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Abstract

In this paper, we prove the existence of global weak solutions to the compressible Navier-
Stokes equations when the pressure law is in two variables. The method is based on the Lions
argument and the Feireisl-Novotny-Petzeltova method. The main contribution of this paper is
to develop a new argument for handling a nonlinear pressure law P(p,n) = p? + n® where p, n
satisfy the mass equations. This yields the strong convergence of the densities, and provides the
existence of global solutions in time, for the compressible barotropic Navier-Stokes equations,

with large data. The result holds in three space dimensions on condition that the adiabatic

constants v > % and a > 1. Our result is the first global existence theorem on the viscous

compressible two-phase model with pressure law in two variables, for large initial data, in the
multidimensional space.
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1 Introduction

We are particularly interested in the Dirichlet problem of a viscous two-phase model. The model is
governed by the following compressible Navier-Stokes equations with a pressure law in two variables.
Our paper is devoted to the proof of the existence of global weak solutions to the following system

nt + div(nu) =0,
pt + div(pu) =0, (1.1)
[(p+n)u], +div[(p+n)u®@u] + VP(n,p) = pAu + (u+ A)Vdivu  on Q x (0, 00),

with the initial and boundary conditions

n(z,0) = no(x), p(x,0) = po(x), (p+ n)u(z,0) = My(x) for =€ Q, (1.2)

ulpg =0 fort >0, (1.3)

where P(n,p) = p? + n® denotes the pressure for v > 1 and a > 1, u stands for the velocity of
fluid, p and n are the densities of two phases, p and A are the viscosity coefficients. Here we assume
that p and A are fixed constants, and

w>0, 2u+3X>0.

*Department of Mathematics, The University of Texas at Austin, USA; vasseur@math.utexas.edu.
TSchool of Mathematics, South China University of Technology, Guangzhou, China; mahywen@scut.edu.cn.
#Department of Mathematics, The University of Texas at Austin, USA; yucheng@math.utexas.edu.



The two-phase model was originally developed by Zuber and Findlay [35], Wallis [33], and Ishii
[20, 21]. In the case @ = 1 in (1.1), this corresponds to the hydrodynamic equations in [6, 30].
It could be derived from the coupled system by the compressible Navier-Stokes equations and a
kinetic equation, by using asymptotic analysis, see [6, 30]. In the case a = 2 in (1.1), it is related
to a similar but different model, i.e., a compressible Oldroyd-B type model with stress diffusion,
see [1]. Compared to the classical compressible Navier-Stokes equations, here the pressure law
P(p,n) = p? +n® is in two variables. In this context, the existence of weak solutions to equations
(1.1) remained open until now. We refer the reader to [2, 3, 4, 20, 21, 33, 35| for more physical
background and discussion of numerical studies for such mathematical models.

Compared to incompressible flow, it is a tough problem to handle the issue of the vacuum in
the study of the compressible flows. The first existence result on the compressible Navier-Stokes
equations in one dimensional space was established by Kazhikhov and Shelukhin [23], where the
initial density should be bounded away from zero due to the obstacle from the vacuum. This result
has been extended by Hoff [15] and Serre [31] for the discontinuous initial data, and by Mellet-
Vasseur [29] in the case of density dependent viscosity coefficient. For 2D or 3D case, the first
global existence with the small initial data was proved by Matsumura and Nishida [26, 27, 28],
and later by Hoff [16, 17, 18] for discontinuous initial data. Lions in [24] introduced the concept of
renormalized solutions for the compressible Navier-Stokes equations which can control the possible
oscillation of density. This removes the barrier of vacuum. Thus the global existence for v > %
concerning large initial data was constructed by Lions [24] and then later improved by Jiang and
Zhang [22] for spherically symmetric initial data for v > 1 and by Feireisl-Novotny-Petzeltova [13]
and Feireisl [14] for v > 2, and even to Navier-Stokes-Fourier system. It is crucial in [24, 22, 13] to
obtain the higher integrability of the density due to the elliptic structure of the pressure P = p7.
Relying on this structure, Lions deduced that the density p is uniformly bounded in s
However, as 1 <~ < %, the construction of the weak solutions for large data remains largely open,
see [25]. The primary difficulty is the possible concentration of the convective term for this case.
Very recently, Hu [19] studied the concentration phenomenon of the kinetic energy, p|u|?, associated
to isentropic compressible Navier-Stokes equations for 1 < v < % Here, we have to mention the
work of Bresch-Jabin [5], where the authors proved global existence of appropriate weak solutions
for the compressible Navier-Stokes equations for more general pressure law in one variable.

The problem becomes even more challenging when pressure law is in two variables as follows
P(p,n) = p” +n”.

To the best of our knowledge, the only available results on global existence of the solutions to
system (1.1) with large initial data concern the one-dimensional case, see [9, 11]. See also [8, 10, 34]
for more relevant works. In [1], Barrett-Lu-Suli established the existence of weak solutions to a
compressible Oldroyd-B type model with the pressure law P = pY + n?, but the equation of n
has a term eAn. This provides higher regularity of n due to the parabolic structure. Our goal
of this current paper is to establish the existence of global weak solution to (1.1) with large data.
The main obstacles are from the nonlinear pressure law in two variables. One is the concentration
phenomenon of convective term related to n, that is nu®u when 1 < a < % This is reminiscent to
improving the range of v for the weak solution to the compressible Navier-Stokes equations, which
is a long standing open problem. The other is oscillation of the pressure term p? + n® because we
have to handle the cross products like p7n and n®p for the compactness. To control these possible
oscillation and concentration, a novel approach will be developed in the paper. Our approach relies



on a commutator lemma. By the following energy inequality (1.4), we see that
w e L*0,T; H(Q)).

To apply a commutator lemma for (1.1); and(1.1)9, the densities p and n are needed to be bounded

in L2(0,7T; L?(€2)). This requires v + 2% — 1 > 2 because p is bounded in L7+2?7_1(0,T; Q), that
is, ¥ > 2. Due to one more technical reason for (5.36), we need v > 2. The current work is
the first result on global solutions to the viscous two-phase model (1.1) with large initial data in
high dimensions. Meanwhile, it is an extension for the works of [24, 13] to a nonlinear pressure
law P(p,n) = p” + n® in two variables. The new argument developed in this paper allows us to
handle the more general pressure law, and helps us to study the other challenging models in the
complex fluids. This provides new insight for improving the range of v for the weak solution to the

compressible Navier-Stokes equations.

For any smooth solution of system (1.1), the following energy inequality holds for any time
0<t<T:

jt/Q [W—W+Ga(n)+

1
Y 2 ivu|? < 1.4
’ 7_1;)}azgc+/9[u|w FerNdiveP]de <o, (14)

where

Ga(n) =

n

a—1’

nlnn—n+1, for a=1,
for a>1.

As usual, we assume that

2

1

/ [M + Golno) + ipg] e < oo
Q 2 v =

in the whole paper. Thus, we set the following restriction on the initial data

inf pg >0, infng>0, po€L7(RQ), Galno)e L), (1.5)
e e

and

My 9 My
——— ¢ L*(Q2) where ——=0 on {zx € z) +ng(x) =0} 1.6
e Q) T { lpo(z) + no(z) = 0} (1.6)

The energy inequality allows us to give the following definition of weak solutions in the energy
space.

Definition 1.1 We call (p,n,u) : Qx (0,00) — Ry x Ry x R? a global weak solution of (1.1)-(1.3)
if for any 0 < T < 400,

e p€ L®(0,T;L7(Q)), Ga(n) € L>(0,T; LY(Q)), v/p+ nu € L>(0,T; L*(Q)),u € L*(0,T; H} (Q)),

(p,m,u) solves the system (1.1) in D'(Qr), where Qp = Q x (0,7,

(psm, (p+ n)u)(z,0) = (po(z),no(z), Mo(z)), for a.e. xz € Q,

The energy inequality (1.4) holds in D' (R* x (0,T)),

(1.1); and(1.1) hold in D'(R? x (0,T)) provided p,n,u are prolonged to be zero on R3 /€,
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e the equation (1.1); and (1.1)y are satisfied in the sense of renormalized solutions, i.e.,

Aub(f) -+ div (b(f ) + [B'(F)f — b(f)]divu = 0
holds in D'(Qr), for any b € C*(R) such that ¥'(z) = 0 for all z € R large enough, where
f=pn

The weak solution in the sense of above definition is called a renormalized solution. The renormal-
ized solution was first introduced by DiPerna-Lions [7] for the kinetic equation. It has been used
in the compressible Navier-Stokes equations by Lions [24].

