DE GIORGI TECHNIQUES APPLIED TO HAMILTON-JACOBI EQUATIONS
WITH UNBOUNDED RIGHT-HAND SIDE

L. F. STOKOLS AND ALEXIS F. VASSEUR

ABSTRACT. In this article we obtain Holder estimates for solutions to second-order Hamilton-Jacobi
equations with super-quadratic growth in the gradient and unbounded source term. The estimates
are uniform with respect to the smallness of the diffusion and the smoothness of the Hamiltonian.
Our work is in the spirit of a result by P. Cardaliaguet and L. Silvestre [5]. We utilize De Giorgi’s
method, which was introduced to this class of equations in [6].

1. INTRODUCTION

In the present paper, we study C7 regularization in solutions to a Hamilton-Jacobi evolution
equation with viscosity:

O+ H(x,u,Vu) —eAu =0, (t,z) € (0,T) x 0,

where A > 0, € € [0,A], Q € R", and the Hamiltonian has superquadratic growth in the gradient
variable, uniform in x and t:
1 max(n, 2
X|U|p—f(a:,t) <H(t,z,z,v) < AP + A, p>2,fel™ m>1+ %

We will show that solutions are uniformly Holder continuous away from the boundary of €2 and
after a positive time has elapsed.

Because p > 2, it is the first order term that will dominate at small scales. The second order
term acts merely as a perturbation. In fact, although our motivation is a first-order Hamilton-
Jacobi equation with viscosity, our techniques can handle much more general second order terms.
Specifically, we will show the following theorem.

Theorem 1 (Main Theorem). Let constants A >0, Ag 20, p>2, m>1+ W be given, and
let @ ¢ R™ open and T > 0 be given, and let f € L™([0,T] x Q) with ||f],, < A and a matriz
A e L®([0,T] x Q;R™™) with ||A|l, < A be given, and let Q c Q compact and 0 < s <T be given.

There exists 0 < v < 1, depending on p, A, Ag, m, and n, such that any u € L*((0,T) x ),
Vu e LP, satisfying

(1) Ou+ A Vulf - div(Avu) < f
in the sense of distributions, and satisfying
(2) Oyu + A|VulP = Agm™ (D?*u) > -A

in the sense of viscosity, will have
ueCY((s,T) x )

with norm depending on |ul o, p, A, Ao, m, n, s, and the distance between Q and R™ \ €.
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Here m™ is a function that returns the lowest eigenvalue of a symmetric matrix, or 0 if all of
the eigenvalues are positive. For a function to solve Inequality (2) in the sense of viscosity means,
following the definition of Barles [2], that the lower-semicontinuous envelope of that function is a
viscosity supersolution of

8tu +A |Vu|p - Aom_(Dzu) =-A.

Hamilton-Jacobi equations of this general form, with a viscosity term and polynomial growth in
the gradient, were studied by Lasry and Lions [11] in 1989, in connection with stochastic control
problems. For the case p < 2, this first-order-term can be viewed as a perturbation of a simple heat
equation, and indeed solutions will be regular so long as the viscosity term is uniformly parabolic.
However, in the superquadratic case p > 2, it is the first order term which dominates at small scales,
so standard parabolic theory does not apply.

Schwab [13] studied homogenization problems for Hamilton-Jacobi equations with superquadratic
growth, which required him to prove that the regularity of solutions to these equations is indepen-
dent of the regularity of the Hamiltonian. His result still required, however, that the Hamiltonian
be convex in Du. It was Barles [1] and Dolcetta, Leoni, and Porretta [9] who noticed that convexity
was unnecessary in the time-independent case, and Cardaliaguet ([4], [3], [5]) for the time-dependent
case.

In the case that f is bounded, Cardaliaguet and Silvestre ([5], Theorem 1.2) showed Hoélder
continuity, using a second order term m*(D?u) instead of div(AVu) in (1). In the case that f is
not assumed bounded, they could only show Holder regularity with second order term tr(AD?u),
A e C'. Our result requires no regularity on A, at the expense of requiring that Vu € LP and u
solve Inequality (1) in the sense of distribution. The motivation for considering f unbounded is
from Lasry and Lions [12].

Most of the aforementioned results are proven by constructing super- and subsolutions. In [6],
Holder estimates are obtained, with f bounded and no second order term, using a variation of De
Giorgi’s method. The present work is a continuation of that project.

The proof will proceed mostly along the same lines as De Giorgi [8] and [6]. In the classical De
Giorgi proof, in order to prove Holder continuity one merely shows that if the function u is “mostly
negative” in some range of time, then the upper bound is improved in a later range of time. If,
alternatively, the function is not “mostly negative,” it must be “mostly positive” and hence one
can apply the original argument to —u, improving the lower bound on « in the same later range of
time. Either way, the L*°-bound of u is improved in the later time range.

In the sequel, the function —u does not satisfy the same Inequality (1) as u. However, time-
reversed —u does satisfy Inequality (1) with A replaced by —A, since time reversal creates an extra
minus sign on the d; term. Thus unlike the classical De Giorgi proof, while the upper bound is
improved in a later time range, the lower bound on « is improved in an earlier time range, because
time was reversed. Note that while replacing A by —A should ostensibly cause great difficulty, the
second order term is here a perturbation, and the first order term is the driver of regularization, so
we can handle negative viscosities so long as the solution is known to exist and to be bounded.

Next we must use the comparison principle in a small but crucial argument. Based on Inequal-
ity (2), a subsolution is constructed to show that a lower bound improvement in the early time
range implies a smaller-but-still-positive improvement in the later time range. This is referred to
as “flowing the improvement forward in time.”

