GLOBAL WEAK SOLUTIONS TO THE INVISCID 3D
QUASI-GEOSTROPHIC EQUATION

MARJOLAINE PUEL AND ALEXIS F. VASSEUR

ABSTRACT. In this article, the authors prove the existence of global
weak solutions to the inviscid three-dimensional quasi-geostrophic equa-
tion. This equation models the evolution of the temperature on the
surface of the earth. It is widely used in geophysics and meteorology.

1. INTRODUCTION

In oceanography, the motion of the atmosphere follows the so-called fun-
damental equation. This is the 3D Navier-Stokes equation with the effect
of the rotation of the earth (Rosby effect). At large scale, this Rosby effect
is very important. Asymptotically, this leads to the so-called geostrophic
balance which enforces the wind velocity to be orthogonal to the gradi-
ent of the pressure in the atmosphere (see Salmon [9], and Pedlosky [8]).
Asymptotic analysis can be performed (see Bourgeois and Beale [2], and
Desjardins and Grenier [5]) to derive the quasi-geostrophic equation model
(QG), which is not as complex as the fundamental equation, and not as triv-
ial as the geostrophic balance, and still captures the large scale motion of
the atmosphere. This model is extensively used in computations of oceanic
and atmospheric circulation, for instance, to simulate global warming (see
Abramov and Majda [1], and Williams, Read, and Haine [11]). The quasi-
geostrophic equation can be stated as follows. Let ¥ be the stream function
for the geostrophic flow. That is, the 3D velocity (w,U) = (w,u,v) has its
horizontal component verifying

(u,v) = (=0, ¥,0,, V), orin short: U = VL\I/,

where we denote

VU = (0,0,,7,0,,¥).
Note that, as a convention, we choose the first component, of any vector in
the upper half space, to be the vertical component. From the model, the
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buoyancy is given by
0 =20,V.
Let us denote the elliptic operator
Ly = 0.()\0.9) + AV,
where A stands for the Laplacian in two dimensions:
AV =0V +920,

and A = —1/0Y is a given function, of z only, associated to the buoyancy

of a reference state. If we denote

v)\(b = ()\82(25, 8&31 ¢7 aﬂcg¢)v
we have
Lag = div (Vo).

Then, the whole dynamic is encoded in the function ¥ which is governed
by the following initial boundary problem:

(1) (at +§L\I/-V)(L)\\I/+ﬁol‘2) = f1, t>0, z>0, .CL‘ER2,

2 @OV V() = f, >0, 2=0, ze R,
(3) V(0,z,2) = ¥0(z,2). t=0, 2>0, zcR%.

The parameter By comes from the usual S-plane approximation. The
term 7, (VaV) stands for the Neumann condition at z = 0 associated to
the operator LyW. If A is regular, this coincides with —A(0)0,¥(0,-). fr
and f, are given exterior forcing. This equation corresponds to the inviscid
version of the quasi-geostrophic equation where the Ekman pumping effect
is neglected. The Ekman pumping comes from a turbulent viscosity at the
surface of the earth due to friction. It adds a viscous terms of the form
702, ¥ on the right hand side of Equation (2).

Both, the value of the elliptic operator L)V, and the Neumann condition
Y (VaA¥) at the boundary z = 0, are advected by the stratified flow with

velocity U = V0. At each time, ¥ can be recovered, solving the boundary
value elliptic equation.

The main difficulty, while dealing with this equation, is due to the treat-
ment of the boundary condition. When the boundary is trivial, that is
7, (VA¥Y) = 0 at z = 0, global classical solutions have been constructed in
[2]. In the case with boundary, as to now, weak solutions have been con-
structed only in presence of the regularization effect of the Ekman pumping
(see [5]).

We assume that the function A depends on z only and is globally bounded
by above and by below away from zero. Namely, we assume there exists
A > 0 such that

(4)

< Az) <A, for z € RT.

==
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Taking advantage of the incompressibility of the flow, both in RT x R?
and at z = 0 in R?, we say that ¥ is a weak solution to (1) (2) (3) if for
every R > 0and T > 0, ¢ € C®°(R*) supported in (=7,7T) x (—R, R)3, and
¢ € C*(R?) supported in (—T,T) x (—R, R)?, we have:

_/OT /000 /R2 [{atqwrw\p.w} (LA + Bra} —ngj)} d ds dt

= / (0, z,z) (LA\IJO + Bxg) dx dz,
0 R2

_ /OT /R2 {016+ 20(Vw) - V6 } (Vo) — £,6] dodzdt
= /R |00, 2)7, (VA¥") da,

where 7y is the trace operator at z = 0 verifying vo(¢)(z) = ¢(0, z) for any
smooth function ¢ defined on R x R?. Note that for a vector valued function
O € [C®(RT x R?)]3, 7,(®) is the opposite of the vertical component of
Y0(®).
This paper is dedicated to the proof of the following result.
Theorem 1.1. Assume that for every T > 0, the source terms verify
fr € LY0,T; L*(R* x R%)) N L'(0,T; L5/ (R* x R?)),
f € L}0,T; LA(R?)) n LY(0, T; LY3(R?)).
Consider an initial value W° such that
Ly¥Y and VU0 are in L2(RT x R?), 4, (VA¥°) € L*(R?).
Then, there exists U weak solution to (1) (2) (3) on (0,00) xRT xR?, such
that for every T > 0, V\¥ € L>®(0,T; L*(R* x R?)) N C°(0,T; L (RT x
R2)), with :
ILAY || Loo (0,702 R+ xR2)) + V|| Lo (0,712 (R + xR2))
Fl (VaV)| e 0,122 ®2)) + VY| o0 (0,7;28 R+ xR2))
TV Lo 0,028+ L873®2))) F IV 100 (0,75100 (RH; L2 (R2)))
< C(HV‘I’OHL2(R+><R2)) + HL/\‘I’OHL2(R+xR2) + H’YV(V/\‘I’O)HH(R?)

