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Abstract

We consider inviscid limits to shocks for viscous scalar conservation
laws in one space dimension, with strict convex fluxes. We show that we
can obtain sharp estimates in L?, for a class of large perturbations. Those
perturbations can be chosen big enough to destroy the viscous layer. This
shows that the fast convergence to the shock does not depend on the fine
structure of the viscous layers. This is the first application of the relative
entropy method developed in [19], [20] to the study of an asymptotic limit
to a shock.

1 Introduction and the main result

For any strictly convex flux function A € C?(R), we consider the family of

viscous scalar conservation laws in one space dimension:

U + 0, A(U) =02, U fort >0,z € R, (1)
U(0,z) = Up(z) for z € R,

for any ¢ > 0 and Uy € L. Global unique solutions to (1) have been con-
structed by Hopf [14] and Oleinik [24]. The inviscid case, ¢ = 0, is covered
by the theory of Kruzkov [17]. Kuznetsov showed in [18] that, for fixed initial
values Uy, the solutions of (1) converges, when & goes to zero, to the solution of
the inviscid Burgers equation (equation (1) with € = 0). He showed also that,
for general initial data, the optimal rate of convergence in L' is \/. In the
case of the convergence to a shock, however, the rate is better. This is, usually,
linked to the formation of layers.

In this paper we consider the asymptotic limit for general initial values. We
are particularly interested in the cases where the initial values carry too much
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entropy for the structure of the layer to be preserved asymptotically. The shocks
solutions of the inviscid case (¢ = 0) can be described as follows. Consider two
constants C, > Cg, and the associated function defined by

. Crifz <0,
So(@) = { Cpif x> 0. 2)

Then, the Rankine-Hugoniot conditions ensures that the function

So(z — ot), o= w, (3)

is solution to the inviscid equation (1) with € = 0. The condition Cr, > Cr
implies that they verify the entropy conditions, that is:

om(U) +0,G(U) <0, t>0, zeR,
for any convex functions 7, and
G =nA. (4)
Our main result is the following.

Theorem 1.1. Let Cp, > Cr and Uy € L(R) N BVjee(R) be such that

(L U0). € L*(R).

Then, for any T > 0, there exist €9 > 0 and C* > 0 such that the following
holds true.

(Up — Sp) € L*(R)  and

I For any U solution to (1) with 0 < ¢ < g, there exists a curve X €
L>(0,T) such that X(0) =0 and for any 0 <t < T':

IU(t) = SONZ2®) < IUo = SollZa) + C*llog(1/e))' e, (5)
where S(t,x) := So(x — X (t)), and Sy is defined by (2).
II. Moreover, this curve satisfies
X <C*  and (6)

X(1) = ot <t (U = Sollfeqe) + og(1/)] H7e) . (7)

III. The constant e depends only on ||(:LUy)+ | 12, while C* depends on p,
Cr, Cr, Uz, T, and the flux function A.

Remark 1.1. Note that our estimates do not depend on any local BV norms of
Up. The assumption Uy € BV}, ensures that %Ug is a Radon measure. Hence,
(£ Up) 4 is also a Radon measure, and the condition (4 Up)4 € L? makes sense.



This result shows a rate of convergence slightly worst than e (to the log?),
for the inviscid limit to a shock, measured via the L? norm (squared). In the
case of the limit to a regular solution of the inviscid case, the rate of convergence
is /£ (see [29], for instance).

An easy layer study shows that ¢ is the optimal rate for shocks with special
initial data. Indeed, one can construct an associated steady viscous layer (see
for example Oleinik [15]) S} solution to

{ A(S)) — A(CL) — (S, — CL) = S, z €R, -

lim Sl = CL; lim Sl = CR.
T——00 T—+00

It is easy to show that Sy (z/e — ot) is solution to (1) with initial data Sy (z/¢€).
In this case, the rate of convergence is of order € since:

/ |S1(z/e — at) — So(x — ot)|? dz < 5/ |S1(z) — So(z)|* dx = Ce.
R R
This layer study can be extended to the case of small initial perturbation where:
/ |Uo(z) — So(z)|? dz < Cek,
R

for a 1 > p < co. In this case, we can consider
V(t,x) = Ult/e,x/e),

and study the asymptotic for large time. The function V is solution to the
equation

OV + 0, A(V) - 092,V =0
V(0,2) =U(0,x/e).

