CRITERIA ON CONTRACTIONS FOR ENTROPIC DISCONTINUITIES
OF SYSTEMS OF CONSERVATION LAWS

MOON-JIN KANG AND ALEXIS F. VASSEUR

ABSTRACT. We study the contraction properties (up to shift) for admissible Rankine-
Hugoniot discontinuities of n x n systems of conservation laws endowed with a convex en-
tropy. We first generalize the criterion developed in [47], using the spatially inhomogeneous
pseudo-distance introduced in [50]. Our generalized criterion guarantees the contraction
property for extremal shocks of a large class of systems, including the Euler system. More-
over, we introduce necessary conditions for contraction, specifically targeted for interme-
diate shocks. As an application, we show that intermediate shocks of the two-dimensional
isentropic magnetohydrodynamics do not verify any of our contraction properties. We also
investigate the contraction properties, for contact discontinuities of the Euler system, for
a certain range of contraction weights. All results do not involve any smallness condition
on the initial perturbation, nor on the size of the shock.
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1. INTRODUCTION

In this paper, we develop criteria for the existence of contraction properties of admissible
Rankine-Hugoniot discontinuities (typically entropic shocks and contact discontinuities) of
a wide class of systems of n conservation laws endowed with a convex entropy. Consider a
n X n system of conservation laws

O + Oy =0, t>0, zxeR,
(1.1) tU f(u) T

u(0, ) = uo(),
endowed with a strictly convex entropy 7.

For the scalar case (n = 1), Kruzkov’s theory [27] shows that the semi-group associated
with (1.1) is contractive for the L' norm. For the system case, under small BV perturba-
tion, Bressan, Liu and Yang in [11, 36] constructed a L! semi-group of solutions. However,
the L!-contraction property does not hold, generally, for systems (See Temple [48]).

The Kruzkov’s semi-group is not contractive in LP for p > 1, unless the flux is linear.
However, Leger showed in [31], that any perturbation of an entropic shock wave is con-
tractive in L2, up to shift. More precisely, for a strictly convex flux function f, and an
associated entropic shock (ug, u,, o) (i.e., u; > u,), and for any bounded entropy solution u
of this scalar conservation law, there exists a Lipschitz shift ¢ — h(¢) such that

/ lu(t,x + h(t)) — S(t,z)|*dx
R
is not increasing in time, where S(t¢, x) is the traveling wave associated to (u;, u,, o)

w if ¢ < ot,
(12) St x) = { u, if z > ot.
The shift h(t) depends on the solution u. This contraction property can be extended from
L2, to any relative entropy n(u|S) associated to a convex entropy 7 (see next section). Some
extension to LP, for 1 < p < oo, can be found in Adimurthi, Goshal and Veerappa Gowda
[1].

In the case of systems (n > 1), this kind of contraction property has been studied in
[47, 50]. In [47] the authors developed, in the case of systems, a criterion for contraction of
admissible (Rankine-Hugoniot) discontinuities. Their criterion is satisfied, for instance, by
the Keyfitz-Kranzer system with a rotationally symmetric flux. However, it is not applicable
to many cases, including the Euler system. In [50], the notion of contraction was extended
to a family of non-homogenous pseudo-norms, defined for a fixed a > 0, as

(13 dlutt, ), 5(e.0)) = { Tl e

where S is the traveling wave associated to the studied entropic shock. Not that the case
a = 1 corresponds to the case studied in [47]. In [50], it is shown, that any extremal shock
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(i.e. 1-shock or n-shock) verifies a contraction property, up to a shift, for such pseudo-norms
with suitable weights a > 0. This pseudo-distance (1.3) (determined by the weight a) does
not depend on on the solution w. It depends only on the system and the traveling wave S.

The purpose of this article is to generalize the criterion developed in [47] to the spatially
inhomogeneous pseudo-distance introduced in [50]. We first apply our generalized criterion
to the case of extremal shocks. Then, we develop criteria specific for intermediate shocks,
and intermediate contact discontinuities. We present two applications of those criteria.

First, we show that intermediate shocks of the two-dimensional isentropic MHD (which
is a 4 x 4 system), do not verify the contraction property, for any weight a > 0. For inviscid
and viscous stability issues for the MHD, we refer to [5, 6, 24, 39].

For the contact discontinuities of the Euler system, it is shown in [46], that the contraction
property holds for the specific value a = 6, /6;, the ratio of temperatures on the right, and
on the left of the contact discontinuity. We show that this cannot hold for a large range of
other weights a.

Our criteria depends only on the structure of the system (1.1), and the fixed admissible
discontinuity. Contrary to the analysis in [50], it does not involve the study of every solutions
u, nor the construction of the shift. This simplifies a lot its applicability. The main difficulty
of the analysis of [50], for the contraction, is due to the construction of the suitable shift
and weights a.

The theory of contraction, based on the relative entropy, is valid for large perturbation,
without smallness conditions. We consider any bounded entropy weak solutions u to (1.1)
verifying a BVj,. property. The BVj,. property is stronger than the strong trace property
used in [32, 50]. All our results still hold under the assumption of the strong trace property
instead of BVj,.. However, following [47], we restrict ourselves to the BV}, case to simplify
the exposition. Note that the existence theory of entropy weak solutions to the system (1.1)
(when n > 3) for large data is open. Strong trace property in the case of scalar conservation
laws have been widely studied [15, 20, 28, 29, 41, 40, 52]. However, in the case of systems,
the validity of the strong trace property is mainly an open problem. This has been shown
only for the particular case of isentropic gas dynamics with v = 3, for traces in time, in
[51].

Our analysis is based on the relative entropy method. It has been first used by Dafermos
[19] and DiPerna [21] to show the weak-strong uniqueness and stability of Lipschitz regular
solution to conservation laws. (See also [17, 18]) We refer to [16, 26, 31, 32, 43, 46] for
applications of the relative entropy method to the stability of large perturbation in various
contexts. This method is also an important tool in the study of asymptotic limits to
conservation laws. Applications of the relative entropy method in this context began with
the work of Yau [55] and have been studied in various context (See for instance [2, 3, 7, 8,
23, 25, 34, 37, 38, 42]).

The rest of the paper is organized as follows. In Section 3, we present the criteria for
the contraction of admissible discontinuities, and then identify the necessary conditions for
the contraction. As an application of our criteria, in Section 4, we prove the contraction
property of extremal shocks. In Section 5, using the necessary condition developed in section
3, we construct two kinds of criteria preventing the contraction property for intermediate
entropic shocks. It turns out that one of the criteria still hold true for intermediate contact
discontinuities. In Section 6, as an application of this criterion to gas dynamics, we find a



4 KANG AND VASSEUR

range of weights, for which there is no contraction for 2-contact discontinuities of the full
Euler system.

2. PRELIMINARIES

In this section, we present our framework, and basic concepts and properties, needed for
the analysis in the following sections.

2.1. General framework. We consider a n X n system of conservation laws:
(2.4) ou+ 0y f(u)=0, t>0, xR,

which is endowed with a strictly convex entropy 7, thus the system is hyperbolic on the
state space where 71 exists. Here, the flux f, the entropy 7 and associated entropy flux ¢
are assumed to be all defined on an open convex state space V C R™ and of class C%(V),
and the following compatibility relation holds on V:

n
0j0=>_ 0md;fi, 1<j<n.
i=1
which is conventionally rewritten as
Vg =VnVf,
where the matrix V f denotes (0, f;)i ;.

As already mentioned, we have in mind the application of our criteria to the gas dynamics.
For this reason, we need to extend the phase space V to a suitable subset of the boundary
of V, to handle the points corresponding to vacuum states. Thus, we introduce as in [53]:

U={ueR"|Ju, €V, lim up=mwu, limsupn(ug) < oo},
k—o0 k—o0
and extend the entropy functional n on U by
n(u) = lminf n(u).

u€Y, u—u

In 3 x 3 full Euler system, ¥V = (0,00) x R x (0,00) denotes a set of non-vacuum states of
density, momentum and energy, while i/ = VU{(0,0,0)} includes the vacuum state (0, 0, 0).
In general case, U is still convex and 7 is convex on U (See [53]). We here restrict our
study to bounded entropy solutions u to (2.4), whose values are in a convex bounded subset
U C U, on which the functions f,  and g are continuous.

2.2. Relative entropy. For the strictly convex entropy 7 of (2.4), we define the relative
entropy function by
n(ulv) = n(u) —n(v) = V() - (u—v),
for any u e U,v € V.
Since 7 is convex on U and strictly convex in V, we have (see [53])

n(ulv) >0, weld,veV,
and
n(ulv) =0 <= wu=nw.
Thus, the relative entropy n(u|v) is positive-definite and convex in the first variable w.

However it looses the symmetry unless n(u) = |u|?. Nevertheless the relative entropy is
comparable to the square of L? distance on any bounded subset of U/ as follows.
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Lemma 2.1. For any bounded set B C U and compact set Q2 C V, there exists C1,Cy > 0
depending on B and § such that for any v € B with v € €2,

Cilu —v|* < n(ulv) < Colu — v|?.

The proof of this lemma can be found in [32, 53]. Notice that this lemma also holds for
all (u,v) € Q% for any compact set Q € V.

As mentioned in Introduction, we are interested in studying the contraction property
of a bounded entropy weak solution as any perturbation of admissible Rankine-Hugoniot
discontinuity.

We say that u is an entropy (weak) solution of (1.1) if a weak solution u to (1.1) satisfies
the entropy inequality
(2.5) dn(u) + dzq(u) <0,

in the sense of distributions. On the other hand, the equality above holds when u is a
Lipschitz solution to (1.1).

For given u; # u,, we say that (u;, u,, o) is an admissible Rankine-Hugoniot discontinuity
if there exists ¢ € R such that

fur) = fu) = o(ur —w)
q(ur) = q(w) < o(n(ur) —n(w)).

Equivalently, this means that the discontinuous function (¢, ) defined by

ult, z) :{ w if z < ot,

(2.6)

u, if x > ot,

is an entropy weak solution to (1.1).

For any constant vector v € R™, if u is an entropic weak solution of (1.1), then n(u|v) is
a solution in the sense of distributions to

(2.7) Om(ulv) + dxq(u,v) <0,
where ¢g(u,v) is the relative entropy flux defined by

q(u,v) = q(u) = q(v) = Vn(v) - (f(u) = f(v)).
This can be derived directly from (1.1) and (2.5).

2.3. Spatially inhomogeneous pseudo-distance. For a given weight a > 0, using the
relative entropy, we consider the pseudo-distance d by

d(u(t,z),S(t,x)) = {

where S(¢,x) denotes the fixed shock (u;, u,, o). This pseudo-distance is spatially inhomo-
geneous for a # 1. Based on this pseudo-distance, it has been shown in [50] that there
exists suitable weight a > 0 such that contraction of extremal shocks holds up to Lipschitz
shift «(t) in the spatially inhomogeneous pseudo-distance:

[%d@@x+a@%ﬂt@ﬂm

n(u(t,x)|w) if z < ot,
an(u(t, z)|u,) if x > ot,
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which is equal to

a(t)+ot 00
/ n(u(t, z)u)dz + a/ n(u(t, z)|u,)dz.

—0o0 a(t)+ot

From now on, we study the contraction properties by using this pseudo-distance denoted
by (2.8) as

h(t) 00
(2.8) E,(u(t), h(t)) ::/ n(u(t,x)|ul)da?+a/ n(u(t, z)|u,)dz.