1 fellzrorp2 @+ xr2)) + 1 fLll Lo, 06/ @+ xr2))

I follrorLe®ey) + ||fu”L1(o,T;L4/3(R2))) .

Note that the estimates, in the theorem, ensure that the weak formulation
of (1) (2) (3) is well defined.

The main difficulty is that we cannot obtain compactness on the trace
7 (VaV). However, thanks to a reformulation of the problem (1) (2) (3)
(see Section 2), we can obtain the following stability result.
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Theorem 1.2. Takel < q < 00, and T > 0. Consider fi' and f]} uniformly
bounded, respectively, in L9(0,T; L*(RT xR?))NL2(0, T; L/°(Rt x R?)) and
in L9(0,T; L>(R?)) N L9(0, T; L*3(R?)). Let U,, be a sequence of solutions
to (1) (2) (3), with initial value VO, and source terms fy and fI, such
that V U, € CY0,T; L .(RT x R?)), L\, and v,(Va¥,) are uniformly
bounded, respectively, in the spaces L= (0, T; L*(RT xR?)), L°°(0,T; L*(R? x
Ry)), and L>=(0,T; L?>(R?)). Assume that the initial values VU0 converges
to VU in L2(R* x R?). Then, there exists U solution to (1) (2) (3), such
that, up to a subsequence, V¥, converges to V¥ in C°(0,T; L2 (Rt x R?)).

loc

Note that we do not claim that the trace v, (V V,,) converges strongly
in L? to v,(VAV). So we cannot pass directly in the limit in Equation (2).
However, thanks to the reformulation problem, it can be ensured that the
trace of the limit verifies Equation (2).

In the 90’s, Constantin, Majda, and Tabak [4] began a thorough study
of a simplified case. First, fix fp = 0, L = A, the usual Laplacian (that
is A(z) = 1). Note that if the initial value W is harmonic, then the first
transport equation ensures that it stays harmonic for all times. This case is
very interesting. While simplifying a lot the equation inside the atmosphere,
it keeps all the difficulties due to the boundary. This model, known now
as the surface quasi-geostrophic equation (SQG), can be expressed at the
boundary only, as follows. Consider § = ¥, at z = 0. Then 6 is solution to

(5) 00 +UNVO =0, t>0,(z,y) € R?

(6) 0 = 6y, t=0,(z,y) € R?,

and the velocity U can be expressed in R?, via a nonlocal operator, as
U=V+A~1/2g,

This model has been popularized as a toy problem for 3D fluid mechanics
(see Constantin [3] and Held, Pierrehumbert, Garner, and Swanson, [6]).
The equivalent of Theorem 1.1 and Theorem 1.2 for the SQG equation is
proven in [4], using different techniques.

2. REFORMULATION OF THE PROBLEM
For any s,k € R, s <1, we denote
H*(R?) = {u € D'(R?); A*?ue L*(R?)},
H*R?) = {u e D'(R?); (A-1)"%ue L*(R?)}.
We consider the following Hodge decomposition in L?(R* x R?): For any

u € L?(R* x R?), there exists a unique V¢ € L2(RT x R?), and a unique
curlv € L2(RT x R?), with curlv - v = 0 at z = 0, such that

u = V¢ + curlv = Pyu + Peyu.
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This Hodge decomposition with A = 1 is the classical one used to construct
the Euler equation in the half space (see Temam [10]). It can be extended to
general \ (see Lions [7]). We recall that the trace of the vertical component
of curlv exists in H1/2(R?), since div (curlv) = 0 € L*(RT x R?) (see
Lemma 3.1), while the trace of u and V¢ cannot be defined in general. The
decomposition defines two projection operators well defined on L?(R* x R?).
For the sake of completeness, the decomposition is carefully constructed
below. We also extend it to any spaces L2(RT; H®(R2) + H*(R?)) for s < 1
and k € R.

In this section we will show that Problem (1) (2) (3) is equivalent to the
following problem:

(7)
VAU + Py (VUL - VV\U) = B Py(Tey) + VAF, on Rt x R?2 x Rt
Val,_, = V) on Rt x R?,

where e; = (0,1, 0) is the first direction in the horizontal plane, and F'(¢, -, -)
is the solution to the elliptic equation with Neumann condition:

(8) LyF = fr, in R" xR?  4,(VaF)=f,, onR%.

We say that V¥ is a weak solution to (7), if for any R > 0, T' > 0, and
any ¢ € C*(R*) supported in (=7, 7T) x (—R, R)? :

T ')
—/ / VU - {atv¢+v%p-vv¢} da dz dt
0 0 R2

—B/OT/OOO/RQ (016 W+ V¢ -V\F) drdzdt

= / Ve(0,z,z) - VU0 de dz.
0 Jr2

The following theorem shows that the Problem (1) (2) (3) and (7) are equiva-
lent and that the weak formulation of (7) is a consistent definition of solution
in the sense of distribution of (7).

Theorem 2.1. Let ¥ be such that, for every T > 0, V¥ € L>(0,T; L?(R* x
R2)), Ly¥ € L*(0,T; L*(R* x R?)), and v,(V\¥) € L>(0,T; L?(R?)) with
fr € LY0,T; L2(RT xR2))NLY(0, T; L/5(R* xR?)), f, € LY(0,T; L>(R?))N
LY(0,T; L*3(R?)), then we have

H?J‘\I’ ® V)\\I/||Loo(07T;L2(R+;H71/2(]R2)))
< C (ILAY]] oo o712+ xR2)) + 170 (VA®) || Lo (0,722 (R2))

2
+||V/\‘I’||L°<>(0,T;L2(R+xR2))) )

Let F be defined by (8), it satisfies
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IVAF | 10,712 (R+ xR2))
<C (HfLHLl(O,T;L6/5(R+><]R2)) + ||fV||L1(0,T;L4/3(R2))> )

and the following statements are equivalent:

(1) The function V is a weak solution to (1) (2) (3).

