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FROM KINETIC EQUATIONS TO MULTIDIMENSIONAL
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Abstract. This article is devoted to the proof of the hydrodynamical limit from kinetic equations
(including BGK-like equations) to multidimensional isentropic gas dynamics. It is based on a relative
entropy method; hence the derivation is valid only before shocks appear on the limit system solution.
However, no a priori knowledge on high velocity distributions for kinetic functions is needed. The
case of the Saint—Venant system with topography (where a source term is added) is included.
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1. Introduction.

1.1. Context and results. This article is devoted to the study of the hydro-
dynamical limit of kinetic equations to the multidimensional system of isentropic gas
dynamics:

. _ " n
(1.1) {athrdlvm(pu)O, teR", z € R",

O(pu) +divy(pu @ u+ Ip?) = pF, teRt, zeR™,

for1 <y < ”T” and a given external force field F'.

This is a simplified situation of the long-term problem concerning the compressible
limit of the Boltzmann equation. In this case, the hydrodynamical limit has been
performed by Caflisch [9] only for smooth data during a small time. The asymptotic
limit of the Boltzmann equation in low Mach number towards incompressible Euler (or
Navier-Stokes) systems has been achieved recently by Saint-Raymond [26] and Lions
and Masmoudi [22] following the pioneering work of Bardos, Golse, and Levermore [1].
As for our work, they are still local time results, since it is valid in the lapse of time
in which the limit solution remains smooth. However, at the kinetic level, no strong
smoothness property is needed. Notice that in our case we deal with compressible
gases, and even the existence of a solution to (1.1) after shocks appear is not known
in the multidimensional situation.

At the kinetic level, we consider a Fokker—Planck equation for the isothermal
case (y = 1) and a BGK-like equation for the other values of 7. Originally, BGK
equations have been introduced by Bathnagar, Gross, and Krook as a simplification
of the Boltzmann equation. This model has been extended in order to construct
kinetic equations associated with different hydrodynamical systems (see the book of
Perthame [24] for a survey of this field). In our particular case, the BGK model we
use has been introduced for the full range of v by Bouchut [5]. Our main result is the
following.
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THEOREM 1.1. Let F be in C2(R™) N L®(R"). Let (p°, p°u®) € L*(R™) be the
initial data of a solution U = (p, pu) € CH([0,T[xR™) N L([0, T[xR™) to (1.1) such
that p > 0; p, u, Opp, Ozu are bounded with respect to (t,x); and pu?, h(p) are
integrable with respect to (t,x), where h(p) = p7/(y — 1) for v > 1 and h(p) = plnp
for v = 1. Consider a family of kinetic initial values f2 wverifying f0 € L'(R?"),
H(f%v) € LY(R®") (where H is the kinetic entropy associated with the system (1.1);
see section 4). We assume that it verifies

[ (G0 B o) do (0, P, P02+ 0 i LR,
R e

Let f. be the solution to the BGK equation (4.1) for 1 <~y < mn/(n+2) or the solution
to the Fokker—Planck equation (4.5) for the isotherm case (y = 1). We denote

(pes pete) = (/n fe dv,/n vfe dv) :

Then p. converges strongly in C°(0,T; LY (R™)) to p for every 1 < p < v and peuc

converges strongly to pu in C°(0,T; LL (R™)) for every 1 < q < 2v/(v+1).

In the monodimensional case (n = 1) a stronger result has been achieved by
Berthelin and Bouchut [3] in the similar situation where we have only one entropy.
This result is valid even when shocks appear. The simpler case dealing with the
complete family of entropies has been performed by Berthelin and Bouchut [2] (see
also Serre [27] for regular systems). However, notice that in our case, no a priori
assumption on the support of f. in v is needed. Everything is controlled by the
energy bound. (We also refer the reader to [28], [17] for the convergence of discrete
kinetic models to the Lagrangian version of the p-system in the one-dimensional case
but even after the appearance of shocks.)