The key ingredient in improving the upper bound is an energy inequality. Because of the second
order term, we must multiply (1) by u, to obtain the energy inequality (then we integrate by parts,
and turn the second order term into a |Vu|? term). But the viscosity is a perturbation, and the true
driver of the proof is the first order term. Multiplying the first order term by u, yields u,|Vu.|?,
which is difficult because u, acts like a coefficient which is not bounded below. Luckily, our goal is
to bound wu, and the difficulties only occur when u, is small.
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Section 2 derives an energy inequality, which quantifies the ellipticity of our equation. Sections
3 and 4 use the energy inequalities to prove De Giorgi’s two lemmas. Section 5 demonstrates
how to flow the improvement forward in time, correcting for the necessary time reversal. Finally,
in Section 6 we combine these lemmas to prove Holder continuity. A reader unfamiliar with De
Giorgi-style proofs might want to begin with Section 6, lest the former sections seem unmotivated.
Instead of proving continuity directly for u, it is preferable to consider

u:=u+At, f=f+A
which satisfies the inequality
(3) oyt + A|vaf — Agm™(D?*a) > 0.

Note also that, by scaling our solution appropriately, we can assume that Ay is arbitrarily small.
Throughout this article, C' will indicate a constant which varies from line to line. No two instances
of the symbol should be assumed related to each other.

2. THE ENERGY INEQUALITIES

We begin by deriving the Energy Inequalities, which play an analogous role to the Cacciopoli
inequality in De Giorgi’s original paper. These inequalities serve to quantify the coercivity of the
PDE in question. We actually consider an infinite family of Energy Inequalities, corresponding to
different entropies, indexed by the parameter b. These inequalities must be valid even for non-
positive matrices A.

The lemma below claims three different forms for the Energy Inequality. The first form will be
used to compare distinct truncations of a solution in Section 3. The second and third forms are
only valid for large values of b, the former being used in Section 3 and the latter being used in
Section 4. Notice that the gradient of u appears in the right hand side of the first form, but not of
the second or third forms.

Lemma 2 (Energy Inequality). Given u verifying Inequality (1), with | A, fll,, <A, on some
domain [S,0] x Q, given constants b, ¢ and S <T <0, and given ¢ a smooth non-negative function
constant in time and compactly supported in Q, and defining u, = (u - ¢)4, then u, satisfies the
inequality

0
sup [ ¢l () + [0l v

te[T,0]

<) (1+ 75 ) (1ol + 199]2) [ S w sy + [ °ugm*x{¢})’5*].

5\~
Moreover, if b> o := (1 - 5) , then

0
sp [ ¢*l () + [0l vep

te[T,0]

<0 (1+ 75 ) (1ol + 19912) [ S sy + ff;’ugm*m})"f*].

If b> o but ¢ is not necessarily constant in time, then still we have

0
(O, soma+ [[ 6l [vunl?

ccan( [[Teabse [[Tarwer s [ o).

(4)

()

(6)
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The integrals without limits are over all of §), X gy means the indicator function of the support
of ¢, and m* means the Holder conjugate of m.

Proof. Formally, we want to integrate Inequality (1) against the test function ¢?u’. Because our
solution u is by assumption in LP(W'P), the distributions |Vul|P and div(AVu) both have enough
regularity for this integration to make sense. To justify our calculations on O;u, one can simply
use the test function 7 * (¢?(7 * uy)?) for 7 some approximation to the identity and * meaning
convolution in time and space, though for reasons of clarity we drop the mollifiers in the formal
calculations below.

Multiply Inequality (1) by ¢?u?, then integrate over all of space 2

[ orubomea™ [ oaliva+ [(v(etb)A(ve) < [ o

Notice that Du. = X (4,50} Du for any first order differential operator D, so in the above expression

we may replace every instance of u with u,. By the product rule, (b+ 1)ubdyu, = 0;(ul*!). Also,
we can use the product rule and Young’s Inequality to bound the A-term:

V (¢*ul) AV, = bp*ul ™ (Vue AV, ) + 20ul (Vu, AVp)
sbA¢%£—HVu42+2A(¢u}Wqu)( %|v¢0
<OAG* U VuL? + A ((bu? Vu*)2 +A (uj:gl V¢)2
= (b+ 1) AQ*u? | Vuy? + Aub vl

Putting all of these together, we arrive at
1 _ -
[ Pawha [livul s [ oulpen [ul vl + pr1)a [ 6Pl van

If b > o, then using Young’s Inequality with exponents p/2 and o, and a small constant 7, we
can break up the final term of the above inequality:

p/2 b _2)_ g
T SC(p)((nu* |w*|2) (%u( ‘) ) )
<C(p) (n?ub|Vu*|p+77 Tl ‘7).

By taking 7 sufficiently small (depending on p, b, A), the u?|Vu,|P term on the right can be absorbed
by the same term with larger constant on the left. We use the shorthand

2 ifb<
Tmumy_{;|vu| <o

ifb>o

*

and write

[ ot [edvurscan( [euiss [urwers [ 6T (..n).

In the case that ¢ is time dependent, we can integrate the above in time to obtain (6). From
now on, we assume that d;¢ =0, and hence [ ¢?0;(u%™) == d [ p2u0tt,
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For any times s,t satisfying S < s <T <t <0, we can integrate the above inequality over [s,t]
(and apply Holder’s to remove dependence on f):

f¢2ub+1(t)+ﬂ o2t |V P
C(AD) (/¢2 i)+ ([ <¢2u2>“’”)”” I u’;“|v¢|2+f[st¢2T<u*,b>).

Due to our choice of s, t, the above inequality implies that

[+ [[ b ivur
C(aD) ( [ ([ ) o [ ok ffsoqﬁ?T(u*,b)).

