 7, in Step 2 below.

Step 2: First, using (4.43), we find that for any £ € R,

3
Ip(v) — p(Bp)(§)] < /g |02 (P(v) — P(06)) | Lip(o)—p(5.) <55} A€

¢
(4.51) <C A VP20 (p(v) — p(0)) | Lp(o)—p(o) <—ss} 4
0

<¢y/lel+ VD).
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For any ¢ such that |(p(v) —p(v))(&)| > 0, we have from (4.42) that |(p(v) — p(?c))(&)| > 3.
Thus using (3.11) and (3.8), we have Q(v(§)|0:(£)) > «, for some constant o > 0 depending
only on ¢3. Thus,

Q(v|7e)

(4.52) Lipw)—p@)>0p < =

Since 1{\p(v)—p(ﬁb)|>0} < 1{|p(v)—p(17)\>0}7 using (451), (452) and (430), we estimate

/ 1@/l |p(v) — p(ow) |de
R

d/llp(v) — p(o,)|? dé + / a/||p(v) — p(ow)? dé

</|5|<1\f e>1,/2

(4.53) < sup  [p(v) — p(0s)] /|s o \Fla'|1{|p<v)—p<v)>0}d5

repw) [ ﬁ'“/' 161+ 1) a

(\/:3/' Tacea [ [ramdg)
[ o) - pten| e < c\ﬁpm.

Indeed, using (4.30) and (4.1) (recalling |a'| = (A/e)|?L]), we have

2 € —cel¢|
[ 1alvto) - pioy e < D >(ﬁ+xe/gl>;ﬁe |§!d§>,

and for the last term, we take §y small enough such that for any /) < dy,

A —celelig| ge = 2 ~cléljelge < 2 —cielge = 252 \f
/|s|\f €] de /|s\f ragsg/m%e =2

As mentioned in Step 1, recall that 7, = Ubs, /s in the above estimate. Then using (4.42),
we have

Therefore we have

[ 1ol — plon, ) de = [ 1P (~(ot0) — p(02) — 0013 de
R R
< / 0/ Po? (—(plv) — p(i)) — 63/2)% deé
/|a 208 |p(v) — p(ons, ,)I? d

< C\/:D(U).

(4.54)
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For the linear part, using (4.42) and (4.50) with y := —(p(v) — p(?¢)), we have

/R & [20° (o) — plin, )| de < / @208 |p(v) — p(n,, )2 de

< C’\/:D(U).

Proof of (4.47): Since it follows from (4.41) that

(4.55)

Hence, we obtain (4.46).

Ip(0h) — P(Ve)| L ip(o)—p(o) <53} = [P(O) = P(D) |1 fp(0)—p(i)<ss} < 035
using (4.46), we have

p(v) — p(e)|* — |p(Tb) — P(Be) [* |1 {p(0)—p( )<} dE

= / |a’||p(v) — p(T)|Ip(v) + p(Ts) = 2P(0e) |1 p(0)—p(5.) <65} D6
(4.56) "
< /R |a'|[p(v) = p()| (Ip(v) — p(To)| + 2|p(T) — P(V=)]) Lip(o)—p(o.)<as} dE

< /R l'[ (Ip(v) = p(Bp) > + 203]p(v) — p(By)]) dE < C\/iD(U)-

Proof of (4.48): Thanks to (4.50), it is enough to show the quadratic part, with v defined
with d3/2 instead of 3. For this case, we will keep the notations o5 and 7, below without
confusion.

We first decompose the quadratic part into two parts:

/ 0/ 28 |p(v) — (o) dE = / 0/ P8 |p(v) — p(ay) 2 dé + / 0/ 208 |p(v) — p(u) 2 d
R R R

~~

~
=:Qy =ls

First, using the condition § =y — o < 1, we have

VP p(v) —p(v 2 _
|Qel =/Rla’l2 | (U)_m( 1y o1y

<€ [ 6P = 011 -pi0) <2y 46
To control the right hand side, we use (3.10) as follows: If [v — | > 0, using (3.11), we find
|0 — 9| > min(c; '63/2,v- /2 — o).

Taking 6, in 2) of Lemma 3.1 such that gy < 6,/2 and min(cs 'd3,v_/2 — gg) > J., we use
(3.10) with w = 0., u = v and v = v to find that there exists a constant C' > 0 such that

(4.57) Clv — o] < Q(v]v:) — Q(1]0e).

Therefore, using |a'| < e\, we find

(4.58) Ql<C /R d/2(Q(u]52) — Q(0]5.)) dé < CAGH(U).
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On the other hand, to control Qg, we will first derive a point-wise estimate (4.61) as
below:
Using |da’| = (\/¢e)|0|, together with (4.2) and (4.30), we get
e [ Q) de = [ Wianl) ds
5 v|v < ——— [ dQ0|?
—1/e : 1nf[—1/e,1/s] ] Jr :
2

€€ €\2
< - =C(2)".
- C)\E A ¢ (A)
Therefore, there exists & € [—1/¢,1/¢] such that Q(v(&),7(£0)) < C(g/A)?%. For §p small

enough, and using (3.16), we have
5

|(p(v) = p(2:))(%0)| < C-

Thus, if g is small enough such that Ce/\ < d3/2, then we have from the definition of v
that

(p(v) = p(vs))(€0) = 0.
Therefore, for any £ € R,

13
07/2(p(v) — p(E.)) (€)] = ) /E 96 (v*'2(p(v) — p(5.)) dc|.

To control the right-hand side by the good terms, we observe that since v%/2 = p(v)_(7_o‘)/ 2,
we have

3 (V72 (p(v) — p(0s))) = 0¢ (p(v) == ((p(v) — p(Ty)))
= p(v)~ 720 ((p(v) — p(0s))

=1 %pty e 2B o () - () + )]

— 20 (p(e) = plon)) — T3 202 L o ) — pian)

7= p2pv) — p(v)
2y p(v)

8510(66)'
In particular, note that (by the definition of v5) the part K above can be rewritten by

K= Wl{p(wp(ﬁs)>53/2}3§((p(v) — (%)) = Wag((p(v) = p(0s)).

Then, using |0zp(v:)| < C|0| and

we have

10 (07 (p(v) = p(25))) < CoP2(|0((p(v) = p(05))] + |52
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Therefore, using (4.43), we have that for any £ € R,

3
1082 (p(v) — 06 (72 (p(v) — p(4)) df]

-

&o
1o (82 .

S/E |0 (V772 (p(v) = P(U))) | L p(0)—p(5.)>55 /21 €
0

3
< /5 VP2(10e((p(v) = P(03)] + [N L (o) p(a) 55 /2) 4E
0

1 ]
<Cy/lel+ - (\/WJr \//RalvéIW1{p(v>—p(ﬁg)>53/2}d5)-

Using the condition f = v — a > 0, we have

8

v

/Ra!%!Q VL (o) —p(50) >822} 0E = /a!v5!2 — |2!’U Ve |* 1 (0) () 565 /2) €
€

(4.59)
< C/Ralﬁél [0 = B[ L {p(0)—p(s.) >80 /2} IE-

In addition, using (3.8) and |0Z| < C'$|a’|, we have

(4.60) [Pl = it < O [ Q101

Therefore we obtain that

@) R [0 - pe))(©)] < Cylel+ 2 (VB + VD) ).