The main result of this paper reads as follows

Theorem 1.2 Let the initial data be under the conditions (1.5)-(1.6), and

ng <cgopoon  ifac[l,y+r1),
apo <mg <copgon Q ifa€[y+r7,00)

where cq 1S a positive constant and T = min {1, 2% -1, 1}, then there exists a global weak solution
(p,n,u) to (1.1)-(1.3) for any v > 2 and o > 1.

The proof of Theorem 1.2 will be done by means of an error estimate (Theorem 2.2) and the
following approximation system
ny + div(nu) = eAn,
pt + div(pu) = eAp,

[(p+n)u], + div[(p+n)u®@u] + V(n®+ p?) + 6V(p+n)’ + eVu- V(p+n)
= pAu+ (pn+ \)Vdivu

(1.7)

with suitable regularized initial and boundary conditions, where € > 0 and § > 0 are small, and
B > 0 large enough. This approximation was motivated by the work of [13]. It can be solved by
the Galerkin argument in the similar way as [13]. To recover a weak solution to (1.1), we have
to develop new argument to handle the difficulty resulting from the pressure law in two variables.
Our main tool is Theorem 2.2, which allows us to control the error of two variables in some sense.
This yields the compactness of the sequence of solutions.

Our novelty is stated as follows.

In Section 2, we develop a new tool to handle the pressure law in two variables. In particular,
for any px > 0 and ng > 0 which are the solutions to the following equations respectively,

. OpK
(pr )t +div(prur) = vk Apk,  pKrli=0 = po, VK%MQ =0,

and 5
. n
(nk)t +div(ngukx) = vk Ang,  nili=o =no, VK 8VK loa =0
with v > 0, and vg — 0 as K — 400, then for any s > 1,
T
lim / / prlax —al®dxdt =0, (1.8)
K—+o00 Jy Q

where ax = % if pg #0,a = % if p£0, 0 <ag,a <C for some positive constant C independent
of K, axpx = nk, ap = n, and (n, p) is the limit of (ng, px) in a suitable weak topology. This



helps us to study the pressure law in two variables. We are able to pass to the limits as e — 0 and
d — 0 relying on (1.8) because it is true even for v = 0.

In section 3, we solve the approximation system by the Galerkin argument. For the Galerkin
level, we point out that ni — copg is a solution of the following parabolic equation

(ng — copr)t + div[(nk — copr)ur] = eA(ni, — copr),
(ng — copr)li=0 = no,s — copo.s,
V(ng — copk) - v]oa = 0,

where ng 5 and pg 5 are given by (3.4). The maximum principle gives us that n;, could be bounded by
pr- This implies that nj at least has the same integrability as pg. It allows us to avoid concentration
phenomenon of convective term nu ® u for each level approximation, even if 1 < a < %.

In section 4, we study the limits as € goes to zero. The focus of this section is to prove

ne +pY +8(p+n)f =n"+p’ +8(p+n)”.

Here and always, f is the weak limit of f.. One of the key step is to control the product of n& + p?
and ne + pe, we rewrite them as follows

ne +pd =pl +alpd = pl +a%pd + (ad —a®)pg,

Ne + Pe =Pe + AePe = Pe + ape + (ae - a)pa
where a. = % if pe 20, a = % if p#£0,0<aea<c, and acpe = ne,ap = n, (p,n) is the limit of
(pe;me) in a suitable weak topology. Here we want to show

(ag —a®)pd(ne +p) »0 and  (ac —a)pe(pl +a®pg) — 0

in some sense as ¢ — (0. This can be done because p. and n. are bounded uniformly for € in
LAY(Qr) where 8 > max{a,~,4}, and

T
lim / /p6|a6—a2dxdt:0.
e—0t Jo Ja

It is an application of (1.8) with vg =e.

In section 5, we recover the weak solution by letting § goes to zero. The highlight of this section

is to show
RET 5T =% 4 7,

which is similar to the limits in term of e. However, we loose the regularity resulting from §(p+mn)?.
we have to use a cut-off function which was used in [13] to show the strong convergence of ps and
ng. With (1.8) for vx = 0, the compactness could be done. At this level of approximation, we
require y > % such that ps is bounded in L"*%(Qr) with v + 6 > 2 for some 6 satisfying 0 < 7 and
6 < min {1,% —1}.

2 An error estimate

The main objective of this section is to prove the following Theorem 2.2. The key estimate (2.17)
in Theorem 2.2 is crucial to obtain the weak stability of solutions to (1.1). We begin with the
following Lemma 2.1.



Lemma 2.1 Let {(gr,hK)}%_, be a sequence with the following properties
(9, hix) — (g, h) weakly in LP(Qr) as K — oo, (2.9)

for any given p > 1, g, hx >0, and

T T
lim / / axhg drdt < / / hay, dz dt, (2.10)
K=+ Jo Jo o Jo
where a = Z—g ifgr #0, ap = Z ifg#0,0<ag,an, <C for some positive constant C independent
of K, and axgx = hx, ang = h, then
T
lim / / gklax — ap|? dzdt = 0. (2.11)
In particular,
T
lim / / gxlax —ap|®dzdt =0, (2.12)
K—+o00 Jg Q

for any s > 1.

Proof. Note that

T T T T
/ /gK\aK—ahFdxdt:/ /aKthxdt—2/ /hKahdxdt+/ /gKa,%dxdt,
0 Q 0 Q 0 Q 0 Q

one obtains
T T T T
lim / /gK]aK—ahIZda:dtS/ /hahda:dt—Q/ /hahda:dt+/ /hahda:dt
K—+400 Jg Ja 0 Jo 0o Jo o Jo
=0,

where we have used axgx = hx, apg = h, (2.10) and the weak compactness of gx and hx in (2.9).
This deduces (2.11).

By the Holder inequality and (2.11), (2.12) follows for s € (1,2). If s € [2,00), note that
(ax — ap) is bounded in L*°(Q x (0,7)). This allows us to have (2.12). O

Theorem 2.2 Let vy — 0 as K — +00, and v > 0. If pg > 0 and ng > 0 are the solutions to

dp

(px )t + div(prur) = vk Apr, pxli=o = po, VKT;{’(?Q =0, (2.13)
and
) ong
(nK)t + dlv(nKuK) = vgAng, TLK’t:() =ng, VK £y ‘ag =0, (2.14)
respectively, with Cy > 0 independent of K such that
[ J
ng(x,t) < Copg(z,t)  for any (x,t), (2.15)

oKl 0,m:22(0)) < Cos VVKIVPKlL20702(0) < Cos VVKE (VK| 2 0,7522(0)) < Co,



[kl L2070 @) < Co,

2 2
/”deg/noda:. (2.16)
Q PK Q Po

e for any K >0 and any t > 0:

Then, up to a subsequence, we have
ng —mn, pxg—p weakly in L>=(0,T; L*(Q)),

ug — u weakly in L*(0,T; Hy(2));
and for any s > 1,

T
lim / / prlax —al®dxdt =0, (2.17)
K—+oco 0 Q

where ag = Z—;‘ if pg #0, a = % ifp#0,0<ag,a < Cy for some positive constant Cy, and
AKPK = NK, AP = N.
Remark 2.3 Ifvig > 0, ug is smooth enough and pr is bounded by below, then (2.16) is verified.

2
In fact, choosing p(px,nK) = n—f{‘, one obtains

P
0p0(prsnK) | .. I Iy
TEPKS TR g Y Bt
iy + IV(souK)+[8prK+anKnK ¢l
8290 2 82%0 2 82S0
+ v (—=|V + ——1|Vn +2————Vpr -Vng) —vglAp =0.
K(8p§{| PK| ap%(\ K| Oprcan " PK K) — vKAp
Note that 9 9
' '
—0=0
Opr PK + 8nKnK (%
and @ is convex, thus we have
d

— dr < 0.
p” Q@(PK,HK) r <

We will rely on the following lemma to prove our main result of this section.

