L?>-CONTRACTION OF LARGE PLANAR SHOCK WAVES FOR
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ABSTRACT. We consider a L?-contraction (a L>-type stability) of large viscous shock waves
for the multi-dimensional scalar viscous conservation laws, up to a suitable shift. The shift
function, depending both on the time and space variables, solves a viscous Hamilton-
Jacobi equation with source terms. We consider a suitably small L?-perturbation around
a viscous planar shock wave with arbitrarily large strength, while the BV-norm or the
L°°-norm of the perturbation can be large. Quite different from the previous results, we
do not impose any conditions on the anti-derivative variables of the perturbation around
the shock profile. More precisely, it is proved that if the initial perturbation around the
viscous shock wave is suitably small in L?-norm, then the L?-contraction holds true for the
viscous shock wave up to a spatially inhomogeneous shift function. Moreover, as the time
t tends to infinity, the L?-contraction holds true up to a (spatially homogenous) time-
dependent shift function. In particular, if we choose some special initial perturbations,
then we can prove a L2-convergence of the solutions towards the associated shock profile
up to a time-dependent shift.
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1. INTRODUCTION AND MAIN RESULTS

We consider the multi-dimensional scalar viscous conservation laws

(1.1) { dru + divA(u) = Au,

u(t = 0,) = ug(x),
where t € RY, x = (21,2') € R x TV=1 with TV =1 := R¥N=1/ZN~1 being N — 1 dimensional
flat torus, N > 2, u = u(t,r) € R, and A(u) = (A1(u), Az(u), -+, Ay(u))t € RV is a
smooth vector field of N fluxes 4; (i = 1,2,--- ,N) with A; being strictly convex, i.e.,
Al(u) > 0, V u € R. For the far fields of the initial value up(z) on x; direction, it is
assumed that

uo(x) = uy, asx; — +oo,

with u+ being prescribed constants, and the periodic boundary conditions are imposed on

2 = (29, -+ ,xy) € TN~ Without loss of generality, we consider the stationary planar
shock waves U(zx;) satisfying the ordinary differential equation
d

A U /:U// /:7
( 1( )) ’ dl’l’

U(z1) = us, asxz; — Loo.

(1.2)

Here, the two end points uy satisfy u— > uy by the strict convexity of A; and the Lax
entropy condition, and the Rankine-Hugoniot condition Aj(u4+) = Aj(u—). The existence
of the planar shock profile to (1.2) is well-known and the profile is unique up to a constant
shift (see for example [33]). On the other hand, when the flux A periodically depend on the
space variable x, the existence of planar shocks has been proved in [16].

In this article, we consider a L?-contraction (a L?-type stability) of large viscous shock
waves U(x1) in (1.2) for the multi-dimensional scalar viscous conservation laws (1.1) un-
der rough perturbations by using relative entropy methods. There are many literatures
concerning the stability of viscous shock wave to the viscous conservation laws in one-
dimensional case. In 1960s, II'in-Oleinik [33] first proved the time-asymptotic stability of
viscous shock waves to the scalar equation, see also Sattinger [52]. Goodman [21] and
Matsumura-Nishihara [45] independently proved the stability of viscous shock waves to the
system case under the zero mass condition on the perturbation about the shock profile.
Then, Liu [43] first observed that a generic small perturbation (i.e., without zero mass
condition) of a viscous shock profile produces not only a constant translation on the shock
profile but also diffusion waves on the transversal fields. Furthermore, Spzessy-Xin [53]
introduced the coupled diffusion waves to improve the stability result in [43] and finally
removed the zero mass condition in [21]. Recently, Huang-Matsumura [28] and Liu-Zeng
[44] removed the zero mass conditions in [45] in the two shocks and a single shock cases,
respectively. Very recently, Vasseur-Yao [56] removed the smallness condtition on the shock
strength in [45] by introducing a new entropy variable. For the multi-dimensional case
N > 2, Goodman [22] first proved the stability of weak shocks based on the anti-derivative
variables by introducing a shift function depending on the temporal and transversal spatial
variables in H*-framework. Then Hoff-Zumbrun [26, 27] improved the stability result in [22]
to the large shock waves by using the detailed point-wise Green function method. Recently,
Shi-Wang [51] proved nonlinear stability of the weak scalar planar shock wave with large
perturbation in R%. Notice that the above stability results are all based on the weighted
characteristic energy methods or point-wise Green function methods by crucially using the
anti-derivative variables to the perturbation around the shock profile.
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On the other hand, for L!-type stability, Kruzhkov [37] first proved the elegant L!-
contraction for the multidimensional scalar conservation laws (1.1) with or without viscosity,
by using Kruzhkov entropies. Then Osher-Ralston [47] proved the L!-stability of scalar
viscous shock wave with some restrictions on the perturbation, while Freistiihler-Serre [19]
removed the restrictions in [47] and proved L!-stability of viscous shock wave to the one-
dimensional scalar conservation laws (1.1) with arbitrarily large L!'-perturbations. In 2-D
case, Goodman-Miller [23] proved the L! stability of scalar viscous shock wave in R2.

Concerning L2-framework, Brenier [7] shows that Kruzhkov’s theory can be entirely recast
in L? and fits into the general theory of maximal monotone operators in Hilbert spaces,
for the multidimensional scalar hyperbolic conservation laws (without the viscosity term).
Another method for the L2-type stability is based on the relative entropy method, which is
purely nonlinear, and allows to handle rough and large perturbations. The relative entropy
method was first introduced by Dafermos [14] and Diperna [17] to prove the L? stability
and uniqueness of Lipschitzian solutions to the hyperbolic conservation laws endowed with
a convex entropy. In [17], that was also used to get uniqueness of some discontinuous
solutions for some particular cases, while no stability result was obtained. Later, Chen-
Frid [9, 10] and Chen-Frid-Li [12] used this method to prove the uniqueness and asymptotic
stability of Riemann solutions to some hyperbolic conservation laws. The theory of stability
of discontinuous solutions, based on the relative entropy has been reformulated in Serre-
Vasseur[49] and Kang-Vasseur[35] in terms of contraction, up to a suitable shift. Recently,
the method was used by Leger in [40] to show the L2-contraction up to a shift of inviscid
shocks to the scalar conservation laws (see also [1] for an extension to LP, 1 < p < o). That
has been extended to the system case in Leger-Vasseur [41] for extreme shocks, and general
criteria have been developed in Kang-Vasseur [36], Serre-Vasseur[49] for possibly all shocks
including intermediate characteristic fields. The relative entropy method is also an effective
method for the study of asymptotic limits. One of the first usage of the method in this
context is due to Yau [58] for the hydrodynamic limit of Ginzburg-Landau models. Since
then, there have been many works in this context, see [2, 3, 4, 5, 20, 34, 42, 46] and the
survey paper in [54], although they are all considering the limit to a smooth (Lipschitz) limit
function. Recently, the relative entropy method has been successfully applied to showing the
vanishing viscosity limit of the viscous scalar conservation laws to shocks by Choi-Vasseur
[13], and the zero dissipation limit of full compressible Navier-Stokes-Fourier system to
contact discontinuities by Vasseur-Wang[55]. Furthermore, that has been also successfully
used to prove the L?-contraction of viscous shock profiles to the one-dimensional scalar
viscous conservation laws by Kwon-Vasseur [39], up to a time-dependent shift.

This article is the first attempt to obtain the L?-contraction of large viscous planar shock
waves to the multidimensional viscous conservation laws with rough initial perturbations,
based on the relative entropy method. The main difficulty is how to deal with the com-
pressibility of the viscous shock wave without introducing the anti-derivative variables. In
one-dimensional case, Kang-Vasseur [35] use the only time-dependent shift function to over-
come this difficulty. However, that can not be applied to the multi-dimensional case since
the perturbation may propagate along the transverse directions ' = (x,--- ,2y) € TNV L,
Instead, here we construct a spatially inhomogeneous shift function Y'(¢,z) (defined in
(1.7) below) satisfying a viscous Hamilton-Jacobi equation with source terms, up to which
we have the L2-contraction of the viscous shock profile to the multidimensional equation
(1.1). The main issue related to the shift is to prove the global-in-time existence, and
more importantly the large-time behavior of the shift function Y (¢, x), which is determined
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by a spatial-homogeneous function m(t) (defined in (1.5) below). On the other hand, if we
choose a special initial perturbation, we have that the special perturbation is L2-contractive
and the solution to (1.1) time-asymptotically converges to the viscous shock wave up to a
time-dependent shift. Our results require the initial perturbations being suitably small in
L*(R x TV=1) but the shock strength, BV-norm or L*>-norm of the perturbation can be
arbitrarily large.

For notational convenience, we will denote the spatial domain by

Q:=Rx TV
Our first result is the following.

Theorem 1.1. Let U(x1) be a planar shock wave defined by (1.2). Then, for any fized
to > 0, there exist a positive constant dg such that the following holds.

For any initial data ug with |[uo—Ul|2(q) < do and ug € L>(Q2), there exists a shift function
Y (t,z) such that

AW@@—U@Hﬁﬁmm%x

is mon-increasing in time for t > to. In addition, there exists a positive constant C(tg)
depending only on ty such that

(1.3) / lu(t,z) — U(zy + Y(t,2))2dz < C’(to)/ lug(x) — U(x1)|2dz, VYt > 0.
Q Q
Furthermore, we have the following time-asymptotic behavior for the shift Y (t, x)
(1.4) tlim / |U(x1 + Y (t,2)) — U(zy + m(t))|*dz = 0.
0 Jo

where the shift m(t) is defined by
/ U (21 + m(8))|Ydz
_Ja

- /|U’(x1+m(t))dx |
Q

(1.5) m(t)

lim /Q|u(t,x) —Ul(zy +m(t))Pdz < C’(to)/Q lug(z) — U(z1)2de.

t—00
The above spatially inhomogeneous shift Y (t,xz) can be constructed such that
(1.6)

VT (- +m@)(Y = m()] oo (0,00:22(0)) + VU (- + M) VY [| L2 ((0,00)x2) < Co,
VY[ oo 0,00;22(02) T 1AY ([ 12((0,00)x2) < Cdo,
VY[ Lo 0,000, () + 1AY || L2(0,00:15, (22)) < C'(0)d0,

where s > % and C is some positive constant independent of t € R and C(ty) depending
on to but independent of t € RT .

Several remarks are listed in the following.
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Remark 1.2. Theorem 1.1 holds true for arbitrarily large shock wave and any spatial
dimension N > 2. Moreover, we only assume that the L?-perturbation ug — U is suitably
small, while the oscillations of the solution, BV-norm of the perturbation can be arbitrarily
large. In addition, we do not impose any conditions on the anti-derivative variables on
the perturbation of shock, which is quite different from the previous well-known results in

21, 26, 27].