The main tool is a relative entropy method. It relies on the “weak-strong” unique-
ness principle, established by Dafermos for multidimensional systems of hyperbolic
conservation laws admitting a convex entropy functional [10]. Tt is close to the concept
of dissipative solutions for the Euler equations of Lions [21]. It has been frequently
used for systems of particles and rarefied gas dynamics; see Yau [29] and Golse, Lev-
ermore, and Saint-Raymond [14] (see also Goudon, Jabin, and Vasseur [18]). For
different asymptotic problems it is called the “modulated energy” method (Brenier
[7], Masmoudi [23], and Brenier [8]).

1.2. Numerical motivation. The kinetic structure of hyperbolic conservation
laws have been used for a long time to construct entropic numerical schemes (see
Kaniel [20], Giga and Miyakawa [13], the “transport-collapse” method of Brenier [6],
etc.). This method has been intensively developed by the group of Perthame (see
[24] for a review). In this framework, study of hydrodynamical limits of BGK-like
equations can give a first step for the proof of the convergence of those schemes.

Recently an intense activity has been produced to solve numerically hyperbolic
conservation laws with source terms. As a test, the Saint—Venant system with bottom
topography is often proposed:

O¢h + divy(hu) =0, t>0, z € R?
(1.2) Or(hu) + divy (hu @ u) + Vi h* + Z'(x)h =0, t>0, = € R?,

(h’7 hu)|t=0 = (hO’ h0u0)7 T e R27
where Z is the given bottom topography, A is the unknown depth of the water, and
u is the unknown velocity of the water. This system models the evolution of a river.
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Different numerical methods have been proposed to solve such problems (see Gosse
[16], [15], Jin [19], Gallouét, Hérard, and Seguin [12], etc.). Botchorishvili, Perthame,
and Vasseur [4] developed a kinetic procedure to construct numerical schemes and
showed the convergence in the scalar case. This method has been successfully imple-
mented by Perthame and Simeoni [25] for the Saint—Venant system. Notice that the
Saint—Venant system corresponds exactly to the sytem (1.1) with y =2 and Z’ = F.
Our result can be seen as a first attempt to show the convergence of kinetic schemes
in this framework.

1.3. Idea of the proof. As mentioned above, the proof relies on a relative
entropy method. We consider the following abstract conservation law:

(1.3) 8U + div, A(U) = Q(U, z),

with U(t,z) e U CRP fort e RY, 2 € R*, A: U — RP, and Q : U x R® — RP.
We assume that there exists an entropy, entropy flux couple (1, G) with n € C?(U,R)
convex such that

(1.4) 0iGR(W) =Y 9n(W) 0iA;u(W)  Vk,i, YW.

For smooth solutions of this system, we have the entropy equality
(1.5) On(U) + 0:G(U) = (U)Q(U, ).

Following the notations of Dafermos, for every function ® € C'*(RP) of U we introduce
the associated related quantity ®(-|-) € CO(RP x RP):

(1.6) e(UL1|U2) = @(Uh) — @(U2) — VO(Us) (U1 — Ua).

For example, the relative entropy is defined by

(1.7) n(U1|U2) = n(Ur) = n(Uz) —n'(Us) - (Ur — Ua),
and the entropy flux by
(1.8) A(Uh|Uz) = A(Ur) — A(Uz) — A'(Uz2) - (Ur — Us).

We notice that if @ is convex, then ®(U;|Us) > 0. Moreover, if it is strictly convex,
then ®(U;|Uz) = 0 if and only if Uy = Us.
We consider in the same way an abstract kinetic equation

(1.9) Ofe +v-Vafe+alfe) :Q(%)U)

b

where f. = f.(t,z,v) € R with t € R, z,v € R", and ¢ a linear operator, Q :
R x R™ — R and with a : R™ — RP, where the collision term Q satisfies

(1.10) / a(v)Q(f,v)dv=0 for any f € R.