Now, using (4.14) with (4.1), we have

Q. < (P + (5) ) )% [ €l + 1y

< CN? (D(U) + (;)2 QQ(U)).
Therefore, this and (4.58) complete the estimate:
[P lbto) = p(o) P de < X (D) + 56:(0))
Hence using the similar estimates as in (4.54) and (4.55) (i.e., using (4.42) and (4.50) with

y := |p(v) — p(?¢)]), we obtain (4.48).
Proof of (4.49): We first separate it into two parts:

[ 1P [o2lote) @)~ o lp(o) - p(a) | de
R

a'|*of v) — p(0:)% = |p(®) — p(v.)|? a'?1v? — P |p(v) — 2752 .
E/RII lIp(v) = p(3:)* = [p() p(s)!\d£+/R|H |Ip(0) — p(2)|* d¢

=:I; =:15




Using the same arguments as in (4.56), it follows from (4.48) that

P (1(0) = @) + 26alp(o) = p(o)]) e
2 J—

O (D(U) +562(0))

For I, we first separate I into two parts:

I

IN

IN

I = /Rra'ﬂv — oy |Ip(w) — p(v.)[* d€ + /]R!a’ﬁ\vﬁ—vfﬂpw—p@e)Pdf :

:;[g =:15

Using the assumption 5 < 1, we have

5
I} < 53/ |a’ |2‘|U_U|‘|U — V| p (o) —p(5.)<—b5} A€
< C/RW\ [V = V|1 gp(0)—p(i.)<—85) 4§
<C [ WP (Quln) - Qo) d < CAG (D)
R
Likewise, we use § > 0 to have

5
12 < 53/ ‘a ’2‘“)_?}“@ v’l{p —p(e)>03} df

< C [P0 = 011101 -pieo) €€ < CAGD).

Lemma 4.6. Under the same assumption as Proposition 4.3, we have
@6 [ p(eli) ~p(o10)] de
2 _

<o\f5 (20)+ (5) 0) + € Ga) - 6)).
(4.63) /RW\ 1Q(v[T:) — Q(0]0e)| d€ + /R |d'||v — 0| dé < C (G2(U) — Go(U)) .
Proof. Following the proof of [32, Lemma 3.3| together with (4.45), we have

[ i@ - qeon) de-+ [ fao ol dg
R R
< [ 10)(QUulie) = Q(alin)) dé < € (Ga() = Ga(D).

Following the proof of [32, Lemma 3.3], we have

/ @] p(olde) — p(o]3)] de
R

=:I;

31
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First, using (4.45), we have
I <C(G2(U) = G2(U)) .

We separate I into three parts:

L =/ '] [p(v) — p(e)| d€+/ 0| Ip(v) = p(0:) ] Lgp<o_s2} d£+/ 0| Ip(v) = p(0:) 1>0_ 2} dE -
R R R

=:I11 =:I12 =:I13

By (4.46), we have
I < C’\/iD(U).

VPlp) = p(s)|* = p(0) " [p(v) = PP pv)p(i) 565}

For I5, we first observe that

lp(v) — p(vs)|\ 5~ e
(4.64) = <W) Lp(0)—p(5)>633 [P(V) — P(Vs)] 7
oo v+o

Since (by the smallness of €y and J3)
p(v) = p(0s)| Livco_ 21 = [P(v) = ()| Livco_j2y — [P(Ts) = P(Ve)| Lppcu_ 2y
> |p(’U) - p(@€)| 1{v<v7/2} — 03
(4.65) > |p(v-/2) — p(3v-/4)| — 03
1
2 5 [p(v-/2) = p(3v-/4)],

using (4.64), we have

ato

_ 2 2
[p(v) = P(05)| Lo j2y < Clp(v) = (o) 7 < CvP|p(v) = p(os)|".
Then it follows from (4.61) that for all £ € R,

9

466 1) p(l 1o (0 = € (1614 2) (D) + (5) ).

Therefore, using (4.66) together with the same estimate as in (4.53), we have

(4.67)

[S a/ U_T}S]-vv d+/ CL/ U_’DS].UU d
’ /£|<;\/§‘ I906) = (O L et el 0 =20 L

+ (§)2g2(U>> <\/33 /R a'|Q(vlo:) d€ +2 /§ . \Fla’\lﬁlc%)
<c <D(U) + (i>292(U)> <\/§ Fae A » fe—cslém dg)
< C\/§ <D(U) + (i)ng(U)> .

<c (D)

7 N



For I3, since |p(v) — p(0s)| L{y>v_ /2y < p(v—/2), we have
7 \p )| il i
13 = !a |1V = 0|1z /23 {p(v)—p(i.) 65} 4§
< C/ |a||v—v\1{v>v /240 {p(0) (i) >85} 46 < C (G2(U) — Go(U)) -

Hence, we have

I < c\fi (pw) + () %(U)) +C(Ga(U) - Ga(D)),

which gives (4.62).
Lemma 4.7. Under the same assumption as Proposition 4.3, we have

, - = € 1
@68) [ Jallplo) = plo| Ik~ helde < o (D) + (5) 60 + 561 W),

g
(4.69) /Q '] (Q(3]52) + [0 — 5.) dé < c\/i (D(U) + (;)2 QQ(U)> .

Proof. Proof of (4.68): We first separate it into two parts:

[ ) = pla |1~ Fag
< [ 1) = @1t = Rl dg-+ [ 1a]p(o) = p(ae)|1n = el de

=:J1 =:J2

We use the definition of v5; and Holder’s inequality to have

3= [ Jallpt) = p(o)In — Fc

< (/Q @/l |p(v) — }d§>1 . </ﬂca’|lh—ﬁe\2d£>m.

To estimate [, [a||p(v) —p(@s)‘2d§, using (4.64) and (4.61), we find that for any € € R,

2y 2y

(4.70) (p(v) — p(B)) (> < C <I£| + i) m <D(U) + (i>2g2(U)> o

33
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Following the similar arguments as in (4.53), and using (4.70) with ¢ := 2L (note 1 < ¢ < 2

Yt
by 0 < o < 7y), we obtain
[ lto) - ple) e
= 'llp(v) = p(0:)|? dé + 'Nlp(v) — p(os)|? dé
/ms;(:)“q lpte) = o) /mz;(z)”q lipte) = ple)

o)+ (5) e’ (1 fuawmades2 [ |a’||s\qu>

(
<o(ow)+(5) @) (25 +5 elee ds)
(

€1 Jig12(2)"

Therefore,

I < Cﬁ (D(U) v (i)2gg(U)>q/2 (/Q /|| — E5\2d£> "

Using the Young’s inequality (recall 1 < ¢ < 2), we have

5 <o (@) + (5) o) + 5 (A) ([ - ﬁslzdg);q.

Since (4.30) yields

we have
€

Jy < 6o (D(U) + (A)Qggw)) +5 (X)Zg;(U).

For Ja, we use ‘p(z’)) — p(f)a)‘ < 43 and Young’s inequality to have

N 1
Jy < 53/Q la[|h — he|dE < 591 (U) + C'/R 0" |1 {p(0) —p(5.) 05} DE -

=:J21

To control Ja1, we observe that since (y — d3/2)4 > d3/2 whenever (y — d3)1+ > 0, we have

_ - 1
(4.71) Ip(v) — p(vs,2)| = (Ip(v) — p(Ve)| — 03/2)4 > gl{p(v)—p(@6)>53}‘
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Then, using (4.71) and (4.70) (with ¢ := -5%;) and following the same estimates as in (4.53),
we have

Tor €€ [ W lp0) = DUy 2) 1L )15
€ €\2
gc\ﬂ (D(U)—i-()\) QQ(U)).
Therefore,

J < 561 (U)+ 0\ <D(U) " <A>2g2(U)> .
Hence we obtain (4.68).