Remark 1.3. In proof of Theorem 1.1, we will consider the shift Y (t,x) as a solution of a
viscous Hamilton-Jacobi type equation

N
0Y — AL (U(Y +21))0,, Y + Y AYUY +21))02,Y
(1.7) —ALU(Y +21))| VY2 —HL:?VJ;Y —AY
= — (w1 — har(8)¥ar (1 +mi(t)) — har(t) — g(t),
Y=o =0.
Here, w = (w1, -+ ,wy) is a vector field defined by
(1.8) w - Sp(t)A(u\U(Y+acl))

u—UY +x1)
where ¢ is a smooth function such that 0 < ¢ <1 and
_J o dfo<t<ty,
plt) = { 1 ift > to,
with tg being the arbitrarily fized positive time in Theorem 1.1.
Moreover, hy(t) is an average of wy as
1

) P — / / wid,
0 2(M + 1) Jov—t Sy pm@l<nin

where m(t) is defined by (1.5), and M is suitably large positive constant,

and Ypr(x1) is a smooth cut-off function satisfying 0 < 1y < 1 and
1 dfay e [-M,M],

(1.9) 7Wm”_{0#mekwMJMM+UR

In addition,

g(t) = /Q(u —U(Y 4+ 21))U'(x1 + m(t))dz.

Remark 1.4. In Theorem 1.1, the smallness condition on ug — U is only in L*(Q). In
addition to Theorem 1.1, we will show that if there exists a constant 0g > 0 such that
luo — Ullgs () < do for s > &, then the solution u to (1.1) with the initial data uo satisfies
the L?-contraction for all t > 0, i.e.,

(1.10) /Q ult, ) — Uy + Y (1, 2))2da < /Q () — Uz 2z, ¢ 0,

where the shift Y (t,x) can be constructed as a solution of the equation (1.7) with ¢(t) =1
for all t > 0, thus the shift Y satisfies the properties (1.4) and (1.6). As a consequence,
we have a time-asymptotic L?-contraction of the shock up to the spatially homogenous shift
m(t), i.e.,
lim / lu(t, z) — Uz +m(t))|*de < / lug(x) — U(x1)|*dz.

Q Q

t—o00
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Remark 1.5. Thanks to the smallness condition on ||[VY ||pec((0,00)x0) i (1.6), the exis-
tence of m(t) can be proved by the implicit function theorem through (1.5). Then it follows
from (1.5) that

() = O Jo IU' (@1 +m(t))|Y (¢, x1,2")dx _ O Jo |U (x1)|Y (t, 21 — m(t), 2" )dx

Jo IU'(21)|d Jo IU'(21)|d

_ Jo lU' () |[(Ya(t, 21 — m(t),2") — m/(¢)0,, Y (t, 21 — m(t),2'))dx
INGEENE |

Therefore, by (1.7), m(t) satisfies the following ODE
(1.11)

m’(t)/Q\U’(ml)](l—l—amY(t, 21— m(t), ")) de :/Q\U’(xl + m@)Yi(t, 21,2 )do

:/Q\U’(xl +m(t))|[A’1(U(Y+a:1))8I1Y— STAUY +21)05,Y + AU + 1))V, Y 2
=2

VLY AY — (wn — () (1 + m() — har(0) — (1) d.

with the initial value

m(0) = 0.
Moreover, if we assume the initial perturbation ug — U is sufficiently small in H®(Q2) with
s> 1, then it can be shown that the shift function m(t) satisfies

t—+oco ¢

which means that |m(t)| is sub-linear as t — 400, and implies that our result is consistent
with the previous ones in [22, 26, 27].

We here briefly present a rough idea on the construction of the shift Y as a solution of
(1.7). First of all, we observe that the shift function should depend on both temporal and
spatial variables, due to the compressibility of the shock profile and the wave propagation
along the transversal directions @’ = (z2, -+ ,2xy). In Goodman’s classical paper [22], the
shift function §(¢,2’') depends on the time ¢ and transversal directions 2/, and satisfies a
diffusion equation and the zero mass condition

/(u(w,t) —U(xy +6(t,2"))dz; =0, V¢t € RT, V2’ € TV
R

1
so that the anti-derivative variable / (u(z,t) — U(x1 +6(t,2")))dz is well-defined in H*-

space and then the compressibility of ‘sﬁe shock profile can be fully used. In the present pa-
per, since we want to establish the L2-contraction of large viscous planar shock waves U (1)
to the multidimensional viscous conservation laws (1.1), it seems that the anti-derivative
method in [22] can not be used. Alternatively, we use the relative entropy method and con-
struct the parabolic equation (1.7) for the shift function Y (¢, x), so that the shifted profile
V(t,z) :=U(z1 + Y (t,z)) satisfies the viscous balance law with a transport term:

V, + divA(V) +w - VV — AV = G,
V(z,t=0) = U(zy).

Here G is some inhomogeneous term and w is defined as (1.8) to get rid of some difficult
terms caused by the compressibility of the shock profile. Using (1.12) with suitably chosen

(1.12)
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G, we can establish the L2-contraction of the perturbation u(t,z) — U(x1 + Y (¢, 7)) under
the suitably small assumption of L?-norm of the initial perturbation. Then the remaining
issues are the global-in-time existence and large-time behavior of the shift function Y (¢, z),
which is another difficult part of the present paper.

Our second result is on a special kind of perturbation:

Theorem 1.6. Let U(x1) be a planar shock wave defined by (1.2). Then there exists a
constant 6y > 0 such that the following holds.

For any function Yy : Q@ — R with [|Yo||r=(q) < do, there exists a solution Y (t,x) to a
viscous Hamilton-Jacobi equation

(1.13)
N
OY — AU +21)0nY + 3 AU +21))0Y — ALUY +21))|[VaY]2 — AY =0,
=2
Y=o = Yo.

Moreover, the solution u to (1.1) with ug(x) = U(xy + Yo(x)) satisfies u(t,z) = U(x1 +
Y (t,x)), and Y (t,x) satisfies
(1.14)

IV 200+ 5 [IVITT@DIY —ell (0 iz +HIVIT@DIVY ooy < o

with the positive constant C independent of the time t € RT.
Furthermore, the perturbation uw = U(x1 + Y (t,x)) time-asymptotically converges towards
the viscous shock wave U(x1) up to a time-dependent shift c(t), i.e.,

lim / lu(t, z) — Uz + c(t))|*dz = 0,

t—o00

where c(t) is defined by

U (21)|Y (£, 2)d
(1.15) c(t) = Jo ($1/)| (¢, x)da
Jo IU'(21)|dz
Remark 1.7. Notice that since U'(x1) € L*(Q) by (2.4) below, we easily see that the spe-
cific perturbation ug(z) = U(x1+Yo(x)) is a small L?-perturbation of the shock profile U(x1).

Remark 1.8. In Theorem 1.6, Y(t,x) is chosen to satisfy the viscous Hamilton-Jacobi
equation (1.13), therefore the maximum principle for Y holds true. However, for the general
perturbation case in Theorem 1.1, since the equation (1.7) has the inhomogeneous source
terms, it is not obvious to get a global-in-time L°°-bound for Y. Therefore, we shall perform
the higher order localized energy estimates on'Y for the general case.

The paper is organized as follows. In the next section, we derive an energy equality based
on the relative entropy method, and present basic properties of the shock waves and useful
inequalities, which are crucial for our analysis. We will first prove Theorem 1.6 in Section
3, whose proof is simpler than the one of Theorem 1.1, while it presents some instructive
ideas to prove the gerneral perturbation case. Section 4 is devoted to the proofs of Theorem
1.1 and the claim in Remark 1.4. There, we first prove the claim of Remark 1.4 and then
Theorem 1.1. In Appendix, we present a proof on local-in-time existence of the shift as a
solution to (1.7).
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2. PRELIMINARIES

In this section, we present an energy equality based on the relative entropy method, and
basic properties on the viscous shock waves, and then useful inequalities, which are needed
for our analysis in the following sections.

2.1. Relative entropy method. In this part, we present a useful energy equality based
on the relative entropy method as follows.

Lemma 2.1. Let u be the smooth solution of the conservation laws (1.1), and V' be a smooth
solution of a nonlinear parabolic equation

(2.1) Vi+divA(V) — AV +w - VV =G,

where w and G are some inhomogeneous coefficient functions. Then, we have

—— —Vitdz + V(u—V)|“d

_ _/Q (AlV) ~ (u = Vyw) - WV + / (u— V)G,

Q

(2.2)

The remaining part is devoted to the proof of Lemma 2.1. Even though our framework
is based on the L2-norm, we here present the general case of the relative entropy n(-|-) for a
given entropy 7. Then, we will focus on the quadratic entropy and explain why the choice of
quadratic entropy is essential. Concerning the following relative entropy method, we refer
to [35].

For a strictly convex entropy 7 of the scalar conservation laws (1.1), we define the asso-
ciated relative entropy function by

n(ulv) = n(u) —n(v) —n'(v)(u - v),
and the relative flux by
A(ulv) :== A(u) — A(v) — A'(v)(u — v).
Let ¢(-,-) be the flux of the relative entropy defined by
a(u,0) = g(w) — a(v) — 7 (V)(A(w) — A@w)),
where ¢ is the entropy flux of n, i.e., ¢ = A’

We now investigate the relative entropy between the solution w of (1.1) and the solution V'
of (2.1). A straightforward computation together with (1.1) and (2.1) yields that

O (ulV) = (n'(u) = n'(V))0eu — 0" (V) (u = V)0,V
= —(1'(u) =0/ (V))divA(u) + 1" (V)(u = V)divA(V) +1"(V)(u = V)w - VV
I
+ (' (W) =" (V) Au —7"(V)(u = V)AV + 7" (V)(u - V)G.
Since the flux part I above can be written by
I = —divq(u,V) —n"(V)A(|V) - VV,

we have
Om(ulV) = —divg(u, V) + (7' (v) — n'(V))Au — 7" (V) (u = V)AV
—n"(VYAW|V) - VV + 17" (V)(u - V)w-VV + 5" (V)(u - V)G.



Then, we integrate the above equality over €2 to get
d
i 977(

— [ () = Vdu = (V)= V)AV) dz

u|V)dz

+ / ( —n"(V)A|V) - VV + 0" (V)(u - V)w - VV) dr + / " (V)(u—V)Gda.
Q Q
Now, if we consider the quadratic entropy n(u) = “2—2, then the parabolic term induces a
positive dissipation. Therefore, we have (2.2).

2.2. Properties of viscous shock wave U(z1). We briefly present some well-known
properties of shock profile U(x1), which are crucially used in the proofs of main results.
We first mention that the shock profile U(z1) exponentially converges towards the two end
points uy. Since A > 0, it follows from (1.2) that U(x1) satisfies the compressibility
condition

(2.3) U'(z1) <0,

and the R-H condition A;(uy) = Aj(u_) and the Lax entropy condition Aj(uy) < 0 <
A’ (u_) hold true. Thus, there exist positive constants ¢+ such that

(2.4) |U'(z1)| ~ exp(—c+|z1]|) as x1 — Foo.

Indeed, since
A1(U) — A (ug)
U - U+

— Al(uy) as U — ux,

it follows from (1.2) that
U'=A4U) - A1(ux) ~ A (ur)(U —uy) as U — uy,

which together with the above Lax condition implies (2.4).
In addition, by the Lax entropy condition, there exists a unique state u, € (u4,u_) such
that

Al (uy) = 0.
Let U(z1+) = ux, then it is worth noticing that the monotonicity condition (2.3) together
with A > 0 implies that |U’(z1 — 21.)| has a maximum at a unique point xi., and is
increasing as |r; — x1.| increases. Without loss of generality, we assume z1, = 0.