We assume the existence of a kinetic entropy H : R x R™ — R which is well related to
the entropy 7 of the hyperbolic system we want to relax. In more precise words, we
need that the following nonincrease is checked for the solution of the kinetic equation,

(1.11) &) At < [ e
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where
(1.12) Ue(t,x) = /n a(v) fe(t,z,v) dv,

and that the following compatibility between the entropy 7 and the kinetic entropy
H is satisfied:

(1.13) n(Ue) < - H(f.,v)dv.

In addition we assume that

[ e +la@ o osedos [ a@ialsdo

n

(1.14) < [ (s H(f ) o

Then we have the following abstract theorem.

THEOREM 1.2. Let U € [CH([0,T] x R™)]? be a strong solution on [0,T] of the
multidimensional hyperbolic system (1.3), a system with a convex, C? entropy, for an
initial data U°. We assume in addition that U, 7/ (U), and 0,1’ (U) are bounded and
that U and n(U) are integrable with respect to x. Let f. be a solution to the kinetic
equation (1.9), satisfying (1.10)—(1.14) and f. + H(f.,v) integrable with respect to x
and v for every t. We set

Ue(t, ) :/ a(v) fe(t,z,v) dv.
We assume the convergence of initial data
(1.15) [ nweryas < o
and the following compatibility for the initial data

(1.16) H(f2,v)dv —n(U7)

R™

< Cov/e.

If we have the control of the kinetic quantities

(1.17) /OT/
(1.18) /OT/

and the control of the relative fluz and the source terms by the relative entropy as

A(U.,) —/ v® a(v)fedv| dovdt < Civ/e,

drdt < Civ/e,

QU-.2)+ [ a(wya(f)do

(1.19) [A(UL|U)| < C2 n(Ue|U),
(1.20) QU)W (U:|U) + [Q(U:) = QU)|(n'(U:) — ' (U))| < C2 n(U:|U),

where Cy and Cy are positive constants, then we get, for a constant C,

(1.21) / n(U|U)(t,x)dz < Cy/e for anyt € [0,T).
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Hypothesis (1.15) and (1.16) are compatibility conditions on the initial data. Hy-
pothesis (1.19) and (1.20) are structure conditions on the system (1.3). This theorem
shows that if (1.17) and (1.18) are fulfilled (which will be derived from kinetic dissipa-
tion), and the system (1.3) has a good structure, then the total relative entropy of U,
with respect to U converges to 0. This applies to the convergence of U, to U. Notice
that this presentation splits nicely the kinetic dissipation effect from the control of
the nonlinearities. The kinetic dissipation is needed in order to fulfill the consistency
(1.17) and (1.18). The nonlinearity is driven by the relative entropy method which
can be applied if (1.3) verifies (1.19) and (1.20). Notice that the method depends only
on the structure of the system whatever the kinetic equation is.

Then we show that the isentropic system (1.1) verifies the structure compatibility
and that the involved kinetic equations verify the dissipation properties needed. No-
tice that the full Euler system (with the added energy equation) does not verify (1.19).
Hence this method cannot be applied directly to the convergence from the Boltzmann
equation to the Euler system, for instance (see the appendix). The problem relies
already on the structure itself of the system (the relative flux cannot be controlled
by the relative entropy because of the high macroscopic velocities). Of course an
additional difficulty lies in the kinetic level to control high velocities to obtain (1.17)
and (1.18).

2. Study of the abstract problem. We consider the abstract equation (1.3)
and abstract kinetic equation (1.9). This section is devoted to the proof of Theo-
rem 1.2.

2.1. The key estimate. In the following proposition, we describe the evolution
of the relative entropy using canonical quantities associated with the system (1.3) and
entropy equation (1.5). We do not claim any originality in this result. It can be found

n [10], except for the slight generalization concerning the source term @. However,
we give the proof for the sake of completeness.