The convergence to S7, up to a (constant) drift, in this setting, has been exten-
sively studied (see for instance Oleinik [15], Freistithler and Serre [12], Kenig
and Merle [16]). In this situation of small perturbation of the initial shock,
those results show that the convergence with rate € for the system (1) is due to
the asymptotic limit in large time of the layer function U(-/¢) to Si(-/e — ot).

This layer study, however, collapses when

/ Uo(z) — So(x)2dz > <.
R

In this situation, there is too much entropy for the asymptotic limit of the layer
structure to be true. The physical layer may be destroyed. Theorem 1.1 shows
that, nevertheless, the sharp convergence (up to the log?) still holds.

Taking ¢ = 0 in Theorem 1.1, we recover the L? stability of shocks (up to a
drift) first showed by Leger in [19]. Note that the stability result has to be up



to a drift which depends on the solution itself (and may be not unique). This
feature is also true for our result. The drift cannot be taken constant, as in the
case of the layer problem.

Our result is based on the relative entropy method first used by Dafermos
and DiPerna to show L? stability and uniqueness of Lipschitzian solutions to
conservation laws [9, 10, 11]. They showed, in particular, that if U is a Lips-
chitzian solution of a suitable conservation law on a lapse of time [0, 7], then
for any bounded weak entropic solution U it holds:

/|U (t)[? a;<C’/|U (0))? dz, (9)

for a constant C' depending on U and T.

The relative entropy method is also an important tool in the study of asymp-
totic limits. The main idea is that convergence holds thanks to the strong sta-
bility of the solutions of the limit equations. Roughly speaking, if we have good
consistency of ¢ models, with respect to the limit one, then non linearities are
driven by the strong stability of the solution of the limit equation. Applica-
tions of the relative entropy method in this context began with the work of
Yau [30] and have been studied by many others. For incompressible limits, see
Bardos, Golse, Levermore [1, 2], Lions and Masmoudi [21], Saint Raymond et
al. [13, 26, 22, 25]. For compressible models, see Tzavaras [28] in the context
of relaxation and [4, 3, 23] in the context of hydrodynamical limits. However,
in all those cases, the method works as long as the limit solution is Lipschitz.
This is due to the fact that strong stability as (9) is not true when U has a
discontinuity. It has been proven in [19, 20], however, that some shocks are
strongly stable up to a shift (see also related work from Chen and Frid [5, 6]
and Chen Frid and Li [7]). This article is the first extension of those results
of stability, to the study of asymptotic limits to a shock. This is part of the
program initiated in [29].

The result can be extended to any entropy in the following way. Fix any
strictly convex function n € C%(R) as an entropy. We define the associated
relative entropy functional n(:|-) as

n(zly) = n(z) = n(y) — ') (@ - y).
We then have the following extension.

Theorem 1.2. Consider a strictly convex entropy functional n. Let Cp, > Cg
and Uy € L*>(R) N BV,(R) be such that

iUO)Jr € L*(R).

(UO — So) S LQ(R) and (dQL'

Then, for every T > 0, there exist g > 0 and C* > 0 such that the following
holds true.



L For any U solution to (1) with 0 < € < g, there exists a curve X €
L>(0,T) such that X(0) =0 and for any 0 <t < T':

/ (Ut 2)|S(t,2)) d < / n(Uo()|S0(x)) dz + C*[log(1/€)]1*7e, (10)
R R

where S(t,x) := So(x — X (t)), and Sy is defined by (2).
1I. Moreover, this curve satisfies

X(t)]<C* and (11)

X0 - ot < ¢ ([ atulo)lote)) do -+ log1/e 47 ). (12

III. The constant e depends only on ||(:Uy)+ | 12, while C* depends on p,
Cr, Cr, |Uollzs, T, n, and the flux function A.