Proof of (4.69): The proof follows from the above estimate for Jio as follows:

2
[ 1@l + o= ) de < € [ 100 piem0n 6 < €5 (D) + (5) a0

O

Lemma 4.8. Under the same assumption as Proposition 4.3, we have
(4.72) / ! |2|”v| de < m( (U) + (Ga(U) — Go(1)) +( ) gQ(U)>
(4.73) / | ol [v? —Ua|2 |v5—®f’2‘d£

< 0A<D<U> +(6:(0) - 6:0) + (5) (0.
Proof. Proof of (4.72): We first have

JR=—— /\ 12'” ’2d£+/ |2'“
Since 0 < 8 < 1, we have
Iy < C/R /2107 = 811 p(0)—p(o.)<—a} 4 = C'/ |a’ |2|UU‘|! — 0|1 {p(0)—p(e) <—d5} €

< C/ |0’ [* [0 = DL {p(0)—p(o.) < -5} dE < C/ d'[? (Qv]T:) — Q(v]0e)) dé
R R
< Ce (Ga(U) = Go(U)) .

For I, we separate it into two cases of « > 1 and « < 1.
Case of a > 1 : Since 8 < v —1 by a > 1, we observe

v P <o =Qv) as v—0,
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we have

Iy= | |df i Ul 1

R Q(U‘ﬁa) - Q(@wa) 1{p(v)—p({,€)>53} (Q(Uwa) - Q(m@&)) df

Case of 0 < a <1 : Sincel_To‘<1and

11—« 11—«

Wp(v) 7 Qv) = (v7) T T = =1,
using (4.57), we have

11—«

Uﬁ_ﬁsﬂz v)—p(Ve)>03 — N\ ~ =~
o= / o' v R seni) ) p(a,)] 5 (QUul5) - Qo))
R oBlp(v) — p(os)| T (Qu]5:) — Qafi:))

<c /R d/Plp(v) — p(@2)] 5 (Qulie) — Q(ali)) de.

Then, using the fact from (4.64) and (4.61) that

yto

(o) - w5 < (e + 1) (PO + (5) a0,
we have

3

L=+ (5) eo) E L1 (ie+2) ™ Qi) - Q) e

Notice that since 0 < ,lyjr—'; <1by 0 < a< 1, we have

l—a l1—a
1\ 7Fe 1\ 7Fe
d| (y§| + ) T < Cedemelél <\g| + ) ’
€ €
11z —celg] l1—a
< Ce 7Fa)e (|e€] + 1)7Fa < CA.

Thus, we have

1—a

I < CA (D(U) n (i)ng(U)> " (Ga(U) - Ga(T)) .

Now, using the Young’s inequality with % = }er—g and % + % = 1, and then (4.30), we have

L= eA(P@) + (5) 0:)) + A (Ga(0) - (@)
<C <D(U) + (i)ng(U)> + CA (G2(U) — Go(0))

Hence we complete the proof.
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Proof of (4.73): Since C~! < 4 < C and ¢ — 3f| < C, we have

|v? —v§\2 vﬁ—@gy‘
d
I | a
< /"2 7‘ B _ 5812 _ |58 — B2 ‘ U’ B12) d
< [1a1 (Uﬁ o — a2 - o - | e ) g
1 N P — P
gc/ |a/|? <6\v5—v’3| <\v'3—?7’8|+2|17’8—vf]> +|ﬂ’> de
R v v

1 1
<C [ |dP= WP =02de+C | |d)P= 0P — 0P| de.
R P R P

=J

y (4.72), it remains to estimate the term J. For that, we separate it into two parts:

/ |a’ |2 - 176\1{v<u_/2}u{v>2v_} dﬁ*’/R |a/‘2173|v5 - @ﬁfl{v_mgvg%_} dg .

=:J1 =:J2

Using the same argument as (4.65) together with the definition of v, we have

|Uﬁ - 776‘1{v<v_/2}u{v>2v_} >C >0,
which yields

1
Ji < c/ WP — o2 de.
R v

Since
v — 0|1y jp<u<any < P/ (0-/2)||p(v) — p(0)],
we have
1 v
Jo = / |a')>— ‘ _— ’|U — V|14 ja<v<ao_} d§
< C/ s |U — V|14 ja<v<ao_} d§
R
<C [ 1P lp0) = pO)L o e
Therefore, (4.48) and (4.72) give the desired result. O

4.8.1. Proof of Proposition 4.3. Proof of (4.34): It follows from (4.62) together with |0.| <
C%la'| that

B.0) - 510 < 5 (D) + () 6a(0) + (Ga0) - 6a(0)) ).
Proof of (4.35): By (4.68), we have

5,0)] <00 (20) + (5) 60)) + 501 )
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Proof of (4.36): We use (4.41) and (4.47) to have

- - _ - €
1B (U) =B (O)| = | | d (Ip(v) — p(@)]> — [p(vs) — p(¥:)]) 1{p(v)—p(ﬁe)<53}d£' < \KD(U)-
Proof of (4.37): Using Young’s inequality together with % < a <1, we first find

C
1B3(U)| < 60D(U) + 5/ |a/|*0”|p(v) — p(3:)[* d€,
0 Jr

[ — 3P
‘7

By(U)| < / 10/110ep(52)|0° () — p(52)? dé + / a/||0ep(5:-)

de.
~
B5(U)| < doD(U / oepooP =L g
~

Using (4.49) and (4.73) together with |9¢p(¥.)| < C$|a/| and 6y e < A < &), we have
1Bs(U) = Bs(D)| + |B7(U) = By(0)| < Co (D) + 56:(V))
BuU) — B(0)] + BsU) — Ba(D)| < O (D(0) + (62(0) - 6a0) + (5) 6a(0) )

Therefore, we have
9

5
Z; BiU)| < 3 IBAT)| + CaDW) + oo ((Ga(U) — Ga(0) + ;QQ(UD '

i=6
Since |a’| < Ce), we have
2
ZiB 1202 [ ate) —pde v o2t [ TP
R

Using C~! <9 < C and (3.16) together with |p(v) — p(9.)| < 3, we have

/ &[0 |p(o) — p(i) 2 dé < C / 1d/|Q(o]5:) de < CG(D).
R R

Moreover, since
v v -
= ds<c/\a\' = >’ Qo) de
8

< C/R ld'|Q(v0:) d€ < CG2(U),

dg.

we have
Z|B )| < OO 1 (0).

Hence we have the desired estlmate (4.37).
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Proof of (4.38): First, using (3.15), (3.16) and (4.30), we have

2
Bi(0)+ B5@)| <€ [ IWlQula)de < C [ 1dlQula)de <

Then, it follows from (4.33), (4.34)-(4.37) and (4.45) that

BW)I < C5 + CV/a (D) + Ga() < €+ CV/&D(V).

Proof of (4.39): We split the proof in three steps.
Step 1: First of all, we use the notations Y%, Y5, Yy and Y for the terms of Yy as follows:

a/ |h — h€’2
Qc 2

Y, =~ /Q a'Q(v].)dé — /Q adep(ve) (v — be)dE — d§+/gc adghe(h — he)de .