PROPOSITION 2.1. For the entropy n € C*(RP) and for any U,V € [C*(R"™)]?,
we have

On(VIU) = [0m(V) + dive, G(V) — 7' (V)Q(V)]
= [0m(U) + div, GU) — 7' (U)Q(U))]
=" (U) - [0:U + div, AU) = Q(U))] - (V - U)
—77( ) - [0,V + divy A(V) = Q(V)]
n'(U) - [8tU+d1VmA( ) - (U))]

+div, [G(U) ] + Za,k [0:G(U) (Vi — Uy)]

"’Zaﬂ? [A(V|U)]
+Q( ' (VIU) +[Q(V) = QU)W (V) = n'(U)).

Remark 2.2. Notice that if U and V are regular solutions to (1.3), the first
five lines vanish. The sixth line has a divergence form, hence its integral is vanishing.
Finally, the two last terms are quadratic with respect to V—U (at least when |V —U| <
R) as n is. Hence, from this proposition, we can expect to have a good structure to
use Gronwall’s lemma on [ n(V|U) dz.
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Proof. From the definition of relative quantity (1.6), we have

In(VIU) = 9n(V) = 0m(U) = 0 [n'(U)] - (V = U) =0 (U) - 9(V = U)

= [0n(V) + div, G(V) — 0/ (V)Q(V)]

—[0m(U) + div, GU) — 7' (U)Q(U)]

(2.1) =" (U) - [0:U + div, AU) - Q(U)] - (V - U)
—n'(U) - [0,V +div, A(V) — Q(V)]

+1'(U) - [0:U +div, AU) — Q(U)] + Ry + Ra,

where
Ry =0'(V)QV) -7 (U)QU) —n"(U)-QU)-(V-U)
n'(U)-Q(V)+7'(U)-QU)
(2.2) = QW) (VIU) +[n'(U) —n' (V)] - [Q(U) — Q(V)]
and

lea: [G(U) = G(V)]
n"(U) - div, A(U) - (V = U)
+7'(U) - div, [A(V) — A(U)).

The existence of the associated entropy flux G gives the relation (see (1.4))

8, Gr(W Zajn ) 0i A (W) ki, YW.

A derivation of this relation with respect to W gives

Zazﬂ? )0i A (W) = 05 G (W Zaﬂ )0uAji(W).

We use this relation with W = U and get

1" (U) - divy AU) - (V U)
=D 9uyn(U)0s, [A4;(U)](Vi — U)
= om(U)0:Aj(U)0,, Ui (Vi — Uy)
= 0uGr(U)02,Ui(Vi = U)) = Y 9n(U) 0 Aj(U)0a, Ui (Vi —

and now

—0in(U)0uAjx(U)0,, Us(Vi — Up)
= 0in(U) [=0u,, [01A;x(U)] (Vi — U1)]
= 0in(U) [=0u,, [01Ajx(U)(Vi = Up)] + 01 A1 (U) O, (Vi = Un);
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therefore, we obtain
Ry = div, [G(U) = G(V)] + > 0uaGr(U)0x, Us(Vi — Uh)

+30m(U) [0, (014 (U) (Vi — UD)] + 01 A (U)0a, (Vi — U1)]
+7'(U) - dlvw[ (V) = AU)]

= div, [G(U) = G(V)] + Y 0a, [OiGK(U))(Vi — U1)
—Zé‘ﬂ] (U)0x, [01 A (U) (Vi — U]
+ > 0m(U) 0 Ak (U)a, (Vi — Uy)
+ D 0i(U) 0, [Aj(V) — Aji(U)]-

Permuting indexes i and [, we can rewrite (1.4) in the following way:
Zajn 81 ch ) :ale(U).

Thus we find
Ry = div, [G(U) — G+ 00, [0:Gr(U) (Vi = Uy)]
(2.3) +30m(U)0a, [A(VIU)].

Equation (2.1), with (2.2) and (2.3), gives the desired relation. 0
Remark 2.3. We notice that in particular, the term Ry of the proof satisfies

Ry dz = /R %;ajnw)amk AV|U)] de
_ / S0, [0;n(U)] A (VIU) da
ik

This result is now used to obtain information if one deals with weak, strong,
or/and approximated solutions.