Actually, Theorem 1.1 is a direct application of Theorem 1.2 with n(x) := 2.

Indeed, in this case we have n(z|y) = (z — y)%.

2 The proof of Theorem of 1.2

Proof of Theorem 1.2. We begin with some preliminaries, which can be found
in the paper [19] with proofs :

2.1 Preliminaries with lemmas

If U is a solution to (1) and if C' is any constant state, then we have

o (n(U1C)) + 0, (F(W.0)) = e(@2,0) -/ (U) =0'(C)  (13)
where the flux F(-,-) of the relative entropy 7(:|) is defined by

F(z,y) = G(z) - G(y) — ' (y)(A(z) — A(y))- (14)

F(z,y)

(aly) 1B

We define the normalized relative netropy flux f(-,:) by f(z,y) :=
the following lemma, we collect some properties.

Lemma 2.1. There exist constants A\, A, By, B1 and By such that for any x,y
with |z|, ly| < My, we have

0<X<n"(z) <A,

1 1

A (@ y)? < nlzly) < SA- (@ - y)® and
|F(z,y)| < Bo - (x—y)>.



In addtion, f € C' in both variables, and we have

0<(01f)(x,y) < By and

0< BQ < (82f)($,y) (16)

Proof. Tt is simple to prove (16). For (17), we refer to the section 2.1 of [19]. O

Remark 2.1. The above preliminaries imply that it is enough to show all con-
clusions of Theorem 1.2 for Burger’s equation with L? entropy (n(z) := z?) in
order to get the same things for general scalar conservation laws with general
entropies. However we will give all the details for completeness.

The following lemma is a sort of a weak form of Oleinik’s principle. It says
that L2-norm of the positive part of the derivative of a solution is decreasing.

Lemma 2.2. [|(0,U(t))+|lr2®) < (£ U0)+ |l p2w) for any t > 0.

Proof. We differentiate (1) w.r.t. , multiply (9,U)+ and integrate in = to get
0= /(GIU)+ : {&&CU F AU - 8,U 2 + A(U) - 92U — & - a;;”mU} dz

— [ [Fod@.0) ) + 4"(©) - @074

[(02U)+]?

+A'(U).az( :

)+ 2 10.(0.0) )] d.

Then, we use the integration by parts to get

- / [501@.0) ) + JA" W) - (@0)} + ¢[00 )] do
1d 2

> 5o [ 10.0)4]d.
O

2.2 Definition of the curve X (-) with the proof of the Lip-
shitz estimate (11)

From now on, without loss of generality, we assume Uy € C?.

Remark 2.2. Indeed, if Uy is not C!, then we regularize it first. This procedure
will be stated in Appendix.

We define X (-) by solving the O.D.E.

{ X(t) = f(U(t,X(t)), %) , (17)

X(0)=0



Then we get (11) easily:

Xl <|f(ve xw), Cr +CR)’ - P (Ut x(), ©5s )|

2 (Ut x| 5Cn)
2 (18)
Bo- Wt x(1) - 95 . p
- °.— p,
— 2
(/2 |U, X(0) - Syes|
2.3 The main proposition
Proposition 2.3. Let § > 0 satisfy
_ 2
2 B1 - [[(5zU0)+ll 2w 2

d(x) =042 <0
px)=1ifx>0d

Let ¢(-) be a continuous increasing function satisfying {

Suppose ¢‘(0 5 € C'. Then, we have, fort > 0,

% : {qb(m)rn(U(t,x)|S(t,x)>dx

O (20)
<4-M?- (7) /O [d)’(Z)} X{e'()> B} (2)dz
where B = ((CL;iCR) - By - /)\‘—Z)

Proof. In this proof, we denote d := C, — Cr > 0. First we split the above
integral into the two parts:

/_Z (=X yw15)da
:/_O:O([(b( e )]2 +lo(— (t))r)n(msmx

=/wkcﬁifﬁﬂ WWQM+/mW@!5@ﬂ%wwmm

oo € oo €

(I (I1)

2
To estimate %(I)alx7 we put C' = Cp, in (14), multiply [gb(%x(t))} and



integrate in . Then we have

a0 = [ a([o(EN]) awicwa
)