~~ ~~ -~

=Yy =Yy =Yy =Yy

We use (4.46),(4.47), (4.63) together with (4.41) to have
¥y (U) = Y, (_)|+|Yf( ) = S(U)HI}?(U)—Y;(U)!
(4.74) < C/ ‘a Hp ‘p(’l)b) (ﬁe)‘Q‘ =+ ‘Q(v’f}s) - Q(mf}e)}

o= 0]+ |p(o) - pwm) i€ < O\ 5DW) +€ (6(0) - 6(0).

On the other hand, (4.69) yields
(4.75)

YO+ O < [ Quln) +lo- <oy (0 + (5) w)).

Next, by the definitions of G in (4.18), we have

Y3 (U)| + [Yo(U)| < CG; (U) +091+(U)+C/Qla’llp(v) — p(0:) [ d¢
< C(G; (U) +G{ (U) + [BU))),
Moreover, since

6 (V) < € [ 16| (I = hel + o) = 8 R) de < € [ 1d1h = hef? g + CIBO))

using (4.38), we have

~ 2
Y3+ G0)] < € [ [allh =Rl dg + 05+ CVEDD),
R

Therefore, using (4.30), (4.45), and the assumption D(U) < C*e?/ ), it follows from (4.74),
(4.75) and the above estimate that

2
Yy (U) = Y (U)| + Y7 (U)] + Y5 (U)] + Y5 (U)] + [Y(U)] < C%-



40 KANG AND VASSEUR

Step 2: First of all, using Young’s inequality and (3.16), (4.36), we estimate

[ o) = p(a) (h A e dg\
Q
1/4
) atwye(5)" [ i) - paas

1/4 1/4 _ _
) gf<U>+o(—) (B (D) + (B (V) - B} (D))

A\ 4 n e\ 1/4 ~ €
< <8> G (U)+C (X) <QQ<U) + AD(U>>-
Therefore, this estimate, (4.74) and (4.75) yield

Yo (U) = Y(U)| + Y7 (U)] + Y5 (U)] + [¥5' (U)] + [Ya(U)]

z - 1/4 c -
< C\/:D(U) +C (Go(U) — Go(U)) + CGy (U) + 2 (2) g (U)+C (X> " 6y0).

Step 3: For the remaining terms, using Holder’s inequality together with |iL/5| < C5ld'|, we
estimate

v <e(5) ([11d) [ 1oln-hpae < cSorw)
~ V) — D 2 2
P <o (5) ([ tag) [ (n-he- 220D e < o)
Therefore, this together with Stepl and Step2 yield
Yy (U) = Yy (U) + [Yo(U) | + [V (U)* + Y5 (U)
< ([Yy(U) = Yo(O)] + [V (U)| + Y5 ()] + V5 (U)] + [Va(U)])* + [V (O + [Vi(0) 2

9 1/4
<o < SDW) + (G2(U) — Ga(0)) + G5 (U) + (A) grw)+(5)" gm) .

4.9. Proof of Proposition 4.1. We now prove the main Proposition of the paper. We
split the proof into two steps, depending on the strength of the dissipation term D(U).

Step 1: We first consider the case of D(U) > 4C*§, where the constant C* is defined as in
Proposition 4.3. Then using (4.38) and taking dyp small enough, we have

R =~ (146,2) 18] - 67 (0) - 6 )~ (1= 805) Galt) - (1 DO
< 2B - (1~ 0)D(0)

< o0t - (1 —50—20\/%)
2

€ 1
<20*— - =D <
_C)\ 5 (U) <0,

which gives the desired result.
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Step 2: We now assume the other alternative, i.e., D(U) < 40*%.
We will use Proposition 4.2 to get the desired result. First of all, we have (4.32), and for
the small constant d3 of Proposition 4.2 associated to the constant C of (4.32), we have

[p(v) — p(2:)] < 03.
Using
Yy(U) =Y (U) — (Y4(U) = Yy(U)) = Y3(U) = Yi(U) - Ys(U),
we have
Yo(O))? <4([Y(U)] + [Yy(U) = Yy (U)]? + Y (U)? + [Vi(U)|? + |Ys(U)?)
which can be written as
—AY(U)PP < =Yy(O)]? + 4Yy(U) = Yy(U)]? + 4Y3(U)? + 4|Y2(U)* + 4[Y5(U) >

Now, let us take dp small enough such that 6y < 3. (In fact, since we see from the proofs
of Lemma 4.5-4.8 that the constants C' in Proposition 4.3 depend on 3 as algebraically
negative power of it, we take dy smaller enough if needed.)

Then we find that for any e < g9(< &3) and /X < §o(< 49),

R(U)S—W (1+6o )!B( )|
-G, (U) - G{(U) < ;) — (1= 60)D(U)
_|Yg€(g)| <1+50 )(|Bl( )|+ 185 (U)]) - (1—53 )g2( ) — (1 —63)D(U)
; (IY5(U) = Yo (T)|* + [Yo(U)|* + [Yi(U)|* + |Ys(U) )

=:J1

5
+(1+65) (&(U) ~Bu(0)| +1B5 (U) — B ()] + 185 ()] +Z|&<U>|>

=3

=:Js
53 3

(G2(U) — G2(U)) — **92( J) — (865 — 80)D(U),

1
2
v (4 43). We claim that J;, Jy are controlled by the last line
(4.34)-(4.37) and (4.39) that for any e/\ < §o(< 63),

~- G, (U)-6/(U) -

where we used D(U) < D(U) b
above. Indeed, it follows from

9 9 — 1/4 9 =
n<it ( PO+ (@) - a@) + 6+ (2) gt +(5)" %(U))

<5 (5)" (PO) + (@) - 6:(0) + 6 W) + 6 (1) + 36:0)
< 193 (D) + (6a(V) = Ga(U) + Gy (U) + G (U) + $6a(D)

J2 < CVEo (D(U) + (62(U) = Ga(0) + 62(0)
< 20 (D) + (Ga(U) ~ Gal0) + 5Ga(0)
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Therefore, we have

7|2 c _ _ € -~ 7
_“”g;g)' + (14805 ) (BUO)| +1B5 (O)]) = (1= 657 ) G2(0) — (1 = 8)D(D).

Since the above quantities Y,(U), By, By (U),G2(U) and D(U) depends only on o through
U, it follows from Proposition 4.2 that R(U) < 0.
Hence we complete the proof of Proposition 4.1.

R(U) <

5. PROOF OF THEOREM 1.1

5.1. Proof of (1.11) : Well-prepared initial data. For a given datum (v°, u") satisfying
(1.10), let {(vy,up)}r>0 be a sequence of truncations defined by

’UO]_{TSUOSTfl} if —rl<az<r

vy =14 v_ if o < —r71
o if o >0t

and

uol{_T—ISUOST—l} if —rt<az<rl,

uy =4 U_ if o < —r71,

Uy if 2 > =L
Then, we consider a mollification of the above sequence: using ¢, (x) := %gbl(\%) where
¢1 is a smooth mollifier with supp¢; = [—1, 1], consider a double sequence {(v", ug”) }rv>0
defined by

™y o__ T ™y o__ T
vy = vk Gy, Uy = Uy *k Py

First, we will show

T 0 o9
(5.1) lim lim/RQ(vS’V]f)(V))dm:/ Q(vo\v_)dx—i—/o Q(°|vy)dz.

r—0v—0 o

For a fixed r, since vy” — vj; a.e., and f)(%) —v_ ae x<0asv—0, using

Qu15(2)) - QUuple-) = (Q(E") — QEp) + (@) - (1))

—(QGE) - Q) (05" = 9(3)) = Q@) (" = v5) = (3(5) —v-)).
we have
Q(vg’y\@(i)) — Q(vplv-) ae. z<0, as v—0.
Likewise,

Q(vg’yw(g)) = Q(vplvy) ae. x>0, as v— 0.