Lemma 2.4 Let 8:RY — R be a C! function with |VB(X)| € L®(RY), and R € (L?*(0,T; LQ(Q)))N )

u € L*(0,T; H} () satisfy

gR +diviu® R) =0, R|i—0 = Ro(x) (2.18)
4

in the distribution sense. Then we have
(B(R)): + div(B(R)u) + [VB(R) - R — B(R)]divu = 0 (2.19)
in the distribution sense. Moreover, if R € L>(0,T; L7(2)) for v > 1, then
R e ([0, T]; L' (%)),

and so

/Q B(R) da(t) = /Q B(Ro) dz — /0 t /Q VB(R) - R — B(R)|divudx di.



Remark 2.5 If N =1, it is the result of Feireisl [14).

To prove Lemma 2.4, we shall rely on the following lemma which was called the commutator
lemma.

Lemma 2.6 [2/]. There exists C > 0 such that for any p € L*(R?) and u € H'(R?),

110 % div(pu) = div(u(p * 10)l| 1 gay < Cllull eyl 2 (ra)-

In addition,
ne * div(pu) — div(u(p * 15)) — 0 in L*(RY), as o — 0,

where 1, = ﬁn(%), and n(x) > 0 is a smooth even function compactly supported in the space ball
of radius 1, and with integral equal to 1.

Proof of Lemma 2.4. Here, we devote the proof of Lemma 2.4. The first two steps are similar
to the work of [13].

Step 1: Proof of (2.19).
Applying the regularizing operator f — f 1, to both sides of (2.18), we obtain
(Ry)t +div(u ® Ry) = 57, (2.20)
almost everywhere on O C O C (0,7T) x Q provided ¢ > 0 small enough, where
S =div(u ® Ry) — (div(u® R)),,
and f,(x) = f * ny. Thanks to Lemma 2.6, we conclude that
S7 =0 in LY(O) as o — 0.
Equation (2.20) multiplied by VB(R), where 3 is a C! function, gives us
[B(R,)): + div[B(Ro)u] + [VB(R,) - Ry — B(R)]divu = VB(R,) - S
This yields (2.19) by letting o — 0.
Step 2: Continuity of R in the strong topology.

By (2.19), we have

;TK(R)  div(Tie(R)u) + (VTR(R) - R — Tre(R))divu = 0 in ©((0,T) x Q),  (2.21)

where T (R) is a cutoff function verifying
—~ ~ z
Tyc(R) = Ti(R)). and Tye(2) = KT(2),

and T(z) = z for any z € [0,1], and it is concave on [0,00), T(z) = 2 for anyz > 3, and
T is a C* function. We conclude that Tk (R) is bounded in C([0,7]; L2 _,.(22)) due to R €
L>=(0,T; L*(9)). Thanks to (2.21), we have

Tk (R) belong to C([0,T]; L ., (2)) (2.22)

weak



for any K > 1.
Applying the same argument as in step 1 for (2.21), we have

0

3 —[Tk(R)|o + div([Tk (R)]ou) = A% a.e. on (0,T) x U,

(2.23)

where U is a compact subset of 2. Thanks to Lemma 2.6, A% is bounded in L?(0,T;L'()).

Meanwhile, using 2[Tk (R)], to multiply (2.23), we have

0

aﬁ([ﬂc(l?)]a)2 +div(([T (R)lo)*w) + ([Tk (R)]o) *divu = 2Tk (R)]- A%

Thus, for any test function n € D(2), the family of functions with respect to o for fixed K
t—> / ([Tk (R)],)(t, x)n(x) dx, o > 0 is precompact in C[0, T7.
Note that [Tk (R)]s — [Tk (R)] in L?(Q) for any t € [0,7] as o — 0, we obtain
t— /Q([TK(R)])2(t,x)n(a:) dx is in C[0,T)
for any fixed n(z). Thus, Tk (R) € C([0,T]; L*(Q2)) for any fixed K > 1. It allows us to have
R e (C([0,T); LY ()™,
thanks to (2.22).

Step 3: Final inequality.

Taking integration on (2.19) with respect to ¢, we have

/ﬂ da:—/ﬂ da:—/ / VB(R) - R — B(R)|divu dz dt,

where 0 < s < t < T. Thanks to
R e (C([0,T]; L' ()",

we are able to let s — 0, thus
/B dx—/ﬁ (Ro) dm—/ / [VB(R) - R — B(R)|divu dz dt
forany 0 <t < T.
Now, we are going to prove our main result in this section-Theorem 2.2.

Proof of Theorem 2.2. Up to a subsequence,
pK — p, nx — n weakly in L=(0,T; L*(Q)), ux — u weakly in L?(0,T; Hi(Q)),
as K — oo. Passing to the limit as K — oo in (2.13) and (2.14) respectively, we have

pt +div(pu) =0,  pli=o = po,

(2.24)



and
ne +div(nu) =0,  nli=g = no,

and
n < Cpp a.e.onx (0,7).

Using Lemma 2.4 with R = (n,p) and u = u, Bs(n,p) = ;fTQU, note that VB,(R) - R — ,(R) =

a(L thus we have, thanks to Lemma 2.4:

pto)?’
" 9 2 t 2
/de:/”odx_o/ /”Qdivud:rdt,
Qp(t,x)—l—a Qpot+o 0 Q(p+0)

for almost everywhere t € [0, 7.

Note that ) ) ) )
<™ oand 0 <™
pt+o — p pot+ao  po
by the dominated convergence theorem, we obtain the following equality by letting o goes to zero,
£ o)2 2
/ o) g, :/ ™0 gy (2.25)
o p(t ) Q Po

for almost everywhere t € [0, T7.
By (2.16) and (2.25), one obtains that

t,a)? t,a)?
/ nK(’x)dx:/nKadeﬁ/ n(t, z) dwz/nadm (2.26)
o pk(t,x) Q o pt,x) Q
for almost everywhere t € [0, 7.
Thanks to (2.24), setting (ng, px) = (hi, gk ) for Lemma 2.1, one obtains (2.17) for any s > 1.

a

3 Faedo-Galerkin approach

In this section, we construct a global weak solution (p,n,u) to the following approximation (3.1)-
(3.3) with a finite energy. In addition, a particular connection between p and n is given in Lemma
3.1. It will be crucial in this paper.

Motivated by the work of [13], we propose the following approximation system

ny + div(nu) = €An,
pe + div(pu) = eAp,

(3.1)
[(p+ n)u]t +div[(p+nu®u] + V(n® +p") +6V(p+n)’ + eVu- V(p+n)
= pAu+ (1 + \)Vdivu
on Q x (0,00), with initial and boundary condition
(p,m, (p + n)u)|i=o0 = (po,5, 0,5, Mo,s) on &, (3.2)

10



2 on

ov’ v’
where €,8 > 0, 8 > max{a,v}, Mos = (pos + nos)uos and nogs, pos € C3(Q), ups € CH(NQ)
satisfying

u)lon =0, (3.3)

L on Ip,
0<0<pos<d 2, 0<0<ngs<copos, (522, 52 aa=0,

lim (Ilpo,s = poll () + lnos — noll L) + lIno,s — nollLey) = 0,

_ s Mo 3.4
Hoo = \/ro, 5-!—710(577(s ¥ (\/poJrno)’ (34)

\/p05+n05u05—>\/m in L?(Q) as § — 0,
mos — My in LY(Q) as § — 0,

where § € (0,1), n is the standard mollifier, ps € C§(R2), 0 < s < 1 on Q and 5 = 1 on
{z € Q|dist(z, Q) > 4}.

We are able to use Faedo-Galerkin approach to construct a global weak solution to (3.1), (3.2)
and (3.3). To begin with, we consider a sequence of finite dimensional spaces

Xk = [span{wj}le]g, ke{1,2,3, -},
where {1;}°, is the set of the eigenfunctions of the Laplacian:
—Ay; = Nighy; on Q,
Yiloa = 0.

For any given €, > 0, we shall look for the approximate solution u; € C([0,7T]; Xj) (for any
fixed T' > 0) given by the following form:

t
/ (P + ni)ug(t) - Y de — / mo,s - Y dr = / / [pAuy + (p+ N Vdivug ] - ¢ dz ds

t
— / / [div[(pk + g )ug, @ ug] + V(g + p)) + 6V (o +ng)’ + eV, - V(py + nk)} ) deds
0 JQ
for t € [0,T] and ¢ € X}, where pr = pr(ux) and ng = ng(ux) satisfying
oyny, + div(nkuk) = eAny,

Orpr, + div(prur) = €Apg,

(3.6)
Nklt=0 = No5,  Pklt=0 = P,
0, 0
(T G )loa = 0.
From Remark 2.3, we have
n2
/ —k gy < / —Od:v for every t > 0.
Q Pk Q P
Using the convexity of p(p,n) = "Tf and letting k — oo, we have
— dm < / —0 dzx, for every t > 0. (3.7)
QP

11



This holds for the solutions of the each level approximation.