+[Z%d(x+x“)3 o)

e /_Z[¢(ﬂff+6)(<>)} LO2,U - (i (U) =1 (C))da

_ /X(t) (g) . ¢(LX(t)) . ¢’(LX@)) ) [X(t)U(U\CL) - F(U, CL)} du

X(t)—ée € € €
(I)Hyp
X(#) —z 4+ X(£)\12 , ,
ver [ oD ez () - e

(Opif
For (I)Hyp(hyperbolic part), we use the definition of X (¢) to get

iy = /X(t) (2) , ¢(—w+X(t)) '¢I<_$ +€X(t)) a(UICE) - h(t, 2)dz

X(t)—6e € €

where h(t,z) := [f(U(t,X(t)L %) - f(U(t,x),CL)}.

In order to make the function h(t,z) strictly negative over the domain of
the above integral, we use the condition (%UO)Jr € L?(R). We observe that for
any x € [X(t) — oe, X (1)],

X(t) X(t)
Ut X (1) — Ut 2) = / (@aU)(t, y)dy < / (0aU)+ (¢, y)dy
<@L D)2 - VIR — 7] < Ul zoeey - Ve

where we used non-increasing of ||(0,U(t))+||r2 (see Lemma 2.2).
we have, by using

ot ) (o, Oy 8)

at,x) = f(U( X (1),
CrL+C
+ 1(Utt2), 25 = U a), Cu)
Since f is increasing with respect to the first variable, we have
CL+C
< F(U00) + 1 GO0 ey - VEE, 2298 = p (Ut ),

2
v f(U(t, 0), LR it a). 1)

CL JQrCR>



Then, thanks to the property (17) with the assumption (20), we get

d Cp-C d B
< H(%UO)Jr"L?(R) Vbe - By — %.Bz <_2.22

<0
-2 2

Thus we we use the fact ¢, ¢’ > 0 to get

(])Hyp . /X(t) g¢(—x+X(t))¢,<—x —:X(t))n(U'CL)(_ d %)daz

X (t)—6e € € 2

Then, by (16), we have

< g ) (0 —eup( g e

T Ix@)-sc € 5 € 2 2 2

On the other hand, for (I)p;f(the diffusion part), we use the integration by
parts to obtain

Opie= [ 2 6(FEXQ) g (FHXOY oy ) - icnas

9. /X(t) [aﬁ(ﬂ)r " (U) -0, de

oo €

Then, by Hoélder’s inequality and by (16), we get

<2\ /X(t) M%X(t))r 0,U|?da
70}@) 2

20/ (Z XD oy ) - (0w e

3

+1
8eA Joo

X(t) — X (t)\12
_25./ MM)} 0,0 Pda
oo 3
Then, the only middle term survives, and we estimate the middle part:

2 (O -

Now we combine the hyperbolic part (1) with the diffusion part (I)p;s

Hyp



10

—T+X () _
e

and use the change of variables z to get

d
o Dde = Dpyp + (pif
2

= /)((t()t)ég(&") ‘ QS/(M) ’ (U(t,l’) B OL)2

b'e 9
(-G53 o)+ () ¢ (e
4 2
:/O 20/ (2)(U(t, X (1) - £2) = C1)?| - (%-g-%)¢(z)+%~¢'(z)}dz

2 s
<2-MP- (AT) /0 [MZ)F ' X{¢'(->>(%-Bz~%)'¢<‘)}(2)dz

(21)

Similarly, in 201“d€1" to estimate %(I[)dm, we put C' = Cg in (14), multiply
{qﬁ(%x(t)” , and repeat the above argument to get

4
%(H)dx <2 My (A;) ' /0 [¢’(z)]2 ' X{¢'<->><%-Bz-%>-¢<->}(z)dz

Therefore, we conclude

& | (=IO (i - x@n)ds = 50+ G

o g ) (22)
<402 : ) /0 9] X5 ma0y ()2
where B i= (4 By 3 ). O

2.4 A technical lemma

In this subsection, we estimate the last integral in (23) by choosing a particular
function ¢. The following lemma will be useful to obtain the main log estimate
(10). We take a particular function ¢, which is convex on [0, d], to control the
integral part (%) in (24). More precisely, the function is chosen to make (x) go
to zero as fast as we want as § goes to the infinity.