Since the right side is independent of ¢, we can take a supremum of the left side over T' < ¢t < 0.
Add to this the inequality with ¢ = 0 to obtain

0
sup [ 6%l (1) + ff ol [V,
te[T,0]

<C(A, b)( [edro ([ (¢2ub)m) o [l [T, )

Lastly, since this inequality holds for all S < s < T, it also holds if we average the right hand side
over all values of s in that range,

0
sup [ 6%l () + [[ ol vup

te[T,0]

< C(A,b) (TS f Gl + (ffso(gb?u’;)m*)ml*+[[Souiﬂwﬁ+ffso¢>2T(u*,b)).

From here the result follows naturally. O

3. DE GIORGI’S FIRST LEMMA

Now we present De Giorgi’s first lemma. If we define

Qy=[-2,0]x By,  Qu:=[-1,0]x B,
this lemma tells us that the supremum in @1 of solutions to (1) can be controlled by the measure
of {u>0} in Q.
Proposition 3 (De Giorgi’s First Lemma). There exists a constant 6y > 0 depending only on

A, p, m, and the dimension such that, for any u satisfying Inequality (1) on Qy in the sense of
distributions, the following implication holds:

If B
u(t,x) <1 V (t,x) € Qy
and
[{w> 0} n Qs < b,
then

u(t,z) < % Y (t,z) € Q1.

De Giorgi’s first lemma is proved by cutting off u at larger and larger values, and showing that
as the cutoff value tends to 1/2, some Lebesgue norm of the remainder tends to zero.
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Proof. Let us specify the sequence of cutoffs. We’ll consider
e heights Cj, = £ =271 from Cy =0 to Coo = & With Cj — Cp_y = 2751
e functions uy = max(u - C%,0) from ug = uy to Uoo = (U — %)Jr;
balls B* of radius 1+ 27 from B = By = {x : || < 2} to B® = By = {x : |z| < 1};
times Ty, = -1 — 27% from T = -2 to To = —1 with T}, — Tj_q = 27%;
and smooth functions ¢, such that supp(¢y) = B* and ¢ 1 B**! = 1, with 0 < ¢, < 1 and
|Vi| < 272,
Define the "energy” of the k™ level to be

&= sup (druk)? ff Pk [Vugl,

te[Ty41,0]

where [f,, means fi?k Jgn- First we will show via Sobolev’s inequality that this energy term controls

some LU norm of ¢puy. Then we will show via the Energy Inequality that the same LU+P)a
norm controls this energy term.

Step 1: Controlling L(1*9? using &,
Before we can apply Sobolev’s inequality, we have to deal with the inhomogeneity of the gradient
term. We do this by ”going up a level” from uy to ug,1.

E 2 [[ drup [Vurl’
(k+2) D
[/]; . 2 X{uszkfz}] |Vug

—k-2 2
-2 le o
=272 [[ O |Vtgs|”

k+1

k-2 14
>2 ‘[/k+1 X{Bk+1}|vuk+1|

—k 0 p
=0 [ vl g,

_rk p
=C Hvuk”||LT’([Tk+1,0];LP(B’““))

We introduce now a parameter 3 € (0, 1], satisfying

1 8 1
O<——-=<—, n>2

n 2 p

or f=1if n=1. We are going to apply Sobolev’s Inequality to bound the L*" norm of uk+ﬂ by

1+
some Lebesgue norm of Vu, .
Since
[ e = sup g (D)|Faprey < sup [ dwun ()72 (e < E
L=([Tern ORLHP(BY))  e[1y,,,,0) te[Tie1,0]

we know by elementary properties of Lebesgue spaces that

A
Tk+1

(7) ||ulc+1

< () crey=cre,”

B+1||P
Vu k+1

p
Uy VU _2p
” ket ¥ TR LP([Tr41,0];L %P5 (BF+1))

2p
L 2+p,8 (Bk+1)

Uu
Lo ([Thy1,0];L2/8 (B*+1)) Iv ’“””LP( [Th+1,0];LP(B*+1))
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If n > 1, then let ﬁ = % - % = g + 119 - % If n =1, then take p’ = p (which renders some of the

following calculations trivial). Sobolev Embedding yields
L 1HB 1+ k+1)2-1 1+
g1 ]gk,ﬂ Up i1 LP'(Bk+1) + |B |p ./E;k*l Upiq

1+ 1+
<C ”Vu 2 + |lu .
( k+1 Lﬁ(BkH) ” k+1||L2(Bk+1)

1+B
k+1

Lp (Bk+1)

Remember that 5 = ﬁ Jp,and 1+3<2so L'*Pcr?
With the above calculation and (7), we can estimate

0
»/7:1@+1 Ly (Brs1) — Trei1 (”vukﬂ
0
<C f
Tk+1

1+8
<c(c’f5 B +E 2 )

1+,8
k+1

1+
L%(Bku) * ”ukHHLQ(Bk”))

1+8||P
Vu Up i1

p(1+p)
L23p6 (BF+1) + T te[?}jﬁ,o] k1 () ||L2(Bk+1))

pﬁ
<che
This last estimate holds as long as & is less than one.
’ 2
We Wish to apply the Riesz-Thorin theorem to interpolate between the LP(LP) and L™ (LT+7)
norms of uk +1 First define

P 2
8 =p+{1-—= .
® =P ( p’)1+ﬂ
Because p’ > p and hence ¢ > p, we can let 6 = }—; € [0,1] and interpolate to obtain
1 1 1
(1- 9)—+0——0+—=—
p q g
and
1 -p\1 1
() )
p q 2 q\p
1
1