2.3. Useful inequalities. In this part, we present two lemmas associated with some
weighted Poincaré type inequalities, which are used several times in the following sections.

Lemma 2.2. Let m be any constant, and ¢1(x1), p2(x1) any integrable functions on R
such that |x1|¢1(x1) and |x1|p2(x1) are all integrable on R, and ¢1 > 0, fR Podxy1 #£ 0,
¢o € L?(R). Then, there exists a positive constant C independent of m (depending only
on N, [|é2]lLiw), 1620l2@m), [g @2d21, ||| - |2()llL1w)) such that for any function f : Q(=
R x TVN=1) — R satisfying ¢o(- + m)f € LY(Q) and Vf € L*(Q), the following inequality
holds.

t/ﬂ@ﬁﬂm+mﬂw
Q

(2 < C/R(|x1|+1)¢1dx1[(/ﬂf(x)¢2(xl+m)dg;)2+/Q|Vf\2dx]
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Proof. Integrating the following identity w.r.t. y; € R,
1
o, )oa(on +m) = (1, )oalon +m) + [ 0n,flar, o' )derda(n +m),
1

we have

f(l’law')/ $2(y1 4+ m)dy:
R o
= / fyr, )2 (y1 + m)dy +// Oy f (21, 2" )dz12(y1 + m)dys .
R

R Jy1

Then we have

f2(a:1,w’)(/R¢2dy1)2
: 2(/Rf(y1,x’)¢>2(y1 + m)dy1>2 t 2(/ /xl Op, f(21,2")d21 2 (y1 + m)dy1>2.

R Jy1

Since ¢ > 0, multiplying the above inequality by ¢1(z; + m), and then integrating w.r.t.
z = (z1,2") € Q, we have

(/R¢2dy1)2/gf2(x)¢1(x1 + m)dx

(2.6) < 2/R¢1(x1 +m)dzq /TN1 (/Rf(yl,x,)%(yl +m)dy1>2dx’
T )
+ 2/Q (/R/y1 O, f (21,2 )dz102(y1 + m)dy1> b1 (1 +m)dzx
=:I1 + I>.
Set H(x') := [p f(y1,2")¢2(y1 +m)dy1, and H(z') := H(a')— [rn_1 H(2,t)dz’. Then, using

the Pomcare inequality, we have

/ H(2/)|2da’ < 2/ (') Pda’ +2( H(z')dz’>2
TN-1 TN-1 TN-1
<c [ a2 [ f@o +mys)

TN-1

< Clloalsy [ 100 sPdo +2( [ fahonter +myds)”

This together with fR o1(x1 + m)dey = fR ¢1(x1)dxy yields

2
= Cllorlgs (162l [ 1952 +4( [ f@)onor +myis)”).
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For the estimate on Is, since

2

o
([ ] onteraderéntn + myinn)
R Jy1
/ 1/2 2
< ( R||5x1f(w$)||L2(R)|$1 =yl d2(yn +m)dy1)
< N0y (5 2) |22y 2l L1 ) /R(|$1 +m[ + [y1 +m|)|p2(y1 +m)|dy

< 10w £ ) gy el ey (L1 + mlllagey + - 620l agwy)-

we have

REC [ 06 Fagyds’ [ (o1 +ml + C)énn +m)da
TN-1 R
< c/(m\ + 1)<;51da;1/ IV fPdz.
R Q
2
Therefore, dividing the both sides of (2.6) by ( fR ¢2dy1> , we have the desired inequality.
O

Remark 2.3. On the right hand side of (2.5), we leave the coefficient C [ (|x1|+ 1)¢1day
explicitly in terms of ¢1, because that will be crucially used, for example in (4.7).

Lemma 2.4. Let U(z1) be a planar shock wave defined by (1.2), and m any constant.
Then there exists a positive constant C independent of m (depending only on ||U'|| 1 (w),

VAN Ol L1 wy) such that for any function Y : Q — R satisfying [, |U'(z1+m)|Y (z)dz =
0, and the intergrals [ |U’ (1 +m)||0, Y [2dzy and Jo U (1 + m)||Va Y |2dz be finite, the
following inequality holds: Yz = (x1,2') € Q,

U (w4 m)|[Y ()
< C(lzy+m[+|U' (21 + m)!)/ U (g1 + m)|10y,Y (y1, 2")Pdyy
R

N
+C|U/(xl +m)|/ ‘U,(yl +m)’<z |ain(yla' Y Ti41, 00 ,.'EN)|2>dy
& i=2

Proof. Since U’ € L'(R) and

/ U (21 + m) [V (2)dz = 0,
Q
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we have
> = U (y1 +m)|Y dy 2
Uz +m)||Y (2)]? = |U" (21 +m ‘Yx —fQ
| (,1 Y (2)]* = [U'(z1 +m)[[Y (z) fQ|U’(y1+T;L)|dy
Uxy+m ~
= |+ m e - )
L1(Q)
Uz +m
(2.7) —‘Héﬁ'\/ U (1 +m)| / 0.,V (21,2')dz
L1 Y1
2
+Z/ 6Z¢Y(y17"' s Yi—1yZiy Tit1,y 7$N)dzi>dy‘
2
< W(Il—l-fz—l-fg),
L1(Q)
where
(2.8)
U (21 4+ m)| /\U/ 1—|—m/ 0.V (o1, dzldy‘

—m

I :=|U'(x1 + m)| /\U (y1 +m)| 0z, zl, dzldy‘
y1

2
I3 :=|U'(z1 + m)| / |U'(y1 +m)]| / 8. Y (Y1, s i1, 2, Tis1, -+ > TN )dzidy
Q

/L 'L
Since |U'(z1)] is decreasing in |z1|, we have
2 o v / 2
B = [0 U+ )| [ 0,71,
—m

[ i

= U2 @IV (@1 +m)] 02, Y (21 —m,2')dz

|z1+m|
< ||U’||L1 ‘/ VIO (20)]10:,Y (21 — m x)|dz1‘

< 0 Bspler +ml [ 1071+ ][0T a1, ) P
R
Likewise, we estimate I as

(2.10)
=W+ ml| [ 10+

y1+m
_ 2

<|U'(z1 +m) U'(y1 +m)| U'(21)]|0.,Y (21 — m, 2)|dz1dy
1

< U (@1 4 m) (/wy1+me' s mldn)” [ 10t |0,V o) P

0 ~ 2
(921 Y (z1 —m, $')dzldy‘

Thanks to (2.4), we have

I, < C|U/($1 +m)]/ |U’(2’1 +m)’|8zl}7(21,$/)‘2d21.
R
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Since z;,y; € T for « > 2, using the Holder inequality twice, we have
(2.11)

b < U/ + )| [0+ m)
Q
~ 1 12
XZ /@iy(yl,'-' i1 Zis Tig 1, aﬂfN)\dez‘) |xi_yi’§dy)

< OU|| 1wy U (21 + m) \/ U (y1 +m)| (Z’ayly (Y1, s Yis Tig, - 737N)\2)dy~
=2

O

3. PROOF OF THEOREM 1.6: SPECIAL PERTURBATION

In this section, we prove Theorem 1.6. A straightforward computation together with
(1.13) implies that a special perturbation v = U(z1 + Y (¢, x)) is a solution of (1.1), since

N
Owu+ divA(u) — Au=U'(z1 +Y) (8,5Y — AL(U(Y 4 21))0,, Y + Z AN(UY +21))05,Y
1=2

— AU +21)) VY2 - AY) — 0.

We now prove the existence of solutions Y to the equation (1.13). The local existence
follows the same arguments as in Appendix. For global-in-time estimates, notice that the
new variable Y :=Y — ¢(¢), ¢(t) as in (1.15), satisfies

Y — AL (U(Y +21))0,,Y + Z AU +21))8,,Y
(3.1) ~

N —ANUY + :L‘l))|VY|2 AY = —{(t),

Y (t = 0,2) = Yo(w) — c(0) := Yo(w).
Multiplying the above equation by |U’ (xl)]?, and simple computations yield that
(3.2)

V2 V2
0,(1U" () %5 ) A4 (U e DIV (1) 0, (-

Ji

)~ [AL U +21)) = A (U(0) |0 (21)|V0,, Y

+ZA’ (Y + 21))|U" (21)|0%, (YQ) —AYUY 4 21)|VY U (21)]Y = div(|U' (z1)]Y VY)

J:
! 22 / 2 ! Y2
+0u ( xllU(wl)I*)Jr U (@) [[VY]? ~ m1x1|U(x1)|—

J3

Since it follows from (1.2) that the shock profile U’(z1) satisfies that

(33) U @) = (AL @)U @)
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the summation of the two terms J; and Js can be computed by

y?2
T+ Iy = =0, (AU @)U (1) |5 )
We rewrite the term Jy as

(Y + 21 + c(t))?
2

N
o= AU + 21+ e(t)U (21)|0n, — (@1 + ()Y + a1 + (1)),
=2

setting Fy(z) := [ Aj(U(s))sds and G;(z) = [5 A;(U(s))ds yield that
N ~ ~
Jy = Z |U"(21)]0z, (Fl(Y + 21 +c(t)) — (21 + c(t)Gi(Y + 21 + c(t))),
i=2

which vanishes after the integration with respect to 2’ € TV~!. Thus, integrating (3.2) over
Q) yields that
(3.4)

d / }72 / < 2
= [ U (z)|=dz+ | |U'(21)||VY *dz
dt Jo 2 0

. ~ ~
— [ (WO +20) ~ 4O @)) U @0)]0s, (o + [ AU +2)[FTPIU 00 Vo
= Igf + L. .

Notice that thanks to the maximum principle on the equation (1.13) as
1Y oo ((0,00)x2) < Y0l Lo (02),

it holds that for any ¢ > 0,

le()] < Y Iz ((0,00)x2) < 1Yol oo ()5
which yields that

1Y [l oo 0,00)x) < 1Y |0 0,00y + €(t)| oo 0,00) < 20[Yollzo< (0.

Therefore, I5 is estimated as

Bl < ClF i [ [0 @)IVT o

< 20 Yo | 1 / U (@) ||IVY Pde.
Q
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For the first term I;, we use Lemma 2.4 with m = 0 to estimate

1 ~ o~
L) < / / U (@1 + Y)Y ||U (1)) |0, V||V d
QJo

~ 1 o~ ~
<ClIY o~ | /Q U (21)100, ¥ 2dz + /Q /0 U1 + 07)PIU" (1) ¥ Pt

< C|[Yoll = / U (21)100, ¥ da
Q

1 ~ ~
F el [0 G+ 6F)R [(ar 410 D) [ 10010 7,0 P
QJo R
U )] [ 10110, ¥ (t.)Pdy] b
< C¥all [ V@) VY P,
Q

Taking ||Yp|| L < 1 yields that
d / }72 / v |2

(3.5) — [ U (21)|=dz + [ |U'(21)||VY|*dz < 0.

Since

v
| 0@ de < 2Fal ey [ (0@l
Q Q

we complete the proof of (1.14).