—o0 h(t)
This pseudo-distance (2.8) (determined by the weight a) does not depend on Ug. That
is, it does not depend on any quantitative property of bounded entropy weak solution
perturbed from admissible discontinuities. On the other hand, the shift A(t) depends on
the perturbation and is estimated by
W ()] < Cx,  |h(t) — ot < CxVt|lug — S|l 2,

where Ci is a constant depending on Uk .

3. ENTROPY CRITERIA FOR CONTRACTIONS

In this section, we present a general theory for contraction of admissible discontinuity
for any characteristic fields. First of all, we generalize the criteria developed in [47] via the
spatially inhomogeneous pseudo-distance (2.8). We then give the necessary condition for
the contraction property in Theorem 3.2. Following the heuristic observation of Serre and
Vasseur in [47], we consider the generalized conditions for contraction as follows.

Definition 3.1. For a positive constant a > 0, we say that an entropic Rankine-Hugoniot
discontinuity (uy, u,) is relative entropy stable with respect to weight a (in short, a-RES) if
(ug, uy) satisfies the following entropy conditions:

o (H1): For any u in X4 := {u | n(u|u;) = an(ulu,)},
Dy (w5 u) == agq(u, ur) — q(u,u) <0.
e (H2) : For any entropic discontinuity (u_,u+) of speed o1 satisfying
Do ur) < an(u_fur) and n(us fu) > onus ),
Dru(ur, us) = aq(uy, ur) — q(u—, w) — ox(an(us |uy) — n(u—|w)) < 0.

As a variant of a-RES, we say that an entropic Rankine-Hugoniot discontinuity (uy,u,) is
strongly relative entropy stable with respect to weight a (in short, a-SRES) if (u;, u,) satisfies
(H1) and a slightly stronger condition (H2*) than (H2) as follows:

o (H2%): For any entropic discontinuity (u_,uy) of speed o1 such that
n(u—|u;) — an(u_|u,) and an(uy|u,) — n(uy|u;) have the same sign,
Dy (uyy,ut) <O0.
Remark 3.1. 1. For the unit weight a = 1, the meaning of 1-SRES is the exactly same
as one of the terminology ‘RES’ used in [47]. Thus, the above definition of a-SRES is a
generalization of ‘RES’.

2. The condition that n(u_|u;) — an(u—|u,) and an(uy|u,) — n(us|uy) have the same sign
has the same meaning as that u— and uy are separated by the (n — 1)-dimensional surface
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Y. Note that the convexity and C?-reqularity of n implies the convexity and C?-reqularity
of

R = {u | n(ulu) < an(uluy)},
thus C?-regularity of surface ¥, = OR.

Definition 3.2. For a positive constant a > 0, we say that an entropic Rankine-Hugoniot
discontinuity (uy,ur,o) satisfies a-contraction if for any bounded convex subset Uk of U,
there exists a constance C (depending on Uy ) such that the following holds true. For any
entropy weak solution u € Ux N BVj,.((0,T) x R)™ (with possibly T = o) of the system
(1.1) with initial data ug satisfying FE(ug,0) < oo, there exists a Lipschitz function h(t) with
h(0) = 0 such that the pseudo distance Eq(u(t), h(t)) is non increasing in time, i.e.,

(3.9) Eqo(u(t), h(t)) < Eq(u(s),h(s)), a.e t>s>0,
moreover, for every 0 <t < T,

(3.10) ' (t)| < Ck,  |h(t) = ot| < CrVt|uo = S| 2,
where S(x) = w; for v <0 and S(z) = u, for x > 0.

Remark 3.2. As already mentioned, the weight a > 0 defines the pseudo distance Eq(u(t), h(t))
for the contraction, which does not depend on any quantitative property of the perturbation,
i.e., Ug, but only depends on the system (1.1) and the fized discontinuity (u;,u,,0). On
the other hand, the boundedness of the set Uk is for the control of Lipschitz shift h(t) such
as (3.10). Indeed by Lemma 2.1, E,(u(t), h(t)) is equivalent to ||u(t,- + h(t)) — S| 12, thus
the contraction property (3.9) implies

[u(t, -+ h(t)) = S|z < Crluo = SllL2-

This induces the estimate (3.10). Its proof can be found in [50]. Therefore, we will not
mention about (3.10) in the sequel.

3.1. The a-SRES implies the a-contraction. We here show that for a given weight a > 0,
the a-SRES is a sufficient condition for the a-contraction. This is a generalization of the
main theorem (corresponding to a = 1) in [47].

Theorem 3.1. For a > 0, if the entropic discontinuity (u;,u,) is a-SRES, then (uj,u,)
satisfies a-contraction.

Proof. The proof is almost same as that of the main theorem in [47]. For the reader’s
convenience, we give a variant of the proof of Theorem 2.1 in [47]. For given £ > 0, we
define a function V; : R® — R by

lagCulu) — qlulu) — el
(3.11) Vew)={  an(ula) —nufe) L F e
0 if u € X,

where ¥, = {u | n(ulw) = an(ulu,)}.

Since (uy, u,) is a-SRES, V. is Lipschitz on R™. Indeed, that is true by the continuity of ¢
and the definition of a-SRES. More precisely, since ag(u|u,) — q(u|u;) —e < —¢ for u € ¥,
V2 = 0 on a neighborhood of ¥,.
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We now consider an entropic weak solution u € L>((0,00) x R)™ N BVj,.((0,00) x R)"™ with
E(ug,0) < oco. Then we define an approximated curve h. as a solution to the ODE

(3.12) ZE?):: ng(t, he(t))),

in the Filippov sense [22].
For solvability of (3.12), we have the following lemma as in [47]:

Lemma 3.1. There exists a Lipschitz solution h. to (3.12) such that
lellzee < I Vellze,
he(t) € I(Ve(u-), Ve(uy)), a.e.t>0,

where uy := u(t, he(t)L), and I(a,b) denotes the interval with endpoints a and b. Moreover,
if u— # uy, the (u—,u4, he) is an admissible entropic discontinuity, that is,

Flus) = flus) = ha(us —u_)
quy) — q(u") < he(n(us) —n(us)),  a.e. t>0.

(3.13)

(3.14)

The proof of this lemma is the exactly same as that in [47], because its proof only need
the regularity of u and V., but not the definition of V; itself. Indeed in [31, 32, 47], it is
shown that (3.12) has a solution satisfying (3.13). We refer to [47] for details of its proof.
We use (2.7) to derive that the entropic weak solution u € BVi,.((0,00) x R)™ satisfies

he(t) 00
GE). 1) = [ omutt )+ o [ 2t )i

e (t) (e, A=) ur) — anu(t, h(t)+)er)
he(t) 00
< — Orq(u(t, z)|uy)dxr — a Orq(u(t, x)|u, )dx
<~ [ oatutt iz —a [ dugtat 2
o+ he(t) (n(u(t, B8 ) — an(u(t, h(t)+)ur)
< agq(uy|ur) — q(u—|u) — he(t) (an(uy ur) — n(u_|up))
=: D,

where uy := u(t, he(t)£). Let us show that D, < 0.
For a.e. ¢ > 0 such that u_ = uy, by (3.13), we have

he(t) = Ve(us),
which implies together with (3.11) that
D. = agusluy) — qlu_luw) — Vi(us)(an(ug fur) — nlu_|w))
— agluslur) — alu_|w) — [aq(us [ur) — qlu—|u) — ]
<e.
On the other hand, for a.e. t > 0 such that u_ # uy, there are two cases as follows:
i) n(u—|w) — an(u_|u,) and an(uy|u,) — n(uy|u;) have the same sign,

i1) an(u—|u,) — n(u—|u;) and an(uy|u,) — n(us|u;) have the same sign.
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Concerning the first case i), we use the fact that (u;, u,) satisfies (H2*) and (u_,uy, he) is
the entropic discontinuity by (3.14), then it follows from (#2*) that

DE = DRH(“l,T?“:I:) S 07

where note that oy = h,.
For the second case ii), since an(u—|uy) — n(u-|w), an(uilu;) — n(uy|w), Ve(u-) and
Vz(u4+) have the same sign, thus h. € I(V:(u_),Vz(uy)) also has the same sign. This
implies together with (3.14) that for both v = u_ and v = uy,
D. < aq(vluy) = q(vur) — he(an(vlur) = n(vlu))
= aq(vlur) — q(vlw) — [he|lan(v]ur) — n(vfu)].
If we consider v satisfying |Vi(v)| = inf(|Vz(u_)|, |Vi(uy)]), since |he| > |Vi(v)| by (3.13),
we have
De < aq(vlur) — q(vfur) — [Ve(v)llan(vlur) = n(v|w)]
= aq(vlur) — q(vlw) — Va(v)(an(vlur) — n(v|w))
= aq(vlur) = q(vlw) — [ag(v]ur) — q(v]w) — €]+
<e.
Therefore, it follows from the estimates above that for a.e. t > s > 0,
Eo(u(t), he(t)) < Eq(u(s), he(s)) + (t — s)e.

Since [|Vz||re is uniformly bounded with respect to e thanks to u € L*((0,00) x R)" and
(3.11), by (3.13), h. is also uniformly bounded with respect to €. Thus up to a subsequence,
he uniformly converges to a Lipschitz function h. Hence we conclude that a.e. t > s > 0,

Eu(u(t), h(t)) < Ea(u(s), h(s)).
OJ

3.2. The a-contraction implies the a-RES. The following theorem says that the a-RES
is the necessary condition for the a-contraction.

Theorem 3.2. For a > 0, if the entropic discontinuity (u;, u,) satisfies the a-contraction,
then (ug, ur) is the a-RES discontinuity.

Proof. Suppose that the entropic discontinuity (u;,u,) is not a-RES, by the definition of
a-RES, at least one of (H1) and (H2) dose not hold. That is, we assume that one of the
following conditions holds.

o (~H1l): Fu suchthat n(u|lw)=an(a|u,) and Dgy(u;a) > 0.
o (~ H2) : 3 entropic discontinuity (u_,uy,04+) such that
Do Jur) < an(ou_|ur), (usfur) > an(us |ur) and Dps(upy, us) > 0.

We may show that both cases above provide a contradiction with the contractivity (3.9).
e Case of (~ H1) : Consider a smooth initial data ug defined by

u if x € (=R, R) for some R > 0,
uo(zr) =< w if x € (—o0,—2R),
u, if x € (2R, 00),
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where w is a constant vector appeared in (~ H1).
Then, E,(up,0) < oo and the system (1.1) admits the smooth solution u for some small
time ¢ < Ty, which satisfies

h(t) 00
© Ba(u(t), h(t)) = / dun(u(t, z)|u)dz + a /h At )i

£ ) (n(ut, () ) — an(u(t, (D)) ).
Since u is smooth for such short time, u satisfies the entropy equality
Om(u) + 0rq(u) = 0.

