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Abstract: We prove nonlinear stability of viscous shock wave of arbitrary amplitudes to
a one-dimensional compressible isentropic Navier-Stokes equations with density dependent
viscosity. Under the assumption that the viscous coefficient is given as a power function of
density, any viscous shock wave is shown to be nonlinear stable for small initial perturbations
with integral zero. In contrast to previous related results [20, 22], there is no restrictions on
the power index of the viscous coeflicient and the amplitudes of the viscous shock wave in

our result.
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1 Introduction

In this paper, we study the nonlinear stability of viscous shock wave(traveling wave solution)

to the following compressible isentropic Navier-Stokes equations:

vy — Uy = 0,

1.1
w+p(0)e = (M) | )
with initial data
(v,u)(x,0) = (vo, up)(x), x€RY (1.2)
and far field condition
(v,u)(x,t) = (ve,uy), as x — Foo, (1.3)
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where v(> 0) is the specific volume, w is the fluid velocity, p(v) = av~" is the pressure, v(> 1)
is the adiabatic constant, p(v) = bv~%(a € R!) is the viscosity coefficient, and a, b are giving
positive constants, which will be normalized to be 1.

The viscosity coefficient is often assumed to be a positive constant. However, it is well-
known that the viscosity of the flow is not constant and depends on the temperature. For
example, we can get the viscosity is proportional to the square root of the temperature when
we use the Chapman-Enskog expansion to derive Navier-Stokes equations from Boltzmann
equation, cf. [4, 5]. Especially, for isentropic flow, this dependence of the viscosity is trans-
lated into the dependence on the density. For more physical background, please refer to
[12, 22] and references therein.

About the compressible Navier-Stokes equations (1.1) in Euler coordinates, Matsumura-
Nishida [18, 19] considered the global existence of the smooth solutions in multi-dimensional
whole space and obtained the global solutions tended to its equilibrium state in large time.
They obtained decay rates of Navier-Stokes equations as

_3
(o =2, W)l L2@sy < C(L+)75,  £2>0,

where p > 0 is a constant. We are interested in the asymptotic behavior of nonconstant
equilibrium state about the model (1.1), such as the nonlinear stability of its viscous shock
wave. It is easily seen that (1.1) admits a traveling wave solution with shock profile, which
can be called viscous shock wave

(v,u) = (0,a)(x — st), (0,a)(£o0) = (v, ust), (1.4)

under Rankine-Hugoniot and entropy conditions(see (1.7) and (1.9)), here s is the shock
speed and vy > 0, ux € R! are far field states, given in (1.3).
Now we look for the viscous shock wave solution (0, a)(z — st) to system (1.1). Let & =
x — st, substituting (v, u)(§) into (1.1) and (1.3), one has the following system of differential
equations:
—sv¢ —ug =0,

—sti + p(0) = (sa51)es (1.5)

(0,0)(£00) = (v4, ug).

Integrating (1.5) with respect to & over (+00,&), and using the fact that u¢ — 0, as £ — Fo00,

we have
SV 4+ U = svy + ut,
- - i (1.6)
—st 4 p(0) — =51 = —sus + p(v),
and this implies the the Rankine-Hugoniot jump condition for shock waves
—s(vgp —v-) = (uy —u-),
(1.7)

—s(uyp —u-) = —(p(vy) — p(v-)).

From which, we can obtain

L #_pw—pm 18)

Uy —U—



We only consider the case s < 0 (first shock), and the analysis for s > 0(second shock)
is similar, which together with the Rankine-Hugoniot jump condition imply the entropy
condition

Vo> Uy, U— > Ug. (1.9)

Under condition (1.9), it is easily to check that the ODE. (1.6) has a global smooth solution
(0,7)(&)(see [10, 20]), which implies the existence of viscous shock wave solution of (1.1)
which translates at shock speed s and interpolate the asymptotic values (v4,ut) at x = +oo.

The stability of the viscous shock wave for system (1.1) is a very important problem from
both mathematical and physical points of view. When the viscosity coefficient u is a positive
constant, Matsumura and Nishihara [20] showed the viscous shock wave are asymptotically
stable, provided the initial disturbance is suitably small and of integral zero, but there are
additional conditions: “(y — 1)(total variation of initial data )is small”, this amounted
to the amplitude of viscous shock was small. For the results with nonzero integral, Mascia-
Zumbrun [17] obtained the asymptotic stability of viscous shock wave with small amplitude
for (1.1) and related physical systems; Liu-Zeng [16] proved a similar result in their treatment
of systems with artificial viscosity. When the viscosity coefficient 1 depends on the density,
ie., p = v~ Matsumura-Wang [22] proved the stability of viscous shock wave for small
initial perturbations with integral zero by a weighted energy method(cf. [6, 21]), in order to
deal with the nonlinear terms, they needed extra assumption o > %('y —1).