(2) The function ¥ is a weak solution to (7).

(3) For any R > 0 and T > 0, and any ¢1 € C®(R) and Py €
(C>=(R3))? supported respectively in (=T, T) and (—R, R)>

T 00
—/ / VAU - Oy(2,2)0;p1(t) dx dz dt
R2
/ / d)l H3/2(R2)<(I)2(z .%') P)\dlv (VL\II &® V\II»H 3/2(R2) dz dt
_B/ / P1(t 1(R2) (Do(z,x); IP)\(\I/el))Hl(Rz)dzdt
+/ / &1 (t)Po(2,x) - VaF dr dz dt
o Jo Jr2
+/ $1(0)Py(2,2) - VAU dx dz.
0 JRr?

Especially, 0;% € L>(0,T; L*(Rt; H3/2(R?))) with

10| oo (0,1 L2 R+ 1 -3/2(R2))

< W fellzrorcems @+ xr2y) + 1ol Lo ars ey
+C (HL,\\IJ|\%M(O’T;L2(R+XR2)) + H'YV(VA\IJ)H%N(O,T;LZ(R?))
FIVA | Loo (0,7: 22 (R xR2))) -

Let us give the idea why solutions of (7) verify (1) (2) (3). Thanks to
the boundedness of L)V, we can define v, (V\¥) at z = 0. In the Hodge
decomposition, the vertical component of P, is equal to 0 at z = 0. Hence,
formally, the vertical component to Py(VU - VV,¥) at 2z = 0 is the same
as the vertical component of V¥ .VV,¥. This provides formally Equation
(2). Similarly, div (Py-) = div (-). Therefore, because 9;(V¥)* - Vo,¥ = 0
for all 4, taking the divergence of equation (7) gives (1).

Note that for a function v € L?(RT x R?), in general, we cannot define
the trace u - v at z = 0, and so the trace of Pyu - v at z = 0. However, the
projection PPy is continuous in L?(R? x R*). Noticing that Py commute with
V- (but not with 8.), it is enough to have compactness for V¥ @ V, ¥ to
have stability for Equation (7). This provides stability for solutions of the
quasi-geostrophic equation, even without compactness on the trace.
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It is interesting to compare Equation (7), in the case § = 0 and F = 0,
with the Euler equation in the half space with zero flux at z = 0:

Ocurlv + P 1[div (curlv ® curlv)] = 0, (t,z,2) € Rt x R? x Rt

curl
curlv;—g = curlo?, (z,2) € RT x R?,

where the velocity is given by u = curlv. The quasi-geostrophic equation is
obtained by flipping V) and curl, and by stratifying the flow (the advection
is VW), Note that Equation (1) is reminiscent to the vorticity equation for
2D Euler: one is obtained through the curl operator, while the second one
is obtained through the div operator from (7).

Similarly to the introduction of the gradient of pressure for the Euler
equation, Equation (7) can be written as

HVA\U + VUL . VYV, ¥ = curlQ, onRT x Rt x R?
V¥, = V¥ given
curlQ _, - v =0.

This formulation will not be used in this paper.

3. PROPERTIES OF THE HODGE DECOMPOSITION

3.1. Preliminaries. We recall that for s > 0, H*(R"T x R?) is the space
of restrictions to R x R? of functions of H*(R3). Moreover, the canonical
norm on H*(RT x R?) is equivalent to

[ullls = inf{|[v|| gs@s); v € H*(R?) extension of u in R3}.

We have the same property for H*(RT x R?), for s > 0.
Hence, from interpolation there exists a constant C' > 0 such that

9)

HUH?{1/2(R+XR2) < C(HUH;(RﬁHlN(R%) + HUHL2(R+xR2))”azuHL2(R+xR2))-

Moreover, extending v on R3 by u(z,7) = u(—z,z) for 2 < 0, and using
Poincaré inequality in R3, we find that there exists C' > 0 such that

(10)  lullzs@m+ xr2)y < ClIVullL2@m+ xr2), whenever u € H'(RT x R?).
Following Temam [10], we have
H = {uc L*(RT xR?); divu =0, 7,(u) = 0}
= {u e L}(R" x R?); / / u-Vedrdz =0; Vo € HY(RT x RQ)}.
0 JR?

We denote [H! (R x R?)]* the dual of H'(RT x R?). We recall the following
trace properties.
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Lemma 3.1.

(1) houllgege < [Vullpgongsy,  for uc HU(RT x B?)
where you(x) = u(0, ) for x € R?, whenever v is smooth.

(12) I (@)l gr-1/2m2) < lull 2@ r2) + 1V wll g1 @e xr2y-
for any u € [L2(R?)]? with div v € [H'(RT x R?)]*.

Proof. - Proof of (11). Let u be a smooth function. From the Dirichlet
minimization problem, @ defined by

{ —At=0
Y0(%) = yo(u),

minimizes the the Dirichlet integral among functions with same trace at
z = 0. Hence

/ /\Vu|2dacdz>/ /|Vu]2d:rdz
R2

= [ #0.2)(Vi) o = A Es0 (@ = o)y -

The result can be extended to u € H(RT x R?) by density.
- Proof of (12). Let u,v smooth functions, such that Vv € L?2(RT x R?),
u € L*(R*T xR?), and divu € [H'(RT xR?)]*. From the divergence theorem,

we have
/ Vv -udxdz
2

_/OOO /RQv(divu)dz:dsz/RQ 0(0. 2 (1) d.