Therefore the Riesz-Thorin interpolation theorem yields

1+B

1+B
Up i1

0
1+8 ||
Ul (17 0020 (B441))

||uk:+1

<C

LA([Tj41,0]xBF+1)

_2
|L°°([Tk+1,0];L 1+8 (Bk“)

1-2 1/
q L 1+% P q
<C te [Sup ]||¢kuk||L2(B’°) (C % )

€[Tk+1,0
P

1-= 1.8
l+é q =4+ =
<C* [5; 2

[SNS]
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Thus finally,
1+ 148 b olt
© Jalowamat® < [ xpn iy <0

Step 2: A Recursive relation for the sequence &
Recall from the definition (8) of ¢ that (1+3)g=2+(1 +B)p—2§. If n > 1, then by the definition

of p’ we have that 21% =2+pB-22. If n=1, then p’ = p and 3 = 1. Therefore,

(1+B)q-p
2

(1+ﬁ)q=p+2£, n>1
n

(1+8)q=2p, n=1.
The Energy Inequality (4), applied to ug with b=1, ¢, and times Tiy1 and Tk, tells us that

(11> £ <02k+2 ( 2 2 m* Lm?
k < (i + [Vul)xqpey +| ] xsry -

Now that we have (9), we are ready to bound the three terms on this inequality’s right hand side.

For the first and third terms on the right hand side, we can use a well known trick of De Giorgi
[8]. For any j < (1 + 8)q we can apply Hélder’s inequality followed by Chebyshev’s inequality to
obtain

[/k wX (B = [[k(gb’“—l“’f)jX{Bkn{uk71>z—<k+1>}}

JI(1+B)q] B 1-3/[(1+8)q]
< ([/I;(Cbk—luk)(Hﬁ)q) |{d)k—1uk—1 ) (k+1)}|

ARl - 1-5/[(1+B8)q]
< (ffk_l(%—luk—ﬂ(“ﬁ)q) |{(¢k_1uk_1)(1+5)q 59 (k+1)(1+ﬁ)q}|

3/[(1+58)q] 1-5/[(1+B)d]
< ([[k_1(¢k—1uk—1)(1+’8)q) (2(k+1)(1+’8)q /fk_1(¢k—1uk—1)(l+6)q)
< o(k+1)((1+8)g-7) f (prtupp_1 ) 1D
k-1

1+ (1“‘52)‘1*]3

<cte,’,

(10)

We know from (10) that 2 < (1 + 8)g and m* <1+ 2 < (1+ f)q, so setting j = 2 and j = m* gives
us bounds on the first and third terms of (11), respectively.
For the second term of (11), calculate

fﬁ [Vur*x pry < [[k¢i/_p1><{uk>o}|VUk—1|2X{¢kuk>o}

2/p
< (‘/]I;Qb%—lx{uk1>2—(k+1)}|vuk_1|p) |{¢k—1uk—1 N 2—(k+1)}|
o - 1-2/p
< (2k+1 ﬁ¢i—1uk—1|VUk—1|p) |{(¢k_1uk_1)(1+ﬁ)q 59 (k+1)(1+5)q}|

k1 2/p [ o (k+1)(14+8) wepyg) "
<(2 Sk_l) (2 qffk_l(qbk—luk—l) q)

1+(1+£‘72)qu 1-2/p
k-2

1-2/p

< (2kz+1gk_2)2/p (2(k+1)(1+,8)qck_25

1+ 1_2 (1+B)g-p
< C’“Sk_g i

The second-to-last inequality used (9), and the fact that £x_1 < Ex—o.
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Finally we have the recursive relation

1+ M

1+(1-2)x2azp
(12) 5k<ck(5 +5k_2( P +&E

2)(d+8)a=p (1+(1+/32)q—p)(7i*))
From (10) and p > 2, one sees that the first two of these exponents are strictly greater than 1. From
(10) and m* <1+ %, one sees that the third exponent is strictly greater than 1.

Because we can assume wlog that all £ are small, this simplifies for our purposes to

Ek; < 0k61+€

Therefore the sequence £9,41 is bounded by a sequence a1 = c”a,lfg, ap = &1. Because the
exponent is greater than one, the bounding sequence will tend to zero as long as ag is sufficiently
small.

But since u £ 1 by assumption, we can calculate, for any b > o,

& =sup [ ¢fui+ f PFur |[Vus P
[Tl70] 1

_ _ b-1 _ b1
= 22(0-1) [;ulg] D1t (27X qugs22y) + [1 dTur (272X ug>2-21) |Vu1|p)
1,

<2200 | sup [ ghutuft+ [ ¢1u1u01|w1|p)

[71,0]

<200 suwp [+ [[ ¢ouo|w1|”)

[T4,0]

1
sc(ffo(u’5+1+u3‘”)x{30}+(ff0u8m*x{30})m )

< C’(l{u >0} N Q,l + [{u >0} nQ,| + |{u >0} n@2|1/m*).

Therefore there exists a Jyp > 0 sufficiently small that, if ‘{u >0} 062‘ < dp, then &; will be small

enough that & — 0 as k — oo.
If & — 0, then

p o Lrer
lurl La-1.01xB1) < IPkukll Lag(r, 0127y S CTEL > = 0.
By the monotone convergence theorem, we conclude that ||(u — 1/2)+”L‘1([—1,0]><Bl) =0 and so

1+Q—P

1
{u> 530 [-1,0] x Bi| =0

4. DE GIORGI’S SECOND LEMMA

The second De Giorgi lemma is a quantitative version of the statement “solutions to our PDE
cannot have jump discontinuities.”

Define the sets

Q3 = [_470] x B3> QQ = [_470] x 327
and remember that
Qs = [-2,0] x Bs.