Thus, for any constant vector v € R"™, the smooth solution u verifies
(3.15) on(ulv) + 0xq(ulv) = 0.
We use (3.15) to get

d h(t) 0

ﬁEa(u(t),h(t)) = —/ Ozq(u(t, z)|uy)dx — a/h ) 02q(u(t, x)|uy )dz

—00

+ () (nult, h(D)ur) = an(u(t, h())luy))
= aq(u(t, h(t))! r) = qu(t, h(t))|u)
+h(t (n (u(t, b)) ) — an(ut, h(2))|ur) ).
For any Lipschitz curve h(t) with h(0) = 0, since we can choose Tj small enough such that
u(t,h(t)) =u for all t € [0,Tp],
it follows from (~ H1) that for all ¢ € [0, Tp],

d _ _ . _ _
2 Ea(u(t), h(t)) = aq(alu,) — qalu) + h(t) (n(alur) - an(alu,))
= aq(afu,) — q(ti|w)
= Dsm(ul,r;a) > 0,
which contradicts with (3.9).
e Case of (~ H2) : For the entropic discontinuity (u_,u4,04) in (~ H2), we consider

a initial data ug that is discontinuous at x = 0 and smooth on (—o0,0) and (0,00), and
satisfies that for some R > 0,

u_ if x € (—R,0),
) oug ifz e (0, )
uo(w) = w if x € (—o00, —2R),
u, if z € (2R, oo)

In order to freeze the shock speed o4, we consider a new flux A defined by
(3.16) A(u) = f(u) — oru.
Indeed, by Rankine-Hugoniot condition, we have

Afuy) = A(u_) = f(uy) — flu_) = ou(uy —u_) =0,
which means that the speed of entropic shock (u_,u) to the system
(3.17) Ou+ 0, A(u) =0
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is zero. Let G be a C%-entropy flux such that G’ = 7/ A’. Then, since
G' =1 (f —ox)=q — o,
we have
(3.18) G =q—o+n+ C for some constant C.

Let us consider a weak entropic solution w € L>((0,00) x R)™ N BV,.((0,00) x R)™ to the
system (3.17) with initial data ug. Then, there exists small time T, > 0 such that the weak
entropic solution w is smooth on both (—o0,0) and (0, c0), and has a shock (u_,uy) with
zero speed at x = 0, and satisfies that for all ¢ < T,

u_ ifz € (—R/2,0),
uy ifx € (0,R/2),

w if z € (—o0,—3R),
u, if z € (3R, 00).

(3.19) w(t,z) =

Let h(t) be any Lipschitz curve with 2(0) = 0. Then, we can choose Ty > 0 small enough
such that

|h(t)] < % t € [0, T].

By the continuity of h, we use the Weierstrass approximation theorem to choose a sequence
(pn) of polynomials such that

(3.20) lpn = hllLeqor) — 0, n— o0,

which yields that for sufficiently large N,

R
(3.21) Ipn(t)] < T " >N, tel0,Ty.
We first show that
(3.22) Eo(w(t),pn(t)) > Eq(uo, pn(0)) + tDru(ui,r,ut), te€ (0,T4].
Let us begin by noticing the fact that
. o R R
(3.23) w(t,x) is constant in time ¢t € (0,7%], for z € (—57 5),

thus w(t, w) is differentiable with respect to ¢t € (0, T}] for all x € R. This yields

d Pn () 00
@) = [ ottt fuds+o [ Dm0 )is
—00 pn(t

-~

I I
o B (8) (n(w(t, pa (D)) [ur) = an(w(t, pa(O)+)ur))

I3

(Case of non-constant polynomial p,,) : If the polynomial p,, is not constant for some
n > N, p, has a finite number of zeros as t1,to--- ,t; with

0§t1<t2<"'<tk§T*.
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Then p, is either negative or positive on each interval (¢;,%;11), where i belongs to one of
the following classes

1<i<k—1 ift; =0 and ty =Ty,
0<i<k-—1 ifty >0 and ty =T, where tg:=0,
1<i<k ifty =0 and ty < Ty where txq := T,
0<i<k ift;>0andt, <T..

First of all, let us consider the case that py(t) < 0 for all ¢t € (¢;,%;4+1) for some [. Then the
solution w is smooth on (0, 7%] x (—00,p,(t)]. Thus, we apply (3.15) to the system (3.17)
to get

Pn(t)
I = —/ 0.G(w(t, x)|u)de.

—00

Since by (3.19) and (3.21),
(3.24) w(t,pn(t)) =u_ for all t € (t;,t141),

we have
I = —G(u_|u).

Since w is discontinuous at x = 0 for 0 < t < T}, we rewrite Iy as

i 0o
Iy = a/4 on(w(t, z)|uy)dx + a[z on(w(t, z)|uy)dx.
pn(t) y

By (3.23), we have

R

Opn(w(t, x)lur) =0, (t,x) € (0, 1] x [pa(t), 7 ]-

"4
Since w is smooth on (0, 7] x [£,00) and w(t, &) = uy for 0 < t < T., we have
o
I, = —a/ 0.G(w(t, z)|uy)dx = aG(uy|uy).
R
1
For I3, we use (3.24) to get

Iy = pu(t) () = anu-|u,) ).
Thus, we have shown

%an),pn(t)) = aGluyfuy) = Glu|u) + pu(t) (n(u—|w) — an(u_|u,)), ¢ € (b ti1).

We here use (3.18) to reduce
aG(uyur) = Glu- )
— algus) = oun(us) = alu) + on(ur) = dpur)(f(ug) = oxus = flur) = osu)]
—q(u-) + oxn(u-) + q(w) — oxn(w) + dn(w)(f(u-) — oxu— — f(w) — orw)
= ag(uy luy) = g(u-fuw) — ox (an(us fur) —n(u_|u))

= Dru(uir,ut),
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which provides

@ Bu(w(t),pn(1)) = D) + 5 0) () — anfou_fu)), 1 € (11,111,
For any 7,t € (t,t;41) with 7 < t, integrating it over [7,t], we have
Eo(w(t), pn(t)) = Ea(w(T),pn(7)) + (t = 7)Dra (wy, us)
+ (pn(t) = (7)) (mu-fur) = an(u-lu)).
Since E,(w(t), pn(t)) is continuous in time ¢ and p,(t;) = 0, taking 7 — ¢;, we have
Eq(w(t),pn(t)) = Eo(w(ty), pa(t)) + (t — 1) DR (ugr, ut)
+ pa(t) (mlu- ) = anu-lu)).
Since p,(t) < 0 for all t € (¢,t;+1), we use the assumption (~ H2) to get
(3.25)  Ea(w(t),pn(t)) = Eo(w(t),pn(t)) + (t — ) Dru(wir, ut), t € (G, tigal,

where note that this inequality also holds at ¢ = ¢;,1 by the time-continuity of E,(w(t), pn(t)).
On the other hand, for the case where p,(t) > 0 for all ¢t € (t,, tm41) for some m, we
follow the same argument as above. More precisely for all ¢ € (¢, tim+1), We get

R
- P (t)
I :/ 8t77(w(t,x)|ul)dx+/R om(w(t, x)|u)dx

[e.9] V)

kY

_ /__ 0, (w(t, ) Juy)de = —G(u_|uy),

oo

I = —a/ 0,G(w(t, z)|uy)dr = aG(uy|uy),
Pn(t)

Iy = pu(®) (nu- ) = anusfu,) ).
which provides that for all t € (¢, tyns1),
Eo(w(t),pn(t)) = Ea(w(tm), pn(tm)) + (¢ = tm) Dra (urr, us)
o+ pat) (nlus ) = an(us fuy)).
Since p,(t) > 0 for all t € (£, tm+1), we use the assumption (~ H2) to get
(3.26)  Ea(w(t),pa(t)) = Ea(w(tm), pn(tm)) + (¢ = tm) Dra (wr; ux),  t € (b, tmya]-

Therefore, combining (3.25) and (3.26), we can conclude (3.22).
(Case of constant polynomial p,,) : If polynomial p, is constant for some n > N, using
(3.21), we have

pn(t) = pr(0) € (— ) for all t € [0,T%].

)

| 3
| 3
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First of all, for the case of p,(0) # 0, the claim (3.22) follows directly from the previous
arguments. If p,(0) = 0, we also combine the previous arguments to have

=

_R 0
4
I = / dm(u(t, Du)de + [ dm(w(t,2)n)dz

oo -

oy
|

= / 0:G(w(t, z)|u)dr = —G(u_|u),

oo

R 00
I, = a/4 on(w(t, z)|u,)dx + aﬁ on(w(t, z)|u,)dx
0 1

= —a[z 0,G(w(t, z)|uy)dr = aG(uy|uy),
1

[3:()7

which provides (3.22).
Since tDrpp(ur, u+) in (3.22) independent of n and (~ H2) implies

tDru(ur,us) >0 fort >0,
using (3.20), (3.22) and w € L*>(]0,00) x R), we show
(3.27) E,(w(t),h(t)) > E4(uo,0), te(0,Ty].
Indeed, since
[Ea(w(t),h(t)) — Ea(w(t), pa(t))]

(
h(t) Pn(t)
| [t +a [ it
pn(t) h(t)

< lpn — hllzee (o)) (Hn(w|ul)||L°°([O,oo)><R) + a||77(w|ur)HLoo([o,oo)xR)>

—0 asn— oo,
we have

Eq(w(t),pn(t)) = Eq(w(t),h(t)) uniformly in t € [0, T}],

which implies that for ¢ € (0, T}],

Ea(w(t), h(t)) > Ea(uo,0) + %DRH(ulyr,ui) > By (ug,0).

Since the Lipschitz shift A is arbitrary, the weak entropic solution u of (1.1) with wug also
satisfies

E.(u(t),h(t)) > Eq(up,0), 0<t<T,.
which provides the contradiction with (3.9).

4. ON a-CONTRACTIONS FOR EXTREMAL SHOCKS

In this section, we are going to show that extremal shocks (i.e. 1-shock or m-shock) is
a-SRES for some a, which implies that they satisfies a-contraction by Theorem 3.1. Even
though the a-contraction for extremal shocks has been shown by Vasseur in [50], we intend
to here give an alternate proof as a direct application of the criteria built in Theorem 3.1.
This result goes beyond the known results valid in the class of BV solutions under small
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perturbation in BV. In the case of small perturbation in L>* N BV, Bressan, Crasta and
Piccoli in [10] developed a powerful theory of L' stability for entropy solution obtained by
either the Glimm scheme or the wave front-tracking method. The theory also works in some
cases for small perturbation of large shock (See [33, 9]). On the other hand, Chen, Frid and
Li in [14] use the relative entropy to establish the uniqueness and stability of solutions to
the Riemann problem for the 3 x 3 Euler system in a large L' N L™ N BV}, perturbation
(See also [12, 13]).

4.1. Hypotheses. We suppose the same hypotheses for the system (1.1) as in [50], which
are especially applied to the isentropic Euler system and full Euler system. (See [32, 50])

The following hypotheses are related to the 1-shock and other entropic discontinuities.

e (H) : For any fixed u; € V and 1 < i < n, there exists a neighborhood B C V of
u; such that for any u € B, there is a i-th Hugoniot curve S (s) € U defined on an
interval [0, s,) (possibly s, = o), such that S(0) = u and the Rankine-Hugoniot
condition:

f(Su(s)) = f(u) = 0, (s)(Sy(s) —u),
where ol (s) is a velocity function. Here, u — s, is Lipschitz on U, (s,u) — S%(s)
and (s,u) — o' (s) are both C* on {(s,u) | s € [0,54), u € U}, and the following
conditions are satisfied.

(4.28) (a) io’i(s) <0, ol(0)=X(u), (D) ditsn(uw&(s)) >0, foralls>0,

ds v
(4.29) AM(SE(s)) < ak(s) < M(u) <al(s), 2<i<n, 5>0,
and
(4.30) C%UZ(S) <0, oL(0)=N\(u) for2<i<n.