/ Yo (V) vy (u) dz
R2

{11l o wrzy + v wl s sy -

Hence

< |[Voll g2+ xr2)

But from (11):

I )l -7y = sup{‘ [ vl da;

= sup{’/]R2 Yo(v) 7w (u) dz | ;

o ()1 2gge) < Ml e ey + iVl s s gy

T 1}

Vol 2 (m+ xr2) < 1} :

So

We conclude again by density. O
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3.2. The Hodge decomposition. We show the following proposition.

Proposition 3.2. For any u € L?>(R* x R?), there exists a unique Vi) €
L*(R* x R?) and curl v € H with

u = V¢ + curl v.

The linear operators Pyu = V¢ and Peyqu = curl v are bounded in LQ(R+ X
R2?). Especially, there exists C > 0 such that

IPaullp2m+ xr2)y < CllullLew+xr2),

and for every u € L>(RT x R?), and any ¢ € H' (Rt x R?),
/ Vo(z,x)u(z,x)drdz = / Vo(z,2)Pru(z, x) dz dz.
0 R2 0 R2

Proof. We construct ¢ as 11 + 1o, where ¢, € H'(RT x R?) is the solution
to the elliptic equation with Dirichlet boundary condition:

Ly = div u, in RT xR?,  o(y1) =0,

and 1o € H'(RT x R?) is solution to the elliptic equation with Neumann
boundary condition:

Lya = 0, in RT x R?, YW (V) = v(a),

where & = u — V11. Note that div @ = 0, so from Lemma (12), v, (a) is
well defined in H~/2(R?).

Namely, for every ¢ € H' (Rt x R?) with v(¢) = 0

/ Va1 Vodrdz = / / uVodrdz.
0 R2 0 R2
And for every ¢ € H'(R x R?)

/OOO /}1@2 VaoVodrdz = — [H—1/2(R2)<%(11);70(¢))H1/2(R2)] )

The existence and uniqueness of 1 and 9 are obtained thanks to the Lax-
Milgram theorem. Taking ¢ = 11, we get

IV 31l o @ xrzy < IVO1ll2@e xr2) lull 2@+ xR2)-
Since (1/A)|Vihi| < |V xib1| < A[V], we have
IVl L2 m+ xr2)y < Allullp2@+ xr2)-
Taking ¢ = 19, and using the trace theorems,

”VﬁwQH%Q(RJFX]I@) < N @) g-1/2ge) 1o (@2) | /2 gy

< (@l L2+ xr2) V2| L2 R+ xR2)-
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Hence

Vol L2(mt xr2y < Allt]| L2(r+ xr2)
< A(llull 2@+ xr2y + (VY1 L2(m+ xR2))
< AL+ A)lull 2+ xr2)-

From the construction, u — Vv is divergence free, so it can be written as
curl v. Moreover, by construction v, (curl v) = 0, so curl v € H, and

[curl v||p2m+xr2) < JullL2@t xr2) + VAV L2+ xR2)
< Cllull 2m+ xr2)-
If there exists 1) € H'(RT x R?) and curl v € H, such that
Va4 curl v =0,
then, since [ curl v- V¢ =0,

/0 /RQ IV 5 dadz = 0.

So V1 = curl v = 0, and the decomposition is unique. Hence Py and P,y
are well defined as bounded operator in L?(R* x R?).

For any V¢ € L?(Rt x R?)

/ / U - V¢dwdz-/ / Peuritt - V(bdxdz—i—/ / Pyu-Vodxdz.
R2 R2

But Poyqu € H, so
o
/ / Peurit - Vo dx dz = 0.
0o JRr2

We denote S(R?) the Schwartz class of C°° functions with fast decay at
infinity, and &’(R?) the dual space as set of distributions. We now extend
the operator Py to L%(Rt; H™(R?) + H*(R?)) into itself, for m € R, and
s € R with s <1.

O

Proposition 3.3. For every m € R, and s <1, we can extend the operator
Py from L*(R*; H™(R?) + H*(R?)) into itself, and

1Pl 2o ) s ) < Cllll s rm @24 m2))-

Moreover, if u € 8'(RT x R?), u € L*(RT; H™(R?) + H'(R?)) for m > 0,
and ¢ € S(RT x R?),

/OOOS/<R2)< (2); Vo(2)) se) dz = 0,

then
IP’)\u =0.
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Proof. Note that for a smooth function u € S(RT x R?),
PAA™/2 = AT2Py . Py (A —1)™2 = (A - 1)"?P,.

So for u = uy + up with u; € L2(Rt; H™(R?)) and uy € L*(Rt; H5(R?)),
we define Pyu as

Pau = (A —1)7"2Py(A — 1) ?uy + A5/ *Py A uy,
Now, if u € L2(R*; H=™(R?) + H'(R?)) for m > 0, then

— m+1

u=A"?1-A")g,
with ¢ € L?(R* x R?). Then from Proposition 3.2, There exists ¥ €
H(RT x R?) such that

Pyg = VU € L*(RT x R?).

Consider a sequence ¥,, € S(R* x R?) such that V¥, converges to V¥ in
L?*(R* x R?) when n converges to infinity, and take

o, = A2(1 - A" )T, € S(RT x R?).
We have

0= /0 (g2 (u(2); VB(2)) (e dz
= / VU, -gdrdz
0 R2

o0
= / VU, - VaVdzdz,
0 Jr2
thanks to Proposition 3.2. this term converges to

o0 o0 9
V\I’-V)\\I/d:cdz:/ |V AY|*dzdz.
b | Jl7
This term is then equal to zero, and V ¥ = V¥ = (. So

Pyu = A_1/2(1 — AMTH)P)\Q =0.