R™

2.2. Weak and strong solutions. This subsection is completely imbedded in
Dafermos [10] (except for the slight generalization of the source term). Moreover, it
is completely independent of the remainder of the paper. We give it since it clarifies
the structure conditions (1.19) and (1.20) needed to use the relative entropy method
without a priori condition on V in L for instance. We assume here that U is a
strong solution of (1.3) (and as a consequence (1.5) is satisfied), and that V' is a weak
solution of (1.3) satisfying the entropy inequality

(2.4) On(V) + .G(V) < n'(V)Q(V).

Thus applying Proposition 2.1 (on a regularization of V' and passing to the limit in
the regularization), we get with the notations (2.2) and (2.3)

(2.5) om(V|U) < Ry + Ro,

and using Remark 2.3, it leads to the following result.
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COROLLARY 2.4. Let U € [CY([0,T] x R™)]|P be a strong solution of (1.3) such
that U, n'(U), 0,m'(U) are bounded and U, n(U) are integrable. Let V' be an entropy
weak solution of (1.3). Then we have

d
dt / nViv)de < - / . Ekja [0m(U)] A (V|U) da

(2.6) /. QW) (V|U) dx

* / QW) = QW (V) ' (U) de.

This result clarifies necessary information needed on the structure of the system
(1.3). If we have for every V,U € RP

(2.7) [A(VIU)| = Cn(V|U)
and
(2.8) QW)Y (VIU) +[Q(V) = Q)0 (V) —n'(U))| < Cn(V|U),
then we get
% - n(VIU)dz < (C(U)+1)C - n(V|U) dz,

and by a Gronwall’s argument, it gives

/n(V|U)(t,x)dx§/ n(VIU)(0, ) dz (C)+1)Ct.

Thus if U° = VO, then
n(V|U)(t,z) =0 Vtel[0,T], a.e. x € R™

It gives V = U if 7 is strictly convex. We recover here part of the classical results for
weak = strong solutions. In fact, estimates as (2.7)—(2.8) are the important point to
perform our entropy method. If we do not have a source term, it says that we need
a control of the relative flux of the system by the relative entropy. This was already
the case in Brenier [8]. We want now to extend the possible applications by studying
the link between a strong solution and some approximations of it.

2.3. Strong and approximated solutions. We now assume that U is a strong
solution of (1.3), and U, is any approximation of a solution, coming for example from
a kinetic model. We get the following corollary from Proposition 2.1.

COROLLARY 2.5. Let U € [CH([0,T] x R™)]? be a strong solution of (1.3) such
that U, n'(U), 0,1’ (U) are bounded and U, n(U) are integrable. Then we have, for
any function U, € [C([0,T] x R™)]P,

Om(Ue|U) = [0im(Ue) + divy G(Ue) — n/(Ua)Q(Us)]
—n'(U) - [0,U: + div, A(U:) — Q(U.)]

+dive [GU) = GU)] + Y 00, [0:G(U) ((Ue)s — Ui
+28j77(U)8mk [A(U|U)]
gk

+ QU (U:|U) + [Q(U:) = QU)I(' (Ue) — 0 (U)).
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In this situation we have

d

& | ) = awar =~ [ ww)ew.)d

f/ 7' (U) - [0,U- + div, A(U.) — Q(U.)] da

]Rn
. Zark [0n(U)] A (U|U) dx
ik
+ [ i wivas

+ [ Q) - QN W) — o ) d.

We use now this relation in the case where U, comes from a kinetic equation.

2.4. Approximation from a kinetic equation. We consider f. a solution to
the kinetic model (1.9) which satisfies (1.10)—(1.14) with f. + H(f., v) integrable with
respect to x and v for every ¢t. Let U, be the moments of f. defined by (1.12). We set

(2.9) A. =n(U|U) + o H(fe,v)dv—n(Ue).