Regarding the hypotheses for the n-shock, we just replace (4.28) and (4.29) by (4.31) and
(4.32) as follows.

e (H*) : For any fixed u, € V and 1 < i < n, there exists a neighborhood B C V of
u, such that for any u € B, there is a i-th Hugoniot curve S’ (s) € U defined on an
interval [0, s,) (possibly s, = o), such that S (0) = u and the Rankine-Hugoniot
condition:

f(Su(s)) = f(u) = 0, (s) (S, (s) —u),
where ol (s) is a velocity function. Here, u — s, is Lipschitz on U, (s,u) — S%(s)
and (s,u) — o' (s) are both C* on {(s,u) | s € [0,54), u € U}, and the following
conditions are satisfied.

d
(4.31) %0'3(5) > 0, %n(u|5’3(s)) >0, foralls>0,
(4.32) A (S™(5)) > 0m(s) > Ap(u) > 0l(s), 1<i<n—1, 5>0,
and
d

—0l(s) <0, o%(0)=N\(u) forl<i<n-—1.
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Remark 4.1. 1. Note that a system (1.1) verifies the hypotheses (H) relative to u; € V if
and only if the system

O — O f(u) =0
verifies (H*) relative to u, € V. In other words, (H) and (H*) are dual in this way. Thus it
is enough to show the a-contraction for 1-shocks, because the result of n-shock is obtained by
applying the case of 1-shock to u(t,z) = u(t, —x), which is also entropic solution to (1.1).
From now on, we will restrict our arguments to the case of a 1-shock.
2. The assumptions (a) in (4.28), (4.29) and (4.30) are just due to Liu and Lax entropy
conditions. The only additional requirement is (b) in (4.28), which is a condition on the
growth of the shock along SL(s) measured through the pseudo-distance. This condition arises
naturally in the study of admissibility criteria for systems of conservation laws. In partic-
ular, it ensures that Liu admissible shocks are entropic even for moderate to strong shocks.
Indeed, this fact follows from the important formula : (See also [17, 30, 35])

a(S5) — alu) = () 0(S5) ~n(w) + [ Gabnuisioar

In [4], Barker, Freistihler, and Zumbrun showed that the stability (and so the contraction
as well) fails to hold for the full Euler system if hypothesis (b) in (4.28) is replaced by

d%n(s;(s)) 50, 5>0.

This shows that the strength of the shock is better measured by the relative entropy rather
than the entropy itself.

3. In [49], Texier and Zumbrun showed that the hypotheses (H) implies the Lopatinski

condition of Majda.

4.2. Structural lemmas. We first present the following structural Lemmas treated in [50].
The first lemma provides a kind of triangle inequality for the pseudo metric induced by 7(+|-)
and its analogous inequalities, which are useful tools in the following proofs.

Lemma 4.1. For any u,v,w € R", we have

(4.33) n(ulw) +n(wlv) = n(ulv) + (Vo(w) — Vn(v)) - (w — u),
and
(4.34) q(ulw) + q(wlv) = q(ulv) + (Vn(w) — Vn(v)) - (f(w) — f(u)).

Therefore, for any o € R,
a(ulv) = on(ulv) = (a(ulw) — on(ulw)) + (awlv) - on(wlv))
— (Tn(w) = V() - (f(w) = f(w) = o(w - u))

Proof. The proof follows directly from the definition of the relative entropy 7n(:|-) and its
flux ¢(+|). Indeed, the following computations hold:

n(ulw) +n(wlo) = (n(w) = n(w) = Va(w) - (u—w))
+ (n(w) = n(v) = Vn(v) - (w - v))

= n(u) = n(v) = V() - (u—v) + (Vn(w) = Vi(v)) - (w — u)
n(ulv) + (Vi(w) = V(v)) - (w — u),

(4.35)
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The following lemma gives an explicit formula concerning the entropy lost at an entropic
discontinuity (u, S%(s)) for any i-family.
Lemma 4.2. For any Rankine-Hugoniot discontinuity (u,S%(s),c’(s)) and any vector v,
we have

(436)  4(S4(5).0) = oL (MSL)) = o) = obohmtulo) + [ G n(ulsiie)

Therefore, for any s > 0, so > 0, we have
(437) a(S3(5) Shls0)) — oh()(S(5) IS s0)) = [ Lble) (n(wlSE(e) —n(ulis0)) )t

In particular, for any w € B as in hypothesis (M), there exists 6 € (0,%) and k > 0 such
that

4(Su(s), Su(s0)) — 0 (8)n(Su(5)Su(0) < —kloy(s) — ou(s0)*,  for |s — sol <4,
4(8u(s), Su(s0)) — 0, (5)1(Su()[Su(s0)) < ~klo

u(8) = au(s0)l,  for |s —so| > 0.

The proof of this lemma can be found in [50]. We refer to the work of Lax [30] for the
estimate (4.36). And the estimates (4.37) and (4.38) are variations on a crucial lemma of
DiPerna [21]. Note that the discontinuity (u;, S%(s), 0% (s)) in (4.36) and (4.37) need not be
extremal family (i.e. 1-family or n-family) from the proof of the relation (4.36) in [50], which
is obtained directly from the Rankine-Hugoniot condition, moreover, (4.37) is obtained by
using (4.36) twice. We give the proof of (4.38) in the Appendix for the reader’s convenience.

<
(4.38) o

For the proof of Theorem 4.1, we present the following lemma that states both Lemma 5
and Proposition 2 in [50] as a slightly improved version. In fact, Proposition 2 in [50] says
that (4.41) holds for all s > 0 satisfying o, (s) < g, which means that (4.41) holds for any
strong shock (u, S1(s),ol(s)) thanks to the assumption (H) with (4.28). It turns out that

rru
the constraint o, (s) < o¢ can be removed in the following lemma.

Lemma 4.3. Let (u,u,,01,) be an entropic 1-shock such that u, = Sil(so), Ol = 011”(50)
for some sp > 0, and the corresponding conditions in (4.28) are satisfied. Then, there exists
o0 € (01,0, M(w)), €0 >0, >0 and a, > 0 verifying the following properties:
o For any u € Bg,(uy),
oo < Ai(u),
(4.39) = q(u,w) + oon(ulw) < —pBnulw),
q(u, ur) — oon(uluy) < —Bn(ulur).
o For any 0 < a < ay,
(4.40) the ball Be,(u;) contains the convexr set R, := {u | n(ulw;) < an(ulu,)},
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and for any u € Ry,
(1) a(a(Sh)u) — oh(SHNur)) — alulen) + oh(nlul) <O, s> 0.
Proof. Step A) proof for (4.39) : We begin by using (4.37) with u = u; and s = 0 to get
q(u, ur) = A1 (u)n(ulur) <0,

where we have used the hypothesis (4.28). Since this inequality is strict, we can choose og
sufficiently close to Ai(u;) with oo € (0, A1(w;)) and § > 0 sufficiently small such that
q(ur, ur) = (o0 — B)n(wlu,) <0,
which gives
q(ur, ur) = oon(uilur) < —=pBnulur).
Then, using the continuity of ¢(-, u,), n(-|u,) and A1 (), we can choose g sufficiently small
such that for all u € B, (u),
Q(uu ur) - Uon(u‘ur) < _677(u’ur)7 and og < Al(u)
On the other hand, we use Taylor expansion at u; to get
—q(u,w) + oon(ulur) = (u—u)"V(ur) (o0l =V f(w))(u —w) + O(lu —wl?).

Here, since the entropy 7 is strictly convex, V21 (y;) is symmetric and strictly positive, and
V2n(w)Vf(w)) is symmetric. Thus those matrices are diagonalizable in the same basis,
which gives

VE(w)V f (ur)) = M (u) Vin(w).

This and A1 (u;) > o¢ imply that for all u € Be,(u;),
—q(u, w) + oon(ulw) < —(M(w) — o0)(u — w)" V*n(w)(u — w) + O(Ju — w?)
< —(M(w) — oo)n(ulw) + O(lu — w|?)

~ Ai(w) — oo

2
where we have used the smallness of g in the last inequality.
Step B) proof for (4.40) : Notice that

(4.42)
fora <1, n(uju) < an(ulu,) is equivalent to

< n(ulu),

n(u) < (n(ur) — anur) = Vi(u) - u +aVn(ur) - ur + (V(w) — aVi(ur)) - u),

“1l—-a
where the right hand side of the second inequality above is linear in u. Thus, the convexity
of 1 implies the convexity of R, = {u | n(ulu;) < an(ulu,)}. We take a, < 3 to rewrite the
second inequality above as

n(ulur) < T (1(w) = n(ur) = V() - u+ Vn(uy) - w4+ (Vi(u) = Vi(u,) - )
< Ca(l+ul), foral0<a< a,.
This yields together with Lemma 2.1 that for all uw € R, N Be,(w;),
lu —w|? < Ca(l + |ul) < Cia.
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2
Taking a, sufficiently small as a, < 2%)* such that for any a < a, and u € R, N B, (u;),

2

€
lu —w|? < Cha < 50,

which implies that Bg,(u;) strictly contains R, N Be,(u;). Since R, is convex, so connected,
thus we have
R, = R, N By (uy).
Therefore, for any a < a,,
R, C B&‘O (ul)
Step C) proof of (4.41) : First of all, we take o closer to A\1(u;) and gp smaller than
those chosen in Step A, such that for all u € B, (u;)

(4.43) ou(s) <oo, 5> 850
and
k S
(4.44) Ai(u) — 09 < EIO&(%’) — au(s0)l;

where k > 0 is the constant as in (4.38) and C} is appeared in (4.45).

Indeed, (4.43) can be justified thanks to the assumption (#), in which (s,u) — oy(s) is
C'!-function, and %O‘}L(S) < 0 with o1(0) = A1 (u).