Moreover, since
T = -1
vy — 0] < max(r™, v) Ly <1y,

we have

TV~ € TV - T TV _ v _
Qi 18(3)) < Crley” =0 (C)* < & (|5 = 3" + [5(5) - o)

_ -2
< max(r 2,1}1)1{‘x|971+1} + |v - U| , v<l
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Since 1jz<p-1413 + |f) — 17|2 € LY(R), the dominated convergence theorem implies

lig%/Q dm—/ Q(vgv- dl“i‘/ Q(vglv4)d

Furthermore, since Q(vj|v) < Q(v°|v) € L*(R) and v — v* a.e. as r — 0, we have

lim / Qo + [ QUi / Qo) + [ @l s

which completes (5.1).
Hence by the diagonal extraction of (5.1), there exists a sequence (still denoted by vf) such

that
0 00
g%AQ(vglﬁ(i))dw—/OOQ(UO\U_)dx—i—/O Q(v°|vy )da

In particular, we have from the above construction that v§ converges to v* in L], (R), and
especially :

(5.2) vy — 0" in WS (R), s> 0.

where this convergence will be used in the proof of (5.23).

Using the same argument as above, we show

(5.3)
}g’%lﬁ% ]R; (ugﬂf +v (p(USvV)%)x — @ (z) — v <p ({}u(x))%>x)2 do — /:: W;Wd$’

where " (z) = u(x/v) and 0¥ (z) = 0(z/v).
Indeed, since |vf| < r~! for any small r > 0, we have

v (p)7) | = T p(p) )] e (Bu()),

i Ol NEAC I
VP,

A
Q=212

<

which means

—0 asv—0.
Lo (R)

| (pei)?),

Moreover, since 17’(%) — 0 a.e. as v — 0, we have

a 2 2
- 2\ - (T EANE lug —u—|* forae. z <0,
(7 + v (i), -5 ()~ (0 (0))7) ) ~ b e e 250
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Furthermore, since

(s %), -5 2) - (o (e (2))7) )

<9 Ty 12 (T |2 rvy 2
<2| |uy” —al*+|a A B L p(vy” )~
x

()

< C) (L + i —a* + 164 @)° + |7 @)]°) = g(@),

2

< C(r) (1{|xsw+1} +Ja—al” +

and g € L*(R), the dominated convergence theorem implies
li 1 v AN . (T - (T % ? d
tm )5 (o we (o) —a () (0 (2(7)) )&

0 ro_ 2 o0 |, T 2
:/ |up — u—| daz+/ |lug — u+| dr.
2 0 2

—00
Furthermore, since |uf) — a|> < [u® — @|? € LY(R) and uf, — u° a.e. as r — 0, we have
0 T __ 2 [e%e] ro_ 2 [e'e) 0_ |2
lim (/ o —u-l" ), +/ MC@ _ / e —al”

which completes (5.3). Hence, using the diagonal extraction as before, there exists a se-
quence (still denoted by wf) such that

(@) v (p(¥ (@) ) e = /°° W;mzdaz.

—00

1 o
f J o (v v ()7,

5.2. Proof for the main part of Theorem 1.1. We here present a proof for the second
part (ii) of Theorem 1.1.

5.2.1. Uniform estimates in v. Let {(v”,u")}, >0 be a sequence of solutions on (0,7") to
(1.1) with the initial datum (v{,ug). Our starting point is to apply Theorem 1.2 to the
below functions:

v(t,x) = v (vt,ve), o(x):=0"(ve), wu(t,x)=u"(vt,vx), a(x):=a"(ve).
That is, using (1.17) in Theorem 1.2 together with (4.14), we have
| B(@ )60 - X(0)ds

—0o0

T/v poo » ~
+ /0 / |0"(2)|Q (v(t, x)|o(x — X (t))) ddt

—00

T/v poo
+/0 / VIt @) 0, (p(u(t, ) — p(B(z — X ()| dedt

—0o0

< C/Oo E((vf, uf)(ve)|(0,2)(z))dz.

—00
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Then by the change of variables t — t/v, z +— /v, we have

/Oo E, (0", w”)(t, 2)| (8", @) (z — X, (1)) da

/ / Y(t,2)|7 (& — X, (1)) dadt
+u/ / Y10 (8, 2) |0, (p(0” (t, 7)) — p(¥ (x — X, (t)))) | dadt
< c/ ((of, uf) () (3", @) (x)) d,
where X,,(t) := vX (t/v), and

(5.4) E,((vi,u1)|(ve, u2)) := % <u1 + V(p(vl)%)x — Uy — u(p(vg)%>x>2 + Q(v1|ve).

For simplification, we introduce the variables:
(5.5) Y ="+ V(p(v”)%) . R =+ V(p(f)”)%) ,

Then, recalling (1.8), the above estimate implies

[l w6 ) o - X))

// o, 2) 5" (@ — X (1)) dadt

+u/ / V1= 9, (p(v” (t, 2)) — p(3” (= — X, (£))))|*dadt
<C/ ((vg,ug)|(0”,a"))dx.

Therefore, using (1.11), we find that

for any ¢ € (0, 1), there exists v, such that for all v < v,

/_ (W B D)) () (& — X (1)) de

T poo
(5.6) +/ / |(0")| Q (v¥ (¢, z)|0" (x — X, (t))) dxdt
+y/ / Y108, (p(v” (t,2)) — p(” (z — X, (1)) | dadt
< C& + 6,
where

& = /_OO n((v°, u?)|(v, %)) dz.
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5.2.2. Proof of (1.12). We first prove the weak convergence (1.12).

e Convergence of {v"},~¢ : For the given two end states vy, we first fix a constant
M > 1 such that

(min{v_, vy}, max{v_,v3}) C (M~ M).
Then we fix the constant kg > 1 in Lemma 3.2, and set
(5.7) K = max{3M, ko}.
For the constant K > 1, let 1) be a continuous function defined by
z, fK'<z<K,
(5.8) Y(x)=< K1, ifx <K
K, ifxz>K.

Then we set

(5.9) v =), ol =Y ="

e

Note that the truncation v” will be used in the proof of (1.13) below.
Since

o] < max { (K™ = "), (o = K), ],
and M~! < ¥(x — X,,) < M, we use (3.12) in Lemma 3.2 to have
o8] < CQ (& — X,)).
Then it follows from (5.6) that for all v < v,
/00 Y |dz < C(E +1).

—00

Therefore, {vY},~¢ is bounded in L>(0,T; L*(R)). Moreover, since the definition (5.9)
implies that {v”},~0 is bounded in L°°((0,T) x R) € L*(0,T; L} (R)), we obtain that

loc

(5.10) {v”},~0 is bounded in L>(0,T; L}, .(R)).
Therefore, there exists vy, such that
(5.11) v = vs  in M((0,T) x R).

e Convergence of {u"},¢ :
We split the proof into two steps.