Lemma 2.4. Let g € [1,00) and § > 0. Let E > 0 be a constant.
¢(x) =0 forx <0

Define ¢ by ¢(x):e%l P forO<ax<d.
o(x) =1 forx >0

Then the function ¢ is increasing on [0,00), and there exist two constants E; =
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Ei,(E,q) >0 fori=1,2 such that

g 2 q q/(q+1
/ [gb’(:c)} X {5 (s Bs(yy (@)de < By - §att . om0 J(a+1)
0

()

(23)

+1
as long as 0 > (QT)

Remark 2.3. For example, for ¢ = 1, we choose ¢ by the following way: we note
that e~ /% is convex on [0,1/2]. Then we rescale it to have ¢(J) = 1.

Proof. Let § > (%) Since ¢'(z) = R ((’1;;71)1‘5(1) “X{o<z<s} > We
have

q+ 1)
(re(0.) | $@)>B-o@)={re@s | Do g
1\ 1/(a+1)
={0<x<(%) gt}
1/(g+1) q
Thus we integrate not on [0, d] but on [0, (%) ! -datT] to get
(L}-l)l/(q+l).5q% )
(k= (/@) da
0
VLTSV
g+l Sa+T
9.4+l 2 ( E ) _2.471.% 1
St [ e e

Then we use the change of variables x = dz to get

]

L 1/(q+1)
catl 54 2 572(171 <%> —2~ﬂ‘iq 1
=€ a - ((q+ 1) ) ° : /0 € a =T . (W)dz

Since the integrand of the above integral is increasing on the interval [0, 1], which
contains the domain of the integral, we have

9.at1 2 90—1 E-§\ (2¢+1)/(a+1) _z'ﬁ'(%“iqu“)
< () g (B e
q

<E - 5# . e,Ez,(;q/(q-%-l)

O

Remark 2.4. If we assume only 6 > 0 without the positive lower bound (%

of 4, then the charateristic function in (24) does not help to control the integral
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any more so that we have to integrate the full interval [0, d] so that we could
have only

(x) <C-671, (24)

which is certainly weaker than (24) as ¢ increases. In Remark 2.6, we will see
1+p
that the above weak estimate (25) could give us only £'/2 instead of ([log(%)}

5) in (10). Since £'/2 is worse than the other as & goes to zero, the lower bound

(qul) of ¢ in this lemma is crucial.

2.5 The Proof of the main estimate (10)
We are ready to finish the proof of the theorem 1.2. Let ¢ > 1 fixed. For

(g+1)/
any € > 0, we define § = §(e) := B, (@t1/a. [log(%)} T Then we find
g0 € (0,e71] such that if € € (0, &), then
6> (%) and
(%) )

2
o < (smrtmay - (99))
= \2:B1 (G5 Vo) + .2z 2

This process is always possible because log z is increasing to co and (log z)/x is
decreasing to 0 as x grows to oco.

Now take any e € (0,e0]. We split the integral in the left-hand side of (10)
into two parts:

/ n(U(t,2)IS(t ) ) da
=/[qb(w)rn(wt,x)w(t,x)))dx

e

+/ (1 - [¢(@)}2)77(U(t,x)|5(t,x)))dx

+/<)t58/{¢(|36_EM)]2” U(37$)|S(t,x))dmdt
+%./(1f {(b(m)r)w(t?x)fS(t,l”)\QdI
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Then we use Proposition 2.3 to get

< /n(Uo(x)|So(a?))d:1c

e (40002 (A;) -/06 (6] X5 ooy (2)d)
+ A /X(t)+55 \U(t,z) — S(t,z))|*dz

2 Jx@—se

Then we use Lemma 2.4 to get
< [n(va@so(o)) dz

+t- (4-M12 : (A;> By - §ai .e*Ezﬁ“”““))
+4-A- M %5
< [ n(uoteiso(@)) o + By (5 4 1 578 B0

(¥)

where Ej5 is some constant depending only on {\, A, My, E1(E,q)}.