4. PROOF OF THE EQUIVALENCE THEOREM 2.1
We begin with the following proposition.

Proposition 4.1. Consider V)\¥ € L?(R* x R?) with L\¥ € L?(R* x R?),
and v,(V ¥) € L?(R?). Then
1-
IVAY| 2t 22y + 170 (VaP)l r2g2)
+IVa¥lco®+;r2r2))
< C ([ (Va9)l 2m2) + 1IAP] 2t xr2) + IVAC | L2(r+ xR2)) -
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2- By Sobolev embedding, we get

VAU 3@+ xr2) + I VAP Lares;n8/3 R2Y)
< C (I (Va9 2y + LAY ]| 2ms xr2y + IVAY ]| 2R+ xR2)) -

Proof. For every ¢ € H'(RT x R?) we have

1
< A2 2| LAY 2

/ 5 A2 (L) dz dz
0

<NVl 2| LAY 12
<AVl 2 [ LAY 2.

So Az (L)) € (HI(R+ X R2))*. Moreover

W(VAIRTE]) = Ain, (Va¥) € B2 (R),
consider ¢, € H'(R*T x R?) solution to
Ly = A3(Lp0),  7(Vathr) =0,
since A1/2 commutes with Ly and 7., we have that
Vali = A2V € LARY HY(R?),
and

Hv)\\IJlHLQ(RtHl(R?)) S \/K”vﬁ\lleLQ(RhHl(R?))
< VA| L)Y .

Setting Wy = W — Wy, it verifies
L)V, =0, Y (Va¥z) = 1, (Vo).

The function A%WV(VA\II) € H~Y2(R?), and A2 commutes with Ly and Yo,
so Wy = A_Tld)g solution to

Lo =0, Y (Vo) = A%%(VA‘I’),

verifying

HV‘I’2HL2(R+;H1/2(R2))
< \/KHV\/X\I/2||L2(R+;H1/2(R2)) < \/KH'YV(V)\\II)HL%R%-
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But, for almost every z > 0,

HV/\‘I'(Za‘)H%pN(W)
= [ SRR OR 0+ e s
— [ TR [P de
[€1<1
[T + Tl P+ )1 de
[€1>1
< VRV (2) || ey + 2V2 / IV O + 6PV, ) de

< C (IVA%() ey + 1VAT2(2) B gz + 19301 () 3 e )
Hence
VA 2t 1172 (m2))
<C (HV/\‘I’HLZ’(WxW) + 1 LAY || 2 (m+ xr2) + H%(VA‘I’)HH(R?)) :
From Lemma 3.1, both at z = 0 and at z for almost every z > 0, we get
IN2)0-(2) |22y = [AYA(A2)0:%(2)) | g-12 g2
< IVAAYAY | ot ey + ”L)\A1/4‘11H[H1(R+><R2)]*
< C (VAP L2+ xr2) + 1 LAY 2r+ xr2) + (70 (VAP 2(R2)) -

Using Lemma 3.1 at z = 0, and at z for almost every z > 0, we get
170 (VO)[| 2r2y + V| oo (r+522(2))
< o (AY2)|| 2 ey + |AY 20| oo e+ 12(R2))
< "70(51/4\1’)||H1/2(R2) + ||A1/4‘I’||Loo(R+;H1/2(R2))
< 2 VAV o xmey < 2IVAY | 2 iz e2))
< C (IVAY| L2t xr2) + 1EAP] L2+ xr2) + 170 (VAP || L2(R2) ) -
Regularizing V¥ in x and z by convolution, we approximate it by a se-

quence of function in CO(RT; L?(IR?)), with convergence in L°°(RT; L?(R?)).
So VAU € CO(R+: L2(R2)).

From Sobolev imbedding, we have the same control on [|[VAW|| 2 (g+,14(r2))-

Interpolation between L>(L?) and L*(L*) gives the control on the L*(L8/3)
and L3(L3) norms of V, V. O

We now prove Theorem 2.1:
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Proof. Since L*/3(R?) is continuously imbedded in H~/2(R?), and using
Proposition 4.1, we get

V28 & VA oo rizesi2(ey)
< OV @ VAV oo 0,152 (41073 (R2)
S C”v)‘\IIH%OO(O,T;L4(R+;L8/3(R2)))
< C ([ILAY]] oo 0,702+ xR2)) + 170 (V) || Lo (0,722 (R2))
+||v>\\11”LOO(O,T;LQ(]R+><R2)))2‘

Thanks to (10) H'(R* x R?) is continuously embedded in LS(RT x R?),
so for every u € H' (Rt x R?), and almost every ¢ > 0

/OOO /IRQ f)udzdz

< CIf @l zors m xrey I Vull 2@+ xre)-

< NIl Lors e+ xr2y lull Lo @+ xr2)

Hence

||fL||L1(07T;[H1(1R+XR2)}*) = CHfLHLl(o,T;L6/5(R+xR2))v
||fVHL1(o7T;H—1/2(R2)) < C”ft/||L1(O,T;L4/3(R2))'

Hence, from the Lax Milgram Theorem, there exists a unique F' solution to
L)\F = fL7 ")/V(V)\F) = fl,, with

IVAF|| L1 0,702+ xR2)) < C (HfL”Ll(O,T;LG/5(R+><]R2)) + Hfl/||L1(0,T;L4/3(R2))) :

Let ¢ € C°(R3) supported in (=R, R)?, and ¥ € H'(RT x R?) such
that Ly¥ € L*(RT x R?), and 7, (V,¥) € L?*(R?). From Proposition 4.1,
VAU € LA(R*; L3/3(R?)).