Due to Lemmas 2.1 and 2.2 in [13], the problem (3.5) can be solved on a short time interval
[0, T] for T, < T by a standard fixed point theorem on the Banach space C([0,T}]; Xj). To show
that Ty, = T', we need the uniform estimates resulting from the following energy equality

d [ 1(pr +np)|ug? 0

- Y 'B}d
i Jo | 5 W_lpk+5_1(pk+nk) x

+/ Vs + o+ X divesy ] de (3.9)
Q L

+ Ga(nk) +

+ / eanft 2 |Vni|* + evpl 2|V pil® + €B6(pr + i) |V (pr + nk)ﬂ dr =0, on (0,T}),
Q L

nglnng —ni +1, for a=1,
Ga(nk): ne
k
a—1"

for a>1.

This could be done by differentiating (3.5) with respect to time, taking ¢ = uy(t) and using (3.6).
We refer the readers to [13] for more details. Thus, we obtain a solution (pg, ng, ug) to (3.5)-(3.6)
globally in time £.

The next step is to pass the limit of (pg, nk,ur) as k — oco. Following the same arguments of
Section 2.3 of [13], energy equality (3.8) gives us the following bounds

1
0< . < pr(z,t), nk(z, t) < ¢ for a.e.(z,t) € Q x (0,7), (3.9)
k
sup ”Iok(t)sz(Q) < C(p()vnOaMO)v (310)
t€[0,T]
sup | (8)[| 70y < Cpo, no, Mo)  for a =1, (3.11)
te[0,7)
5 sup Jlpk(t) + ni(®)l|7 50y < C(po, no, M), (3.12)
t€[0,T] )
sup V7w % 7000y < Cloos o, Mo), (3.13)
tefo,T
T
| 10y 0y < Clonmo, ), (3.14)
T
6/0 (IVor()[72(0) + V() 720) dE < C(8, 8, po, o, M), (3.15)
and
||pk +nk||Lﬂ+1(QT) < C(E,ﬁ,é, vanO)MO)a (316)

where Qp = Q x (0,7) and 8 > 4.
To gain higher integrability estimate of ny independent of k, €, and é when « is less than =y, we
need the following lemma.
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Lemma 3.1 If (pg, ng, ug) is a solution to (3.5) and (3.6), then the following inequality holds
ng(z,t) < copr(z,t) (3.17)
for a.e. (x,t) € Q.
Proof. It is easy to check that ni — copg is a solution of the following parabolic equation
(ng — copr)t + div[(nk — copr)uk] = eA(ny, — copr),
(ng — COPk)’t:O ="n0,6 — €0P0,5»
V(n, — copr) - v]oa = 0.

(3.17) can be obtained by applying the maximum principle on it.

With the help of (3.10), (3.11), and (3.17), it yields the following estimate on ny

sup ||n(t)[| 75, ) < C(po, 10, Mo), (3.18)
t€[0,T]

where ay = max{a,v}.

Relying on the above uniform estimates, i.e., (3.10)-(3.17) and (3.18), and the Aubin-Lions
lemma, we are able to recover the global solution to approximation system (3.1)-(3.3) by passing
to the limit for (pk, ng,ur) as k — co. We have the following Proposition on the weak solutions of
the approximation (3.1), (3.2) and (3.3).

Proposition 3.2 Suppose f > max{4,«a,v}. For any given €,0 > 0, there exists a global weak
solution (p,n,u) to (3.1), (3.2) and (3.3) such that for any given T > 0, the following estimates

sup |[(p(t), n())l1 70y < C(po, no, Mo), (3.19)
te€[0,7)
sup_[[n()l|3n 0y < Clpo,no, Mo), (3.20)
te[0,7
5 sup [ (p(t), n(t)7; C(po,no, M), (3.21)
te[0,7
e Ve +nt)u®)] 72y < Clpo, no, Mo), (3.22)
telo,
T
[ 0l dt < Con,ma, ), (3.23)
T
6/0 ||(Vp(t)7 Vn(t))H%?(Q) dt < C(ﬁa 67 P0; nOvMO)v (324)
and
||(p(t)7n(t))HL5+l(QT) < 0(67/8757 p07n0aM0) (325)
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hold, where the norm ||(-,-)|| denotes || - || + | - ||, and p,n >0 a.e. on Qr.
In addition, p and n satisfy

n(x,t) < cop(x,t) for ae. (x,t) € Qr. (3.26)

Finally, there exists > 1 such that py,ny, VZp,V?n € L™(Q7) and the equations (3.1); and (3.1)s
are satisfied a.e. on Q.

Remark 3.3 The solution (p,n,u) stated in Proposition 3.2 actually depends on € and 6. We omit
the dependence in the solution itself for brevity.

4 The vanishing viscosity limit ¢ — 0"

The goal of this section is to pass to the limit of (p, ne, uc) as € goes to zero. To vanish €, the uniform
estimates are needed. Compared to the work of [13], the pressure law here is in two variables, which
bring new difficulty-possible oscillation of p? +n®. The uniform estimates resulting from the energy
inequality in Proposition 3.2 and Lemma 4.1 are not enough to handle the weak limit of such a
pressure. In Section 3.1, we pass to the limits for the weak solution constructed in Proposition 3.2
as € goes to zero by standard compactness argument. In Section 3.2, we will focus on the weak
limit of the pressure and the strong convergence of p. and n.. In this section, let C denote a generic
positive constant depending on the initial data and § but independent of e.

4.1 Passing to the limit as ¢ — 0"

The uniform estimates resulting from (3.19), (3.20), and (3.21) are not enough to obtain the con-
vergence of the pressure term p! +n¢. Thus we need to obtain higher integrability estimates of the
pressure term uniformly for e.

First, following the same argument in [13], we are able to get the following estimate in Lemma
4.1.

Lemma 4.1 Let (p,n,u) be the solution stated in Proposition 3.2, then

T
/ /(na+1 + T 46 o Y dadt < C
0o Jo

for B> 4.

With Lemma 4.1 and (3.26), one obtains the following bound on n, which is crucial to get the
convergence of n®.

Corollary 4.2 Let (p,n,u) be the solution stated in Lemma 3.2, then

T
/ / ntdzdt < C. (4.1)
0 Q

In this step, we fix § > 0 and shall let ¢ — 0F. Then the solution (p, n,u) constructed in Proposition
3.2 is naturally dressed in the subscript “€”, i.e., (pe, e, Ue).
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With (3.19)-(3.24), Lemma 4.1, and (4.1), letting € — 0" (take the subsequence if necessary),
we have

(pe>ne) = (pyn) in C([0,T); L2 () and weakly in LA+ (Qr) as e — 0F,

(€eApe, eAne) — 0 weakly in L2(0,T; H1(2)) as e — 07,

ue — u weakly in L2(0,T; H}(2)) as e — 07,

(pe +ne)uc = (p+n)u in C([0,T7; Lﬁk) N C([0,T); H()) as e — 07, )

(pette, neue) — (pu,nu) in D'(Qr) as € — 0T,

(pe + ne)ue @ue = (p+n)u@u in D'(Qr) as e — 0T,

B+1
B

n® + pd + 8(pe +ne)? — n® + p7 +5(p+ n)P weakly in L7 (Qr) as € — 07,

Ve V(pe +ne) — 0 in LY(Qr) as e — 0T,
By virtue of (3.26) and (4.2)1, we have
ne(z,t) < cope(z,t) and n(x,t) < cop(z,t) for a.e. (z,t) € Qr. (4.3)
With (4.2); and (4.2)4, we get
(p,m, (p + n)u)|i=0 = (po,5, n0,5, Mo.s)-

In summary, the limit (p,n,u) solves the following system in the sense of distribution on Qp
for any T > 0:

ny + div(nu) = 0,
pt + div(pu) =0, (4.4)

[(p+n)u], +div[(p+n)u@u] + V(n® + p7 + 6(p +n)P) = pAu+ (u+ ) Vdivu
with initial and boundary condition

(P, n, (p+ n)u) lt=0 = (Po,5, 0,5, Mo,s), (4.5)

ulpg =0, (4.6)

where f(t,2) denotes the weak limit of f(¢,x) as e — 0.