According to the next theorem, if a solution to (1) is negative in Q)2 on a set of large measure, and
>1in @2 on a set of large measure, and it is bounded on all of @3, then that solution must be
strictly between 0 and 1 on a set of large measure in Q.
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The proof is by compactness. Because the solution is bounded on @3, we can use the Energy
nequality to bound its derivatives on (J3. By a theorem of Aubin and Lions, which is an instance of
the general principle “bounded derivatives imply compactness,” we can conclude that the family of
bounded solutions is precompact. Therefore, if the interstitial measure is not bounded below, there
must be a limit function which would have both bounded derivatives and a jump discontinuity, a
contradiction.

Because of the coefficient on |Vu| in the Energy Inequality, the derivatives are not well controlled
when u is near zero. This is solved by considering instead w raised to some power, whose derivatives
are trivially controlled when u is near zero, and whose convergence implies the convergence of u.

Proposition 4 (De Giorgi’s Second Lemma). There exists a positive constant py depending on
A, p, m, 0y, and the dimension, such that for any u satisfying Inequality (1) in the sense of
distributions, with

u(t,x) <2 Y (t,x) € Qs

and

{u<0}nQyl> = |Q2|

and, for &g the quantity divined in Proposition 3,
|{U 2 1} ﬁ@2| 2 507

it must be the case that

{0 <u<1}nQs| > uo.

Proof. Suppose the proposition is false. Then we can consider a sequence u; of functions which
satisfy all the hypotheses of this proposition but for which

1
|{0<ui<1}ﬂQ2|S—,.
1

Rather than seek a limit of the sequence u;, we will actually seek a limit of (uz)"”7 where
% +2 5= = 1 consistent with the notation in Lemma 2. First we need to bound the space and time
)a+2

derivatives of (u uniformly in .

Step 1: Bounding the derivatives
To bound the spatial derivatives, we use the Energy Inequality (5) with b= (¢ +1)p, and choose
a smooth cutoff function ¢ satisfying

¢:Bs—[0,1], ¢ >0, supp(¢) compact, Y(x)=1 VxeBs.

By the Energy Inequality, we have

f[g g V@ TP < (o 2y ff w9 () P
2)<
1/m*
<C’[[ (o‘+1)—cr  (w)? plo+1)+1 X{B3}+C([[ m p(o+1)X{B3})

SC’(A,p,n,m).

Therefore the sequence V(u;)7*? is bounded in LP([-4,0]; LP(Bz)) uniformly in i.

Bounding the time derlvatlve is much more involved. We will show that d;(u;)*? are uniformly
bounded in M([-4,0]; W~1*), where M means the dual space to L and W~1* is the dual of
CSO(BQ) n W1’°°(BQ).

Using the Energy Inequality (6) with b = o +1 and any test function ¢ : Q3 — R which is smooth
and compactly supported in space (but not necessarily compactly supported in time), together with
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the fact that | f|, <|/f|,, <A and u; <2, gives us the bound

@)T P aop, < CoM) ( [ Pz s+ [[ e+ [ @z?iver)

<O 1) (Il + 19912 a))-

We must find a similar bound on (9;(u;)7*!, ) when v is not necessarily the square of a smooth
function. Our strategy is to decompose 1 as a sum of a perfect square and a function independent
of time. To this end, define /¢ a specific smooth function (of space only) supported in B3 and

identically 1 on Bs. Then ¢ := \/52 will also be smooth, supported on Bs, and identically 1 on Bs.
Consider any 1 € C5°(Q3), and set K = ||[¢|,, + [|VY| . Here and in the sequel, |-/, means
|-ll L (4)- Note that ¢ + K¢ is non-negative, so we can define ¢ by the relation

Y =¢" - K.

Estimate

JL oz =k [ ooy + [ oouu)e
K|[4 dt[qﬁuz 72+ 0 (el + Vel
SK[/ ¢(ui)$+2(0,-)+/¢(ui)i+2(—47')]+C(||¢+K¢||oo+

By the chain rule, this last term becomes

(v ¢+K¢)ZHN).

\V/ Kvol|?
2(v ¢+K¢>2||M=H| primﬂ
PR e | VK e
. ‘IWIQ [KVof* )
= p 9
VaKllimn Il K0 Hlim@unan
K2 2
SC¢K.

In the above calculation, remember that ¢ is constant on Q2 and v = 0 outside @9, that ¢ + K >
VY|, by the definition of K, and that /¢ is smooth by assumption.
We see now that

(0,00 (ui)T?) < C(A, 9,1, 8) (1] o + V91| 00)
and, by duality, 0;(u;)7*? is bounded in M([-4,0]; W=1>°(By)).
In order to apply our compactness lemma, we need (ui)f'2 to be absolutely continuous in time

(i.e. we want L', not M). Therefore consider a family of mollifiers 15 tending to a dirac measure
as & > 0. Convolving with respect to time, we obtain smooth-in-time functions.

ns * (ui) T2 € LP([=4,0, WP (B2)), O [ns * (ui)T™%] € LY([~4,0]; W1 (By))

are uniformly bounded independent of § < 1.
The Aubin-Lions Lemma indicates that the family s * (u;)7*? is compact in L'([-4,0] x Bs).
Choose a sequence d; — 0 such that
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By compactness, the sequence 7, * (u;)7+? has a subsequential limit v, and
()T = o, < (o) T = ms, % (W) T2, + |ms, » (w) 72 = ]|, > 0.

That is to say, (u;)7"2 —» v in L'(Q2).

Step 2: Showing that the limit engenders a contradiction
By a measure-theoretic argument,

) |{USO}OQ2|2%,
(%) {v>1} nQy| >y, and

{0<v<1}n@s =0.