Step 1: We will first show convergence of {h”},~o.
For the given two end states u, we first fix a constant L > 1 such that

L L
(min{u_, uq}, max{u_,u;}) C (— 3 5)
Then let ¥ be a continuous function defined by

xz, if x| <L,
(5.12) p(x)y=<¢ —L, ifx<-L,

L, ifx> L.

Then we set

(5.13) n =w(h"), hY:=h"—h".
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Note that the truncation h” will be used in the proof of (1.13) below.
Likewise, since

0| < masc { (~h¥ = L)y, (" = L) },
and —L < h¥(x — X,)) < L, we have
0] < mas { (=AY = L)y, (" = L)y} < 07 = B (@ = X)),

Then it follows from (5.6) that for all v < v,
/ |hY|*dz < C(E +1).

Therefore, {h"},~0 is bounded in L*°(0,T; L?(R)). Moreover, since {h"},~0 is bounded in
L>®((0,T) x R) C L*(0,T; L? (R)), we have

loc

(5.14) {h"},>0 is bounded in L>(0,T; L (R)).

loc

Therefore, there exists us, such that

(5.15) h" — us in M((0,7) x R).

Step 2: We now prove that u” — us in M((0,7") x R).
Since v = h” — I/(p(’UV)%> , it is enough to show that
x

(5.16) V(p(vl’)%)z —~0 in M((0,T) x R).

In fact, since

= —p(v") 7 p()e = —(0")p(v")s, (recall f =7 - a),
it is enough to show that

(5.17) v(©”)Pp(v”)y — 0 in M((0,T) x R).

For that, we separate v(v”)?p(v"), into two parts:

v(v") p(v")e = v (")’ (p(v”) —p(0"(z — Xu(t)))) + (") p(0" (z — X, (1)))a

x
=:Ja

=:J1
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For any ¥ € C.((0,7) x R), using (5.6) and (3.8) together with the condition 0 < § < 1,
we find that for all v < v,

/ J1Wdxdt < v / (vv)B |( (v¥) — p(v¥(z — X, ’ Wdzxdt / (vV)PUdzdt
R+ xR R+ xR R+ xR

< C\/lj\/ (90 + 1\// (’UV)’B (1{’UV§3’U7} + 1{1)1123”7}) Wdxdt
R+ xR

< CVi/E + 1\/1 +/ 0¥ — 7 (2 — X, (£)|1 g 30 Wdadt
R+ xR -

< CVurE + 1\/1 + /R+ RQ(U”W’(Q; — X, (t))) Ydxdt

< CVvE + \/ / (07, W) (t, @) |(87, ) (x — X, (t)))dzdt
supp(¥
< CVr(& +1).
Likewise, we find that for all v < v,
/ Tdrdt <vC | p("(x — Xo(t)))sLips s Uadt
R+ xR R+ xR B

+u / ()PP (& — X ())ad furgoy Ueladt
R+ xR

<vC (8" ()| Wdadt
Rt xR

s0v [ @V @IQE @~ X)) Ly Ui
R+ xR

< yc/ 1 ()] d + C(Eo + 1).
R

Therefore we have
/ v(”)Pp(v?),Udzdt — 0 as v — 0,
R+ xR
which implies (5.17), and thus,
u’ = ux in M((0,T) x R).
Hence we complete the proof of (1.12).

5.2.3. Convergence of {X,},~0.
Lemma 5.1. There ezists Xoo € BV(0,T) such that
(5.18) X, = X in LY0,T), wup to subsequence as v — 0.
Proof. First, since X/, (t) = X'(t/v), it follows from (1.18) that
(X, < CL+ fu(t),
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where f,(t) := f(%). Notice that (1.18) and (1.11) imply that for any v < v,
1 follzrory = VIl Lo,y < ’/C/ n((vh, ho)|(, b)) dx

< C(/OO n((0°,u0)| (5, @))dx + 1).

—00

Thus, f, is uniformly bounded in L'(0,7T). Therefore, X/, is uniformly bounded in L (0, T).
Moreover, since X, (0) = 0 and thus,

t
| X, ()] < C't+C/ fu(s)ds,
0

X, is also uniformly bounded in L(0,T).
Therefore, by the compactness of BV (see for example [1, Theorem 3.23]), we have the
desired convergence. O

5.2.4. Proof of (1.13). For any fixed constants t1,t2 € (0,7) such that 0 < ta —; < 1, we
define

(519) ¢(8) = 1[t17t2](8)'
For the truncations v”, h” defined by (5.9), (5.13) with L, K fixed, we let

T ~
L= [ 60s) [ (e h) (s, (0, 1) o = X (o)) s,

Using the definition of the truncations together with (5.6) and fOT ¢ < 1, we find that for
all v < v,

T ~
(5.20) L, < / 6(s) / (0" 1) (s, )| (3, B ) (& — X, (s)))dads < CE + 6.
0 R
Then we have the following.
Lemma 5.2. For the fized constants L, K, let

T
Roi= [ 006) [ nlw )(s.2)|(0,0) (0 = Xoc(9)das.

Then

L,— R, — 0 wup to a subsequence as v — 0.

Proof. Since h”, h. 4 are bounded, we have
IR — B (z — X)) — | — a(z — Xoo)|| < O|RY (2 — X)) — iz — Xoo)|-
We separate the right-hand side into two parts:
| (z — X,) — 1z — Xoo)| < |WV (2 — X)) — iz — X))+ |a(z — X)) — a(z — Xoo)| -

:;Il :ZIQ

Since h¥ = @” + vp(¥"),, using ||@” — || 1wy = V|G — Ul L1(g), we have

1oy = 107 = all i gy < 118 — @l gy + vlp(E)all gy < Cr.
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Moreover, since [|I2||11r) = [u— — u4 || X, — Xool, it follows from Lemma 5.1 that

! 1 VBV (x — sNI? = |h — u(z — $))|?|dzds
| o) [ 5l =R = Xl = 1 = i = Xos(o)) Pl
<Cv+ c/ ()Xo (5) — Xoo(s)|ds — 0.
0

Likewise, since v” is bounded, using the definition of Q(:|-), we have
Q" (x — X)) — Q" |o(x — Xoo))\
< Q" (z — X,)) — Q(i(z — Xoo))| +|Q'(0 X)) 0”@ = Xp) = v(z — Xoo)|
+ ("] + |o(z — Xoo)]) ‘Q _XV))_Q( (v XOO))‘
<Clo¥(z - X,) — v(x — Xoo){.
Therefore, following the same computations as above, we have the desired result.

Recalling (5.8) and (5.12), we now consider

//RWR o(s)n((v”, 1) (s,2)|(0,8)(x — Xoo(s)))dzds
_ ‘hy—ﬂ<$—Xoo)‘2 ‘hu_ﬂ(x_Xoo)‘2
= //h”e[—L,L] ) 5 d:cds+//y¢[_L7L] ¢ 5 dxds

=:J1 =:Js

] s g PRI X s+ /I s 0QU 0 X))

=:J3 =:Js

Note that (using (5.20))
Ji+J3<R,=(R,—L,)+ L, <(R,—L,) +C& + 0.