With the weighted estimates (1.14), we can first show the large-time behavior of the shift
Y and then prove the L? stability of viscous shock profile for the special perturbation. Set

Plt) ::/\U’(xl)y2|?(t, ) [2da.
We want to show that
(3.6) lim F(t) = 0.

t——+o00

Using Lemma 2.4 with m = 0, and then using (3.5), we have

(3.7) /OO Pt)dt < C/OO/Q U (20)|[VY (¢, o) Pdadt < C.

On the other hand, iot follows from (‘3?.5) that F'(t) is decreasing in time ¢, and therefore,
[ 1F s < F0) - Py < FlO) > 0

which implies that F' € L(0, +oc0).
Therefore, (3.6) holds true. Then we have

./wmﬁdww»—mm+dm&mgc//HU@H4Y+u—mmm%me
Q QJo

< c/ U7 (21) 2|V 2 — 0, as t — +o0,

which completed the proof of Theorem 1.6.
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4. PROOF OF THEOREM 1.1 AND REMARK 1.4 : GENERAL PERTURBATION

In this section, we present the proofs for Theorem 1.1 and the claim in Remark 1.4. Since
the initial assumption (on smallness of |[ug — Ul () in Remark 1.4 is stronger than the
one in Theorem 1.1, we first prove the claim in Remark 1.4 and then Theorem 1.1 in each
step.

As stated in Theorem 1.1 and Remark 1.4, we aim to show that L?-norm of the pertur-
bation

u(t,r) — U(r1 + Y (t, 7))

is non-increasing in time.
For that, we first derive an equation on V(¢,z) := U(x; + Y (¢,2)). Using (1.2), (1.7) and
the chain rule, we find that V satisfies the equation (2.1) with

G=U(Y +1) (w1(1 — ¥u (1 +m(t))) — har(t)(1 — s (21 +m(t))) — g(t)),

and the initial value V' (0,2) = U(z). That is,

OV + divA(V) +w-VV — AV
(4.1) =U'(Y + 1) (w1(1 —¥u(zy +m(t))) — har(t)(1 — P (1 + m(t))) — g(t)),

V(0,2) = U(z).
Therefore, it follows from (2.2) that
(4.2)
;jt/g lu — V|2dx + /Q |V (u— V)2

_ _/Q (A@V) = (V) - ¥V

+ / (= VYU (Y + 1) (wr (1 = a1 +m(£)) = har(B)(1 = Yar(as +m(t)) = g(¢) ) da.
Q

4.1. A priori estimate on u — V. In this part, we first show a L?-contraction of u — V
under an a priori assumption that VY is uniformly small in (¢, z) € (0,7) x § for any fixed
T > 0. Then, in the next steps, we shall prove a global-in-time existence of Y in suitable
spaces, from which the a prior assumption on VY is guaranteed.

We first get a L2-contraction of u — V in the case of ¢ = 1 in (1.7) (for Remark 1.4). In the
sequel, T" denotes any positive constant.

Lemma 4.1. Let Y be a solution of (1.7) with ¢ = 1 for all t > 0. Assume there exists
go > 0 suitably small such that

(4.3) VY || oo (0,1)x02) < €0-
Then, for all t € [0,T],

;/Q(u—V)QdmjL/OT/Q|V(u—V)|2d:Udt—|—/0T (/Q(u—V)U'(x1+m(t))dx)2dt§ ;/Q(UO—U)2daj.
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A(ulV)
u—_Vv

_vI2 _V)?
2dt/’u V\dx—l—/|Vu dx

-1éw—vnuy+wncmu—me«+mm»—hMmu—wMuywmw»—awym

Proof. First of all, since w = it follows from (4.2) that

2
Then, we derive the other dissipation term (fQ u— VU (x1 +m(t ))dac) from the above

last term related to g(t) as follows:

2dt/ v =V dm*/ V(u—V)]dz + (/( V)U'(x1+m(t))da:)2

—— [w= VU 4 mie)ds [ (= VIO +1) = U+ m(e)) do
Q Q

(4.4) —|—/Q(u— V)U’(Y—i—xl)wl(l — Yar(z1 +m(t)))da
+2(Ml+1) /I +m(t)|<M+1 wikr /Q(u VU +21)(1 = pur (@1 + mit)))de
=J1+ J2+ Js. 1

In the sequel, we often use the notation Y to denote Y :=Y — mi(t).
We first estimate J; as

1

31 < 5( [ = VIV m@de) + 5 [ @V +22) = Var + mie))do)

2

IN

;(/Q(u —V)U'(z1 + m(t))da:)2 + % (/Q lu—V| /01 U"(0Y + 1 + m(t))\d@\?\dg;)Q ,

L

To control the second term L above, we use the following estimates

Jo U (51 + m(t))|Y dy
Jo 1U' (g1 +m(t))|dy

SCAMWw+m®HY@@—Y@wWy

V(o) < [¥(ta) -

SQWthAKWm+m®WMrHMW+WHWWN+@@
< Cep(Jz1 +m(t)] + 1),

where we have used the assumption [[VY|| 1o ((0,1)x0) < €0-
Taking ¢( sufficiently small such that Ceg < %, we have that for all 6 € [0, 1],

0Y + 21 +m(t)| > |z + m(t)] — [YV] >

2+ m(®)
3 )

which together with (1.2) and (2.4) implies that

(4.6)  |U"(OY + 21 +m(t)|3 < CU'(OY + 21 +m(t)|3 < C|U (1 + m(?))].
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Therefore, we have
L< gg/Q u— VU (0F + 21 + m(t))|3da:/Q U (OY + 21 + m(t))|} (ja1 + m(t)] + C)2da
< ceg/Q u— V20 (21 + m(t))|da.
We now use Lemma 2.2 with taking ¢1 = |U’| and ¢9 = U’, to get
L< cag(/ﬂ(u V) (a1 mD)de) + CeT V)32,
For the term Js, since
Jy = /Q(u CVYUF 4 m() + 2w (1 -yl + m(t)))da
we use the same estimates as the term L to get
| 2| < C/Q = VU (@1 +m(@) (1 = ¢ar(ar + m(t)))de,

where we have used |w| < C|u—V|. Then, using Lemma 2.2 with taking ¢; = |U’|%/3(1—1)
and ¢o = U’, we have

2 < c( [ tal+nwEea —wmdm)
/|u—va’(x1+m dx /yvu— ydx]

Thanks to the definition of 1y (see (1.9)) and (2.4), we take M sufficiently large so that

(4.7)

[ ol + DIUPE(L = dag)dn < 1.
R
therefore, we have
1 2 1
2 < 3( [ 0= VIV a1+ mi@)de) + 1900 = V)l

For Js, we first see

C / / ,
< — u—Vl]dr [ |lu—=V||UY 4+ x1)|(1 — Ypr(x1 + m(t)))dz,.

J31 J32

|J5] <

For the two positive constants c_, cy in (2.4), let ¢, := min{c4,c_}. Then, using (2.4), we
have

] < VAT FIF O ([ U (1 + m)| 5 Ju— VP
0<z1+m<M+1

1
2

(4.8) + / |U" (21 + m)|£|u - V|2dzv>
0>z14+m>—(M+1)

1
< OV 1w M / Clwr +m)lu—VPda),
Q
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where

e L IW@IE 20
\U'(z)]-, x<0.
Then, by Lemma 2.2 with ¢1 = {, ¢2 = U’, we have

| < OVATFTe 50 ( /Q (4= V)U' (@1 + m(B)dz) + /Q V(a - V)Pda] .

Likewise, using (4.6), we have that

N|=

o] < /Q fu = VUV + @1+ m(@)[5(1 = (21 + m(1)))de)

x (/Q U(F + 21+ mO)]F (1~ ar(ar +m(D))de)

=

(4.9) < (/Q lw— VI2U (21 + m())|5 (1 — s (a1 + m(t)))d;r)

< /Q U (1 + m()|(1 = ¥ar( +m(t))de ) *

o=

< ceE M /Q o= VPO (4 m(e)[5(1 — as (s + m(t))de)

Applying Lemma 2.2 with ¢1 = |U’['/3(1 — ¢5) and ¢ = U’ to (4.9), and then taking M
sufficiently large such as the previous term .Js, we have

7 < 37 ([ =V +m(®)e) + 3190 = V)l

Therefore, combining all estimates above together with taking small g3 and large M, we
have

d 9 2
— [ (u—V)%dz —|—/ |V(u—V)|*dx + (/(u — V)U’(mﬂdm) <0,
dt Jo Q Q
which completes the proof. O

The following Lemma provides a L2-contraction of u — V when the shift Y is a solution
of (1.7).

Lemma 4.2. For any fized ty € (0,T), let Y be a solution of (1.7). Assume there exists
go > 0 suitably small such that

(4.10) VY || oo (0,1)x0) < €0-
Then, for all t < tgy, there exists a constant Cy depending on ty such that
/ lu(t,z) — V(t,z)*dx < C’o/ lug(z) — U(x1)|*de,
Q Q

and for all t > tg,

(4.11) i/g(u V)24 /Q IV (u— V) dz + (/Q(u V) (1)) <0,
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Proof. First of all, since ¢(t) = 1 for all ¢ > ¢y, we have the same estimates as in Lemma
4.1, and thus complete (4.11). On the other hand, since p(t) < 1 for all ¢ < ¢y, we start
with (2.2):

(4.12)
d [1
pr Q2(u—V)2dx+/Q|V(u—V)|2da:
- _/ (A(u|V) - (u—V)w) -vszx+/(u—V)U'(Y+x1)w1(1_¢M(x1+m(t)))dm
Q Q

_ /Q(u VYUY +a0) (A ()1~ barer +m(0) + (1) )do = I + Lo+ I,
Since A(u|V) < Clu — V%, and thus |w| < C|u — V|, the first term I; can be estimated as
L] < /Q lu — V2TV + 21)|(|[VY] + 1)dz < C/Q lu — V|?dez,
and the second term I5 can be estimated as
|Io| < C/Q lu — VU (Y + z1)|dz < C/Q lu — V|*dz.
Since |hps| < \/%Hﬂu — Vllz2(q) and |g| < C|lu — V| 12(q), moreover (4.6) yields

| /(u —V)U(Y + @1)da| < Cllu = V2o,
Q
we have
|I3] < C’/ lu — V|*da.
Q
Therefore, we can use the Gronwall inequality for ¢ < ¢, which completes the proof. O

4.2. Local existence and a prior estimates on Y. In order to complete a global-in-time
L?-contraction in the lemmas 4.1 and 4.2, we should close a priori assumptions (4.3) and
(4.10) on VY. Therefore, we will prove a global-in-time existence on the shift ¥ in suitable
spaces, on which VY is uniformly small in (¢,z) € (0,00) x Q. For that, we first present a
local-in-time existence as follows. We postpone its proof in Appendix.

Proposition 4.3. (Local existence) If ug € L*°(R2), then for any R > 0, there exists
To € (0,%] such that (1.7) has a solution' Y satisfying

(4.13) [[VIU' (- +mEO)Y [ oo (0,10:02(02)) + IVY (| oo 0,105 (02)) + 1AY (| 20,1055 (02)) < R,

where s > %
In particular, if Vug € H*71(Q) and ug € L>®(R2), there exists Ty > 0 such that (1.7) with
¢ =1 has a solution' Y satisfying (4.13).