The map f =~ [V f|»(q,) is lower-semi-continuous on L'(Q2), and hence

0
/_4 IV012, 5, dt < oo.

This implies that for almost every ¢ € [-4,0], | Vv], is finite; and for such ¢, v must have no spatial
jump discontinuities. In other words, there are three kinds of ¢ € [-4,0]: those at which v is
identically 0, those at which v(¢,2) > 1 VYa € Bs, and the exceptions which have measure zero in
[-4,0].

If we define a new smooth cutoff ¢ on By, and set

1 (1) = [0t | 1 1y

then for a.e. t, either H(t) =0 or H(t) > H<;52”1.
On the other hand, we know that H cannot have (certain kinds of) jump discontinuities. Because
(u;)7*? - v in LY(Q2), we know that

Hi=|¢*(u)I?|, — H  in L'([-4,0]).

And by the Energy Inequality (6), with cutoff ¢ and b = o + 1, the derivative of each H; is bounded
uniformly in i: notice that 9;¢ = 0 and so for any time interval [s,t] we have

0= = [ [ oz

$C.06) [[[ ()T )T+ (@)1) Xpsnion
<[s-t]C(p, A, §).

Therefore (again by lower-semi-continuity), %H is bounded above.

This means in particular that if H(s) =0, then H(t) =0 Vt > s. And we know by (*) that v =0
on a set of large measure. In fact, necessarily H(t) =0 Vt € (-2,0]. This contradicts (**), and so
the proposition is proven.

0

5. TRANSPORTING IMPROVEMENT FORWARDS IN TIME

Using the propositions proven thus far, one can show, under the appropriate hypotheses, that if
a solution to Inequality (1) is > =2 in @3, then it is in fact > -2 + & in [-4,-3] x B.. This is not
quite what we set out to prove; we want solutions to become regular after some time elapses, and
hence the lower bound must be somewhere in the region [-1,0] x Bj.

To bridge the gap, we use a barrier function to "flow” the improvement forward in time. Our
solution will still be > -2 + &’ on a ball of radius €’ at the end of the time interval, and though &’
becomes smaller as time elapses, it never vanishes entirely.
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This is the first time we use (3). This inequality is true only in a viscosity sense, so instead of
energy methods, we must construct a barrier function which constitutes a subsolution to

Opu + A|VulP = Agm™ (D*u) = 0.

Proposition 5. There exists a constant 0 < Ky < 1 depending only on p, A, and n such that the
following holds: Let 0 < XA < Ky be a constant and u a viscosity supersolution to Inequality (3) on
the interior of [0,T] x By with T <4 and Ag < \2Ky. Suppose that

u>-2 on [0,T]x By,

uz-2+X\ on 0 x Bj.

Then
2

A
u>-2+ 5 o [0,T] x By/a-

Proof. We define the barrier function

)\2
o(t,z) =-2+A\23 (%) - gt,

where §:R* - R is a smooth function supported on [0,1] and identically 1 on [0, 1/2].

If we can show that o is a subsolution to (3), and that it is less than u on the parabolic boundary
0x Bou[0,T] x 0Ba, then the standard theory of comparison principles tells us that u > o on the
whole interior of [0,T'] x Ba. See [7] for the elliptic version of the comparison principle, and [10] for
a treatment more specific to the parabolic case.

In particular, for (¢,) € [0,T] x By, we have

o(t,x) = =2+ A2(1-t/8) 2 -2+ A\2(1 - T/8) > -2 + \?/2.

Thus showing u > ¢ will prove the proposition.
Step 1: Barrier is below u on the boundary
At t=0,
0(0,2) <-2+X2<u  VzeB,
0(0,x) <-2<u Ve By By;
and on the spatial boundary |z| =2,
2

A
U(t,x)=—2—§t£—2£u Ytel[0,T].
Thus on the parabolic boundary of [0,T"] x Ba, we have o < u.

Step 2: Barrier is a subsolution
By construction
Opo(t,x) = —)\2/8

and

x
[Vo|(t,z) = A3’ (u) .
A
To compute D?c, notice that ¢ is radially symmetric in space, and so it suffices to compute the
Hessian at the point x = (|z|,0,...,0). At this point, one can compute directly that
d
ono(t,z) =

2 +h
Loz ( || )
an?|, y

20
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and for 70
2

dh?|,_,

()

For any i # j, assume without loss of generality that ¢ # 1. Then [9;0](z) = 0 for any x in the
hyperplane z; = 0, by radial symmetry. Therefore 9;[0;c] =0 at (|z|,0,...,0).
We conclude that the matrix D20 (¢,2) is a diagonal matrix with eigenvalues

e (7)) e o (5)

and by symmetry it should have the same eigenvalues at generic .
Therefore, to see if o is a subsolution, calculate

A2 A
9,0 + A|VolP - Agm™ (D%0) = Y + ANP(B')P = Agmin ( " HB', 0)

AL ho e

Oiio(t,x) = S

(=)

)2
< % + AN ||BY|7 + XK (187 + 2N Ko 18],
1
pe (A)\p‘2 1812, + Ko 87|, + 27K |8, - g)
0 1/2

This last quantity is negative provided K sufficiently small, depending on A, p, the dimension,
and the specific choice of 3.

< (AKE2 1L+ ol + K- 5)

0

6. PROOF OF THE MAIN THEOREM

Having completed the core of the proof, we now come to the final section. The pieces are all
present, and we need only put them together. This section contains three lemmas before the proof.
The first two (Lemmas 6 and 7) tell us which scalings constitute symmetries of our PDE. Lemma 8,
the Oscillation Lemma, applies Propositions 3 and 4 iteratively in order to control the oscillation of
solutions to our PDE. Finally the proof of the Main Theorem will show how the Oscillation Lemma
is equivalent to interior Holder continuity.