O

For Jo, we use the fact that since @, h¥ € (min{u_,u+}, max{u_, u+}) C (— L/2, L/2)7 we

find
|hY —t(z — Xoo)| < 3|0 — BV (z — X,)| forall b ¢ [-L, L].
Then using (5.6),
9

Joy < 2// qﬁ‘h” h” (x — ,,)‘2dxds < C(&+)9).
vg[-L

Likewise for Jy, since v, 0" G (mln{v_,v+},max{v_,v+}) C (M~', M), using (3.13) in

Lemma 3.2 with the choice (5.7), we have
J4<C// ”\v (m—XV))dxdsgC(So—i-é).
vV g[K—1 K
Therefore, we have

G2 [ om0 1) @)l(0,8) (@ = Xeols)dnds < R, = L]+ Ol + )

To complete the proof, we use the following lemma.
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Lemma 5.3. Let f : R — R" be a nonnegative convex function, and Q be a measurable
subset of R where d > 1. Then, the functional u Jo fu(y))dy is weakly lower semi-
continuous with respect to weak convergence in M(Q). That is, if u, — u in M(Q), then

/f(u)dygliminf/ fup)dy.
Q " Q

This lemma looks classical result. But we can not find any references for its proof. So
we present the proof in Appendix B for completeness.

To apply Lemma 5.3 to (5.21), we let
Q ={(s,2) | t1 <5< 1y, =< Xoo(s)},
Qp={(s,2) | t1 <s<tg, x>Xxo(9)},

where t1,t2 are as in (5.19).
For the two end states (vi,u4 ), we consider the following convex functions fi, g4:

u—Uu 2
g1 (v) = Q(lvs), ha(u) = |2i|

Then, Lemma 5.3 implies that the following functionals are weakly lower semi-continuous:
a2
Gi(v) = / Q|vy)dzds, Hy(u):= // deds,
Q4 Q4 2
We set
Fi(v,u) = // n((v,u)|(ve, us))dads.
Qp

Then, Fi are weakly lower semi-continuous.
Therefore, (5.11), (5.15) and (5.21) together with Lemma 5.2 imply that

Fi (Voo, Uso) < limiglf]:i(v”,h”) < C(& +9).
v—r

Since § > 0 is arbitrary, we obtain

/;2 /Rn((voo,hoo)(s,x)|(z7,ﬂ)(x ~ Xoo(s)))dads < C&,.

1

Since t1,ty are also arbitrary, we find

(5.22) /Rn((voo, hoo) (£, 2)[(7,8) (@ — Xoo(t)))dz < CEo, for ae. t € (0,T),
which gives (1.13).

5.2.5. Proof of v, (t = 0) = . In order to prove (1.14), we will first prove the continuity
of v In time, and

(5.23) Voo (t = 0) = 2°.

We first claim that

(5.24) {u"},~0 is bounded in L*(0,T; L} .(R)).
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For that, recall from (5.5) that u” = h¥ — I/(p(?)l/)%)x. First, we have (5.14). To get a

uniform boundedness of V(p(v” )%)x, we use the same estimates as in Step 2 for the proof
of (5.16). Indeed, since

- u%(vﬂﬁ\p(v”)xy
< v(@”)?|(p(v") = p( (x — X, (1)), | + v (") |p(e" (& — X, (1)))s]

SC<¢M#Wﬂ@@@—p@Wx—XMQMLF+%1+QOWWWw—XAﬂD)

[e3

v|()),

@Y+ QIR @ - X)) ).
using (5.6), we have
v(p(v”)7), is uniformly bounded in L2(0,T; L, (R)).
Therefore, we have (5.24).
Then, (5.24) together with the equation v{ —uZ = 0 in (1.1) implies

v¥ is uniformly bounded in L?(0,T; W, ' (R)).

loc

Hence, by Aubin-Lions lemma, this and (5.10) together with (5.11) imply that (up to a
subsequence)

VY — vy in C([0,T7; V[/l;:s’l(]R)), s> 0,
which together with (5.2) completes the proof of (5.23).

5.2.6. Proof of (1.14). First of all, since X, € BV ((0,T)), there exists a positive constant
r = r(T) such that || Xe||ro((0,r)) = - Then we consider a nonnegative smooth function
¥ : R — R such that ¢(z) = ¢(—xz), and ¢'(x) < 0 for all x > 0, and [¢)'(z)| < 2/r for all
r € R, and
_ 17 lf ‘x’ S T,
(@) = { 0, if|z]>2r

On the other hand, let 6 : R — R be a nonnegative smooth function such that 6(s) = 6(—s),
Jg® =1 and supp 6 = [—1,1], and let

1 s—
05(s) := 5«9(8 5 5) for any ¢ > 0.

Then for a given ¢ € (0,7), and any 0 < t/2, we define a nonnegative smooth function

ot,5(s) = /05 (95(7’) —Os(T — t))dT.

Since vy —u¥ = 0 by (1.1),, it follows from (1.12) that the limit functions v, uso satisfy

T
(5.25) [ [ @atorstunto ) = ouas)o! (@use(s, ) dods = .
o Jr
Since ¢} 5(s) = 05(s) — 05(s — t), we decompose the left-hand side above into three parts as

I +1I5+15 =0,



53

where
I = /0T05(3)</Rw(x)voo(s,a:)dx>ds
I9 = —/OT O5(s — t)(/Rq/)(x)voo(s,x)d:c>ds
IS = —/OT/Rgotyg(s)w'(a:)uoo(s,x)d:vds.

Using (5.23) and the fact that [ 1(2)veo(s, z)dz is continuous in s, we find that as 6 — 0 :

é 0 0
Iy —>/Rz/1(a:)v (x)dx, I§ — /Rw(x)voo(t,x)dac,
and -
0 /
I — /0 /R¢ (2)uco (s, x)dxds.
Therefore, it follows from (5.25) that
T
/w(x)(voo(t, x) — vo(x))daf—i—/ /w'(x)uoo(s,x)dmds =0.
R 0o JrR

=:J1 =:J2

To show (1.14) from the above equation, we will use the stability estimate (5.22) and the
Rankine-Hugoniot condition.
For that, we decompose J; into three parts:

J1=Ju + Jig + Jis,

where

Ji = /R () (vso (1, 2) — D@ — Xoo(1)))d,
Jig = /Rw(x) (0(z — Xoo(t)) — 0(x))dz,
Jiz = /Rl/l(fll‘) (v(z) — v°(x))da.

Likewise, we decompose Jy into two parts:
J2 = Jo1 + Jao,

where

Ty = /0 /R 0(2) (100 (5, 7) — (3 — Xoo(s))) dads,

¢
J22 :/ /¢'($)H($—Xoo(s))dmds.
0 JR
Since | Xoo(t)| < r for all t € (0,T), we have
Jig + Jog = (U, — U+)Xoo(t) + t(u, — U+).

Then using the Rankine-Hugoniot condition (1.5),, i.e., 0 = —2=—"=, we have
——vy

J1ig + Jog = (Xoo<t) — Ut) (’U_ — ’U+).
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To control Ji1, J13 and Jo; by the initial perturbation & = ffooo n((vo, u9)|(w, ﬂ))dq:, we use

the stability estimate (1.13) as follows: First, we use (3.8) to have

2r 2r
|J11] < / ‘Uoo(tvx> —0(x — Xoo(t))‘l{vg?m_}dm + / ‘Uoo(tax) —v(z — Xoo(t»‘l{vz?;v_}dx

2r —2r

\/Q (oo (t, 2)[0(z — X ()))d:c+012 Q (Voo (1, 2)[5(2 — Xoo(t)))dax

f
< C\/N?o +C8.

Using the same estimates as above, and (1.11), we have

| J13] < CViry/& + C&.