To this end, we have to show that n® 4+ p7 + §(p + n)? = n®+pY+6(p+n)?, which is a nonlinear
two-variables function in term of p and n. It seems that the argument in [13] fails here due to the
difficulty resulting from the new variable n. New ideas are necessary to handle this weak limit. We
are going to focus on this issue next subsection.

4.2 The weak limit of pressure

The main task of this subsection is to develop new argument to handle the possible oscillation for
the pressure n% + pd + 6(pe + ne)?. To achieve this goal, we have to show the strong convergence
of pe and n.. It allows us to have the following Proposition on its weak limit.
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Proposition 4.3

ne 4+ pY +6(p+n)f =n“+p" +6(p+n)°
a.e. on Qr.

To prove this proposition, we shall rely on the following lemmas. The first one is on the effective
viscous flux for two-variables pressure function. In particular, let

He:=n2 + p} + 0(pe + ne)’® — (21 + N)divue,
H :=n®+ p7 + 0(p+n)® — (2p + N)divu,

then we will have the following lemma. The proof is very similar to the work of [13].

Lemma 4.4 Let (pe,ne, ue) be the solution stated in Lemma 3.2, and (p,n,u) be the limit in the
sense of (4.2), then

T T
lim ; ¢/Q¢H€(Pe+n€)dmdt:/o 1/1/Q¢H(p+n)dxdt, (4.7)

e—07t
for any ¢ € C§°(0,T) and ¢ € C§°(Q).
The key idea of proving Proposition 4.3 is to rewrite the terms related pressure as follows
ng +pl =pl +alpl = pl +a%pd + (ad — a®)p¢,
Ne + Pe =Pe + AePe = Pe + ape + (ae - G)Pe,

where a. = % if pe #0, a = % if p#0,0 < aea<cy, and acpe = ne,ap = n, (p,n) is the limit of
(pe;me) in a suitable weak topology. We are able to apply the ideas in [13] to handle the product
pd +a®p® and p + ap,, because a is bounded in L>°(0,T; L>(2)). What we expect is to show the
terms (a2 — a®)p®(pe + ne) and (a. — a)pe(pd + a®p®) approach to zero as € goes to zero.

We divide the proof of Proposition 4.3 into several steps as follows:

Step 1: Control p. and n. in Llog L.

The current step of our proof is to control p. and n. in the space of Llog L, which is a little
better than L'. It will help us to obtain the strong convergence of p. and n.. We give our control
in the following lemma.

Lemma 4.5 Let (pe,ne) be the solution stated in Proposition 3.2, and (p,n) be the limit in the
sense of (4.2), then

/ [pelog pe — plog p + nelogne — nlognl(t) dx
Q

t t (4.8)
< / / (p+n)divudr ds — / / (pe + ne)divue dz ds
0 JQ 0 JQ

for a.e. t € (0,T).
Proof. Since n. and pe solve (3.1); and (3.1)2 a.e. on Qp, respectively, we have

[b(f)]e + div(b(fo)ue) + [0/ (fe) fe — b(fe)]divue = eAb(fe) — b (f)|V fe|> on Qr, (4.9)
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where f. = pe,ne, and b € C?[0, 00).
Taking b(z) = (2 + %) log(z + %) in (4.9), and integrating it over Q x (0,¢) for ¢ € [0, 7], we have

1 1 t 1 1.4,
/Q (Fe+ 5)loB(f+ ) (8) da + /0 /Q [fe = 7 loglfe & )] divuc e ds (4.10)
1

< /Q (for + ;) log(fo + 3 da,

where we have used the convexity of b and the boundary condition (3.3). Letting j — oo in (4.10),
one obtains

t
/Q(fe log f)(t) dx +/0 /Qfedivu6 drds < /Qf(m log fo,5 dz, (4.11)

where fo = pe,ne and fo 5 = po,s, n0,5-

Since the limit (n,u) and (p,u) solve (4.4); and (4.4)2 in the sense of renormalized solutions,
we can take 5(z) = zlog z in accordance with Remark 1.1 in [13] or by approximating the function
zlog z by a sequence of such the §(z) stated in Lemma 2.4 and then passing to the limit. This
allows us to have

t
/Q(flogf)(t)d:p—i—/o /Qfdivud:cds:/§2f07510gf075d:c, (4.12)

where f = p,n and fo5 = pos,n0s. By (4.11) and (4.12), (4.8) follows.
Step 2: Control the right hand side of (4.8)

With the help of Theorem 2.2, we are able to control the right hand side of (4.8). The following
two lemmas of this step shows us how to control it.

Lemma 4.6 Let (pe,ne) be the solution stated in Proposition 3.2, and (p,n) be the limit in the
sense of (4.2), then

t t
/0¢/S]¢(P+n)na+07d$d5§/o ¢/§2¢(p+n)(na+p7)dmds

for any t € [0,T] and any ¥ € C[0,t], ¢ € C(Q) where 1, ¢ > 0.
Proof. Note that

ne +pl =pl +alpd = pl+a®pd + (ad —a®)pf,
Ne + Pe =Pe T QePe = Pe + ape + (ae - G)Pe,

where a. = % if pe 20, a = % if p#0,0 < aea<cy, and aepe = ne,ap = n, (p,n) is the limit of
(pe,ne) in a suitable weak topology.
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For any v € C[0,t], ¢ € C(Q) where v, ¢ > 0, we have
t
[ [ otnz 5204 ne) s
/w/¢pe+a o) (e + ape + (ac — a)pc) deds
/w/¢> a®)p& (pe + ape + (ac — a)pe) dx ds
t
Y o o _
/ w/m +a%pg (pe+ape)dxds+/0 zb/ﬂcé(peJra pe)(ae — a)pe dx ds
/¢/¢ W) (pe + ) da ds
3
=3 II
=1

For 115, there exists a positive integer kg large enough such that

max{ ’

due to the assumption that max{a,v} < 8.
Using the Holder inequality, Lemma 4.1 and (4.14), we have

ko—1

T o T kg 2
I, <C </ / Pelae — a|kO dx dt> (/ / pe|pd + a®p|Fo-T d:ndt)
o Jo 0o Jo
T Ro
<C </ / pelac — a|™ dx dt>
0o Jo

Choosing v, = € for Theorem 2.2, we conclude that

T o
</ / pe|ac — al dx dt) —0
0 Q

as € goes to zero. Thus, we have Ilo — 0 as € — 0.
For 113, there exists a positive integer ki large enough such that

due to the assumption a < 3. We employ the Holder inequality to have

T (a+1_%)kk11 kkf;l T k ﬁ
|I13] <C (/ / Pe LR dmdt) (/ / pe‘a? - ao‘| ! da:dt)
0 Q 0 Q

1

T Ky By
<C </ /pe‘ag—aa} dxdt) -0
0 Jo
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as € — 07, where we have used (3.26), (4.16), Lemma 4.1, and the fact that

/ /pe‘a — oM dg dt <ak1/ /pE max{ae,a})a 1‘ —a‘kl dx dt
SC/ /pe‘ag—a‘ Ydadt — 0
0 Q

as € — 01, due to Theorem 2.2 with v = €. In fact, p. € L>(0,T;L?(Q)) for f > 4, and
ue € L2(0,T; HY(2)), and

Vel Vel 20,2 0)) < Cos VellVnel 2,2 @) < Co,

and for any € > 0 and any ¢ > 0:
/ed </0dx
Q P QP

Thus, we are able to apply Theorem 2.2 to control (4.18).
By virtue of (4.13), (4.15) and (4.17), one deduces that

(4.18)

t t
dim [ [ #tnz + e+ o ds = /0 v [ 6+ @+ ap) dads

t
N oA 4.19
2/0111/Q¢p’7+ap(p+ap)dwd8 (4.19)

t
=/ w/¢p”+a“p°‘(p+n)d:vds
0 Q

where we have used (pY + a®p®)(p + ap) > p7 + a®p®(p+ ap) because the functions z — 27 +a%2®
and z — z + az are increasing functions.
On the other hand,

t
/w/qﬁp—i—n n®+ pYdxds = lim @b/gb(p—l—n)(n?—l—pZ)dxds
Q

e—0t

t
—tim [0 [ oo+ n)aer + p7) dods
0 Q

otdo (4.20)
ot [0 [ oo+ mper(a - o) dods
e—01 Jo Q
t
=/ ¢/ ¢(p + n)a®p™ + p7dx ds,
o Jo
thanks to .
lim ¢/ d(p+n)pd(al —a*)dxds — 0
e—0t Jo Q
as e — 0.
By (4.19) and (4.20), we complete the proof of the lemma.
a

Since 1 and ¢ are arbitrary, we immediately get

Corollary 4.7 Let (pe,ne) be the solution stated in Proposition 3.2, and (p,n) be the limit in the
sense of (4.2), then

(p+m)ieF 57 < (p+ m)(n® + ) (4.21)
a.e. on Qx (0,7).
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Now we control the right hand side of (4.8) in the following lemma.