(¢+1)/a
] with ¢ < 6*1, we have

Since we take § ;= Fy(4tD/a. [log(%)

1 7(at+D)/q 1
< (p—(a+D/a | 1 , B oLy .
() < (B2 [1og(2)] s+t Ey'-log(2) )
1.7(a+1)/q
< E,- [log(g)} e (1+1)

where E, is some constant depending only on {E5(F, q), q}.

In conclusion,

/ n(U(t2)[S(t,2) ) < / 2 (Uo(@)]So(x) ) da
1.7(e+D)/q
)

for any ¢ < gp. By taking p := 1/q and D; := E5 - E4, we proved (10) of
Theorem 1.2.

Remark 2.5. Note that D; is independent of ||(:&Up)+ || z2(r) while eg depends
on it.

Remark 2.6. If we use (25) instead of (24), then we take § := /¢ to minimize
(a+1)/a
de+t-071. As a result, we could obtain only /€ instead of ([log(%)} -5)

in (27), which is certainly weaker as € goes to zero. This is the reason we kept
the characteristic function in (22) in the proof of Propostion 2.3 .

(26)

+E3-E4~[10g( e (1+1)

e
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2.6 The Proof of the estimate (12) for the curve X(-)

0if 2] > 2,
To prove (12), we define first ¥ by ¥ (z) = 1if |z| <1 . Let s, R >
2 —|z| if 1 < || <2
0. We multiply Ug(s,z) := w(iR(s)) to the equation (1) and integrate in x to
get

O:fi/\IfR-de+/8m(\IJR)A(U)dx+/8t(\I/R)Udm+5/\I!R~8§mUd:c

= ds/w =X U(s,z)dz

N % /1//(%{((’9)) (AW (s,2) ~ X(5)U(s,) ) d
(1)
—5—/¢ -0, U(s,x)dx.

(ITI)

By using the above observation 0 = —(IT) 4 (I) 4+ (I1I) , we have

o
Cr—Cr

(A(CL) —A(CR) — (C — CR)X(s) — (IT) + (I) + (m)).

(0~ X(s)) =

1
- CL—Chr

(A(Cr) = ACr) = (€1 = Cr)X(5))

Then we integrate the above equation in time on [0,¢] and take the absolute
sign to get:

ot = X(1) < Ot mac |A(CL) ~ A(Cr) = (€1~ Cr) X (5) - (1)

(+) (27)

+]/0t(1)ds +t-srer1(%§)‘(111)’).

‘We observe

9 <@ - aew - 5 [ o) awir
(**

+|- (€ -conX R/w ('(S)U(s,x))dx‘.

(k%)
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For the first term (), we compute

1 [REX(s) 1 [2R+X(s)
lA(cr) - = A(U)dz ~ A(Cr) +
R J orix(s) R Jrixs)

—R+X(s) 2R+X(s)
= A(CL) = A@)do+ [ |AL) - A(Cw)lda].

RLJ _srix(s) R+X(s)

(+%) = A(U)d:c‘

We use |A(y) — A(z)| < Cly — z| for |y|, |z| < M to get
C 2R+X(S)

<= |U — S|dzx.

R J _ort+x(s)

We use Holder’s inequality to get

scﬁﬁnw ()l 2z g% 1U(s) = SN2 -

Likewise, for the second term (x * *), we have

1 -X
(k * %) = [ X (s)] ‘ —(CL —CR) + = /il/(x 7 (s)) U(s,z)dz
C 2R+ X (s) C
<3 U = Slde < ~= - [U(s) — S(s)ll12s)
—2R+X(s) R

where we used | X (s)| < C. Thus we have

C
(*)ST

On the other hand, we compute

|/ (1| - \ / o) vt - [ o) - viwys

= | [ (vew) - stn))ao+ [ o) - st

—/1/1( - So(z dff—/ib 50()) ‘

Note that [ ¢(Z=x1). S(t, x)dx = [ (L) - So(z)dz. Thus, we have

g(/w(m_Tf((t))-(( S(t.7)) dx‘+’/w SO())da:‘.