Likewise,

|Jo1] < = / / oo (s, ) — t(z — s))|dwds < —t\/é’o
[=2r,—r]U[r,2r]
Hence we have
(0= = v4) [ Xoo(t) = ot] < C (& + (1+ V&),

which completes the proof.

APPENDIX A. PROOF OF PROPOSITION 4.2

We rewrite the functionals Y,,7;,Z>, G2, D with respect to the following variables

e plE€) —pl)
R O TR

Since p(0:(&)) is increasing in &, we use the change of variable £ € R — y € [0, 1].
Notice that a =1 — Ay and |a — 1] < 3 by (4.12), and

(A1) dy B p(0:)’

&~ ploy) —ploy  Vhere lp(vs) = p(v-)f = e

As in [32, Proposition 3.4}, we use the same notations:

by /(v )p(v_
Woe 2w ay = p'(v-)p(v-)

= > 0.
€ v+1

First of all, note that Yy, 71,73, Go are respectively the same functionals as Yy, B, B2, G in
[32, Proposition 3.4] except for the term % [ a”|p(v) — p(#:)|?d¢ in B, which is negligible
by Z, because of |a”| < Celd’| (see [32, (2.29) and (3.31)]).



Thus, it follows from [32, (3.39), (3.34), (3.33), (3.35)] that

2
/ W2dy+2/ W dy

+ O / W2 dy,
22 )
20[,\/673’1'” S (1 + 0(50 + 53))/ W dy,
0

A2 oy (A !
2@7§’IQ| < <; <€> + C(eo +(53)> /0 w2 dy,

2 2
LA

-2
a7€3 b3 (530’

(A.2)

)\2 a A 1 9 1 1
—20, =G < (-2 (=) +Cds W2dy+= [ W3dy+Ceo [ |Wdy.
78’3 g (3 0 3 0 0

Therefore, it remains to estimate the diffusion D as follows:
First, by the change of variable, we have

D= /01(1 — \y) |9, w|*? (fi)dy

Since it follows from (3.2) that

’Esﬁp({)g)’ = 0-8(68 - Uf) + M,
using (A.1), we find
(A.3) 617? ZZ (71&_(0?(175 —v_) + p(.) — p(v,))_
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Since the right-hand side of (A.3) is the same as the one in the proof of [32, Lemma 3.1],

we have

& dy £ ( A e )
y(I—y)df  oe(v—vy) \p(@) —p(v-)  plvs) —p(@:) )
Thus, it follows from the proof of [32, Lemma 3.1] that

175’8 dy €
y(1—y)dé 20,

Then, using ](vﬁ/ﬁg) — 1| < Cé3, we have

D > (1-A /]810]26 dy = (1- /ya \2” )

< Oe2.

> (1) (5= - —063)/0 y(1 = Byl dy
1
> = Cl a0 [ - wioyulay

After the normalization, we obtain

)\2 1
(A.4) —20476—313 <—-(1-Cl(eg+ 53))/ y(1 — y)|0,W|*dy.
0
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To finish the proof, we first observe that for any ¢ < d3,

Res(®) < == Vo) + (1+ 89T ()
3

+( +53< >)|IQ( )|—<1—53< ))gz() (1—=463)D(v).

Then, (A.2) and (A.4) together with g9 < d3 imply
2

z? ! '
20, <53> Res(v) < =5 53 ( Wzdy+2/ Wdy> +(1+C*53)/0 W2 dy

1
+2 / W3 dy + C.6 / W dy— (1= C.b) [y 9)lo, W dy.
0 0 0

To finish the proof, we use the nonlinear Poincaré type inequality [32, Proposition 3.3]
as follow:

Proposition A.1. [32, Proposition 3.3] For a given Cy > 0, there exists d3 > 0, such that
for any 6 < o the following is true.
For any W € L*(0,1) such that \/y(1 —y)0,W € L?(0,1) szo (W (y)]?dy < Cy, then

1 1 2
—( W2dy+2/ Wdy> +(1+5)/ W2 dy
(A5) 0 0 0 0
’ 9 1 1 1
2 Wiy s | WPdy—(1-6) | y(1-y)lo,Wdy<o.
3 Jo 0 0

First, using the same estimate as in [32, (3.38)], we find the constant C; > 0 such that

1
/ W2dy < C;.
0

Then, let us fix the value of the d2 of Proposition A.1 corresponding to the constant Cj.
We consider § = max(C.,C,)d3, and choose d3 small enough, such that ¢ is smaller than
0. Then we have

2

/\2 1 1
20, (811))73575( )g—— </ W2dy+2/ Wdy> +(1+5g)/ W2 dy
0
1
2 [ woayes [Py -w) [ o0 powPa
0 0 0

Therefore, using Proposition A.1, we have

)\2
20{7 <€3) R&-,&('U) < 0,
which completes the proof.

APPENDIX B. PROOF OoF LEMMA 5.3

For the given measurable set  C R%, we first choose a sequence of bounded measurable
sets {€2;}72, such that

QpCQ, d(Q, Q) >— forall k> 1.

| =
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Indeed, we can construct Qj, by Q) = {y € Q| |y| <k, d(y,Q°) > 1}.
Then, Q) /€, and thus, 1, (y) — 1o(y) for a.e. y € R%.
Therefore, for the given sequence {u,} such that u, — v in M(Q2), once we prove that

(B.6) Vk > 1, f(u)dy < lim inf/ f(up)dy,
Qs nJo

using Fatou’s lemma together with f > 0, we have

/ flu)dy < limkinf flu)dy < lirr}hbinf/ f (up)dy,
Q Q

Qp

which completes the proof.

To show (B.6), we first fix £ > 1, and set

1
B3(y) = 5361(5) for amy & € (0,1/k),

where 6; : R? — R is a nonnegative smooth function such that 6; (y) = 01(—y), fRd 0 =1
and supp 61 = {y | |y| < 1}. Then we consider the mollifications of w,,u as

ufl =y, k05, ud = ux* by

First, using the fact that u, — u in M(€Qy), and f is bounded, we find that
Vo € (0,1/k), ud —u® in CO(Qy).
Therefore, using the fact that f is convex (thus continuous), we have
(B.7) WD), [ 15(d) - fu)ldy 0.
Qp
On the other hand, we claim that

(B.8) Vs € (0,1/k), Vn, fu)dy < / £ (un)dy.
Q Q

Indeed, using the fact that 05(y) = 0s5(—y), [ga s = 1 and supp 05 = {y | |y| < 6} together
with d(Qg, Q°) > % > 0, Jensen’s inequality implies that for any y € Qy,

£b ) = ([ a0ty =2)2) < [ Flua@)0stz =)z = [ flua(2)05(z — )=

Therefore, using Fubini’s theorem, we have

/Qkf(Ui(Z/))dyS/Qk/ﬂf(un(z))%(z—y)dzdy

= /Qf(un(z)) (/Qk 0s5(y — z)dy)dz < /Qf(un(z))dz,
which provides (B.8).

Since u’(y) — u(y) a.e. y, and f > 0, we use Fatou’s lemma to have

(B.9) f(u)dy < liminf [ f(u®)dy.
Qp 4 Qp
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Hence, using (B.9), (B.7) and (B.8), we have

f(u)dz < liminf [ f(u®)dx

< limainf (lim inf [ |f(u®) = f(ul)|dx + lim inf f(ui)dx)

< lim inf lim inf f(ui)dx < lim inf/ f(up)dz,
J noJay, nooJa
which gives (B.6).
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