In order to integrate by part rigorously, let us proceed to a regularization.

For every € > 0 consider the function 7. defined on R? by

_ 1
() = Siilefe), @€ R

where 7 is a given smooth function compactly supported, of integral 1. Then
we denote

U, =W x%17,.
Note that we regularize in x only. We have
ViaWe = (VaW) x 7., LaWe = (La0) 7%, (We) = 7(¥) * 7.
Hence, using Proposition 4.1 , for every fixed € > 0, and n > 0

(13) ViU, € CO(RT, x H?(R?)) N L*(RT, x H*(R?)),
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and we have

(14)

Val. =3 Va0,  in LR x R?),
Val. =3 Va0,  in LA(R*; LY/3(R?)),
Ly, =5 Ly, in L?(RT x R?),
Yo(Vave) = Yo (1 ¥), in LQ(RQ)-

Since L*/3(R?) is continuously imbedded in H~Y/2(R?), we have

div (6%1:5 ® vwa) 2% div (w ® vm) ,

Since VVU¥, € L2(R* x R?) and VL V. € L}(R* x R?), we have

div (V0. - VV\T,) = VIV, : YV, U, + VIO, - V(L,\T,),

= VIV, : UV, + X0, (VIT,) - 0,(VE,) + VU, - V(L,\T,),

= ViU, . V(L)\0,).

Especially, it lies in L?(RT x R?).

15

in L2(R*; H3/2(R?)).

Using Proposition 3.3, the divergence theorem, the last computation, and
the incompressibility of the flow in Rt x R?, we find

[ee]
/ Vo - div (V0. @ V\T,) dz dz
0 R2
—/ ¢ div (dfv (w\l’g@vwg)) dz dz
0 R2
+ | ¢(0,2) div (vL\pg(o,x)%(vA\Ifa)(x)> d
RQ
—/ ¢ div (vL%Vqufs)) dz d=
0 R2

— [ V¢(0,2) - VIV (0,2)7,(VaV.) dx
R2

- _/ g 6 VU, - V(L\V.)dz dz
0

— | V¢(0,z) - VEU(0,2)7,(VaT,) dx
R2

_ /OOO /RZ (w.wxyg) LAV, dz dz

) /R (V6(0.2) - 30(V02) ) 70 (Vo) da.

Passing into the limit when ¢ goes to 0, we find that for any ¢ € C*°(R3)
supported in (—R, R)?, and ¥ € H'(RT xR?) such that L\¥ € L?(R* xRR?),
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and 7, (V\V) € L?(R?)
/ Vo - [dfv (V1o e V»If)} d dz
IR
(15) = / <?¢ : ?J‘\I/) L)\Vdxdz
]RQ
—/ (W(o,x) : vi%(W)) 7 (V) dz.
RQ
We have also
B/ VoPy(Vey)dxdz = ,8/ / (010)V dz dz
R2
:B/ / gb@l\lldxdz:ﬁ/ OV - Vo dz dz.
0 R2 0 R2

Hence, for every ® € C°°(R*) supported in (=T, T) x (=R, R)3, and every
U € C%0,T; H' (Rt x R?)) such that Ly¥ € L>®(0,T; L*(RT x R?)) and
VAV € L>=(0,T; L*(R?)), we have

/ VO(0,z,2)Va\T(2,2) dr dz
0o Jr2
T poo
- / / O, VOVAT + VD - (Vs F + AP (Ver))] da d= di
0 Jr2

T 00
—/ / VV® : (VI @ V)\U) de dz dt
R2

—/ / (0, 2,2) LAV (2, 2) do dz
0 Jr?
T poo
+/ / [ PL\Y + O fr]|drdzdt
0 Jr?

T 00
—I-/ / VO - VU (L\U + Bao) da dz dt
R2
+
/ ®(0,0,2)7, (VAP dz
R2

T
[ [ 0. 0.00(920) + 0(¢.0,2) 1) do
0 R2
T 0
—/ / Vo(t,0,2) - (VW) (VAT dz dt.
R2

If ¥ verifies the third statement of Theorem 2.1, taking ®5 = V¢ gives
that it is solution to (7), so the second statement is true. If ¥ is solution
to (7), taking ® compactly supported in z in R™, we find that it is solution
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to (1). Taking general ®, it gives now that (2) is also verified. Now if ¥ is
solution to (1) (2) (3), then it is solution to (7). The weak formulation of
(7) is still valid for test functions of the form ¢1(t)Va(z,z), ¢1 € C° and
#2 € S(RT x R?), and

T T
D= —/ 061V + /qbl(t)VAF _ div /O 61()(VET @ V1)

—/3/ P1 () €

lies in L2(R*; H'(R?) 4+ H3/2(R?)) and in S'(R* xR?), since VI U@V, ¥ €
LQ(R+,L4/3(]R2)) wich is imbedded in L*(Rt; H—'/?(R?)). Hence, from
Proposition 3.3,

P\D = 0.

5. PROOF OF THE STABILITY THEOREM 1.2
We start with the following Proposition.

Proposition 5.1. Take 1 < g < oo, and T' > 0. Consider fi' and f uni-
formly bounded, respectively, in LI(0,T; L>(Rt x R?)) N LI(0,T; LS/5(R* x
R?)) and in LI(0,T; L*(R?)) N L9(0, T; L*3(R?)). Consider e, > 0 converg-
ing to zero. Let ¥, be a sequence of weak solutions to
V¥, + P)\(v\l/# . vV)\\I/n)
{ =€y (A1/2V)\\II+A3/2V>\\I/) + B Px(Vper) + VaFpn,

such that V U, € C°(0,T; L% (RT x R?)), L\V,, and v,(V,¥,) are uni-
formly bounded, respectively, in the following spaces L>(0, T; L*(R* x R?)),
L>®(0,T; L*(RT xR?)), and L>°(0,T; L*>(R?)). Assume that the initial values
VAUl converges to Va0 in L2(RT x R2?). Then, there exists ¥ solution
to (1) (2) (3), such that, up to a subsequence, V¥, converges to V¥ in

C%0,T; L (RT x R%)).