Let us first show (4.41) for all s > 3. We use (4.35) to get

q(Sy(s), ur) — ay(s)n(Sy(s) ur)
= — (alur, 81(50)) — b (s)n(ur SL(50)) ) + (a(SL(5), 5L(50)) — rb()n(SL(3)ISL(50)) )
+ (V) = Vn(Sk(s0))) () = F(SL(s)) = ahl(s)(wr = SL(5)) ).
where u, = Sy (so). By using Rankine-Hugoniot conditions
Flur) = fuw) = oy, (s0) (ur — w),
F(94(5)) = f(u) = oy(s)(Sa(s) —u),

we rewrite it as

a(Sk(s), ) = oh(s)n(Sh(s)lu)
= (= alur, Sk(s0)) + ob(s)n(urlSk(s0)) ) + (a(Sh(5), Sh(50)) — oh(s)n(S4(3)|Sk(50)))
+ (Vi) = In(Sk(s0))) () = f(w) = orb(s) (= w) + (@}, (50) = 7h(5)) (r — )
=1+ I+ Is.
Since u — 0}(sg) and u — SL(so) are C! and bounded in B, (u;), we have
4(S%, (50); Sk(s0))] < €IS, (s0) = Sh(s0) < Clug = ul?,
n(Si, (50)|S4(s0)) < CIS}, (s0) = Sh(s0)[2 < Clur — uf?,
[Vn(S4, (50)) = Vn(Sk(s0))] < €IS, (s0) = Sh(s0)] < Clur — ul,

|7, (50) = 0w (s0)| < Clug — .
1
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This yields
L = —Q(Si,(so), Si(so)) + Ui(so)ﬁ(sil(so)\si(so)) + (Ui(s) - Ui(so))ﬂ(si,(so)fsi(so))
< Clug = ul(1+ oy (s) = oy (s0)]),
and
Iy = (V8L (50)) = Vr(SL(s0)) ) (f () = F(aw) = ok (s0) (s — ) = (rh(s) = 7k (50)) (e — w)

+ (00, (50) = 0 (50) (r — w) = (0, (5) = o (50)) (ur — w)),

< Cluy — u(luy — ul + oy (s) — oy (s0)l[wr — ul + [0 (s) — oy (s0)]).
Thus using (4.38), if |s — sg| < d, we have

q(Sy(s), ur) = g (s)n(Sy(5)|ur)
< —kloy(s) = ay(s0)l”
+ Clu = w* (14 |oy(s) — oy (s0)]) + Clu — wl[oy(s) — o4 (s0)]
< Clu—w* + |u—w)?) < Clu—wl?,

where we have used Young’s inequality and u € Bg, ().
If |s — so| > ¢, then we have

(Su(s), ur) = oy (s)1(Sy(s)|ur)
< —klog(s) — ay(s0)]
+ Clu =P (1 + |oy(s) = oy(s0)]) + Clu = wl|og(s) = ay(s0)]
< Clu—wl?,

where we have used smallness of g9 as g9 < k.
Therefore, we use (4.39) and (4.43) to get

a(a(Sh(s),ur) = oh(s)n(Sh()lur) ) = alulur) + ol (s)n(ulu)

< aClu —w* — q(ulur) + oon(uluw)

< aClu —w|?* + Bn(ulu).
Using Lemma 2.1 and taking a, small enough such that Ca, < § and still R,, C Be,(w),
we end up with (4.41) for all @ < a, and s > 3.

On the other hand, when s < %2, since § < % as in (4.38), we have |s — so| > §. Thus using
smallness of ¢, we have

a(Sy(s), ur) = oy (s)n(Su(s)|ur)
< —kloy(s) — oy (s0)|

+ Clu— w1+ |ok(s) = ob(s0)]) + Clu — wlob(s) — ob(s0)]

k
< —21ok(s) — ob(s0)| + Clu— w]”.
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Using (4.28) and smallness of ¢¢ again, we have that for all s < %,

a(Su(s), ur) = oy (s)n(Su(s)|ur)

k

< —5104(F) = ouls0)| + Clu— wf?
k. 1,50 1

< —11ou(F) — oulso)|

Since u € Rq C Bg,(u), we use (4.28) and (4.39) to estimate

)
—q(ulw) + oy (s)n(ulw) < —q(ulw) + M (w)n(ulu)
) + oon(ulur) + (A1 (u) — oo)n(ulu)

Il

|

o~
—

<

Uy

(4.45) < (Aa(u) = oo)n(ulur)
< a(Ai(u) = oo)n(ulur)
S aC’l(/\l(u) — Uo).

Therefore, for all s < 3,
a(a(S3(). ) — oL (In(SL($) ur)) — aCulur) + oL ($)n(uun)
k S0
< —a(=or(Z2) — ol (s0)| — —00) ).
< —a(3lob(3) = ahlso)l = Cnu(u) = 00))
Hence we use (4.44) to conclude (4.41). O

4.3. Main result. We here revisit the main result in [50] showing that the hypotheses
(H) (resp. (H*)) implies a-SRES, thus a-contraction of 1-shock (resp. m-shock) thanks to
Theorem 3.1.

Theorem 4.1. Suppose that a system (1.1) satisfies (1) and (u, ur,01,) is a 1-shock such
that u, = S}”(so), oLy = 011”(50) for some sg > 0. Then, there exists a small constant
0 < ax < 1 such that for all 0 < a < ax, (u, uy,01,) is a-SRES, thus satisfies a-contraction.
As a dual result, if we suppose that a system (1.1) satisfies (H*) and (u;, ur, 01,) is a n-shock
such that u; = S{}T(so), Olr = Jgr(so) for some sg > 0. Then, there exists a large constant
a* > 1 such that for all a > a*, (u;,ur,01,) is a-SRES, thus satisfies a-contraction.

Proof. By Remark 4.1, we only prove that a given 1-shock (u;,u,,0y,) is a-SRES, which
implies a-contraction by Theorem 3.1.
o Step A (Verifying (H1)) : We take g, €9 and a4 as in Lemma 4.3 such that for any
0 < a < as, (4.40) is satisfied, which yields
Ea = {u [ n(ulw) = an(uluy)} C By (w).
Therefore, using (4.39), we have that for any u € 3,
Dsm(ul,r§ u) = GQ(UWT) - Q(u‘ul)

= aq(ulur) — q(ulw) + oo(n(ulw) — an(ulu,))

= a(q(ulur) = oon(ulu,) ) = q(ufur) + oon(ulu)

< 0.
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e Step B (Verifying (H2)) : For any 1 < i < n, let (u_,u4+,04) be any i-th entropic
discontinuity satisfying

(4.46) Do fur) < an(u_|ur) and nus ) > anuy ur).
Then by Lemma 2.1, the distance |u_ — u;| is estimated by weight a as follows:

(4.47) lu— — | < Cv/n(u—|w) < Cv/an(u_|u,) < Cv/a.

For such shocks (u_,u4,04), we consider

(4.48) Dra (i us) = a <‘J(“+’ur) - Uin(mlur)) + < —q(u—|u) + ain(u,|ul)) :

R L

Case of the 1-shock (u_,uy,04): If (u_,uy,04) is a 1-shock, we take £g > 0 and a, > 0
as in Lemma 4.3 such that (4.41) holds for all u_ € R, C Bg,(u;), which yields

Drp(ur,us) < 0.

where uy = S! (s) and o4 = ol (s).

U—
Case of other families i > 2 : If (u_,u4,04) is any i-th entropic discontinuity for i > 2,
we need to compute £ and R in (4.48) further as follows.
To estimate L, we use Taylor expansion with respect to u_ at u;, to get

— q(u—|ug) + A (u—)n(u—|u)

(4.49) — (u - ul)Tvzn(ul)(/\l(ul)I — Vfw))(u— —uy) + O(|Ju_ — ul\i”).

Since the entropy 7 is strictly convex, V21 (u;) is symmetric, strictly positive and V29 (u;)V f (u;))
is symmetric. Thus those matrices are diagonalizable in the same basis, which gives

VE(un)V f (ur)) = M (u) V().
Thus together with (4.47), we have
—q(u—|u) + A1 (u-)n(u-|u) < Ca®?,
which yields

L= —q(u_fu) + M(u)n(u—|u) + (0 = A (u-))n(u—|w)

(4.50) < (o1 — AM(u))n(u—|uy) + Ca’'?.

On the other hand, we use the identity (4.35) and Rankine-Hugoniot condition to have
R = (alushus) = oxnfueus)) + (alu-tur) = osn(u-fu,))
— (dn(u-) = dn(u)) - (Flu-) = flug) = ou(u- —uy))

= <q(u+\u_) — ain(u+\u_)> + (q(u_\ur) - Uin(u—\ur)>
=1 + I>.
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Since (u—_,uy,o04) is entropic discontinuity, it follows from (2.6) that I; < 0.
Using (4.35) again, we have

I = (glu-lw) = oenu-fw)) + (alwlur) = oxnulu,))
— (dn(w) — dnuy) - (flur) = fluo) = ou(w — )
=: Io1 + Iz2 + Io3.
We use (4.47) to get
Iy < Clu- —wl* < Ca,
Ins < Clu— — | < Cv/a.

To estimate Iso, we apply (4.37) with v = u; and s = 0 to the first shock (u;, u,,0;,) so
that

0
atufur) = Ma(unCalur) = [ 5ok 0 (ntulSE(®) ~ nulSt (s0)) )at.

dt "
By the conditions %U}Ll(t) > (0 and %n(u\S}” (t)) <0 in (4.28), we have
(4.51) q(ug, ur) — M (w)n(wlu,) =: =Cp, <O0.

This and the smoothness of A\; yields
Izo = quiur) — A (w)n(uifur) + (A (w) — A (u=))n(wlur) + (A (u-) — oz )n(u|ur)
= —Cip + Clu— —w| + (M (u-) — o1 )n(wlur)
< —Crr + CVa+ (M (u-) — ox)n(uluy).

Therefore, by smallness of a, we have

1
(4.52) R < —501,7« + (Ar(u=) = ox)n(wlur).
Therefore we combine (4.50) and (4.52) to get

a
Dry(ugr,ut) < —=Chp + a(A(u—) — o4 )n(w|uy
(453) ( ) 5 (A1(u-) In(wifur)

+ (04 = M(u=))n(ufuw) + Ca®/?.

We use (4.47) to estimate
n(u—|u) < an
= a?’]

u_|uy)

wlur) + a(n(u-) —n(w) — dn(ur) - (u— —w;))
= an(w|u,) + aClu_ — |

< an(u|u,) + Ca®?.
Since A\1(u—) < oy by (4.29) for i > 2, we combine (4.53) and (4.54) to estimate

(4.54)

—_—~ o~~~

Dt (s uz) < =5 Crp + a(hi(u-) = o )n(ufuy)
+ (o0x — M(u-)) (an(ul\uT) + Ca3/2) + Ca’/?

:—%am+cﬁﬂ
<0.
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e Step C (Verifying (H2*)) : It remains to consider the case that for 1 <i <n, (u_,uy,04)
is the i-th the entropic discontinuity satisfying

(4.55) n(u—|w) > an(u—|u,) and n(uy|w) < anutlur).

Then by Lemma 2.1, the distance |u_ — u;| is estimated by weight a as follows.

(4.56) [t — | < Cvnluylw) < Cvan(ugluy) = Cva.

We apply the identity (4.35) to R in (4.48) to get
R = (qluyw) = ounluw)) + (g(uluy) = eanulu,))

— (dn(ur) = dn(ur)) - (F(w) = fus) = oslu —up))
=11+ 1+ I3.
By (4.56), we have
I < Cluy —w|? < Ca,
I3 < Clug —wy| < Cva.
We use (4.51), (4.56) the smoothness of A\; to get
Iy = q(ufur) = Ar(u)n(ulur) + (A (w) = Ax(us))n(uilur) + (A (us) — oz )n(ulur)
= —Cpp + Cluy —w| + (M (uy) — ox)n(ugfuy)
< —Cpr + CVa+ (M(ut) — ox)n(wlur).

Thus by smallness of a, we have

Cir
(4.57) R<— ;

+ (Mi(ug) — ox)n(ufur).
On the other hand, applying the identity (4.35) to £ in (4.48), we have

£= (= alutfus) + oun(u-fur)) + (= qluyw) + onlu )

o (dnus) = dn(u-)) - (F(us) = fu-) = oulus —u-))
= J1+ Jo + J3.
By (2.6) for entropic discontinuity (u—,u4, 04 ), we have
J1 <0, J3=0,
thus
L < —q(ugluw) + oxn(us|w).
We now combine this and (4.57) to have
Dpu(ur,us) < _%Cl,r + a(Ar(us) — ox)n(wlur) — q(us|w) + oxn(us|w).
Since (4.55) and (4.56) yield
n(uglw) < an(uy|uy)
(458) = an(wlur) +a(n(uy) —n(w) — dnuy) - (ug —w))
= an(w|u,) + aCluy — |
< an(ulu,) + Ca®?,
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we use the fact that A\;(uy) < oy by (4.29), to have
Dpu(ur,us) < *%C’l,r + (Ai(uy) — o )n(ug u) + Ca®? — qluyfw) + oxn(uy|u)
= —%C’M — qu ) + M (ug )n(uy u) + Ca®?