Lemma 4.8 Let (pe,n) be the solution stated in Lemma 3.2, and (p,n) be the limit in the sense

of (4.2), then

//p+n )divudx ds < hm//pe—i-n6 )divu, dz ds
e—0t

for a.e. t € (0,T).

Proof. For ¢; € C§°(0,t), ¢; € C5°(Q) given by
;€ C5°(0,T), ;(t) =1 for any t € [;,T— ;], 0<t; <1, 9 — 1,
as j — 0o, and
¢ € C°(Q), ¢;(x) =1 for any x € {z € Q|dist(x, 00) > Jl}, 0<¢; <1, ¢j =1,

as j — 0o, respectively, then

t
//(p—l—n)divudmds
0 JQ

t t
:/0 ¢j/§2¢j(ﬂ+n)divuda¢ds+/{] /Q(l—wjgbj)(p—i-n)divudxds

t 7 1 t -

2#‘1‘)\/ %/(ZSJ p+n deds—i—/ / — ;) (p+ n)divudz ds
=RHS| + RHS> + RHS3 + RH S,

where we have used

(2 + N)dive = n® + p7 + 8(p+n)? — H,

and

n® +p7 +8(p+n)f =n*+p7 +8(p+n)b.
For RH S5, we have

1
20+ A

t
RHSS = /O@Dj/ﬂ(ﬁj(p-f-n)é(p—l-n)ﬁdxds

t
S2A hﬂéﬁlf/o G /Q 60(pe +ne)(pe +ne)’ da ds,

becuase z — z and z — 2” are increasing functions.
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By virtue of (4.25), (4.21), (4.26), and (4.7), we have

t
/ /(p + n)divu dz ds

lim / zpj/gﬁ] ng + pd)(pe + ne) dr ds

- 2/1, + X esot
1
+ 2T hmlEf/ zpj/ ¢;(pe +1)3(pe + ne)’ da ds
0 (4.27)
-~ 2 E1_i>][(131+ / i /Q ®j(pe +ne)He dx ds + /0 /ﬂ(l —1id;)(p+ n)divudz ds
t
< lim / / Pe + ne)divue de ds + lim / /(1/1j¢j — 1)(pe + ne)divue dx ds
e—0t+ e—0t Q
+ / / (1 —;0;)(p+ n)divudz ds.
0 JQ
Letting j — oo in (4.27), we complete the proof of the lemma. O

Step 3: Strong convergence of p. and n.

Here our main task is to show the strong convergence of p. and n.. This yields Proposition 4.3. In
particular, With (4.22), letting ¢ — 0% in (4.8), we deduce that

/ [plogp— plogp+nlogn — nlogn] (t)dx <0.
Q
Thanks to the convexity of z — zlog z, we have

plogp > plogp and nlogn > nlogn

a.e. on @Qp. This turns out that

/ plogp — plogp+nlogn — nlogn](t) dzr = 0.
Q

Hence we get
plogp=plogp and nlogn =nlogn

a.e. on Qr, which combined with Lemma 4.1 implies strong convergence of p,, n, in L?(Qr). Thus
we complete the proof.

With Proposition 4.3, we recover a global weak solution to the system (4.4), (4.5) and (4.6)
with n® 4 p7 + 6(p + n)? replaced by n® 4 p? + 6(p + n)P.

Proposition 4.9 Suppose f > max{4,a,~v}. For any given § > 0, there exists a global weak
solution (ps,ns,us) to the following system over Q x (0,00):

pt +div(pu) =0, (4.28)
[(p+n)u], +div[(p+n)u@u] + V(n®+ p? +6(p+n)°) = pAu + (u+ A)Vdivu,
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with initial and boundary condition

(p, 1, (p+ n)u)|i=o = (po,s, 10,5, Mo,s) on Q, (4.29)

ulaq = 0 for ¢t > 0, (4.30)

such that for any given T > 0, the following estimates

sup ||(ps(t), ns())ll7+ () < C(po, n0, Mo), (4.31)
t€[0,T]
sup ”né(t)H%a(Q) S C(p07n07M0)7 (432)
t€[0,T
5 sup [[(ps(t),ms(8) s gy < Cloos o, Mo), (1.33)
te[0,T7]
sup 1B 00y < O, ). (134)
tef0,T
T
| 1) Byt < Clon. o 21, (4.35)
0
and
(s (t), ns ()| Ls+1(Qr) < C (8,9, po, o, Mo) (4.36)
hold, where the norm ||(-,-)|| denotes || - | + || - ||. Besides, we have
ns(x,t) < cops(xz,t) for ae. (x,t) € Qr. (4.37)

5 Passing to the limit in the artificial pressure term as 6 — 0"

In this section, we shall recover the weak solution to (1.1)-(1.3) by passing to the limit of (ps, ns, us)
as 0 — 0. Note that the estimate (4.36) depends on 4. Thus to begin with, we shall get the higher
integrability estimates of the pressure term uniformly for §. Let C be a generic constant independent
of & which will be used throughout this section.

5.1 Passing to the limit as 6 — 07

We can follow the similar argument as in [13] to have the higher integrability estimates of p and n
in the following lemma. We only need to modify the proof a little bit on n.

Lemma 5.1 Let (ps,ns, us) be the solution stated in Proposition 4.9, then
r 6 0 0
/0 /Q(ng‘"'e + pg+ + 5p§+ + 5n§+ )dzdt < C (5.1)
for any positive constant 0 satisfying 0 < 3 and § < min{1, %7 — 1} for~ € (%, 00).
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In view of (5.1) and (4.37), we have the following corollary.

Corollary 5.2 Let (ps,ns, us) be the solution stated in Proposition 4.9, then

/ / n) 0 dzdt < C. (5.2)

With (4.31), (4.32), (4.34), (4.35), (4.37), (5.1), and (5.2), letting § — 0T (take the subsequence
if necessary), we have

(ps;ns) = (p,n) in C([0,T]; Ly,

weak

(9)) and weakly in L79(Qr) as 6 — 0T,
ns — n in C([0,T]; L,

weak

(Q)) asd — 0" for a > 1,

us — u weakly in L?(0,T; H}(Q)) as § — 0T,

(ps +ns)us — (p+n)u in C([0,T); L;;;k) NC([0,T); H-1(Q)) as § — 0F,
(psus,nsus) — (pu,nu) in D'(Qr) as § — 0T, (5.3)
(ps +ms)us @us = (p+n)u@uin D'(Qr) as § — 07,
oy sTaT . pmin{10 atly +
ng + pg — n® + p7¥ weakly in L (Qr) as 6 — 0

§(ps +ns)? — 0in LY (Qr) as § — 07F,

n(z,t) < cop(x,t) for a.e. (z,t) € Qr.

In summary, the limit (p,n,u) solves the following system in the sense of distribution over
2 x [0, T for any given T' > 0:

ny + div(nu) =
pt + div(pu) =0, (5.4)
[(p+ n)u]t +div[(p+ n)u ® u] + V(o7 + n%) = pAu+ (u+ A\)Vdivu,

with initial and boundary condition

(/3; n, (p + n)u)‘t=0 = (PO, no, MO) on ﬁ’ (5'5)

ulpgo =0 fort >0, (5.6)

where the convergence of the approximate initial data in (4.29) is due to (3.4).
To recover a weak solution to (1.1)-(1.3), we only need to show the following claim:

e Claim. p7 +n® = p” + n®*.

5.2 The weak limit of pressure

The objective of this subsection is to show the strong convergence of ps and ng as § goes to zero.
This allows us to prove p7 +n® = p7 +n® as § — 0. From now, we need that ps is bounded in
LY(Qr) for some q a little bit bigger than 2. By Lemma 5.1, this leads us to the restriction v > %.
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We consider a family of cut-off functions introduced in [13] and references therein, i.e.,
Ty(2) = kT(%), 2ER, k=1,2, -
where T' € C*°(R) satisfying
T(z) =z for z<1, T(z)=2 for z>3. T is concave.