Theorem 1.2 is a direct consequence of this proposition taking €, = 0 for
all n, and using Theorem 2.1.

Proof. From Proposition 4.1, V¥, and V¥, are uniformly bounded in
L>®(0,T; L>(RT x R?)), and L>®°(0,T; L*(RT; H'/?(R?))). Considering the
vertical component of VW, this gives that 9,A/2W¥,, is uniformly bounded
in L>®(0, T; L*(R*; H~Y/2(R?))), and using the horizontal component, A2,
is uniformly bounded in L°(0,T; L*(R*; H'/2(R?))). So, using (9), this
gives that AY2W,,, and so V¥, is uniformly bounded in L>(0,T; H1/? (RT x
R2)).

The sequence 9,(\J,¥,) = —AWV, + L \¥,, is uniformly bounded in
L>(0,T; L>(R*; H~Y/2(R?))). We have already shown that V(\,¥,) €
L>=(0,T; L>(R*; H~Y/2(R?))). Hence, the sequence A3, ¥, is bounded in
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L>®(0,T; L*(R*; H'Y/2(R?))) uniformly with respect to n. So, by interpola-
tion, A, ¥, is bounded in L>®(0,T; H/?(R* x R?)). Finally the sequence
V¥, is uniformly bounded in L>®(0,T; H'/?(R* x R?)).

From Theorem 2.1, 9, V\¥,, is bounded in L>(0,T; L?(R*; H=3(R?)))
uniformly with respect to n.

For every T' > 0, R > 0, consider

X1 =IL*0,R;H *((-R,R)*),  Xo=L*((0,R)x (—R,R)?),
X1 = H'*((0,R) x (—R,R)?).

So those Banach spaces are such that X is continuously imbedded in X_;
and X7 is compactly imbedded in Xy. We have shown that 0;V\¥,, is uni-
formly bounded in L®°(0,T; X_1), V¥, is uniformly bounded in C°(0, T; Xj),
and in L>°(0,T; X1). Hence, using the Aubin-Lions lemma, if V9 con-
verges to V,Uq in Xg, then VU, converges, up to a subsequence, to ¥ in
C%0,T, Xo) = C(0,T; L*((—R,0) x (=R, R)?)). So, passing into the limit
of the weak formulation of (7), up to a subsequence, V¥, converges to a
solution to the quasi-geotrophic equation. [l

6. PROOF OF THE EXISTENCE THEOREM 1.1

This section is dedicated to the construction of the solution to the quasi-
geostrophic equation. It is done in several steps.

First step: For every R € L>(0,T; L>(RT; H*(R?))), we construct a solu-
tion to
VAU + PR = e(AV?V\U + A2V, 1)

(16) VaU(t =0) = V10

To do this, we first notice that PxR € L>®(0,T; L*(R*; H~'(R?))). Then we
construct the solution z by z, in Fourier space in x only, to

9, ® +PyR = ¢(AY2® 4+ A3/%9)

Ot =0) = V¥’
Then we find V¥ = P, ®.
Step2: We consider again the regularization in x only 75. For every V A=
L>(0,T; L2(RT x R?)) we define T5(V,¥) = V, ¥ as the solution to (16)
with

R= (?L\T/ * 175) . vV)\\T/
As long as
IVAY ()] r2r+ xr2) < 2[VAP? || p2(m+ xr2)s

we have
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d/ / |T5(VAD)|? dz da

{/ |AVATS (VD)) + |A3/4T5(mz)\2} dz da

R2
/ / ) 1 [V # 775) © VAV dz d.
RQ
< §HA1/2T5(V>\\I’)”LQ(R“'XR?)

+g”v>\‘i’H%2(R+ XRz)”‘i/ * v775H%<><>(]R<+XR2})~
But we have
| 5 Vs | oo (et xm2)
<C <||8z‘1’ * Vsl 2(r+ oo m2y) + [V % v?75HL?(R+;L0<>(R2)))
< CHV/\‘i’||L2(R+xR2) (IVsll L2 + 17l £2)
<C <512 + (15> IVAY | L2 (r+ xR2)-
So, for § < 1, we have

d/ |T5(VA0) % dz da
dt 0 ]RQ

C N
< @HV/\‘I’H%?(RWM),

and we have

- 2C
I1Ts(VAW) (D17 2r+ <2y < VAP T2 (gt wme) + @t”VA‘I’OH%%RWR%-

So for

g6t
A0( Vw0 3,
the function Ty goes from the Banach space

= {f € C°(0,to; L*(R" x R?)); HfHCO(O,tO;L2(R+><1R2))§2||VA\IIO||L2}

into itself. Moreover, Ty is contractive on C (with constant 1/2). Hence,
from the Picard fixed point Theorem, There exists a fixed point on C. But
then, the fixed point VW; is solution on [0, tp] to

to =

0V Vs + ]P’)((@J‘\I/g * 775) . @V)\\P(s) = E(Al/ZV)\\I/(s + A3/2V)\\I/5).