To prove the global existence on the shift Y, we use the continuation argument. For that,
we present the following a priori estimates.
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Proposition 4.4. (A priori estimates) Let Y be a solution of (1.7) with ¢ = 1 for all
t > 0. Assume that there exists g > 0 suitably small such that

(4.14a) IVY l[zoe0,7;22()) + 1AY ll2(0,m)x02) < €0,
(4.14D) IVY Nl zoo 0,135, 02)) < €05

N
(4.140) luo = Ulls(y < &% s> 5

Then, there exists a positive constant C (depending only on s, N ) such that

(4.15a)

IV m(EN]Y = m(t) | ooz + VY e mizz@) + IAY | 2(omyxay < Cei %,
(4.15b)

IVY Lo o,,m7, () + 1AY ([ 20707, () < 053/2-

loc

Proposition 4.5. (A priori estimates) For any fized ty > 0, let Y be a solution of (1.7).
Assume that there exists €9 > 0 suitably small such that (4.14a) and (4.14b) with s > I,
and

(4.16) luo — Ul g2y < €%, ug € L¥(R).
Then, there exists C > 0 depending only on s, N and to such that (4.15a) and (4.15b).

The next subsections are devoted to the proofs of Proposition 4.4 and Proposition 4.5.

4.3. Proof of (4.15a) in Proposition 4.4 and 4.5. We first obtain a weighted L? esti-
mates for Y as in the first part of the estimate (4.15a). For that, we use the assumptions
(4.14a), (4.14b) and (4.16), but do not need the higher regularity V(ug — U) € H*~1(Q) as
in (4.14c). Notice that the assumption (4.14c¢) includes the condition ug € L*°(Q) in (4.16),
thanks to the Sobolev imbedding and the L*°-bound of the shock U.

Lemma 4.6. Let Y be a solution of either (1.7) or (1.7) with ¢ =1 for allt > 0. Assume
(4.14a), (4.14b) and (4.16). Then, there ezists a uniform-in-time constant C' > 0 such that

(4.17)
/ U (21 + m(t)|(Y — m(t))>dz + /t/ U (21 +m(t))||VY [2dzds < Cel, vt € (0,T).
Q 0 Ja

Proof. For notational simplification, we set Y := Y — m(t), and then rewrite the equation
(1.7) into the form:

N
Y — AL (U(Y +21))0,Y + Y AYUY +21))0,,Y
=2
— AU 4+ 21)|VaY P4+ w- VY — AY

= — (w1 — har () ar (1 + m(t)) = har(t) — g(t) — m/(t).
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Multiplying the above equation by |U’(z1 + m(t))|Y, and using the same computations as
in Section 3, we have that

(4.18)
~ V2
% [ %|U’(x1 +m(t)|V2dz + /Q U (21 + m(8))||VY Pz = — /Q U” (21 + m(t))m’(t)%dm
+ [ (AU +22) = AU ler + mE)IT 1+ m(O)[T 0, Vo

+/ A’l(U(Y+x1))yU’(x1+m(t))|17|w|2dx—/w-VY|U’(x1+m(t))|17dx
Q Q

- /Q(w — har(0)n (m1 + m(E) U (1 + m(t))n?dx

—(ha(t) + g(t) +m/ (¢ /]U (21 4+ m(t))|Ydax —ZI
i=1

Since the assumption (4.14b) implies that ||[VY'|[z(0m)xq) < Ceo < 1, it follows from
(1.11) that
(4.19)

N
m'(t)] < C| / Uy 4+ m()| (|G + @) 100, Y |+ IV +20))][05,Y ) d

=1
/ 0 (1 + (&) | AL (U (Y + 20)) || VY P + / 0 (a1 + () ||| VY |

+‘/ |U' (21 +m(t)) |Ade’ +/ U (z1 + m(t))||w1 — har () [0ar (21 + m(t))dz

Hhar(B)] + lg(t ] ZK
First, by Holder mequahty, one has
K1 < C||V|U' (21 +m(1)[VY | 120
Ky < C|IV|U (21 + m())|[VY|[72q

K3 < Cll\U (z1 +m(t) VY| L2 llu — V[ 22(0)-

For K, integration by parts and Holder inequality give that

and

Ky = |/ U" (21 + m(t)) 0, Y da| < VU (w1 + m(t)|VY || 120
)
We use the same argument as in (4.8) with (2.4) to estimate Kg as

Ko < Ca [ Ju=VIIU" (a1 + m(t))de < CoI0"(ar + m(e)](a = V) 2o
(4.20)

Q
< Cu| [ U1+ mi@)) (= Vyde| + Cas| T - v>um>

where we have used Lemma 2.2 with ¢; = |U’| and ¢ =
Likewise, we have

K5 < U + m(®)l(w = Vllzagey + Clha 1)
< Cu| [ UG+ m(o)( - vm\ + Oull V(= V)llzzey
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Therefore, we use the assumption (4.14a) and Lemma 4.1 to get
(4.21)

Im/(t)] < ClIVIU (21 +m(1))|VY || 120 (1 + V1T (1 + m(t)[VY || 20 + lu — V||L2(Q))
el /Q U (a1 4+ m(0)(u ~ V)de| + CIV (@~ V)l 2oy
< CVIU (1 4+ m(t)|VY || 12 (1 + VY| Loo0,m;22(0)) + [ — V| oo OTL2(Q))>
el /Q U (a1 4+ m(0)(u ~ V)de| + CIV (@~ V) 20y

< CIVIU (@1 +m(t)[VY |2 () + C) /Q U'(z1 4+ m(t))(u—V)de| + C|V(u = V)l 12(0).
Then, by using the fact (4.5) and Lemma 2.4, we can estimate I; as

|I1] < C|lm/(t)] /Q U (1 + m(t))|Y2dz

< o) [ 107G Bk

N[

< Ceol O [ 1071 +m(®) 7oy + m(6)? + 1))

< Ceo|m/ @)|IVIU (21 + m()|VY |l 12(q)

2
< Ceol| VT Gar +m@IVY ey + ([ Uar+ m)w=Vide) "+ CIT (= V) Bag
Q
For I, using (4.6) and Lemma 2.4, we have
I, = ] / / ANUOY + z1 +m@)U(0Y + 21 +m(t))d0 Y|U (z1 +m(t))|Y 8,,Y da
<C [ U1+ m@) PO 0, Vldo
Q

< Cll0a,Y | 2@ I1U” (21 + m(0))| |V PIU (21 +m(0) P 20

< Cts[up IVY || 2oy V10U (@1 + m(B)] VY |20y < Ceoll VU (w1 + m(D)] VY [[72 )
€[0

where we have used (4.14a) in the last inequality.
Again, we use Lemma 2.4 to estimate

ad 2 _2
13| < CU" (21 +m()Y | 2@ VY X [ 2@ | VY I ¥ || 2o o)

1+N
2(1+ )(Q)

~ -2
< CIVIU (@1 +m(1)[VY || 20 I VY | VYl ptay

2
<C op. (191320 I9Y 1 ) IV 07 + (DY 2 |AY | 2
€ )
]__i

<C sup (1915 @ IVY 1y ) IV )9 a0 + IAY [ |
€ ’

Using Sobolev inequality with the assumption (4.14a)-(4.14b), we have
15| < Ceo(IVI07 (a1 + m@O)VY 220 + IAY |22 )-
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For I, we use Gagliardo-Nirenberg interpolation to estimate
1< [ Ju=VIVY U1 4+ m(®)]7dz
Q

~ 2 _2
< C|[U" (@1 +m())Y || 2@ llu = V| M(Q)HIVYINHL%N(Q)IHVY\1 N[ Lo ()

~ N-—2
<0||¢\U'x1+m<t>>|wup = VI IV = V)l o,
< VY ”||AY|| IIVYHLOO )
NN 1) ~
< sup (= VIS IVY 158 19Y [ 79)
t€[0,T]
< I+ mOIVY 2|9~ V)| Y

Using Young inequality and Lemma 4.1 with assumptlons (4.14&), (4.14b) and (4.16), we
have

[1s] < CEO(H\/\U'(% +m(t)) VY |72y + IV (u = V)72 + ”AY”%%Q))-

For I5, we use Poincaré inequality to estimate

T3] < U (&1 + m(E)| P 2oy / /
TN-1.J|

z1+m(t)|<M+1

(wy — h(t))dm)%

< CIV|U (@1 + m(®)[VY | 2@l V[l 120y

1
< ZH\/IU’(M +m(t)[VY [[72(q) + ClIVwr 72 )

To estimate ||Vw1 | 12(q), we notice that since

7A(U‘V) = (u — ' ' " sT(u — TAasSAT
(4.22) )= V)/O/OA(V—I— (u— V))rdsdr,
and then
7A(U|V) = u — 1 ' " ST(U — TasaTtT
v v V)/O/OA(V+ (u— V))rdsd

1 1
F(u—V) /0 /0 A"V + s7(u — V))T(U’(Y F21)(VY +e1) + stV (u — V))dsdT,

we have
IVwll 20y < C(IV(u = V)2 + (IVY || + D[(u = VIU'(Y + 21) || 12(0)
+ 1w = V)V(u=V)llp2()-

We now use the maximum principle
(4.23) ]| o< (0,000 x2) < Nluoll Lo (-

Notice that if ug — U € H*(2) with s > %, and thus ug — U € L*°(R), we have ug € L*>()
thanks to U € L*°(€2). Thus, using maximum principle (4.23) and V' € L*>((0,T) x ), we
see that

[(u = V)V(u=V)llr2(0) < ClIV(u = V)2
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It now remains to estimate ||(u — V)U'(Y + x1)[|12(q). Using (4.5), (4.6) and Lemma 2.2
with ¢1 = |U’| and ¢o = U’, we have

l(w = V)U'(Y + 21)|[ 720
< Ol =V (@1 + Mgy + N = VIO + 1) = 0+ ) g |
1 - ~
(120) < C[Iw=V)U @+ m)lfaq) + I (w=V) /0 U"(0F + a1+ m)doY |32 g
< Cll(uw = V)V|U (1 +m)| || ©
< C /QU 1 +m)(u— V)dx) +C||V(u— V)H%z(m-
Thus

1 2
151 < VTG mIVY ey + ([ Uer+m)(u=Vyde) + CIV = V)la.

Notice that since [;, |U’(z1 +m)|Ydz = 0, Is = 0.
Therefore, combining all estimates above together with Lemma 4.1 and assumptions (4.14a),
(4.14b) and (4.16), we have that for all ¢ € [0, 7],

/yU’(x1+m(t))|172dx+/T/ U (21 + m(t))||VY|?dzdt
<c/ / (o1 +m(t))(u— V)de ) dt+C’/ /Vu— V) Rdwdt
—i—Cao/O /Q\AY\2da:dt

< Cs}.

The next lemma provides the proof of L? estimates on VY in the estimate (4.15a).