But there are no relevant results for the nonlinear stability of viscous shock with large
amplitudes and aribitrary power index of the viscous coefficient u(= v=%), i.e., a € R! is
arbitrary. The main aim of this paper is to extend Matsumura’s result [20, 22] in these two
aspects. Here, it is worth to mention the recent result of Vasseur, etal, they used relative
entropy method to study the stability of shock (or viscous shock) waves for the scalar or
system of conservation laws, we can refer to the results in [11, 14, 15] and references cited
therein.

In order to deal with the nonlinear term better, we introduce the new effective velocity
h=u+21(w™),, if a#0; h=u— (Inv),, if « =0, then (v, h) satisfies

Ut — h;l? = (vgil)x’

1.10
b+ p(0)s = 0, (110)
with initial data
(Ua h)($,0) = (Uo,ho)(l‘), WS R17 (111)
and far field condition
(v, h)(z,t) = (ve,ug), as x — Foo, t>0. (1.12)

Let us mention that this change of unknown transforms the system (1.1) as a parabolic
equation on the specific volume and a transport equation for the new effective velocity, this
new system will help us to deal with the nonlinear terms G and p(v|?0) in (2.3) without any
restriction on a. It is worth to mention that Bresch-Desjardins [1, 2, 3] and Shelukhin [23]

used the new velocity h(in Euler coordinates) to obtain the entropy estimates, for density



dependent viscosity in multi-dimensional and constant viscosity in one-dimensional respec-
tively, which gives the estimate of derivative of the density. Recently, by introducing new
effective velocity h(in Euler coordinates), Haspot gave a new formulation of the compressible
Navier-Stokes to deal with the well-posedness of the compressible Navier-Stokes equations

with density dependent viscosity, please refer to [7, 8, 9] and references therein.

Furthermore, let h = @ + é(ﬁ_o‘)g, a #0; h=a-— (In?)e, if o = 0, then by the existence
result of (1.5), the following equivalent problem

?,

—s0¢ — he = (51)e,
—she + p()e = 0, (1.13)
(ﬁvﬁ)ttoo)::(vivui)a

has a global smooth solution (7, h)(£), with

6a+1

[s*(v— —©) +p(v-) — p(?)] H(v) <0, (1.14)

S S

Vg =

and |¢l, |D¢e|, [Dege| are bounded.

Assume that ~
(vo — ,hg —h) € H'N LY, inf wvy(z) > 0,
z€R!? (1.15)

[(vo — 0)(z)dz =0, [(ho— h)(z)dz =0,
and

Vo(w):/x o) — (2)]dz, Ho(a:):/m (ho(2) — h(2)]d=. (1.16)

We further assume that
(Vo, Ho) € L?. (1.17)

The main theorem of this paper is as follows.

Theorem 1.1. Under the assumptions of (1.15) and (1.17), for any a € RY, there exists a
positive constant &y such that if ||Vo, Holl2 < do, then the Cauchy problem (1.1)-(1.3) has a

unique global solution (v,u), satisfies
(v—20,h—h) € C°([0,400); H'), v—b € L*([0,+00); H?), h—h e L*([0,400); H'), (1.18)
and

sup |v(x,t) —v(z — st)| = 0, sup |u(z,t) —u(z —st)| -0, as t— oo, (1.19)
zeR? zeR?

here h=u+ 2 (v™%),, h=10+ (57, if @ # 0; h =u— (Inv), h =i — (Ind)e, if a = 0.



Remark 1.1. Compared to the results of [20, 22], there is no restrictions on « and the
amplitude of the viscous shock wave.

Theorem 1.1 is the direct consequence of the following result about the equivalent problem
(1.10)-(1.12).

Theorem 1.2. Under the assumptions of (1.15) and (1.17), for any o € RY, there exists a
positive constant dy such that if |Vo, Holl2 < do, then the Cauchy problem (1.10)-(1.12) has a
unique global solution (v,h), satisfies

(v—2,h—h) € C%([0,400); HY), v—v € L*([0,+o0); H?), h—h e L*([0,400); H'), (1.20)

and
sup |(v, h)(z,t) — (0, h)(z — st)] = 0, as t— oo. (1.21)
zeR!