So, for every t € [0,t0], [[VaWUs(t)|z2 < [VA¥?||z2. And we can construct
in the same way the solution recursively on [ntg, (n + 1)tp] and finally for
te R
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The energy inequality gives that
(17)
HVA\II‘;HQLO%O,T;LQ(R*'XR?))
Al/4 2 A3/4 2
te <HA / v/\‘I/5HL2((0,T)xR+xR2) +A / v/\\II‘SHLQ((D,T)xR+><R2)>
< HVA\I’0”%2(R+XR2)‘

At z = 0, we have

0 (VaWs) + (VE90(Ws) #7s) - V7, (Va¥s))
= (A2, (VaWs) + A%, (V3 05)).

The energy inequality on the plane z = 0 gives
(18)
19 (VA7 e (0 .2 (R2))
+e (\|A1/4%(VA‘116)\|L2 ((0.7)xB2) + HA3/4%(VA‘I’6)H%2((0,T)xR2)>
< ”’YV(VA‘I’ )HL2 R2)"

Step3: Taking the divergence of the equation we find that

d o
— L\Us2dzd
dt/o R2| A5l dzdu
+e {/ ] IVAYAL\Ws)? + \VA1/4LA\IJ(;]2} dz dx
0 R

< / / (LA\I/(;WV(\I/(; * Ts) : vLV,\\I’(s dzdx.
0 R2
<|VVs]l oo msza @) IVVAYs || L2 @+ 04 (m2)) [ LA Ys| 2R+ xR2)

< | A3AV s | oo (s 22y | A AV AW || Lot 12 r2)) 1 LA Vs | 2+ xm2)-
From Proposition 4.1,

|A3/ AW || oo (et 12(R2Y)
< HA3/4V‘I’5HL2(]R+><R2) + ||Ag/4L,\‘1’5||L2(R+xR2)
v (AY AV 3 T5) | L2 re)-
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It gives

d [e o]
— L\Us?dzd
dt/o /Rg“‘slzx

+g{ / / |VA‘1/4LA\IJ(;]2+!VA1/4L,\\I/512} o de
0 R2

< <HA3/4V\I/6HL2(]R+><R2) + | AL 2t wrey + H'VV(A?’MVA\I"S)HLZ(RZO
1A A5 212 2y | LA W 2 (e 2)
_ €A A
< HA3/4V\I/6H%2(R+><R2) + §HA3/4L)\\IJ(5H%2(]R+><R2) + ”%(A?’Mv)\q’é)”%?(w)
9
+2+ DAYV L5 Lo ) 1L s 2 i)
Hence:
d/oo/ LA [2 d da
i) |1
<o ([ [ 1avsPazdss1),
0 JR?
with

2 - _
Ge(t) = (g +2) [ AV ][72 4 g2y + [0 (AYVATs) |12 g2

Thanks to (17) and (18), the Function G is bounded in L!(0,T), uni-
formly with respect to 6. So [|LaWs| rec(0,7;12(r+ xr2)) is uniformly bounded
with respect to 6 and we can pass to the limit 6 — 0 using Proposition 5.1.

For § = 0, we have now

dOO
— L. |?dzdx = 0.
dt/o/Rz)\g\sz

So [[LAWe |l poo (0,7; 12 (R + xR2)) is uniformly bounded with respect to ¢, and we
can pass into the limit when € goes to 0 thanks to Proposition 5.1.

REFERENCES

[1] R. Abramov and A. Majda. Low frequency climate response of quasigeostrophic wind-
driven ocean circulation. To appear in Journal of Physical Oceanography, 2011.

[2] A. Bourgeois and Th. Beale. Validity of the quasigeostrophic model for large-scale
flow in the atmosphere and ocean. STAM J. Math. Anal., 25(4):1023-1068, 1994.

[3] P. Constantin. Euler equations, Navier-Stokes equations and turbulence. In Mathe-
matical foundation of turbulent viscous flows, volume 1871 of Lecture Notes in Math.,
pages 1-43. Springer, Berlin, 2006.

[4] P. Constantin, A. Majda, and E. Tabak. Formation of strong fronts in the 2-D quasi-
geostrophic thermal active scalar. Nonlinearity, 7(6):1495-1533, 1994.

[5] B. Desjardins and E. Grenier. Derivation of quasi-geostrophic potential vorticity equa-
tions. Adv. Differential Equations, 3(5):715-752, 1998.

[6] I. M. Held, R. Pierrehumbert, S. Garner, and K. Swanson. Surface quasi-geostrophic
dynamics. J. Fluid Mech., 282:1-20, 1995.



22 PUEL AND VASSEUR

[7] P.-L. Lions. Mathematical topics in fluid mechanics. Vol. 1, volume 3 of Ozford Lec-
ture Series in Mathematics and its Applications. The Clarendon Press, Oxford Uni-
versity Press, New York, 1996. Incompressible models, Oxford Science Publications.

[8] J. Pedlosky. Geophysical Fluid Dynamics. Springer, 1992.

[9] R. Salmon. Lectures on geophysical fluid dynamics. Oxford University Press, New
York, 1998.

[10] R. Temam. Navier-Stokes equations. AMS Chelsea Publishing, Providence, RI, 2001.
Theory and numerical analysis, Reprint of the 1984 edition.

[11] P. Williams, P. Read, and Th. Haine. Testing the limits of quasi-geostrophic theory:
application to observed laboratory flows outside the quasi-geostrophic regime. J. Fluid
Mech., 649:187-203, 2010.

(Marjolaine Puel)

LABORATOIRE J.A. DIEUDONNE

UNIVERSITE DE NICE-SOPHIA-ANTIPOLIS, NICE, FRANCE
E-mail address: Marjolaine.PUEL@unice.fr

(Alexis F. Vasseur)

DEPARTMENT OF MATHEMATICS,

THE UNIVERSITY OF TEXAS AT AUSTIN, AUSTIN, TX 78712, USA
E-mail address: vasseur@math.utexas.edu