Lemma 4.7. Under the same assumptions as in Lemma 4.6, there exists a uniform-in-time
constant C > 0 such that

T
(4.25) /\VY\2da:+/ /yAYdedsgcsg, vt € [0,T7.
Q 0 Q

Proof. Multiplying the equation (1.7) by —AY and integrating the resulting equation over
Q) yield that

d ]VY]QdJ: + ]AY!zdz
dt

/A’ Y+a:1))8x1YAYda;+/ZA’ (Y +21))0,, Y AY dx
Qz 2

(4.26)
—/A’l(U(Y+x1))|VY| Ade—/w-VYAYdm
Q Q

5
B /Q<w1 — har (1)) (1 +m(1)AY dz := ) E;.

=1
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We now estimate the five terms on the right hand side of (4.26). First, integration by parts
implies that

(4.27) 2
B = [ 400+ 000, (]

- ‘/QAQ’<U<Y+x1>>U’(Y +21)(0nY +1)
N

+/ AU +2))U(Y +21) 3 (00,7 )20, Vo
Q i=2

+/ AV UY + 2 )U (Y +21)(0,,Y)2dz + / AV UY +z))U (Y + 21)(0,,Y)%dx
Q Q

)dx + / ANUY 4+ 21)U (Y +21)V(Y +21) - VYO, Ydz
Q

Y2
VY|

_ / AU + 220)|[T(Y + 21)|(8, V) 2dz
Q
VY|?
2

—/ AU +21)U (Y 4+ 21)0,,Y dx
Q

N
+ [ AU+ )V +01) Y (00,0 Yo

=2

N
1
+/ A’{(U(Y+x1))U/(Y+x1)(8x1Y)3dx—/ AU 42U + 1) 3 (0 Y)d
Q Q i—2

4
——/Alll(U(Y+$1))|U’(Y+$1)’(8z1Y)2dIL’+ZEM.
Q =1

Using the same arguments as in previous proofs, we estimate that for each ¢ = 1,2, 3,
(4.28)

1
| Bl < 8/QAY(U(Y+$1))!U'(Y+x1)|(acc1Y)2dw+C|||VY|1+J%H%2(Q)HWY\1HLD@ (@)
1
<5 [ A a0 + o]0 o
Q

~ 2(1-%) 2
+C sup (VY IR @ IV 1) | |aYPaz,

te[0,T
and
1 N
Bu=— [ AU +00)U' (014 m(t)) 30, )d
Q _
=2 N
—/ A’1’(U(Y—|—x1))(U'(Y—i—ZL‘1) U'(z1 +m(t lz Oy, Y
(4.29) Q 2 =
< CIVIU (@1 +m(1)|VY |72
l - - N
_/A’l’(U(Y—i—xl))/ U”(9Y+x1+m(t))d9Y% > (0:,Y)dw
Q 0 =2
Since

\U"(0Y + z1 +m()Y| < CIU' (z1 + m(t)|*?e0(1 + |21 + m(t)]) < Ceo,
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and for eachi=2,--- | N,

/ 0, Ydx' =0,
TN-1

By < CIVIU (@ + m@)[VY |22, + 050/ IAY [2de.
Q

we use Poincaré inequality to get

Similarly, since

2
/ZA’ (Y +21))0x, ('v;/' )dz

— / Z ANUY +21))0,YU'(Y +2)V(Y 4+ 11) - VYdx
(4.30) )
VY|®

/ZA” (Y 4 21))0,, YU' (Y + x1)
2
/ZA” (Y +21))02,YU' (Y + 21)0,Ydzx := Y Ey,

=1
we estimate

N
2 _2
Bt < O 1100 Y 2@ VY N 2@ VY 1 [ o
=2
1+2 1-2
(4.31) < CIVY i@ IV o g o VY il

1_1
< C sup (HVYHLQ HVYHLoo(Q>HAY”%2(Q)’
t€[0,T]

and
(4.32)

Fyy — _/ ZA” (Y +21))05,YU' (21 + m(t))d, Y d

_ / Z ALUY +21))00,Y (U'(Y +21) — U (@1 + m(t))) Dy, Y da

1 _ _ N
< CH\/]U’(xl—i—m(t))\VYH%Q(Q)—l—C/ ‘/ U”(GY—i—xl—i—m(t))dﬁ’]Y!Z\@miYH&rlY]d:c

< O @ + miE ))\VY|1L2(Q)+080/ VT @ + mie ]Z|8%Y\|8$1Y\dx

=2
< CIIVIU (21 +m(1) VY [[72(q) + Ceo Z 192, Y | 20y |1V [U (1 + m(8))]02, Y || 222y
zEQ
< CIVIT (@1 +m()[VY 720y + C20 Y 1000, Y Il 2|V U (21 + m(6))[02, Y [ 120
N

< CIVIU (21 + m0))IVY 72y + Ceo Y 1022, 122
=2
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Likewise, we estimate

B3| < C[AY 2o H!VY!”NHH HIVYI1 ¥ (o
1+N

(4'33) < HAYVHL2 HVYH 2(1+2> HVYHLOO
< sup (uwum)uwum )HAYHL2
t€[0,T
and
(4.34)
By < C’/|u—V||VY||AY|d:U
2
<|lu-V - AY VY|~ VY "N || oo
<Ju—v] B, IAY N2 VYR oy IIVY T g
N—2
< o=V V(- >||L2(Q)||AY||L2 oIV 155, “umfnm ||VY||LM o
< sup (= VIn 7Y 1T 19V 1) IV (e = V) 1AY 2
te[0,7
< sup (= VI I9Y 1T I9Y 1 ) [ - )H%z(m+HAYH%z<Q>
te[0,7]

Using the same estimates as the term I in the proof of Lemma 4.6, we have

1

|E5|<C||AY||L2 ([..] (wy — h(1))dz)*
(4.35) TN =1 J|zy+m(t)|<M+1

S1AY sy +0( [ U@ +m(®) = V)de) + OV~ V)l

Therefore, combining all estimates above together with Lemma 4.1, 4.6 and assumptions
(4.14a), (4.14b) and (4.16), we have that for all ¢ € [0,7],

T
/VYde—Ir/ /|AY|2dzndt
Q 0 Q

< C’/OT/Q|U’(xl +m(t))\|VY|2da:dt+C/0T (/QU’(xl (1))~ V)de) dt

T
+C/ /|V(u—V)|2d:cdt
0 Q

< Cs}.
which completes the proof. [l

4.4. Proof of (4.15b) in Proposition 4.4. We first complete the proof of Proposition
4.4. We first recall a priori estimates in Lemma 4.1 and Lemma 4.6, 4.7 i.e.,

(4.36) lu = V| e oriz2 @) + 1V = V) 220wy < Ced s

and
(4.37)
3/2
VIO (@1 +m)[(Y = m) | o rsza) + IVY o220y + IAY |20/ 0y < Cep/ %
In order to complete the proof of Proposition 4.4, we need to show higher-order estimates:

3/2
IVY |z 0705, () + 1AY 22007505 () < Cey 2,
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where the constant C' > 0 depends only on s, N.
For that, we will use the parabolic regularization, which provides a higher regularity esti-
mates: for any fixed Ty,

) + IAY |20 s (@) < C(To)e?,

loc

VY| Loo (1, ;5

loc

where C(T%) is a constant independent of ¢, if T, does not depend on £y. However, we
see that the life span Tj of the local existence in Proposition 4.3 depends on the size of the
above norm of Y, according to the proof of Proposition 4.3. Therefore, we will get a shaper
local-in-time estimate on Y than the one of Proposition 4.3 up to any fixed time ¢y > 0.

4.4.1. Local-in-time estimates. We here get a local-in-time estimate. We first get higher-
order estimates on u — V', which is used in next step. For any 1 < k < s, assume that there
exists a constant C' > 0 such that

(4.38) o=Vl o tostri-r(@y + IV = V) 2000510y < C s
and
(4.39) IVY [l zooo sy + IAY [ 201y < Ceg ™
We subtract (4.1) from (1.1) to get

N
) 8t(u—V)+;8xi(Ai(u)—A,-(V)) —w-VV = A(u—V)

= —U'(Y + ) (wn (L = s (1) + har (DL = (1)) + () ).

A simple computation with (4.40) implies that for all ¢ € (0, 1),

;CZ/ |Vk(u—V)|2d:c+/ |VF L (0 — V) |2dzds

/kaﬂ V)vk- 1(28& ) — A(V) +w-VV

—UY ) (wn (1= dar(20)) + hag(8)(1 = Yar(an)) + g(0)) ) da

Since
Oz, (Ai(u) — Ay(V)) = Aj(u)0y, (u = V) + (Aj(u) — A'(V))0x,V,

7

we rewrite the terms related to the flux as

N
/ vy — V) Z VR0, (Ai(u) — Ai(V))da
Q ‘

_ /Qv"f“(u Y [v’f L (A’ o (1 — V)) vkl ((A;(u) - A;(V))@xivﬂdx.

=1
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Then, using Sobolev inequality, we estimate

‘ / VEHL (V) fj V19, (Ai(u) — Ai(V))dx’
Q i=1

— ‘ /Q VF L (- V) f} [A;(u)vk—laxi (w=V)+ > <k ; 1) VEAL (u) Ve, (u — V)

1<i<k—-1

+ ) <k;1>vm(f4;(u)—A/(V))Vk_l_mé?xiV}dx’

0<m<k—1
< CIVF = V)llzgo IV = V)l + = VIS (1Yl ) + 19Y Iy ) |

where a, 3,7 > 1 are some constants depending on k. Since Vug € H*~(Q), applying the
energy method to (1.1) together with (4.23), we have

t
(4.41) IV (t)][Fs-1 (0 +/0 IV2u($) 3710y ds < e[ Vol From1q
Moreover, since (4.38) and (4.14a) yield that for all ¢ < ¢,

3a 3

and
we have that for all ¢ < ¢,

\ / VAt (y Zv’“*lam(Ai(u)—Ai(V))dx

=1
< g”vkﬂ(u = V)ll720) + CIIV*(u = V)72 + Cei.
Similarly, using (4.22), we have
’/ VA (4 — V)VE L (- VV)da:‘
Q
< OV = V) ey [l = V5 0y (19805100 + 19V W picr )|
< SIVH (= V)lag) + Ot
Likewise, we have
| / VI (= VI (U 4 a1)wn(1 = dar(a1) ) da
< é”ka(U ~ V)72 + Ccs-

Moreover, since

(har ()] < Curllu = V2 (@),
l9()] < Cllu = V2@
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we have
‘ /Q VF (g — V)VFL (U’(Y +a1) (har(H)(1 = Yar(21)) + 9(75))>d$‘

1
< g”vkﬂ(u ~ V)72 + Ce-

Therefore we have

d

- /Q VA — V) |[2da + /Q IV (u = V) Pdzds < OV (u = V)|[32(q) + Cep-
Using (4.14c) and (4.38), we have that

19" (= V)l oaoszcan + 1954 (= V)l 2 omyxany < O

which together with (4.36) and (4.38) implies that
(4.42) o=Vl o gosre@y) + 1V = V)l 2o aosrreey) < Ceg

We next estimate VA+1Y as follows. A straightforward computation for (1.7) with ¢ = 1
implies that

2dt/ |V’“+1Y]2dx+/ IVF2Y |2 dds
N
= —/ vktZy vk (A;(U(Y +21))00,Y = Y AU +21))0,,Y
Q i=2

—ANUY +2)|VY]2 —w- VY + (wr — hM(t))¢M(x1))dmds.