We use Holder’s to get

[U(s) = S(8)ll L2 (m)- (28)

< OVR(|U() = Sl 2w + Vo = Sollzace) ). (29)
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Also, we have

IH R‘ /u) L 9,U (s, x)dx’
R+X(s) 2R+X(s)
‘/ (s w)daz—/ 8$U(s,x)dx‘ (30)
"R 2R+X (s R+X(s)
C-¢
-4-||U o < .
<4 us >||L <<

Finally, by using (10), we combine (29), (30) and (31) with (28) to get, for
any R,t € (0,00),

1
ot — X()] < CT (10— Sollco + /D - [1os(2)] ™ -2 -1+ 1)
1
CVE- (||Uo ~ Sullzgo + /Do [10s(D)] " e 0+ 1)
C
R
Then, by taking R :=t and by using € < e™!, the estimate (12) follows. O

3 Appendix

3.1 The proof of Corollary 1.3

Proof of Corollary 1.3. For given Uy € L>(R) such that Uy—Sy € L?, we define
UL for integers N > 1 by

Uy = Ug * 1N
where ¢ € C® with [ ¢ = 1, supp(¢) C Bi(0) and we define ¢, (-) :=
(1/r)olfr).

From Uy * ¢1/n = (Uo — So) * p1/n + So * ¢1/n and [So * o1/8 — Sol
CL;CR “X|z|< k> We observe that

IN

U5 = Sollzz < 1(Uo — So) * @1/nllz2 + 1150 * 0175 — Sol| 2

Cp —Cr
< |Uo = Sollzz - o1 llzr + HT “Xjal< 2 Iz
c,-C 2
<||Uo — Sollr2 + % VN

From (U0*<P1/N)/ = (UO*SO)*(Qol/N)I+(SO)/*‘P1/N and (Sp)" = —(CL — CRr)-do

d
H(%Ué\])Jr”LZ < [I(Uo = So) * (w1/n) Iz + 1(S0)" * o1/n |l 2

< |Uo = Sollzz - [[(¢1/n5) llzr + (CL = CR) - 1wl
< ON(|[to = Sollu + (C1. = Cr)-
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In sum, we have

HUO]VHLOC(]R) < ||UOHLOO(]R)’
108" = Sboll 2@y < 100 = Solluse + € \/% < ||Uo = Soll 2 () + C and
(UM )+ 2@ < C-N - <||U0 — Sollz2(e) + 1>.

Let p =1 fixed. For each N > 1, we can find €o(N) > 0, Dy, Dy, D3 satisfying
all conclusions of Theorem 1.2 where Dy, Dy, D3 are independent of N. Then
we extract ey € (0,£9(N)) such that ey N\, 0.

The rest follows the standard theory for scalar conservation laws via van-
ishing viscosity method. Indeed, for each N > 1, we can construct the solution
UN of (1) for ¢ = eg(IN) with the initial data U. Then, Theorem 1.2 gives us
a Lipshitz curve X~ (-) for each N. Then we take a limit to get a weak entropy
solution U of (13) and a Lipshitz curve X (-) satisfying all the conclusion of this
corollary. O

3.2 About Remark 2.2: from C! to BV,

We suppose that Theorem 1.2 is true by assuming Uy € C'. Let Uy € BViqe.
We define U := Uy * ¢1/n for integer N > 1. Then for each N, we can apply
Theorem 1.2 to UY, which is the solution for UY¥. As we did in the proof of
Corollary 1.3, we have

10" [l o &) < 0ol oo () and
105" = Soll2ry < 1Uo — Sollz2@) + C - v/ % < 1Uo = SollL2() + C-
Moreover, thanks to the relation: 0 < (LU )4 = (L Uo)*p1/n)+ < (£ Up)4*

¢1/n, we have ||GLUN) [ p2w) < (42 Uo)+ || z2(r)- Finally, we can take a limit
N — o0 to get the same conclusion to U, which is the solution for Uy.

Acknowledgment:.
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