Moreover, using the same computation as (4.59), we get

= q(us|wr) + A1 (ug )n(u )
— (g — ) V() O (i) = V() (g — ) + Clug. — wgf?
< (Aruy) = A () (g — u) " VPn(w) (uy —w) + Cluy — wf?
< Cluy —wf’,

(4.59)

which yields

a
Dru(upr,ut) < _§Cl,r +Ca’/?
<0.

5. CRITERIA PREVENTING a-CONTRACTIONS FOR INTERMEDIATE ENTROPIC SHOCKS

In this section, as an application of Theorem 3.2, we construct some sufficient conditions,
which provide no a-contraction for the intermediate entropic shocks. For that, we consider
the following hypotheses (A;).

e (A;) : We suppose that for some 1 < i < n, the i-th intermediate characteristic
field (\;,7;) is genuinely nonlinear on . For a given u € V, suppose that there is a
C' i-th Hugoniot curve S’ (s) € U defined on an interval [0, s,) (possibly s, = c0),
such that S (0) = u and the Rankine-Hugoniot condition:

F(S()) = f(u) = ou(s)(Si(s) — w),
where 0, (s) is a C! velocity function satisfying the Liu entropy condition:
(5.60) ol (s) <0,
and 0,(0) = \i(u).
Moreover, we suppose that the system (1.1) satisfies the extended Lax condition:

(5.61) A—1(u-) <o < Nyi(uy), for any I-th shock (u—,uy,0).

5.1. Conditions via neighboring genuinely nonlinear fields. The following theorem
is on the case where there is a genuinely nonlinear field except for the intermediate entropic
shock. For this case, we construct some sufficient conditions, which provide no a-contraction
for intermediate entropic shock.

Theorem 5.1. Consider the system (1.1) satisfying (A1). Let (u,uy,01,) be a given i-th
the entropic shock such that u, = Sf”(so), o, (50) = o1, for some so > 0 and the conditions
(5.60) and (5.61) are satisfied. Then the following statements holds.
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e (1) For 0 < a < 1, we assume that there is a C' j-th rarefaction curve Rﬂl(s)
with j < i such that R}, (0) = w; and the backward curve Ry (s) of R, (s), i.e.,
/\j(Rfjl_(s)) < X\j(w), intersects with the (n — 1)-dimensional surface ¥,. Then, the
entropic shock (uy, u,,01,) does not satisfy a-contraction.

e (2) Fora > 1, we assume that there is a C' k-th rarefaction curve R% (s) with k > i
such that RE (0) = u, and the forward curve RET(s) of RE (s), i.e., Ar(RET(5)) >
Ai(uy), intersects with the (n—1)-dimensional surface ¥,. Then, the entropic shock
(g, up, 01) does not satisfy a-contraction.

e (3) For a = 1, we assume that one of the assumptions of (1) and (2) is satisfied.
Then, the entropic shock (u;,u,,0y,) does not satisfy a-contraction.

Remark 5.1. The reason of splitting a > 0 into the three ranges as above is motivated from
the geometric observation. More precisely, the (n — 1)-dimensional surface ¥, for a = 1
becomes hyperplane as

(dn(ur) = dn(w)) - u = dn(uy) - ur —n(ur) = dnlur) - w + nw),
which separates u; and w, in the phase space, whereas the surface ¥, for 0 < a < 1 (resp.
a > 1) is strictly convex that belongs to the region includz’ng uy (resp. uy). Thus, for the
case of 0 < a < 1 (resp. a > 1), the rarefaction curve R%, (s) (resp. RET(s)) issued from
uy (resp. uy) is likely to intersect with ¥,. On the other hand, since ¥, shrinks to u; (resp.

uy) asa — 0 (resp. a — o0), the rarefaction curve R, (s) (resp. Rit(s)) hardly intersects
with X, for a > 1 (resp. a < 1). In fact, the proof of Theorem 6.1 does not depend on the
strength of weight a.

Proof of Theorem 6.1 (1) Case of 0 < a <1 : Let u be the first intersection point of
the j-th the backward rarefaction curve R, (s) and the surface 3,. Let us put @ = RY, (5)

for some 5 > 0. We show that the shock (w;,u,,0;,) does not satisfies the first condition
(H1) of a-RES as

Dsm(ul,r; 71) = GQ(aaur) - q(ﬁvul) > 0.

For this end, we consider a differentiable function f : Ry — R defined by
— j?i —_ . j?i j77

562 F(5) = a{a(RE (), ur) = X (BRI Gn(RE (9]ur))

—q(Ry; (), w) + X (Ry (s))n(Ry, (s)|w)-

Note that we have
F(§) = Dsm(ul,T’; ﬂ)>
because an(u|u,) = n(ilu). '
Since the i-th shock (uj, Sy, (s), 0y, (s)) satisfies (5.60) and (5.61), by the inequality (4.36)

s Yy

and the fact \j(u;) < Ai(u;), we have

qWMw—meMH:—A L g (O] Su (1))dt > 0,

oL > Ai—1(ug) > Aj(w),

(5.63)
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which implies the positivity of f(0) by

F(0) = a(alur, ) = Xy (wn(ufe.))

(5.64) = a((a(ur,ur) = orm(ufur) ) +alor, = A (u)n(uluy)
> 0.
Let us show
(5.65) F'(s) >0, 0<s<3.
First of all, since %Rﬁ’l_(s) =r; (RL™(s)), we have
VIR (3)) R () = Ay (Rl () - R (5),
which yields
, - - - d .
F'(s) = a|(dn(R(5)) = dn(un)) (VBRI () = Ay (Rl (9)1) R4 (5)]
— (dn(Ri; () ~ dn(un)) (V F(RE () = ARy (5)T) - By (5
S (R () (B (5) ) — an(Riy ()]
= R () (0B (5) ) — an(BE (5)]u):
Here, since d%)‘j (R%™(s)) is continuous and Aj (RI(s)) < Aj(uy) besides
N B (3)) = O (R (3)) -y (R (5)) 0,
we have J
£Aj(Ri’l_(s)) <0, s>0.

Since R} (5) = 4 is the first intersection point of the continuous curve R} (s) and the
surface X,, we have

n(RZ’l_(s)|ul) - an(R{{(sﬂur) <0, 0<s<s.
Thus we have shown (5.65), which implies together with (5.64) that
F(5) = Dy (u13@) > 0.
Hence the shock (u;, u,,0;,) is not a-RES, which provides the conclusion by Theorem 3.2.

(2) Case of a > 1 : We follow the same argument as above by considering Rfj’f instead
of RY;™. Indeed, we use the same computations to have

f(0) = —q(ur, up) + A (ur)m(ur|ug)

= —(alur,w) = o m(unrlur) ) + () = o1, ) (uar )
> 0,

and

F/(5) = S0 (B () (n(RE (5) ) — an( RS (3)]u))

>0, 0<s<s5,
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where @ := Rﬁﬁ(é) is the first intersection point of the forward curve Rﬁf(s) and the
surface ¥,. Thus we have the same conclusion as

f(8) = Dgm(uyr;a) > 0.
(3) Case of a =1 : Since the proof of two cases above does not depend on the strength

of a, if one of the assumptions of (1) and (2) is satisfied, we end up with no a-contraction
of the entropic shock (u;, u,,0y,).

5.2. Application to magnetohydrodynamics. As an application of Theorem 5.1, we
here show that there is no contraction property of certain intermediate shocks for two-
dimensional (planar) isentropic MHD in Lagrangian coordinates:

Ov — Ozu =0

O (vB) — Boyw =0
du+ 0, (p+3B*) =0
8tw — B@zB = 0,

where v denotes specific volume, and two-dimensional fluid velocity (u,w) and magnetic
field (8, B) only depend on a single direction e; measured by x. This behavior of two-
dimensional vector fields with spatially one-dimensional dependence is achieved when the
initial condition is so. Thus the divergence-free condition of magnetic field of full MHD
reduces that (3 is constant (See for example [6] for study on (5.66)). As a perfect fluid, the
pressure p is assumed to satisfies

(5.67) p(v)=v""7, y>1

This system has an entropy 7 as

(5.66)

_ [~ oo oo @
n(U)—/U p(s)ds+2(u +w )+2v

in terms of the conservative variables U := (v, ¢, u, w) where ¢ := vB.
For simplicity of computation, we use non-conservative variable W := (v, B,u,w) and
rewrite (5.66) as a quasilinear form:

oW + Ad,W =0,

where the 4 x 4 matrix A is given by

o0
A= -2 B 0 0
0 -8 0 0

where ¢ := /—p/(v) denotes the sound speed.
Since the eigenvalues of A solves the characteristic polynomial

B2 2 2
AL (i +c2>)\2 ey
v v

we have four eigenvalues

A= —Vay, A=—yao, A3=a-, M= /ag,

[Bzv+ﬁ2+czi\/(32”+ﬂ2+62)2_45265]

where

1
2
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By a straightforward computation, we have the corresponding eigenvectors

_ 2 S\ T
n:@,_w, @,_ﬁ(%ac)) |
(a_B 02) 6(i_\/—7+02) T
”:(L_ B VYT BJa )’

r4=(—1 G ) \/@_M)T
I ’ ‘

Here, we restrict our study to the case of B # 0. Using the strict convexity of pressure
p(v), dX\; -r; > 0 for all 1 < i < 4, which means that all characteristic fields are genuinely
non-linear. Indeed since

17B2 2 B2 2 2 B2c2
%—8:‘H3_gi¢(+5_g)+4 a
2 v v v
yields
(5.68) a_ < <ay,
thus we have
1 oy — 62
d\i -1 = [ — 9 9 } ,
2 2 2 2 2 2 2,11
1rB + 3 1 (B :B _02)(B;gﬁ - p") + 23;,20*+2va
v =5 | = P ;
B2432 B2c2
(T
232 2 232 i
S sl 0,

and
2 B2+32 2\ 1 2¢2
— 1 — 4 2
8Ba+a+BC _ |:;+ ( v )v v (a+_c)
B2+432 B2c2
oy o
22
> L (ay —c*) >0



30 KANG AND VASSEUR

Similarly we have d\; - r; > 0 for i = 2,3, 4.
Let (U, Uy, 02) be the 2-shock wave satisfying the Rankine-Hugoniot condition:

—[u] = o2[v],

—Blw] = o2[q],

(5.69) [p] + [2(]1]22} = o3[ul,
] -

where [f] := f, — fi.
By Lax condition, d\y - 7o > 0 implies that —ry(U;) is a tangent vector at U; of the 2-shock
curve S(2Jl issuing from U;. Thus since dv - (—r2) < 0 and du - (—r2) < 0, we have

(5.70) [v] <0 and [u] <O.

Since

_(a—=c*) [ <0 ifB>0
AB-(mr2) =5 =150 iB<0,
we have that [B] < 0 for B; > 0, and [B] > 0 for B; < 0. In particular, we here consider

the case where the 2-shock wave satisfies
(5.71) either B; > B, >0 or B;<B,<0.