From (1.13) and the convexity of 7, we have
(2.10) A. > 0.

Using (1.11) and the relation of the previous section, we obtain (again after a regu-
larization)

A Ade< —/ 7 (U) - [0,U- + div, A(U.) — Q(U.)] da

_ /}R Y O [0(U)] App(UL ) d
<

+ [ QUi is
+ [ 10w - QU (©.) o ) da.

Now multiplying the kinetic equation (1.9) by a(v) and then integrating it with respect
to v and using (1.10), we have

0:U, +divw/ v ® a(v)fe dv—l—/ a(v)q(fe) dv =0.

n n

It gives

@m+dwwum)QwadwmQMmo v®dwﬁda

{[ﬂmmi%mw]

Therefore we get the following result.
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PROPOSITION 2.6. We assume that the system (1.3) admits a strictly convex
entropy n € C?(RP). Let U € [C1([0,T] x R™)]P be a strong solution of (1.3) such that
U, n'(U), 8.7 (U) are bounded and U, n(U) are integrable. Let f. be a solution of
(1.9) such that (1.10)—(1.14) are satisfied and f. + H(f.,v) are integrable with respect
to x and v for every time t. We set

Ues(t,z) = /n a(v) fe(t,z,v) dv.

Then there exists a constant C(U) such that

[U(UsIU)+ H(fg)dv—n(UE)} da

dt Jgn
(211) < CO®U) (/ A(Ug)f/nv®a(v)fedv

(2.12) + /

(2.13) +/Rn | QU (Ue|U) +1Q(U:) — QUU)I(w'(U:) — 0/ (U)) | dax

R™

dzr

QL) + / a(v)g(f.) do| de

n

(2.14) + / JA@Lw)| d:c) .

Remark 2.7. This inequality uncouples the various structures which come into
play. The term (2.11) is related to the kinetic approximation, the term (2.14) is related
to the structure of the system, the term (2.12) is related to the kinetic structure of
the source term, and the term (2.13) is related to the structure of the source term
with respect to the hyperbolic system.

We use this majoration to get the convergence result from a solution of a ki-
netic equation to a strong solution of a multidimensional hyperbolic system, that is,
Theorem 1.2.

2.5. Proof of Theorem 1.2. We use again the notation A, given by (2.9).
From Proposition 2.6, we get

% AL(tz)dz < C(U) (/

R™

dx

A(U,) — / v ® a(v)fe dv

+/n

+2C2/ U(U5|U)d.’£> s
Rn

dzx

QL) + / a(v)g(f) dv

n

and thus, for ¢ € [0,77,
/ A (t,x)dx
t
< [ AL0,2)dx + 20(U)Crv/E + 20(U)Ch / A.(s,z) dz ds.
0 R‘IL

Rn

By Gronwall’s argument, it gives

/ Ac(t,z)dr < ( / A (0,2) dx + QC(U)Clﬁ> 2C(U)Cat,
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From (1.15)—(1.16), we have

<OV,

/ A (0,z)dx

and consequently, since 0 < n(U.|U) < A., we obtain the result. |

Two independant studies to apply this result for a given example are thus neces-
sary: the study of the system structure and the study of the dissipation of the kinetic
model.

3. Study of the system structure. We consider here the case of the mul-
tidimensional isentropic gas dynamics system (1.1) avoiding the appearance of the
vacuum. The associated entropy is

(31) (o, pu) = p'% + h(p).

where h(p) = ﬁp” for v > 1 and h(p) = plnp for the isotherm case v = 1. The
existence of strong solution for this problem is related to the classical result for regular
solution for hyperbolic systems endowed with a strong entropy (see for instance [11]).
In order to apply the convergence result of the previous section, we require that the
structure of the system and the source terms be controllable by the relative entropy.
For the system (1.1), the relative entropy is given by

(3.2) n(U1|Uz) = %\m — ug|? + h(p1|p2)-

The relative flux of the system is

(3.3) A(U1|Uz) = (0, p1(u1 — u2) ® (w1 — uz) + h(p1|p2)I).
We clearly have the existence of a constant C' such that

(3-4) [A(UL|U2)] < Cn(Un|U2)

for every Uy, Uy € R™1. This fulfills estimate (1.19).
For the system (1.1), the source terms reads

(3.5) Q(p, pu,x) = (0, pF(x)).