We use the same arguments as before, to estimate

‘/V’““Yv’“ (A’l(U(Y +x1))8w1Y)dx’

/Vk+2Y[A’ (U +21))VF0,,Y + )

1<i<k

< CITH 2 e IV 1Y 12000 + VY 50010

<’;> LAL(U(Y + xl))v’f—lamy} dm‘

where o > 1 is some constant depending on k. Thus, it follows from (4.39) that
1
‘ /Q vk+2y vk (A/I(U(Y + :1:1))85,;1}/) daz‘ < SIVE2Y[[Fq) + CIVFY ) + O

Likewise, we have
N
| / vht2y Z VH (AU +20))0,,Y ) de]
HV’HQYHL2 + C|IV*Y |22 + Cei,s
‘/Vk+2YVk(A’1(U(Y+:c1))|VY|2>dxds‘

1
*||Vk+2Y”L2(Q + CHVkHYHm +Cep.

(0¢)
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Using (4.22) and (4.42), we estimate that for some constants a, 8 > 1,

| [ 9EY O w0 Y )da] < CIVEEY o e = Ve o I9Y

< SIVERY ) + Cel,
and
| [ 929 (0 = g () (1) ) o] < CITH2Y oy = Vo
< éHVHQYH%%Q) + Csp.
Therefore, we have
jt/gwkﬂyﬁdﬂ /Q IVE2Y [2duds < CTFIY |20, + Csl.
Using (4.39) and Y |;—9 = 0, we have
IV Y| oo (0.00:020)) + IVFT2Y [ 12 ((0.00)x02)) < cey,
which together with (4.37) and (4.39) implies that

3/2
IVY | oo 00512 () + IAY |20 1051 (2)) < Cey -

4.4.2. Global-in-time estimates. In order to complete the proof of Proposition 4.4, we need
to show global-in-time estimates:

3/2
IVY N oo (to, 15113 (20)) T IAY [ 22200, 1115, (02)) < Ccey”,

where the positive constant C' > 0 depends on s, N. To this end, we use the parabolic
regularization.

We first get higher-order estimates on «w — V', which is used in estimates for Y.

For any r > 0, we set @, := (—1,0) x Q,, @, := (—2,1) x TN~1. Define smooth functions

¢, satisfying 0 < ¢, < 1 and o
1 i (tx) € Qr,
br(t,y) = { 0 if (f,2) € Q.
For any 1 < k < s, assume that

3/2
(4.43) [ =Vl goo(—1 0100 + IV = V)l 21 gir-1(0y) < Cey”.
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A simple computation with (4.40) implies that for all ¢ € (—%,0),
1 t
5 [ i viPde s [ [ 69w v)Pdeds
Q -+ J

¢
= / . /Q [¢k+1at¢k:+1|vk(u - V)|2 — 2¢k+1v¢kz+1vk(u _ V)VkH(U —V)

V(0 Y~ V)V 1(26% (W) = A(V)) +w- TV
—U(Y + ) (w1 = Yar(@s +m(8) + har ()1 = dar(ws +m() + g(¢) ) | dads.
The assumption (4.43) yields that
| ; | esr016a 9¥ = V)| < CIVM = Vg < O
and

t
’/1/ Gr41V 1 VF(u — V)V (u — V)dads
-1 Jqy
1 t
=38 / /Q St VI (w = V) Pdads + OV (u = V)| 2q,)
—%

1 t
< 8// G2 1|V (u — V)| Pdwds + Ce,
-z Q.

where the constants C appeared here and below depend on k.
We use the same arguments as the local-in-time estimates to get

’/_/ \Y% <Z>k+1vk (u— ))ZV"? 1812(142( )_Ai(V))dxds’
- )/_1/Q 2¢k+1v¢k+1vk(u—V)+¢i+1vk+1(u_v)}

: ivj [V’H (A;(u)ﬁxi(u - V)) + vkl ((A;(u) - A’(V))amv)] dzds
i=1

1/2
<c [ [IV*a =Vl + ([ il w=v)Pdr) "]
k k

X NIV = V)2, + llu = VI o (1VUl 510, + 19V 13610, ) |5
(%) Q)

where «, 3,7 > 1 are some constants depending on k. Thanks to (4.36), applying the
parabolic regularization to (1.1) together with (4.23), we have

1
770a Hs(Qk‘))7

uGLoo(—k
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which together with (4.43) and (4.14b) implies that

‘/ / V(Ska Vi(u— ”ZV’“ 19, (As(u) — Ai(V))dads

< 8/1/ ¢ 1| VFT (u — V) |Pdwds + Cef.
1 Joy

Likewise, we have
(/1/ V(¢i 1 VE(u— V)V (w - VV)dzds
%

/ 1 / G2 [VFH (= V) Pdads + e,
&

‘/1/ \Y ¢k+1vk(u—V))Vk 1(U’(Y—|—x1)w1(1—wM(xl))>d:Uds‘

<i [, [ AT v)Pasas g
&

and

]// V(2 VF(u— V) VF™ 1<U’(Y+x1)(hM( Y1 = dar(xr + mlt )))+g(t)))dxds(

/1/ G|V (u — V) [Pdads + C<.
k

Therefore, we get

t
| bl - vPas s [ [ RV - V)Pdads < C
O ~-LJq,

Hence we have

3/2
V¥ = V)l e (= 2 02y + 1V @ = Wl 2 gy < O

which together with (4.36) and (4.43) implies that for all 0 < k < s,

3/2
(449) o= Vil 2 pry T IV@ =Vl gmso,y < 00

We next estimate V¥t1Y as follows. Using the same notations and arguments as before,
for any 1 < k < s, assume that

3/2
(4.45) VY| oo e O HF Q1)) T ”AYHH(—* 0:E1 (1)) < C0 2



35

A straightforward computation for (1.7) with ¢ = 1 implies that for all ¢ € (—ﬁ, 0),

1 t
5[ otalvYRars [ [ ey
k+1 T k+1 1

t
:/ ) /Q [¢k+2at¢k+2|vk+ly|2 — 20442V iy VETIY VFF2Y
T k1 k+1

N
— V(¢ VY )V (A’l(U(Y +20))05Y = S AUU(Y +21))0,Y

=2

— AU +20)[VY]? = w - VY + (wy — har(£))bar (21 + m(t))ﬂdxds.

We follow the same arguments as in the previous step. Again, every constant C' below
depends on k.

The assumption (4.45) yields that

‘/ / Prr20:bp 2| VY dﬂ?ds‘ < O VMY |72

k+1

3
(Qusr) < Cep,

and
t
( / ¢k+gv¢k+gvk+lek+2deds‘
— 1 Y U
< 8/ / Gy VETPY P dads + VY (72,

<8/ 1/ 6| VFT2Y | 2dads + Ce].
577 Y Q1

For other terms related to the flux, we use Holder inequality and Sobolev inequality together
with (4.14a), to get

| / VR VTTVE (AU +20))0,,Y ) dads|
RS k+1

k+1

- / | [2onaVona iy 4,y
—% Qpq1

: [A’l(U(Y +21)VFO, Y + Y <I;> VAL U®Y + xl))vk*’axly] d:cds‘

1<I<k
k+1 2 h2vr(2.0) 2
< IVl + ([ @RIV Pa) ]
k+1 Qo1

VY @) + I9Y Iy | 5
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where a > 1 is some constant depending on k. Thus, it follows from (4.45) and (4.14b) that

t
‘ / ) V(¢2,, VY )VE (A’l(U(Y +x1))6le)dxds‘
T 1 k+1

1 t
<8/ 1/ 67|V T2Y | 2dads + Ce}.
Y Qg1

Similarly, we have
t N
‘ / V(pi,,VETY) Z vF (A;(U(Y + xl))amy) dmds)
—% Qg1
<= / / O o|VETEY Pdads + Ce},
k+1
| / B2V YV (AYU Y + 20))| VY ) dads|
k+1 Qk+1
< 8/ ) / 00| VETEY Pdads + Cej.

Using (4.22), (4.45) and (4.14b), we have

t
‘ / 1 V(3o VEY ) VE (w - VY)d:cds‘
=37 Y Qe

t 1/2
< c/ IV Y g + (/ B2V Pdz) e = Vg, ) I9Y o0 ds
TR+L

Qx4

1 t
< / / D7 5| VETY Pdads + Ce},
8 i

and
/ / V(2 Vk“Y)Vk((wl hM(t))@ZJM(:Ulem(t)))dmds‘
k+1
k+1 2 kt2v12.\ /2
/ VY ) 20 + / R o[V Pdz) llu = Vg, s

/ / G2 o|VETEY Pdads + Ce.

k+1
Therefore, we have

t
/Q ¢z+2yvk+1y|2da:+/ ) / 67| VFT2Y|2dads < Ce.
k+1 )

Thus,
k+1 k+2 3/2
IVFY oo (- 2 0sn2(0n o)) T IV Y 2 1 0y xe ) < CF07
which together with (4.37) and (4.45) implies that
3/2
VYoo 1 0o (u12)) T IAY L2 1 0ims(0,42)) < C0 2
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This implies that there exists C' > 0 depending only on s, N such that
3/2
(4.46) VY [lzoo e, ) < Cg”™

4.5. Proof of (4.15b) in Proposition 4.5. First of all, we use the same argument to get
local-in-time estimates on Y. For any fixed tg > 0, and 1 < k < s, assume that there exists
C > 0 such that

3/2
(4‘47) HVYHLoo(Q%O;HkA(Q)) + ”AY”L2(07’%O;HI€ Q) < C5 / .
A simple computation with (1.7) implies that

3 / (VR 2 da + / |VF2Y |2 dads
N
_ /Q VY UE (AU +20))00,Y — 3 AU +20)05,Y
=2

— AU + xl))|VY|2>d:cds

Notice that w = 0 for all t < & (see (1.8)), therefore, we do not need to estimate u — V
unlike the proof of Proposition 4.4.
Hence, using the same arguments together with (4.47) as before, we get
k+1 k+2 3/2
IV Y oo, 200) T IV Y L 2(0,19) 00y < €20
which together with (4.37) and (4.47) implies that
3/2
”VYHLOO(O,%;HS + ”AY”LQ(O 0. fs(Q)) < 05 -
On the other hand, since the initial condition (4.16) has been used in the global-in-time
estimate (4.46), we have, under the assumption (4.16), the same result as

3/2

VYl o < Cg

(Q.13H; (Q) =
4.6. Proof of Theorem 1.1.

4.6.1. Global-in-time existence of the shift Y and contraction of the perturbation u — V.
First of all, Proposition 4.3 implies that

[VIU' (- +m@)[(Y = m()| oo 0,10:22(02)) < IVIU'(- +m(t Y||L°° (0,10:2()) T Clm(t)]
< CIVIU ¢+ mENY (| oo 0,1:2(02))-

Thanks to Proposition 4.5, we use the continuation argument to conclude that there exists
do > 0 sufficiently small such that if ||u — Ul|p2(qy < do and ug € L*°(Q2), then there exists
C depending only on s, N such that

(4.48)

VAT (- +mE)IY = m(E)]l oo 0,00522(0)) + IVIU'( +mE)IVY [l £2(0,00)x2) < Cdo

HVYHLoo(o,oo;m(o)) + [AY [ £2((0,00)x2) + VY [ Lo (0,00:175, (2)) + N1AY (| 220,00, (22)) < T
In particular, since the Sobolev imbedding implies that

VYL ((0,00)x2) < VY [l Lo0 (0,005, (92))
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it follows from Lemma 4.2 that for all ¢ < ¢, there exists a constant Cy depending ¢y such
that

/ lu(t,z) — V(t,z)>dz < C’o/ lup(x) — U(x1)|2dz,
Q Q

and for all ¢ > tg,
(4.49)
1

2/Q(u—V)QdaH—/OOO/Q|V(u—V)|2dxdt+/Ooo (/Q(U—V)U’(an)d:v)th < ;/Q(u(to,x)—U(x)de.