The proof of the Oscillation Lemma is slightly non-standard. The rest is technical, with no new
ideas.

Lemma 6. If u satisfies the two equations (1) and (3) on a cylinder [Tp,0] x Q, and a, 5 >0 are
any two real numbers satisfying

p-1 p(m-1)+1

B<a™ Bgar2, Ba Do,

then the modified function
v(t, z) = au(a?™ BPt, f)

satisfies the equations
o + A7 [volP - dlv(A'VU) < f!
A + A|vulP = Agm™(D?*v) >0
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on [ 857, 0] x 59, with Ay = a?™872Ag < Ao, 4] < |4l and |f ]y, < £,

ap-1gp
Proof. One must take
f'(t,x) = aPBP f(aP7H B2, Bir),
A'(t,x) = aP 1 BP 2 A(P71 8P, B).
Applying our differential operator to v, we obtain
v + A volP - div(A'vv) = (aB)Pou + (aB)PA™ |[Vul’ - (aB)? div(AVu)
= (aB)? [Opu+ A7 [Vulf - div(AVu)]
<f
For the other inequality, similarly,
o + A |[VolP = Agm™(D*0) = (aB)POu + (aB)PA|Vul’ — a2 Aom™ (D*u)
(aB)? [Opu + A |Vul’ - Am_(D2u)]
0.

v

That Aj < Ag and |4, < [|A], follows immediately from our assumptions on «, 5. For |||,
we notice that p — 7% is necessarily positive, and calculate

la?8? (7171, Ba) |, = aP B8P (a1 575™) ™ | £,
= a5 B

p-1 p(m=1)+1

p_m
_p-1 _pim-1)+1 m
<@ ()T 11, = 1
O

Lemma 7. If u satisfies Inequality (1) on a cylinder [Ty, 0] x Q, there exist constants ey € (2,p)
and es <0 dependent on n, m, p such that, for any two real numbers 0 < <1 and 1 <« < 5%, the
modified function

v(t,x) = au(B°t, fx)

also satisfies Inequality (1) on [To,0] x Q with parameters | f'|l,, < [l 14l < 1Al and the
same A.

Proof. Since —= <p and p > 2, we can choose a constant e; € ("5, p) such that e; > 2. Let

( p—er n m—l)
e :=max |- ,— —€1
p-1"m m
so that
~rme\ P ea\p-1
aP~lprer = a(l) o < (a(l) ) <1
B B
and a3 T R
Define

Al(t,x) = B2 A(B, ),
f'(t,x) = aB f(B°'t, Bz).



16 STOKOLS AND VASSEUR

Applying our differential operator to v, we obtain
v+ AT |V + div(A'Vo) = af0u + (aB)P AT |Vulf + aB div(AVu)
= af® [Dyu + (P ) A7 [Vul + div(AVu)]
<apf?t [&gu + A7 vaulf + diV(AVu)]
<ap?f=f.
That ||A’||., < ||A| .. follows immediately from our assumption that e; > 2. It remains to calculate
the norm of f:

171, = e (8 8™ ™ [ £,
= ap 1 0= | ],
< f -

A priori, v will satisfy this inequality on [BTTO“ 0] X %Q Since we assume S < 1, this in particular

means it is satisfied on [Tp,0] x €.
U

At last we can prove the Oscillation Lemma. The oscillation of a function is the distance between
its supremum and its infimum, and for solutions of (1) and (3), if the oscillation is finite on a region
it will be strictly less on a strictly smaller region.

Lemma 8 (Oscillation Lemma). There ezist constants \* >0, r* >0, T* <0 depending on A, p,
n, po (from Proposition 4), &y (from Proposition 3), Ko (from Proposition 5), and ey, ea (from
Lemma 7) such that, for any solution u to Inequalities (1) and (3) on Qs, with Ay < (A\*)2Ky, we
have the following implication: If

|U|S2 V(t,ZE)EQ3,

then either

A 2
sup u<2- )
[T*,0]xB, (0) 2
or )
inf u>-2+ () .
[T*,0]xB,« (0) 2

The idea of the proof is to apply De Giorgi’s First Lemma to some truncation of u. Remember
that De Giorgi’s First Lemma says that if the measure of {u; > 0} is sufficiently small, then u,
is L*°-bounded on some smaller domain. This L% bound is precisely what we wish to prove. We
attempt to apply the lemma to each of (u—C})+ for Cy an increasing series of constants. Obviously
the measure shrinks as C, increases; De Giorgi’s Second Lemma allows us to quantify the decrease
in measure, and find a precise k for which De Giorgi’s First Lemma applies.

Proof. Let ko be the smallest integer greater than |Q2|/ 10, where p is the constant in Proposition 4,
and define
Qsmall = [_4 . 2k061/6270] X B2.2k0/€2 .

There are two cases to consider: either we will upper-bound the supremum or we will lower-bound
the infimum of u in the region [T%,0] x B« (0). If

|{u < 0} n Qsmalll 2
we are in the former case, so we call u “mostly negative” and define

U(t,:E) — u(2k081/€2t,2k0/621’).

|Qsmall|
2 3
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Otherwise, we are in the latter case, so we call u “mostly positive” and define
o(t,z) = —u(2k0er/e2 (—g — ) kolezgy,
In either case,
v <0} n Q| > %.
For integers k € [0, ko] consider the functions
vp =28 (v -2) + 2.