The cut-off functions will be used in particular to handle the cross terms due to the two-variable
pressure, see the proof of Lemma 5.5. Since ps € L*(Qr),us € L*(0,T; Hi(Q2)), Lemma 2.4 suggests
that (ps,us) is a renormalized solution of (5.4)2. Thus we have

[Tk (ps))e + div[Tx(ps)us] + [Tx.(ps)ps — Ti(ps)]divus = 0 in D'(Qr). (5.7)

For any given k, Tx(ps) is bounded in L>®(Qr). Passing to the limit as 6 — 07 (taking the
subsequence if necessary), we have

(ps) — Tk(p) weak* in L>(Qr),

(ps) = Ti(p) in C([0,TY; Ly, 0, (2)), for any p € [1, 00),

(ps) = Ti(p) in C([0, T]; H1(2)),

[T3.(ps)ps — Tr(ps)|divus — [T}, (p)p — Tr(p)|divu weakly in L*(Qr).

= =2 5

This yields

[T3(p)]s + div[Ti (p)u] + [T},(p)p — Ti(p)ldive = 0 in D'(R? x (0,7)). (5.8)
Similarly, we have
[Tk (ns)]e + div[Ti(ns)us] + [Ty (ns)ns — Ti(ns)ldivus =0 in D(Qr), (5.9)

and

[Tk (n))¢ + div[T)(n)u] + [T},(n)n — Tj,(n)]divu = 0 in D'(R? x (0,T)). (5.10)
Denote

Hs :=p] +n§ — (2u + N)divus,

H :=p7 +n® — (2pu + N)divu.
We will have the following Lemma on Hs and H.

Lemma 5.3 Let (ps,ng, us) be the solution stated in Proposition 4.9 and (p,n,u) be the limit, then

T T
lim i w/ﬂngg[Tk(p(;)—i—Tk(n(;)] dxdt:/o w/Q¢H [T3.(p) + Ti,(n)] dz dt, (5.11)

d—0t
for any ¢ € C§°(0,T) and ¢ € C§°(Q).

Proof. The proof is similar to work of [13].

Now let us to devote our proof to the following Proposition.
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Proposition 5.4 For any v > % and o > 1, then
n®+p7’ =n*+p’ (5.12)
a.e. on Qr.
There are two steps to prove it.
Step 1: Study for the weak limit of pg +ng

Relying on Theorem 2.2 with vg = 0, we are able to show the following lemma. It is crucial to
obtain Proposition 5.4.

Lemma 5.5 Let (ps,ns) be the solutions constructed in Propsotion 4.9, and (p,n) be the limit,
then

t L t
/ ¢/¢[Tk(p)+Tk(n)} (p7+ n%) da;d.sg/ ¢/¢[Tk(p)+Tk(n)} (p7" +n®) dzds. (5.13)
0 Q 0 Q
for any t € [0,T] and any ¥ € C[0,t], ¢ € C(Q) where 1, ¢ >0, and
ng < copp on Qr, ifa€[l,y+7),
apo <mg <copg on Qr, if @ € [y +T7,00).

Proof.

t
Jim wL¢M@@+%@M@%m@M@

6—0* Jo

t t
= lim 1/)/ c;STk(p(;)pgdacds—l— lim / @ZJ/ ¢TIy (ps)ng dx ds

6—0t

(5.14)

6—07+
= Z 1V;.
=1

For I'Vi, since z +— T (z) and z — 27 are increasing functions, we have

+ lim w/ngTk ng padxds—i— hm / w/ngk ns)ng dr ds

0 < lim 1/1/Q¢[Tk(pa) = Ti(p)] [p3 — p7] dads

§—0t Jo

=szﬁﬂwmmw—A%%ﬁﬂwmmw—AWKanmmw
-+Azgé¢ﬂw®mdxw
=/M/¢nwmww—/W%ﬁﬂwMMM

/w/¢n ()] (77 = p7) do ds

géw[ﬁﬂwmmw—éwxﬁﬂwmmw
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where we have used the fact p7 > p? and Tx(p) < Tk(p), which could be done by the convexity of

z + 27 and the concavity of z — Ty(2).
Thanks to (5.15), we have

t - t t
/Ow/Q¢Tk(p)p7d:rds§/o w/QqﬁTk(p);ﬂd:cds—61_i>r51+ ; ¢/9¢Tk(p5)pgdxd3—IV1. (5.16)

Similar to (5.16), we have

t t
/ w/ dTp(n)n®drds < lim 1/1/ ¢TI (ns)ng de ds = IVy. (5.17)
0 Q Q

§—0%t Jo

For IV,, we need to discuss the size of o in order to guarantee the boundedness of p§ in L4(Qr)

for some ¢ > 1.
For o € [1,7+ ), there exists a positive § > 0 and a positive integer ko large enough such that

Oék‘g

1
— 0 . 1
Ty 1 k2_1<’y+ <v+T (5.18)

In this case, p§ is bounded in LWTM(QT) for ’YTH > 1. Then

t t
1= Jim [ [ oTios)oias —at)dods + lim [0 [ oTi(ps)ogat duds
Q Q

5—0t §—0* Jo

t k 1 t aky 1 kg—1
> —2kC lim (/ / pg}a? - ao‘| *dx ds) "2 (/ / ps> !t T da ds) "2
§=0" N Jo Ja 0 JQ

t
+ [0 [ Tt du ds
0o Ja . N N (5.19)
> —2kCa lim (/ /pg‘(max{ag,a})a_l‘a(;—a” d:zdt) "2
0 JQ

6—0t

+/0tw/g<;5Tk(Mpaaadazds

t 1 ¢
> —2kCa lim (/ /pg{ag—a‘kz dwdt) "2 —l—/ 1/}/ Ty (p)p*a® dz ds.
§=0* N Jo Ja 0o Ja

In view of Theorem 2.2 with vix = 0, (5.19), and the arguments similar to (5.15), we have

t [
oz [0 [ dTpima dods
0 Q

:/t¢/¢Tk(p)nadxds+/t¢/¢Tk(p) piaaa—nio‘} dz ds .

/w/quTk )n®dzxds + lim 1/} ¢Tk a —a(s} dx ds

550+
:/0 ¢/Q¢f2“k(p)nadxds.

For a € [y + 7,00), we need the initial assumption é po < ng in addition such that

1
—ps <mns on Q. (5.21)
co
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In fact, the proof of (5.21) is similar to (4.37). By virtue of (5.1) and (5.21), we have

/ pstdzdt < C.
Qr

In this case, p§ is bounded in LQTM(QT) for O‘T“'e > 1. Then we can choose the integer ko large

enough such that

Ozk‘g

_ 9.
b1 k1T

Repeating the arguments in (5.19) and (5.20), we get

t
A% 2/0 LZJ/ngTk(p)nadxds. (5.22)

For IV3, we have
t
_ o
IV = lim /0 v /Q 6Ty (ns)p] da ds
5—0t

t t
= lim 1/1/ o1y, (ap(;)pg dx ds + lim / 1/1/ 10) {Tk(n(;) — Ty (a,o(;)} pg dz ds.
0 Q §—=0%Jo Q

Similar to the proof of (5.16), we have

t
lim Y / o1y, (ap(;)pg dx ds
0 Q

§—0t
t
2/ 1/}/ ¢Tk(ap)ﬁd$ds
0 Q

t t
= lim ; Q,Z)/qu[Tk(apg) —Tk(ng)]md:cds—}—/o ¢/Q¢Tk(n)p7d:cds

§—0t

In view of Theorem 2.2 with v = 0, in particular, of (2.17), we have
ng —aps — 0 a.e.in Qr
as § — 0T (take the subsequence if necessary). This implies that
T} (ap(;) — T (n(;) —0 a.e. in Qr (5.23)

as 6 — 07 (take the subsequence if necessary).