This gives

(3.6) QU2)n (U1|Uz) = —(uz — u1)(p2 — p1)F

and

(3.7) [QUL) = QU] (U1) = 7/ (U2)) = (uz — u1)(p2 — p1) F,
and finally

(3.8) QU2)n' (Uh|U2) + [Q(U1) — Q(U2)](n'(U1) — ' (Uz)) = 0.

Thus the term (1.20) associated with the system (1.1) does not appear in the system
structure study.
We turn now to the study of the terms related to the kinetic structure.
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4. Study of the kinetic structure. We begin introducing the kinetic model
we are dealing with. For v > 1 we consider the following BGK kinetic equation:

(41) atfs‘i’v'vmfs“i’F(x)'vvfs:%v

where the unknown is f. = f.(t,z,v) € R with t € R*, z,v € R". The force term
F:R™ — R"” is given. The equilibrium function M f. is defined in the following way:

(4'2) Mfs(taxav) = M(ps(tvx)apsus(ta$)vv)
with

pe(t,x) = fe(t,z,v) do,
R'Vl

peue(t, T) = / vfe(t,z,v)dv,

where the Maxwellian M : RP x R™ — R is given by

2
(4.3) M(p, pu,v) = 1jy_yjr<c,, fory= nz ,
2y 1 2 vz
(4.4) M(p, pu,v) =c (p’y_ — v —ul ) else.
Y- 1 +
The constants are given by
cn =n/[Snl,
2
d=—— —n,
v—1

(. 16D P |
v—1 7n/21(d/2 + 1)

In the isothermal case v = 1 we consider the following Fokker—Planck equation:

1
(4.5) Ofe+v -Vaofe+ F(x) Vyofe= - divy, (v — ue) fe + Vo fe),
where
(46) Pe = fs dv, Pelle = / Ufs dv.
Rﬂ, n

This section is devoted to the proof of the estimates needed to apply Theorem 1.2 for
each model. For each case, we will first show that it verifies (1.10)—(1.14), and in the
second step that it verifies the more difficult estimates (1.17) and (1.18).

4.1. BGK structure for isentropic gas with 1 < v < (n + 2)/n. In this
section, we start by the study of kinetic BGK equations whose hydrodynamic limit is
the isentropic system with an external force field.

We denote
Ue = (pes petie),
U = (p, pu),
a(v) = (1,v),
a(f) =F(z) -V, f7
Qfv)=Mf -
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The Maxwellian M satisfies (see Bouchut [5])

(4.7 / a()MU,v)dv=U VYU € R?,
(4.8) / v® a(v)M((U,v)dv = A(U) VYU € R?,
(4.9) / a(v)q(M(U,v))dv=—-Q(U,z) VYU €RP, zeR".

This is the classical compatibility conditions required for the kinetic equation to be
related to the system. Notice that thanks to (4.7), we have (1.10).
The kinetic entropy is the following:

2
2
a0 =f tory =42
2 1 f1+2/d
H(f,v)= lol® / else.

2 2c2/d1+2/d
We have (see Bouchut [5]) that, for any f satisfying [p.(f + H(f,v))dv < oo, and
denoting U = [, a(v)f(v) dv, the following minimization principle holds:
(4.10) H(M(U,v),v)dv < H(f)dv,
R”L R7l

and a compatibility between the entropy 7 and the kinetic entropy H is satisfied as
(4.11) H(M(U,v),v)dv=n(U) for any U € RP.