The rest of this paper is organized as follows. In Section 2, we reformulate the problem
in terms of the anti-derivatives of the deviation functions from the viscous shock wave. In
Section 3, we establish the a priori estimates, and prove the Theorem 2.1. And we complete
the proof of the main theorem in Section 4.

Notations: In the following, C' from line to line denote the generic positive constants
depending only on the initial data and the physical coefficients but independent of time 7'
We use the standard notations LP, H* to denote the LP and Sobolev space in R!, with norms

| - l» and || - ||s respectively. For simplicity, || - || := || - | 2(m1)-

2 Reformulation of the problem

For the convenience of the analysis, changing the variables (z,t) — (£ = x — st,t) in (1.10),

we have ;
ve — sve — he = (b))
(2.1)
hy — she + p(v)e = 0.
Next, define the new functions (V, H)(&,t) as follows
3 3 -
Ve = [ ben-ield HED= [ e -hed @)
then with (1.13), we have
Vi = sVe - He — b Vee = (b = k) Ve + (e — sien )¢ 2.G.
. . B B . (2.3)
Hy — sHe + 1/ (0)Ve = = [p(v) = p(0) — p/(9)(v = 9))] & —p(v]0),
with the initial data
(V7 H)(f,O) = (‘/07H0)(§) € H27 (24)



where
3 -

13
V(@) = [ o)~ oa)ldz, Ho(© = [ Ihot) - hldz,

—00 —00
We look for the global existence of the solution to the problem (2.3)-(2.4). At first, we
define the solution space X (0,7") for any 0 < T < +o00, we define
X(0,7) = {(V,H) € C(0,T; H*)|V; € L*(0,T; H*), He € L*(0,T; H"),
1
sup [[(V, H)(#)]]2 < 5v-}-
0<t<T
By the previous arguments as in [13, 18, 19, 20], the global smooth solution in X (0, co)
is constructed by the combination of the local existence and the a a priori estimate. The
proof of the existence of local solution is standard, and we mainly concern about the a priori
estimate.

Proposition 2.1. For any o € RY, there exists a positive constant &, such that if (V,H) €

X(0,T) is the solution of the Cauchy problem (2.3)-(2.4) and sup |[(V,H)(t)|2 <, it holds
te[0,7
fort €10,T] that

v, H)(t)!!§+/0 (IVe(n)I3 + | He(r)F)dr < CIl(Vo, Ho)3, (2.5)

here C' is a positive constant independent of T'.

Remark 2.1. In the proof of Proposition 2.1, we can’t obtain ||(V,H)(t)|| < C||(Vb, Ho)l|
directly, it will be controlled by the another term C§ fngggdde, see Lemma 3.3. Using

the smallness of 6, we enclose the one order derivative estimates in Lemma 3.4, and obtain

IV, H)@®)|| < C|(Vo, Ho)llx-

Once the Proposition 2.1 is obtained, we can show the following global existence theorem,
which implies Theorem 1.2 by defining v =0 + V¢, h = h+ He.

Theorem 2.1. Assume (Vo, Ho) € H?, then for any o € RY, there exists a positive constant
do such that if ||Vo, Holl2 < o, then the Cauchy problem (2.3)-(2.4) has a unique global

solution (V,H) € X(0,00), satisfies

sup [(V,H)¢(&,t)] = 0, as t— oo. (2.6)
z€RL

3 Proof of Proposition 2.1

Throughout this section, we assume that the problem (2.3)-(2.4) has a solution (V,H) €
X(0,T) for some T' > 0. We will derive the a priori energy estimates for the system (2.3)-
(2.4). To begin with, we make the following a priori assumptions for sufficiently small § > 0,

sup [|(V, H)(#)[]2 <0, (3.1)
t€[0,T
where T € (0, 00|, which implies
sup {[|(V. H)(8) |z + [|(v = 8, h = h)(t) |z} < 6, (3.2)

te[0,T

where T € (0, c0].



Let us start with some useful inequalities and inequalities.