Similarly for a given 3-shock wave (Ul, UT,O'g), we have [0] > 0, [a] < 0, and [B] > 0 for
B; >0, and [B] < 0 for B; < 0. Also, we consider the case where the 3-shock wave satisfies

(5.72) cither B, >B; >0 or B,< B <0.

We are now ready to show that for any a > 0, there is no a-contraction of such interme-
diate shocks as follows.

Theorem 5.2. Let (U, Uy, 02) be a given 2-shock wave of the system (5.66)-(5.67) satisfying
(5.71). Then there is no weight a > 0 such that (u;,u,) satisfies a-contraction. Likewise,
this result holds for a given 3-shock wave (Uy,U,,03) satisfying (5.72).

Proof. First of all, we show that for any 0 < a < 1, the backward 1-rarefaction wave R%]’l_
issuing from Uj intersects with the three dimensional surface ¥, i.e.,

Yo :={U | n(U|U}) = an(U|U;)}.

Since dv -r; = 1 > 0, v is strictly monotone along the integral curve of r1, which means
that the 1-rarefaction wave can be parameterized by v. Moreover since d\; - r; > 0, —ry is
the tangent vector of the backward 1-rarefaction wave Rlljl_, which implies that v decreases
along R(IJ’;. That is, v4 < vy for all parameters v of Rllj;. Notice that Rllj; is well-defined
for all vy € (0,v;], because —rq (W) is smooth for all W € (0,00) x (R — {0}) x R2. Indeed,

since
BQ 2 B2 2 2 B2¢2
_‘_5—024—\/(_‘_5—02) +4 C}>07
v v v

(5.73) oy — =

1
2
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we have

(5.74) dB-(-n)="—F% <0 ifB<O0,
which implies that B. # 0 along Rlljlf due to B; # 0, thus —r1(W) is smooth for all
W € (0,00) x (R —{0}) x R2.
We now use the fact that

fora <1, nU|U;) <an(U|U,) is equivalent to

1

() < 7— () = an(Uy) = V(Uh) - Uy + aVn(Uy) - Up + (V(U) = aVin(Uy)) - U),

which is rewritten as

(a+—c2)_{ >0 ifB>0

00 1 2
(5.75) / p(s)ds+§(u2+w2)+g—v <c+cev+qg+u+w),
v
for some constants cq, co. This implies that
n(U|U;) < an(U|Uy) <= v > ¢, and |g| + |u| + |w| < ¢*  for some constants ¢, ¢* > 0,

since fooo p(s)ds = +oo, and the positive terms on u, w and g are quadratic in the left-hand
side of (5.75). Therefore there exists 0 < v, < ¢, such that

17_ 1)_
n(Ry, (v)|U1) > an(Ry;, (v )|Up),
which implies that RU intersects with ¥, for a < 1, because RU is a continuous curve
issuing from U; € {U | n(U|U;) < an(U|U,)}.
On the other hand, we show that the forward 4-rarefaction wave R issuing from U,
intersects with the surface 3, for any @ > 1. Since dA4 -4 > 0 and dv - 7"4 <0,

(5.76) ry is the tangent vector of the forward 4-rarefaction wave RU’ )

and the parameter v, decreases along R;; ’+ Moreover R is well-defined for all v, € (0, v,]
by the same reason as above.
Let us consider a continuous function

Fa(U) = 77(U|Ul) - m](U|Ur)'
We claim that

(5.77) Fl(Ré:r(U*)) < 0 for some v, € (0, v,].
Using (5.76), we have
4,4+
D) _ 00, - (e - 2
V4 V4
_ ¢’ qqv(as —c?) viBlay —c?)
=+ [gga) + |y "o Hledvar — ) Sy et
And (5.69) yields
dF1(R§:F(U+)) vy (ay —c?) 5 q
I R Ay (-G )

I
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Since (5.73) yields

(5.78) ar >/—p(vg) = ’yvfr'y*l — 00 as vy — 0+,

it follows from (5.70) that Iy — —oo as v4 — 0+.
To control I, we use the condition (5.71). Since

(a+—62)_{ >0 ifB>0

dB-ra="—% <0 ifB<0,

if B> B, >0, [%} = [B] < 0 and ¢4 > 0. Since ay — +o0o by (5.78), we have
Io <0 forvy < 1.

This is also true in the case of B; < B, < 0 because of [%} >0 and ¢4 < 0.
Thus we have -
w—>—oo as vy — 0+,
dU+
which implies (5.77).
Therefore we conclude that R?}’:r intersects with ¥, for any a > 1, because F,(U,) > 0 and

Fa(Ry (v.)) < Fy(Ry (v,)) < 0 for all a > 1.

Hence for all a > 0, the 2-shock wave (Uj, Uy, 02) does not satisfies a-contraction property
thank to Theorem 5.1.
Similarly we use the same arguments as above to show non-contraction for 3-shock wave
(U;, U, 03) satisfying (5.72). More precisely, we can show that the backward 1-rarefaction
wave Rllj’l_ intersects with

Yo :={U | n(U|U)) = an(U|U,)} for any 0 < a < 1,

and the forward 4-rarefaction wave Ry intersects with 3, for any a > 1. We omit the

T

details. 0

5.3. Conditions via neighboring linearly degenerate fields. The following criterion
is on the case where there are linearly degenerate fields as neighboring families of the
intermediate entropic shock.

Theorem 5.3. Consider the system (1.1) satisfying (A1). Let (uj, up,01,) be a given i-th
the entropic shock such that u, = Sail(SO), o, (80) = o1, for some sy > 0 and the conditions
(5.60) and (5.61) are satisfied. Then the following statements holds.

e (1) For 0 < a < 1, we assume that for some j < i, the j-th characteristic field is
linearly degenerate, thus there exists the j-th Hugoniot curve Sﬂl(s) as the integral
curve of the wvector field r; with Sﬁl(O) = w; such that the contact discontinuity
(ui, 83, (s), o0, (s)) satisfies the Rankine-Hugoniot condition and

(5.79) Lot(s)=0, of,(0) = Aym).
Moreover if there is s1 > 0 such that

(5.80) (S5, (s1)lw) > an(S4, (s1)uy),
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then the entropic shock (uy,u,,0y,) does not satisfy a-contraction.

e (2) For a > 1, we assume that for some k > i, the k-th characteristic field is
linearly degenerate, thus there exists the k-th Hugoniot curve Sfjr (s) as the integral
curve of the vector field ri with SET(O) = u, such that the contact discontinuity
(Sk (s),ur,ck (s)) satisfies the Rankine-Hugoniot condition and

Ur

(5.81) 220, (5) =0, ol (0) = Ag(uyr).
Moreover if there is so > 0 such that
(5.82) (s, (s2)|ur) < an(Sy (s2)|ur),

then the entropic shock (uy,u,,01,) does not satisfy a-contraction.

e (3) For a = 1, we assume that one of the assumptions of (1) and (2) is satisfied.
Then, the entropic shock (uy,u,,01,) does not satisfy a-contraction.

Remark 5.2. For example, the condition (5.80) (resp. (5.82)) is geometrically satisfied by a
case that C* curve S4,(s) (resp. S¥ (s)) transversally intersects with the (n—1)-dimensional
surface X.

Proof of Theorem 5.3 (1) Case of 0 < a < 1 : Let us put u_ := u, uy := S_(s1)
and o4 := 07, (s1), then the contact discontinuity (u_,uy,o+) satisfies

n(u_fu) =0 < an(u_lu,) and pluslu) > an(usfu,).

We are going to show that the shock (u,u,,0;,) does not satisfies the second condition

(H2) of a-RES as
Dru(urut) == aq(us, ur) — q(u—,w) — o+ (an(uy|u,) —n(u—, ;) > 0.
In fact, since q(u—,u;) = n(u—_|u;) = 0 by u— = u;, we have
Drp(uw,;us) = G(Q(U+7Ur) - Uiﬁ(qu\ur)).

We use the identity (4.35) and the Rankine-Hugoniot condition for the discontinuity (u—, u4, 04 ),
to get

Drp(u,;ut) = G[Q(u+7ul) + q(ug, ur) + (dn(w) — dn(uy)) - (f(uy) — flw))
— o4 (TI(U+|U1) + n(w|ur) + (dn(w) — dn(u,)) - (ug — w)ﬂ

_ a[q(u+,UJ) + g, up) — ot (n(u+|u1) + n(uzlur))],

where the fact u_ = u; is used above.
We decompose the above relation into three parts by

D (urx) = aaluwr, ur) = A (wn)n(uluy) ) + (g (w) = o))

+ a(Q(u-‘ra uy) — Uiﬁ(“ﬂ”z))
=0+ 1+ Is.
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Following the same argument as (5.63) by using (4.36) and the fact A;(u;) < Ai(w;), we have
L = a[(q(ul,ur) - Jl,m(ul|ur)) + (o7, — )\j(ul))n(uﬂw)] > 0.
Since Aj(u;) = o3, (0) = o, (s1) = o+ by (5.79), we have

Iy = a(Aj(w) — ox)n(wlur) = 0.
We use (4.36) together with (5.79) to get

s1g .
b = a(g(us,u) — ounfulu) =a [ Lol (ntu-|S](s)ds o
0 S
Therefore we have
Dpra(ur;us) > 0.

Hence the shock (ug, uy, 07,) is not a-RES, which provides the conclusion by Theorem 3.2.
(2) Case of a > 1 : We follow the same argument as above by considering S{fr instead of

Si,. By (5.82), we have
D) < an(u_fur) and  g(uglu) >0 = onluy fu,).
for the contact discontinuity (u_,uy,o+) where uy == u,, u_ = S’J+(82) and oy =

UfjJr (s2).
Since q(u,u,) = n(us,u,) =0 by uy = u,, we have

Dru(wrius) = —q(u—,up) + oxn(u—, u).
Using (4.35) and the Rankine-Hugoniot condition of the discontinuity (u—, u4, 04 ), we have
D (ty3102) = —a(u- i) = qluwr, w) + o (m(u-fuy) + nurw)),

where the fact uy = u, is used above.
We decompose the above relation into three parts by

D (uni ) = = (a(uur, wr) = M )n(ur|ur) ) + (o = M) oy )
~ (alu-sus) = oun(u-fuy)
= J1+ o+ Js.

By the same argument as the first case, we have
J1 = _<Q(ur7ul) - Ul,rn(umul)) + ()‘k(ur) - Ul,r)n(urvul) > 0.

Since Ag(uy) = ok (0) = ok (s2) = o4 by (5.81), we have Jo = 0.

Ur

We use (4.36) together with (5.81) to get

82 d . .

Therefore we have

Dry(up;us) > 0.
(3) Case of a =1 : Since the proof of two cases above does not depend on the strength
of a, if one of the assumptions of (1) and (2) is satisfied, we end up with no a-contraction
of the entropic shock (u, ur, oy,).
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6. CRITERIA PREVENTING a-CONTRACTIONS FOR INTERMEDIATE CONTACT
DISCONTINUITIES

In this section, as an application of Theorem 3.2, we consider some sufficient conditions,
which provides no a-contraction for intermediate contact discontinuities. Then we apply
the sufficient condition to the full Euler system in order to find a range of weights a, on
which that intermediate contact discontinuities do not satisfy a-contraction.