_ +o
This, with the help of the Egrov theorem and [Tk (ap(;) — T (ng)] P e L~ (Qr) for any given
k, yields

t
lm [ o / O[T (aps) — Ti (ns) |77 d ds = 0.
0 Q

6—0t

Similarly, we have

t
lim w/ qb[Tk(n(;) — T (ap(;)}pg drds = 0.
0 Q

6—0t
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Thus

IV > /t¢/ﬂ¢Tk(n)mdxds. (5.24)
0

(5.14) combined with the estimates of I'V;, i=1,2,3,4, i.e., (5.16), (5.17), (5.20), (5.22), and
(5.24), we have

[0 [ o[T) + T (77 ) o s

t (5.25)
< tim [0 [ G[Te(ps) + Telns)] (63 + ) dads.
=0t Jo Q
where we have used
p7 +n% = p7 +n.
(5.25) implies (5.13). The proof of the lemma is complete.
O

Since ¥ and ¢ are arbitrary, we immediately get

Corollary 5.6 Let (ps,ng) be the solutions constructed in Proposition 4.9, and (p,n) be the limit,
then

(T(p) + Te(w)] (o7 F27) < [Tlp) + Ti(m)] (7 + 1)
a.e. on 2 x (0,T).
Step 2: Strong convergence of p; and ns

Here, we want to show the strong convergence of ps and ng. This allows us to have Proposition
5.4. As in [13], we define

zlogz, 0<z <k,

Lk(z) = z T,
zlogk—i—z/ k(s) ds, z>k,
k

52
satisfying
Li(z) = Brz — 2k for all z > 3k,
where B 73 (5 )
ﬂkzlogk+/k o ds+ 3

We denote by (z) := Li(z) — Brz where b} (z) = 0 for all large z, and
b (2)z — b(2) = Ti(2). (5.26)

Note that ps, ns € LPT(Qr), p,n € LY (Qr), and us,u € L*(0,T; H} (2)) where 8 > 4,60 < %,
6 < min{1, %’Y —1} and v > 2. By Lemma 2.4, we conclude that (ns,us), (ps, us), (n,u) and (p, u)
are the renormalized solutions of (4.28); and (5.4); for i = 1,2, respectively. Thus we have

(b (f5)]e + div [br(fs5)us| + [0, (f5)fs — be(fs)]divus =0 in D'(Qr),
[bx(f)]e + div[be(f)u] + [b,(f)f — bi(f)]divu = 0 in D'(Qr),
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where fs = ps,ns and f = p,n. Thanks to (5.26) and by(z) = Li(z) — Bz, we arrive at

{[Lk(/)d) + Li(ns)]e + div[(Li(ps) + Li(ns))us] + [Tre(ps) + Tr(ns)]divus =0 in D'(Qr),
[Li(p) + Li(n)]e + div[(Lx(p) + Li(n))u] + [Ti(p) + Ti(n)]divu =0 in D'(Qr).

This gives

[Li(ps) — Li(p) + Li(ns) — Lg(n)]y + div|[(Lx(ps) + Li(ns))us — (Li(p) + Li(n))u]

+ [Ti(ps) + Ti(ns)|divus — [Tx(p) + Ti(n)]divu = 0. (5.27)

Taking ¢; as the test function of (5.27), and letting § — oo, we have
[0 - L4(p) + Tio) — Lo o

— lim /t/ [(Li(ps) + Li(ns))us — (Lk(p) + Li(n))u] - Vo, dz ds (5.28)
Q

=0t Jo

+ lim /t/ﬂ ([Tk(Pé) + Tk(ng)]diVU5 — [Tk(,o) + Tk(n)]divu) ¢jdrds =0,

§—0t Jo

where

¢; € C°(), ¢j(x) =1forany z € {z € Q’dist(x, o) > j}, 0<¢; <1, (5.29)

Vil < coj, ¢j 1 asm — oo

for some positive ¢y independent of j.
Letting j — oo in (5.28), we gain

[ ) = Luto) + Talo) ~ L) do
@ . (5.30)
—— lim / /Q ([Tk(p(;) + Th(ns)]divus — [Ti(p) + Tk(n)]divu) dz ds.

0—0t Jo

In view of Lemma 5.3, we have

t

— i T T, di dx d

6_1>r(r)1+// i (ps) + Ti(ns)|divus dx ds
1

BEETES) Hﬁ/ / Ti(ps) + Ti(ns)| [(2p + Ndivus — pf — n§] dz ds

2M+)\6—>0+/ / Tk (ps) + Tx(ns) [,05 +7’L§é] dx ds

- 2,HA//W Telp) + Tl [(20 -+ Nelive — 777 e ds

(5.31)

QM I / / —;05) [T (ps) + Ti(ns)] [(2p + N)divus — pf — n§] dx ds

QM iy 6—>0+/ / Tk (ps) + Tx(ns) [,Og + n?} dx ds,
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where 1; and ¢; are given by (4.23) and (4.24) respectively. Letting j — oo in (5.31), we have

— lim / / [Ti(ps) + Ti(ns)|divus dz ds

d—0+
B 2u + X / / p) + Ti(n)] [(2p + N)dive — p7 + 0] da ds (5.32)
T2+ A 5~)O+/ / Ti(ps) + Tk(”&)] [p5 + 77/(5] dzx ds.

In view of (5.30) and (5.32), we have
[ B0 = Lalp) + Talo) — L] da

2M+)\// Tk(p) + Ti( ))(ﬁ+n7)dxds

// Tr(ps +Tk(n5)](pé—|—n6)dwds

2# +A 5%0+

/ / Te(p) — To(p) + Ti(n) — To()|divu dz ds,

with Corollary 5.6, which gives

[ B0 - Lulo) + Tafi) — L) m<//n; To(p) + Th(n) — To(n)|divudz ds. (5.33)
Q

Here we are able to control the right-hand side of (5.33) as in the following lemma.

Lemma 5.7

klim / / Ti(p) — Ti(p) + Ti(n) — Tj(n)]dive dz ds = 0. (5.34)
—00
Proof. Recalling that T'(z) < z for all z, we have

1Tk (p) = T(p) || L2(@r) < lim inf 1T%(p) — Th(ps)ll 22(Qr)
<Climinf{lp+ ps 2+0(Qr)
<C,

where we have used the Holder inequality, v+ 60 > 2, (5.1) and (5.3). With the help of this estimate
and (5.3), one deduces

‘/ / Ty.(p) — Ti(p)]divu dz ds|

/ Te(p) — To(p )Hdwuydxds+/ ITh(p) — Th(p)| |dival da ds
Q:N{p>k} Q:N{p<k} (5.35)

<7k (p) = Ti(p)ll L2(@p) I divel (@engoziy) T 175 (p) — Tk(P)HLz(Qm{pgk}) [divullz2gr)

<Cdivul + C|Ty(p) — T

£2(Qin{p=k}) (Pl (Qin{p<k})’
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Note that Ty (z) = z if z < k, we have
1T (p) = Te(P)l (Qunto<ky) =l =Te(o)ll (Qenip<i})
<liminf | p5 — Ti(ps) | 22(@r)
= 11(3(1)? 1ps — Th(Ps)|| L2(Qr{ps>k}) (5.36)

<2 liérg(i)gf 1psllL2(Qrnips>k})

<2k liminf ps| 2,0, . — 0
= S0+ LY+9(Qr)

as k — 0o, due to (5.1) and the assumption v > % such that v+ 6 > 2.
By (5.35) and (5.36), we conclude

lim / / Ti(p) — Tr(p)]divu dz ds = 0. (5.37)

k—ro0

Similarly, we have

lim / / Ti(n) — T(n))divu dz ds = 0. (5.38)

k—o00
With (5.37) and (5.38), (5.34) follows. 0

Note that (5.33) and (5.34), we have

lim sup / (Tr00) — Lu(p) + In(n) — Lu(n)] da < 0. (5.39)

k—oo JQ

By the definition of L(-), it is not difficult to justify that

Tim {[|Lk(p) = p10g pllz (@) + I|Li(n) = nlognll oy | = 0,

- . (5.40)
lim || Zi(p) — plog pll (@) + IIx(n) — nlognlla(ey| = 0.
k—o0
Since plogp < plog p and nlogn < nlogn due to the convexity of z — zlog z, we have
OS/[plogp—plogp—i—nlogn—nlogn]dacSO, (5.41)
Q

where we have used (5.39) and (5.40). Thus we obtain
plogp=plogp and nlogn =nlogn.

It allows us to have the strong convergence of ps and ns in L7(Q7) and in L*(Qr) respectively.
Therefore we proved (5.12).
Od
With Proposition 5.4, the proof of Theorem 1.2 can be done.
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