Lemma 3.1. Under the assumption of (3.1), we have

plofi) < CV2, (33)
[poID)el < C(IViellVl + 7l V), (3.4
[p(olD)ee] < CVeeel Vel + V& + V& + 17l VeI Viel)-

Proof. By the representation of p(v|?) = v=7 — =7 + 45~ 7"!(v — ©)), through the tedious

calculations, we have
p([D)e = =YVee(0 7 =077 — 4B (v T =0T 4+ (v + 1)), (3.6)
and
plt)ee = —AWVeee(w 7T =071 = qge (0T =0T 4 (v + 1)5TTV)
(Y + Do PVE A (v DT T2 = 5T 4 (v + 2)57 Y]
F2y(y + Vel (o772 = 57772),
(3.7)

Then by mean value theore, Taloy’s formula and (3.2), we complete the proof of Lemma
3.1. ]

Lemma 3.2. Under the assumption of (3.1), we have
1GI < C(VellVeel + 1l Ve (3.5)
|Gel < C(VE + [VellVeel + Vel [Vee| + [Vee| + [Ve))- (3.9)
Proof. By the representation of G = (=i — =57 )Vee + (o — za57)0¢, we have

V&@Q—I—Z + 65[6a+2 _ (Vg + @)@—&-2]
Ua+2@o¢+2

Ge = —(a+1) Vee

1 1

+(vo¢+1 - ﬁoz-i—l)‘/éég

‘/'&_&_1’}04"‘2 + @5[5a+2 _ (Vf + f})a+2] ~

—(a+1) Lat2pat2 Ve

1 1

(UOH-l - 1~)oc+1 )Uff

Veg™ 2 — (a+ 2)(0 4 0VE) "1V
pot2gat2 133

= —(a+1)
1 1
(Ua-i-l - 5a+1)V€€5
Vee0™ 2 — (o + 2)0 (0 + OVe) Ve _
pot2pate 3

—(a+1)

1 1

(oF1 ~ gar1)0ee for 6 €(0,1),

(3.10)

and using the smallness of |Vg| by (3.2), the boundness of |0¢| and |Ug¢|, the proof of Lemma
3.2 is completed. O



With the above useful inequalities at hand, we begin to give the a priori estimates, the
first is the basic energy estimate.

Lemma 3.3. Under the assumptions of Theorem 1.2, it holds that

/(V2+H2d§—s/ d{dT—i—//ngxdT

< O|| (Vo Ho) P + 06/ /Védﬁdr
0

(3.11)

Proof. Multiplying (2.3); and (2.3), by V and _WHEV respectively, summing them up and
then integrating the resulting equality over R! by parts, we obtain

1d H? s 1 4

L V3de — 2 H?d / £ 4

2t | | p’(’f)) Ve -3 /(p/(~))5 $t | Zam®

Ve
= / (v ]v)p d§+/GVd§+(oz+1)/ — +205Vd§
1 1 1 Ve
< (0é ‘/f d§ + {(m — W)‘/gg + (W - ﬁ + ( + 1) )Ug}Vdf
< 05/1@2d§+05/1@2§d5+0/\@gvgyvydg

< C5/V§d§+06/véd§,

(3.12)
here we have used (3.2) and Lemma 3.1. Next, taking § sufficiently small, and integrating
the above inequality with respect to ¢, we obtain (3.11). ]
Remark 3.1. Since we consider the first shock, s < 0, and (p’%ﬁ))'s = “’Hv'yvg > 0, then

—s fo f £H2d§d7' is a good term in Lemma 3.3.

Lemma 3.4. Under the assumptions of Theorem 1.2, it holds that

IV, H)(#)]7 +/0 IVe(r)|I3dr < C||(Vo, Ho)l[3-
(3.13)

Proof. Multiplying (2.3); and (2.3), by —Vg¢ and ,( ) respectively, summing up and then
integrating the resulting equality over R by parts, yields

d H2 V2 s 1
AT 2>d5‘2/<m>5ﬂf2df*/ e

= — [ plo|p)—LEde — 0) = p())(—)edé —

= = [t = [ Heoto) —p() s eds — [ GV
- 1 . 1

= [l s~ [ ) —p(v))(p*,m)gdﬁ [ peloe

= —/p’(@)Vfo(p,;ﬁ))&d&L/ (v |“)

(3.14)



then by Lemmas 3.1-3.2 and (3.1)-(3.2), we have

d HEQ V£2 s 1 2
it [t s 5 [t [ 5

S
< _Z
-4

e / (VellVeel + 17| Vel) Ve de

S

te / V2de + C(e) / V2.
Integrating (3.15) with respect to t, and using Lemma 3.3, yields
( g_/
[t
< C|(Ho, o)} + Co / / Vggdng e / /Vé sedr

+C(1+5+C(e))/0t/vgd§d7

t
<l o)l + €5 | [ Vadsar e [ Vaag
0
t
+O 40+ C(€)o /0 / V2dedr.