6.1. Condition preventing a-contractions for intermediate contact discontinu-
ities. In this part, we consider the case that the system (1.1) has a genuinely nonlinear
field, which has same conditions as Theorem 5.1. In fact, the proof of Theorem 5.1 still
holds in the case of the contact discontinuity (u;,u,,o0;,) instead of shock. Thus we state
the following theorem without proof.

e (As) : Suppose that for some 1 < i < n, the i-th characteristic field (\;, ;) is linearly
degenerate. Then, for a given i-th contact discontinuity (u;,u,,o;,), there exists
the i-th Hugoniot curve Sf”(s) as the integral curve of the vector field r; such that
S2,(0) = w; and S}, (s0) = u, for some so > 0, and the Rankine-Hugoniot condition:

F(85,(8)) = f(w) = 0, (5)(S3, (5) — w).
where o}, (s) is a velocity function satisfying the Liu entropy condition:

d .
(6.83) £a;l(s) =0, 0<s<sy,
and o}, (0) = Ai(w), ol (s0) = o1
We also suppose the extended Lax condition:

(6.84) AN-1(u-) <o < ANgp(uy), for any I-th shock (u_,uy, o).

Theorem 6.1. Consider the system (1.1) satisfying (A2) and (6.84). Let (u,ur,01,) be
a given i-th intermediate contact discontinuity (i.e., 1 < i < n) such that u, = S}, (s0),
af”(so) = oy, for some so > 0. Then the following statements holds.

e (1) For 0 < a < 1, we assume that there is a C' j-th rarefaction curve R]u'l(s)
with j < i such that R}, (0) = w; and the backward curve RL (s) of Rl,(s), i.e.,
)\j(RJf(s)) < N\j(w), intersects with the (n — 1)-dimensional surface ¥q. Then, the
contact discontinuity (u;, u,,0y,) does not satisfy a-contraction.

e (2) Fora > 1, we assume that there is a C* k-th rarefaction curve RZT(S) with k > 1
such that RE (0) = u, and the forward curve RZ;?L(S) of R (s), i.e., )\k(Rﬁ’Jr(s)) >

T

M (uyr), intersects with the (n — 1)-dimensional surface ¥,. Then, the contact dis-
continuity (ug, uy, alm) does not satisfy a-contraction.

e (3) For a = 1, we assume that one of the assumptions of (1) and (2) is satisfied.
Then, the contact discontinuity (ug, ur,oy,) does not satisfy a-contraction.
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Application to gas dynamics As an application of Theorem 6.1, we here find weights
a > 0, on which the contact discontinuity of full Euler system for a perfect gas does not
satisfy a-contraction. The 3 x 3 full Euler system reads

8t/0 + 8$(pv) =0
(6.85) 9y (pv) + 0z(pv® +p) =0
A (p(302 +€)) + Du(p(30° + e)v + pv) = 0,

Here, the equation of state for a perfect gas is given by

(6.86) p=(y—1)pe,

where v > 1.
We consider the conservative variables p, ¢ := pv and £ := p(%v2 +e) and put u := (p,q, ),
and the entropy

(6.87) n(u) = (v — 1)plnp — plne,

2
where e is given by e = % — 2‘17 in conservative variables.
By a straightforward computation (See for example [45]), the three characteristic fields are

given as
1 T
)\1:U—C, T1:<_Paca_ﬂ7—p> )
T
)\2:U7 g = (_6619,0, _app> )
1 T
)\3:U+C, T3:<p7ca/0_ p) 5

where ¢ := /(v — 1)e denotes the sound speed.
Thus since dA; - 7; > 0 for i = 1,3 and dAy - 7o = 0, the first and third characteristic fields

are genuinely non-linear, whereas the second characteristic field is linearly degenerate. Let
(ug, u,) be 2-contact discontinuity, then we have

(688) Uy =Vr, PL=DPr-
We refer to [45] for these relations.

Theorem 6.2. Let (uj,u,) be the 2-contact discontinuity for the system (6.85)-(6.86).
Then, there is no weight a for the range of either

e
0<a<—=,a>1, whene >e. or
e
(6.89) L
a<l, a>—, whene <e,,
el
such that (uy,u,) satisfies a-contraction.

Proof. We show that the assumptions of Theorem 6.1 are satisfied for a belonging to (6.89).
For that, we separate the range of weight a > 0 into two cases.

i) Case of either 0 < a < Z—; when ¢; > e, or a < 1 when ¢; < e,. For such a, we

are going to show that the first backward rarefaction wave qujl_ issuing from w; intersects
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with the surface $,. As in [45], it turned out that the first backward rarefaction wave Ry~
starting from u_ at p_ can be parametrized by the pressure p as follows.

R}L’j is parametrized as p_ < p4,

p+ = ¢(p4+; p—,p—), where ¢ is increasing in the first argument,

P+ dp
vy =U_ —/ —,
pc

(6.90)

where c is the speed of sound, in particular ¢ = /(v — 1)e for a perfect gas. That is, along
qu;f, the pressure p; and density py increase while the velocity vy decrease. Then, using

(6.91) pc=p\/v(y—1)e=/ypp by (6.86) and (6.90),

we have
wmv - [T

L/j P+ dp
p-
p—

Multiplying by ,/p+, we have
VP+V+ = /P+V- —
P+V— —

pP+U— —

s\wamw

(\/IT— VP-)

where we have used py > p thanks to (6.90).
We now fix u_ = u;. If p4 is bounded in p,, then we have

VP+U4 — —00 as pr — 00,
which implies
(6.92) either py — o0 or & — oo aspy — oo.

This means that the either density or energy should be unbounded along the first backward
rarefaction wave R}jf issuing from ;.

On the other hand, it turns out that w; is enclosed by the surface ¥, in the case of either
O<a< z—; when e; > e, or a < 1 when ¢; < e, as follows.

Recall (4.42), i.e

fora <1, mn(uju) < an(ulu,) is equivalent to

() < 1 () = anluy) = Vnon) - w -+ aVn(u) - e+ (Vi) — V() - w).

Since the entropy (6.87) can be rewritten as

q
(6.93) n(u) = yplnp — pn(€ — %),
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. 2
using pe = £ — g—p, we have

Ipn(u) =~(Inp + 1) — In(pe) — ;Z
(6.94) Oyn(w) = =,
Oen(u) = —é-
We use (6.86), (6.88) and (6.94) to compute
(Vn(ur) = aVn(ur)) - w = (D) — adn(u:))p
(6:29) + @untun) — ot + (& - D)e.

By (4.42), (6.93) and (6.95), we have
2
(fylnp —In(€ — ;LP) - Cl)/) + c3E < caq + ca,

where

1
1= m(apn(w) — adpn(ur)),
1

Cy = m(&m(w) - aaqn(uv"))a

1 (a 1)
3 = — — T )
1—al\e, ¢

ey = ﬁ(n(w) —an(ur) — V(w) - w + aVn(ur) - uy).

Since ¢3 > 0 in the case of either 0 < a < & when e; > ¢, or a < 1 when ¢; < e,, we use
el

coq < 0321’2 + c5p by Young’s inequality, to get

('ylnp —In(€ — q—Q) —c1 — 05),0 +3e< 4.
2p 2~

L
Notice that ¢4 is constant while

L—o00 as& — ooor p— oo,

which implies that {u | n(u|u;) < an(u|u,)} is bounded. Thus v; is enclosed by ¥,. There-
fore by this and (6.92), we conclude that the first backward rarefaction wave Ry, has to
intersect with the (n — 1)-dimensional surface 3.

ii) Case of either a > 1 when ¢; > ¢, or a > %T when ¢; < e,. For such a, using
the symmetry between 1-characteristic field and 3-characteristic field, it is obvious to show
that the third forward rarefaction wave Ri’f issuing from w, intersects with the surface ¥,.
Hence we complete the proof. ([l

Remark 6.1. Recently in [46], the authors has showed that the 2-contact discontinuity
of full Euler system (6.85) satisfies a-contraction for the specific weight a = 2—’; in the

borderline of weights as in (6.89). More precisely, Euler system is written in Lagrangian
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mass coordinates is considered and it turns out that the 2-contact discontinuity (ug,u,)
satisfies %:—contmction, where 0; and 0, denote the temperature corresponding to the left
end state u; and Tight one u,, respectively. In fact, since e = cf for some positive constant
¢ for the perfect gas, the weight a = z—; 1s equal to a = %, moreover, since it s known
that the a-contraction property is invariant under a transformation between the Eulerian
coordinates and Lagrangian coordinates in [47] (See also [44] and [54]), Serre’s result also

holds full Euler system (6.85) in Eulerian coordinates.

7. APPENDIX

We here give the proof of (4.38) in Lemma 4.2. Since 2 Lol(s) and 5 4 (u|SL(s)) are both
continuous and non zero at s = sg by (4.28), there exists § € (0, sg) such that for all s with
|s — so| <6,

d d d
—ou(s) = =0 oi(s0)]:
\%mmsu(s)) dsn(UIS <sO>>\ < 5| ZntulSitso))|
which can be estimates as
1 d
u u = u(So)
Tn(ulSh(s)) = )d (wSH)| 2 2] n(ulShso))]

Thus, using (4.37) and (7.97), we have that for all s with |s — sg| < 4,
*d
0(SL(5). 51(50)) = b (sIn(SLISLs0) = [ okt (nwlSL0) — n(ulLso)) )t
50
11d ,, .d . s
< _Z|Z el _
< 3| Gohe| atulsien) [ - st

S0
L1d 1 d 1 2

< ——|— — — s0]°.

< —5| okt | Zn(ulSk(s0))ls = sol

Since it follows from (7.96) that

9

(5)] < 5| ok(so)
we have
04(5) — ob(s0)] < 3| -0 (s0)|s — sol,
which yields that for all s with |s — so| < 4,
4(84(s), Su(s0)) — 0 (8)n(Su(5)Su(s0)) < —kiloy(s) — ou(s0)l?,
where k is a positive constant as

b — -(ii
V=08 18l ds

ob(s0)| " ntulSkso))).
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On the other hand, let us show (4.38) for |s — so| > 9. For all s with s < sp — J, we use
(4.37) to get

s0—0 d

a(S4(5),Sis0)) — o (s)n(SHE) Sk = [ o0 (n(ulSk(s0)) ~ n(ulke) )

S

+ [ Sobo(n(ulSte0) ~ ntulsiie))

If we consider a positive constant ¢; satisfying

(7.98) e1 < min (n(ulS}(s0)) = n(ulS}(s0 = )

using (4.28), we have

s0—0
ne [T ok (aulsheo) - n(ulskiso - ))de
< —ci|o(so —6) —a(s)]
< —cifo(so) — o(s)| + cilo(so) — o(s0 = I)I.

Since Iy < 0 for all u € U, we choose ¢; sufficiently small such that (7.98) and

— (50— 8)| < —min T
c1lo(so) — a(so )| < ZIéHB} 2,

which yields

4(S4(5), Su(50)) — 0u(5)n(Su(5)Su(50)) < —cilo(s0) — a(s)].

Similarly, choosing co > 0 sufficiently small such that

ca < min (n(ulS}(s0 +8)) — n(ulS}(s0)) ).

s0+0
calots) = o0+ )| < —miy | 0 b (6) (nulS(0) — n(ulSk(s0)) ),

we have that for all s with s > s¢g + 9,

[1]

q(S4(5), Su(50)) — 0u(5)n(Su(5)Su(50)) < —calo(s0) — o (s)].
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