Likewise, thanks to Proposition 4.4 and Lemma 4.1, we have the contraction estimate (1.10)
together with (4.48).

4.6.2. Large-time behavior of the shift Y. We here use the same notation Y as in proof of
Lemma 4.6 to denote Y =Y — m(t).
Set

(4.50) ft) = /Q \U(Y +x1) — Uz +m(t))|*da.

We want to show that

(4.51) lim f(t) = 0.

t——+o0

To this end, we show that f and f” are both integrable over [0, c0).
First of all, using the same argument as (4.5)-(4.6), and then Lemma 2.4, we estimate

[ roa= [ [ /01 U'(0F + 2+ m(6)do] ¥ Pdde
SC/OOO/QIU’(xl+m(zs))||vf/|2czgcdt.

Then, (4.48) yields

(4.52) /0 " Ft)dt < oo
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On the other hand, using the same arguments as in the proof of Lemma 4.6, we estimate
| 17w
0
/ ‘ / UY +x1) = Uz + m(t))) (U’(Y +21)0,Y — U’ (21 + m(t))m’(t))dx‘dt
/ | / U(Y + 1) = U +m(t) ) [U'(Y +20) (AU +20)0,,Y
- Z ANUY +21))8,,Y + AL (UY +21) VoY 2P+ w-V,Y +AY

+0m—hmem@a+mu»+MAw+mw—Umu+mwwﬂww4ﬁ

< C'/(;Oo [HU(Y +a1) — Uz + m(t))”%ﬂ(g) + H\/|U’(.I'1 + m(t))’VYH%Q(Q) + ”Ay”%z(g)
+[|V(u — V)H%mz) + (/QU'(M +m(t))(u — V)d;c)2 + \hM(t)\z + \g(t)|2 n |m'(t)]2}dt.

Then, we use (4.48), (4.49), (4.52), (4.20) and (4.21) to get

Amwmwsa

Therefore, f and f’ are both integrable over [0, 00), which completes (4.51).

APPENDIX A. PROOF OF PROPOSITION 4.3

A.1. Local existence of Eq. (1.7) with ¢ = 1. First of all, we construct approximate
solutions (Y;,)n>0, following iteration scheme:
Set

Yo(t,z) =0, t>0, x €.

Then, for a given n-th approximate solution Y,,, we define Y;, ;1 as a solution of the linear
equation

(A.1)
N
Y1 — AYU (Yo + 1))y Y1 + Z A{(U (Y + 21)) 03, Yni1 — AL(U(Ys + fl))’vynﬁ
=2

+wy, - VY, =AY 11 = —wp1¥m (1 +my) — by v (8) (1 — Y (21 + myp)) — gn(t),
where the notations wy,, wy, 1, hnar and m, mean that Y;, replaces Y in those functions

w, w1, hpr and m, respectively, appeared in the Eq. (1.7) with ¢ = 1.
We will show that for any R > 0, there exists Ty > 0 such that

(A2) VIO (- +mn)|Yall Lo (0,10:22(0)) + IVYallLoo(0,10;55(9)) + ARl L2 (0,70 55(0)) < R
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For notational simplification, we rewrite (A.1) into a linear equation:

N
O — AY(U(Z +21))05,Y + Y AWU(Z + 1)), Y
1=2
(A3) —AU(Z+2))|VZ)? +wy-VZ—AY
= —wz1ym(z1 +mz) —hzm()(1 —Pu(z1 +mz)) — gz(t),

Y‘t:() = 07

where the notations wz,wz1,hzm and mz mean that Z replaces Y in those function
w, w1, hpr and m, respectively, appeared in the Eq. (1.7) with ¢ = 1.

Assume that for any R > 0, there exists Ty > 0 such that

(Ad)  IWIU (- +mz)|Z Lo 0,m0:0200)) T IV Z I Loo 0,10:15(20) + I1AZ ]| L2 (0,105 (02)) < R-

We first estimate ||[VY'|| oo (0,10:m5 () + I1AY (| 22007055 (02)) < R-
For any k with 0 < k < s, it follows from (A.3) that for all ¢ € (0, Tp),

1d
2dt/ (VALY 2 dx +/ |VF2Y |2 dads
Q Q
N
—_ /Q vh2y vk (A’I(U(Z + xl))amy) + VE2y vk ( N AU(Z+ xl))amiy)
=2
_ vty yk (A’I(U(Z n xl))]VZ|2) F VY VR (wy - VZ)

+ karQYVk (wz71¢M($1 + mz)) — V’“”YV%M(ml + mz)hZJ\/[(t)d.%'

6
i=1

For terms related to the flux, we use Holder inequality and Sobolev inequality together with
(A.4), to get

| = ‘/Vk+2Y[A’1(U(Z+x1))Vk8IIY+ >
@ 1<I<k

< CIV*?Y |2 [HVHlYHm(Q) + HVZH?IS(Q)HVYHHS(Q)}

<’;> VIAWU(Z + $1))vk_laxl}/} dg;)

< CIVF2Y | 2oy | IVFFY ) + BOIVY oo |
1 (6%
< gHVHZYH%%Q) + O VY |2y + CR* VY 312 )

where a > 1 is some constant depending on k.
Likewise, we have

1 (0%
|[Io] < gHVk”YII%2<9) + CIVM Y L2y + CR* VY |0

1
1] < SIV2YIIZ2 () + CIVEY [f2q) + CRY,



where o, 8 > 1 are some constants depending on k.
To estimate Iy, notice that

Hvu‘|L°°(O,T0;HS*1(Q)) < €CTOHVUOHH571(Q)7 and  lullze < Jluo||zee,
which yield that

L] < CIVF2Y || 2y IVF(wz - VZ) | 12(0)
< C|IV*2Y || 2oy (| V| o1 +HVZHHS y + DIVZ g5 (o)

1
< g”vkﬁyui‘zm) +CR* (T + R? + 1),
and

|I5| < CIV**2Y || 2o IV (wzavoar (@1 + mz)) |20
< CHVHQYHB y(IVullzs-19) + IVZ|| ) + 1)

||vk+2yny )+ Cle CTo 4 R 4+ 1).

Finally, it follows from (A.4) that

imz| < CIVIU'(- +mz)|Z]| Lo 0,1:2(0)) < OR,

which yields

1
6| < Clhzmu IV 2Y | 2@ IV (- +mz)l| 2 (@) < gIIV’”QYH%z(Q) +CR%.

Therefore, we have
d
G [0 Pde+ [ 94y Pdeds < CITHY gy + CIVY o) +C,

where CR is a constant depending on R.
Then, summing the above estimates over 0 < k < s, we have

d
GV ey + [ 192V ayds < CIVY Iy + O

which implies
IVY 1 Z oo 0.5 (52)) + IAY 1720 10,0500y < CrT0™.

Hence we take T to be small so that

(A.5) IVY ([ Lo (0,10:m5(2)) + 1AY | 220,10 55(2)) < R
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We now estimate ||/|U’(- +m)|Y || Lo (0,13;2(0)) < R using the above estimates (A.5).
Multiplying (A.3) by |U’(z1 + m(¢))|Y, and using the same arguments as the two terms J;
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and J3 in (3.2), we have that

00 (10" (a1 + () ) + U + mi)m' (0
A W(Z + 1)) = AU (@1 +m(0)| U (@1 + m(e)[Y 85, Y
+ i ANU(Z + e)|U (1 +m(t)|Y 0, Y — AYU(Z + 1)) |VZ)*|U (21 + m(t))|Y
g VU (21 + m(D)|Y — div(|U"(e1 +m(1)[Y VY)
00, (00 |U" (1 + (1)) 750) + 0 (a1 + ()| VY P
= —(wzrwni(ar +mz) + hzp (0~ darer +m2) + 92(0) ) U+ m()]Y:
Integrating the above equation over Q, we have

YQ

2
& |10+ m®) da [ 0+ )9V e = = [ U1+ m@)m(0) 5 do

+ /Q (A/I(U(Z +x1)) — A (U(x1 + m(t)))) |U"(z1 +m(t))|Y 0, Y
N
— /QZAQ(U(Z + x)|U' (21 + m(¢))|Y 0y, Y dx
=2
+ /QA’l(U(Z +2))|VZ U (21 + m(t))|Y dx — /sz VZ|U (z1 +m(t))|Ydz

— [ (wzsbaster+m(©) + hzar )0 = darCar +m(0) + 92(8) 0w + m(O)|Y da.

In order to control m’(t), we use the same computations as in Remark 1.5 and (4.19),
together with ||VY'||pec((0,75)x0) < R by (A.5). Then, we have that for all ¢ € (0, Tp),

N
m'@)] < c| /Q U@y 4+ )| (|4 V(2 + 20190, Y |+ D0 [ A(U(Z +20))[105,Y])da

" / 0 (a1 + ()| AL (U(Z + 1)) V2P da + / 0 (a1 + () |z ||V Z)da
Q Q

+ [ W mie)liaYide + [ [0/ me)l ozl + bz )] + loz(O])ds].
Since
(A6) |wz| < Clu=U(Z+z1)| < C[luollzee +[|U]lz), and [hzn|+]9z] < Cllwz||zee,
we use (A.4) and (A.5) to estimate
m'(8)] < C(R+ R)|U'|[ 2 ) + CIAY | 2@ Ul 22y < C(R+ R?),

which yields

Y2
| / U (a4 + m(O))m (1) 5-da] < C(R+ R) / U (21 + m(t))| Y 2da.
Q Q
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Then, we use (A.4) and (A.6) to estimate
d
dt/ U (21 + m(t)|Y2dz + / U (21 + m()||VY [2de < c/ U (21 + m(t)|Y2dz + C.
Q Q Q

which gives

VU (- 4+ m)[Y (| oo 0,m522(0)) < VCRToeCT0 < R, if Th < 1.

Hence, we have shown that the sequence of approximate solutions (Y3,)n>0 is uniformly
bounded as (A.2). The remaining part is quite standard, so we only provide a sketch of the
proof. Using the uniform estimates (A.2) and same energy estimates as above, we easily
have the strong convergence of sequence (Y;,),>0 towards a limit function Y in a lower-order
space L°°(0, To; L2(2)) N L2(0, Tp; H(£2)). Then, it is obvious that the limit Y is a solution
of (1.7), and satisfies the estimates (4.13).

A.2. Local existence of Eq. (1.7). For the local existence of Eq. (1.7) in the time interval
of (0,%], we just need the condition uyg € L*(Q) without Vuy € H*~1(Q), because (1.7)
has no terms related to w and hjys for such a time interval (0, %0], the three terms Iy, Is and
Ig in Section A.1 above do not appear.
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