Choosing € appropriately small and § sufficiently small, we obtain

/(Vg2 +H§)d§+/ot/v§d§d7

< C||(Vo, Ho) )%,

and this together with Lemma 3.3 complete the proof of Lemma 3.4.

Lemma 3.5. Under the assumptions of Theorem 1.2, it holds that

t
/0 | He(r)|[2dr < Cl[(Vo, Ho)|2

Proof. Multiplying (2.3); by He, and using (2.3)2, we have

H = (VHe),— V[sHe — (p(v) — p(0))e]

* He — GH.

Vee
—sVeHe — =25

1 -
[ Gpetttac [ Vid 0 [ VeelVel +15€lV2) el

1 2 2 2 2
<3 [etas e [veagcs [vaasvos [vea

2dedr +/ /

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



Integrating the above equality with respect to £ and ¢, and using the integration by parts,
Lemma 3.4 and (3.1), we obtain

/ t / Hid¢dr
= / VeHdg — / Vo Ho,edé — / / Ve(p 7))dedr
/ / ‘flegdng— / / GHedédr

< C||(V, Ho)|2 + //&@Mﬁ//wwwﬂmwwwa

< O (Ve, Ho) |2 + //m@m

(3.20)
and this completes the proof of Lemma 3.5. O
Lemma 3.6. Under the assumptions of Theorem 1.2, it holds that
t
(Ve Heo) ()1 + | [ Viedsar < 0o Bl
(3.21)

Proof. Multiplying (2.3)2 by — ( L differentiating the resulting equation with respect to £
twice, and differentiating (2. 3)1 with respect to § twice, then multiplying them by H¢s and
Vee, respectively, and adding them up, integrating the results with respect to £, we obtain by
integration by parts

1d HQ S 1
2dt/( ( ) £ - 2/(M)£H§§d5+/ fidf

= 2 [ eole) — ple)eHieds — 2 [ PO HD 0P e

1
(
+/ ((p)( )1;2 P e )5Hf§d5+2/p(“\@)§(p,éﬁ))sff&df

+/¢wm{$ﬂf;)—ﬂw>%v%g%wf

. 1 Vee .
+/p(v|v)5§p,(6)H&df+/G§£V&d§+ (1+04)/1~}2+a‘/£5£v§d§

'(9)e)?
= 2 [V - 2J/x@ﬂf<(§?£&gds

+/p,‘(/%)l?'(@)&ﬂséd§+/ (v]0)ee oG )Hse d¢

« + 1
/ GeeVeed€ — / Ve ( a+2 Jed€ = ZI (3.22)

Using Lemmas 3.2, 3.4-3.5, (3.1) and the boundness of |U¢|, |U¢¢|, |U¢ee|, we can estimate I;( i =

10



1---,6) as follows
o= =2 [0 Ve+ 8 03V s e e

1
< —Z/(M)5H§§d§+C/Védf—i—C/ngf,
(3.23)

L, = ’y—l—l /‘/{; Hg&df

= 20+ 1 [ Vee(2 s + 20+ 1 [ Ve((E?)eeas

< C/VéderC/HgngrC'/ngg. (3.24)
Similarly

L = / (3 +1)(y + 25252 — (7 + 1) e Ve Heedé
- / (4 1)y + 2>fr%§ (o + 1)5 e Ve Hed
/ (3 + 1)(y + 25262 — (7 + 1) ieele Ve Hedt

< C/{@d&@*/ﬂ?dﬁ(}/@dg (3.25)

And by Sobolev embedding theorem

I <C [[(VesellVel + V& + V + IVell VeeD [ Heclde
< Cl[Vello I Veeel | el + CIVell e 1Vell e
+C Vel [ Veell e+ C11Vell Vel | el
< CO(IVeell+ 1 VelDl Vel + B0 Vel + IVl (IVeell-+ Vel
+O (Ve + Vel Ve
< COIVE® + Vael + Veee )
(3.26)

Similarly
/Gs‘/gfsdﬁ
< c/<v§%+ IVellVeel + Vel Veeel + [Veel + Vel Veeel
< O8(|[Veell + [ Vecell?) + ell Veeel > + COUVEI? + [ Vee 1)

(3.27)

And by the boundness of |0¢| and |0g¢|, we have

Iy < OVl
(3.28)

11



Substituting (3.23)-(3.28) into (3.22), taking e appropriately small and § sufficiently small,
integrating the resulting inequality, by Lemmas 3.4-3.5, we can complete the proof of Lemma
3.6. O]

Lemma 3.7. Under the assumptions of Theorem 1.2, it holds that

t
/0 | Hee(r)|2dr < C||(Vo, Ho) .