Notice that for all k < kg, v, <2 on Q3. By Lemma 7 with a = 2¥ and § = okole2 and domain Qs,
combined with the fact that Inequality (1) is preserved by translations, addition of constants, and
the transformation f(¢,z) ~ —f(-t,x), each vy satisfies Inequality (1) on Q3.
We claim that |{vg, > 1} N Qy| < dp. If this were not the case, then in fact

{vr =1} nQy| > do,

for all k < kg, because the quantity is non-increasing as k increases. Similarly,
Q2

[fon <0y n Q] > 1%

for all k < kg, because the same holds for vy and the quantity is non-decreasing.

This is enough for us to apply De Giorgi’'s Second Lemma to each v;. By construction, the
Lemma tells us that

{vr+1 2 0} 0 Qaf < [{vg, 2 0} N Q2 - pio-

This cannot possibly be true for all k between 0 and kg, since koo > |Q2|. This is a contradiction.
Therefore [{vg, > 1} N Q| < dp. We can apply De Giorgi’s First Lemma to vy, — 1, and learn that
Uy € 3/2 on Q. In terms of v,

v(t,z) <2 -27F1 V(t,z) € Q.
In the case that u is mostly negative, this means
u(t,z) <2-2"%"1 v (t,2)e[T,0] x B.(0), T =-2koer/ez . = okolez
and the proof is complete. So consider the case where u is mostly positive. We’ve shown that
u>-2+2771 (g z) e [-4.2Roe/ez 3. gkoer/e2] B

The problem here is the time interval; we want a lower bound on the infimum of w in a parabolic

neighborhood of (0,0). Define
A" = min(Ky, V2-ko-1),

Proposition 5 applied to the lower-semicontinuous envelope of u tells us that, since we assumed
Ap £ ()\*)QK(),

A¥ 2
u>-2+ ( 2) on [4T,0] x Byx/s.
Letting T* =T, r* = min(r, A*/2), we see that either
A 2
sup u<2- ()
[T*,0]x B, (0) 2
or )
inf u> -2+ )
[T*,0]xB,.x (0) 2

Finally, we are ready to prove Theorem 1.
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Proof. Instead of proving continuity directly for u, it is preferable to consider
u=u+ At,

which satisfies the Inequalities (1) and (3). Clearly @ and u will have the same Holder exponent.

Since Q is compact, there is a radius p such that B,(x) € € for each z € Q.

Consider any two points (to, o), (t1,21) € (s,T) x Q, and assume wlog that tq > t;. If these
points are far away, then we can estimate the Holder norm in a very rough way, using the L™ norm
of . If the points are very close together, then we must use the Oscillation Lemma.

We want to rescale the function @ to obtain w centered at (tg, () but solving the PDE on Qs,
with |Jw],, <2, and with Ag < (\*)2Kj. To that end, choose av,, 3, small enough that

2

< m, 38w < p, 4(1&_1B5 <s, Oéﬁj_lﬂgj_gl\o < (/\*)2K0,
Lo ([T,0]xQ

Qo

and
awﬁw <1, 0412;_165)_2 <1, ap(m—1)+15p(m—1)—n <1.

Note that o, and £, depend on |u|e.

Lemma 6 tells us that

w(t, ) = ayt (to + afv_lﬁg,t, T + ﬁwx)

is a solution to Inequalities (1) and (3) on Q3, with Ag < (\*)?K(. By construction |w| < 2 on Q3.

Now that w is formatted correctly, the plan is to apply Lemma 8 iteratively, showing that the
oscillation of w decreases as the distance to (0,0) decreases.

Set
4

T a— ()22
and take (1 small enough that 38; < r*, and 404’1’_1 7 < -T*, and small enough to satisfy the

hypotheses of Lemma 6. Define wg = w and iteratively define

with + chosen as whichever sign minimizes |[wg+1] = (q,)- By induction, |wy| <2 on @3 and wg

solves Inequalities (1) and (3) on Q3 with Ag < (A\*)?Kj, and hence satisfies the hypotheses of

Lemma 8.
Therefore, for all k >0, we find that for Qj, = [—(a’lj_l[i’zf)k,()] x B,

an

1 *\2
supw(t, =) — infw(t,r) < —— (4— () )
Qr Quk af” 2

Remember that we are trying to bound the Holder norm, the quantity
(*) - |7j’(t1;x1)_ﬂ(t07x0)|
|(to = t1)% + |ao — 1 2/?
If \/(to —t1)2 +|zo — 1|2 2 o182 then we can bound
2% o
(*) < =5 o
(aw /Bw)’Y
Otherwise, we can use the control on the oscillation of w. Specifically, if
- -1 op\k
V(to —t1)2 + o — 212 < o7 B (af 7 A7)

for any integer k > 0, then, because a,By <1 and a151 <1,

tl—t(] 1 — X0
( )EQk-

ozﬁ,_lﬁﬂ " Bu
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Therefore
()2
tl—to Tr1 — X _ _ 4_T
(ap—lﬁp " By ) —w(0,0)‘ = aw [ty z1) = alto, zo)] < ak-1
w w
This relationship implies that
log( (to—i1)2+\$o—$1\2/(a€71/35))
A* 2 0, Oép71 p B
|ﬂ(tlaxl)_ﬂ(toaxO)lS 4- ( 2) / awal sty ")
log(aB ! P) { —1
*\2 — T o oggal) )
\*- (Az) /(T ER PPN EACEE A
Ay
Hence if
_ —log(ax)
=1 .0
log(a™ A7)
then

—1
log(aﬁ) [35))

(+) < (Lﬁ)ﬂalog(ag—%.

2 awl

Note that the bound depends non-linearly on «,, and f,, and hence on |u|,, but v depends
only on n, p, m, A, and Ag.
This completes the proof.

(|
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