(3.29)
Proof. Multiplying (2.3)1 by Hegee, and using (2.3)2, we obtain
H: = —(VHege) + sVeHeee + VIsHeeee — (p(v) — p(D))eee]
Vee
+—org Heee + GHege + (HeHee e,
(3.30)

integrating the above equality with respect to £ and ¢, and using the integration by parts,
Lemmas 3.2, 3.4-3.6 and (3.1), yields

t
/ / HZ.dgdr
/V):Hssdé /VogHosedé //V&E p(0))dédr
Ve Vee H, t
/ / S8 Heedédr + (a+ 1) / / v fifdgdr— /0 / GeHeedtdr

< C||(Ve, Ho) 3+ - / / HE.dédr

t
+c/0 /<v§+\Vguvga+|vg||vgg|+rv§g\+rvg|>|Hgg|d5dr

1 t
<Cl(a Ho)l3+ (5 +9) | [ HEagar,
0
(3.31)

takeing 0 small enough, we obtain (3.29), and this completes the proof of Lemma 3.7. O

From Lemmas 3.4-3.7, if we choose ||(Vy, Ho)(t)||2 < do, and let C'63 < 6%, we can obtain

IV, ) (@)l +/0 (IVe(n)I3 + | He(r)1)dr < C|(Vo, Ho)|I3(< 6), (3.32)

this proves Proposition 2.1.

On the other hand, from the global estimate (3.32) above, we derive

[(Ve(-, 1), He(, 1) [lh = 0, as ¢ — +oc.

12



Consequently, for all £ € R,

5 3
V(D = 2 [ VeVielwty

o

< 2Ve@[[[Vee@l = 0, as ¢ — +oo.

Applying the same argument to H leads, for all € R!, to
He(&,t) =0, as t— +o0.

Hence (2.6) is proved. Thus the proof of Theorem 2.1 is completed.

4 Proof of the main theorem

At last, we prove (1.19), then everything is done. From (2.1), we have

Uu,
ut — sug + p(v)e = (UofH )és

this together with the equation
- N - Ug
ar — stig + p(0)e = (=7)es

implies that w £ u — @ satisfies the following parabolic equation

1 1

we — (g we)e = swe — (p(v) = p(0))e + (Ue( 57 — =7))e-

(4.3)

From the global estimate (3.32), we know that the right hand side of equation (4.3) is bounded

in L2(0,T; L?(RY)), then by the classical regularity results for parabolic equation gives

wy is bounded in L2(0, T; L*(R')),

and
w is bounded in L?(0,T; H*(R')),

which implies
lw(&,t)]| — 0, as t — +oo.
By (4.5), there exists a 9 > 0, such that
we(-,tg) is bounded in L*(R').

Set w = we, then w satisfies the following parabolic equation

1 1

Wi — (W@)gg = swe — (p(v) — p(0))ee + (%(W - @))&é-

(4.4)

(4.5)

(4.6)

(4.7)

Again, by (3.32) and (4.5), we know that the right hand side of equation (4.7) is bounded
in L?(0,T; L?(R')), then by the classical regularity results for parabolic equation (4.7) with

initial data (4.6) gives
w; is bounded in L?(tg, T; L*(R1)),
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(4.8)



and
@ is bounded in L?(to, T; H*(R1)), (4.9)

which implies

|we(&,t)|] = 0, as t— +o0.
Then we have

|lw(&, t)]h — 0, as t — +oo.
By using the Sobolev inequality, we have

sup |w(&, )] — 0, as t — oo, (4.10)
z€R!

which together with (2.6) implies

sup |v(z,t) —0(x — st)| = 0, sup |u(x,t) —a(x — st)] -0, as t— oo, (4.11)
z€R! z€R!

this is (1.19), then the proof of Theorem 1.1 is completed.
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