R'n
First notice that (1.14) is verified. As a consequence of (4.10) and (4.11), we get

nWU) = [ HM(U,v),v)dv< [ H(fv)dv,

R" Rr

which in particular gives (1.13). We prove now the decrease (1.11). We give it for
v = (n + 2)/n. The other case is similar. Multiplying (4.1) by |v|?/2 and then
integrating in (v, z), we get

|v|2
cdvdr = F(z) vfedvdz
R2n R2n

1 Gl
(412) +g //R2n T(Mfe - fE) d’U d.’II,

//Rzn |v|2 -V fgdvdx_—//R%F(x).vfsdvdx_

In particular, from (4.10), it gives

/ H(fe,v)dvdz < / F(x </ vfsdv> dx
R2n R™ n

/ F(z) - peue du.
Rn

since

IA

(4.13)



1820 F. BERTHELIN AND A. VASSEUR

Since

/n 7' (U)Q(Ue) dx = /n F(z) - poue dz,

this leads to (1.11).
We want now to prove (1.17)—(1.18). Since

A(UL) = / v ® a(v)Mf. dv
and
QU =Y [ Fi@0,awf. o,
;
it gives

dx dt

/oT/n AU - [ voa)fde
w L

and
/OT/n QUe,z) — . F(2)Vypa(v)f. dv

(4.15) _ /OT/

We have

dx dt

[ vears - f)d

dx dt

dz dt.

[ F@9.a@)s. - Mf)do

/n Oy, aj(v)(fe — M fe)dv = 6i+1,j/ (fe = Mf.)dv=0;

R~

thus the kinetic structure of the source term (1.18) vanishes. In order to apply the
convergence result for this kinetic model, it only remains to control the entropy dis-
sipation (1.17). It is the technical point of this example.

4.1.1. Control of the entropy dissipation. This subsection is devoted to the
proof of the following proposition.

ProprosITION 4.1. Let f. be a solution to the BGK equation of the previous
section with initial value fO bounded in L'(R®™) verifying (finite energy)

(4.16) // [o|? f2(z,v) dvdr < C° < oo,
R2n

and with v = (n+ 2)/n. Then there exists Cy, such that for every e < 1, we have

I

/ v®@a(v)(Mf. — f.)dv| dedt < Cp/e.
R’Vl
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We define
D.(t,x) = / |v|2(f5(t,:c,v) — Mfe(t,z,v)) dv.

From (4.13), we have

i// H(fe,v)dvdz < ||F| L // |v| fe da dv
dt R2n R2n

<V~ [[ P dode
R n

< P~ (npsnp w2 [ H(g) dwdv) :
RQTL

thus by Gronwall’s argument, we obtain
(4.17) // o2 fo(t,z,v)dvde < C, 0<t<T.
]R2n

Integrating now (4.13) with respect to t leads to

T
/ D.(t,x) dzdt
0o Jre

Ss(// |v|2f0(x,v)dvdx—2/// F(x)vfgdvdxdt>
R2n [0,T]xR2"
<e <c°+2||F||Lm /// ol f. dvdxdt)
[0,T] xR2n
<e (CO+2||F||L<X> /// (1—|—|v|2)f€dvda:dt>
[0,T] xR2™

< e(CO+ 2| Fll=T 2]l + 2/ F|| = C)
(4.18) <eC.

This gives a bound in ¢ for

T
| ][ ek - agdvdsar
0 R2n
but we need to control

[ L.

which is more delicate.

We set a;(v) = 1 and as(v) = v such that a = (a1,a2). Similarly, we define
A1(U) = pu and A2(U) = pu@u+ Ip7.

Since

/ v® a(v)(Mfe — fe)dv| dxdt,
]Rn
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the first component of | [, v ® a(v)(M f. — f-) dv| is still zero here. Now we have

A - [ veofdr|=| [ w-wo©-00LL - f)d

é/twwﬂMﬁ—ﬁMu

The first equality uses (4.7). Thus to control the second component, we want to show
that

/ |v —u|?*|Mf. — f.|dv
Rn
can be controlled (at least for bounded mass p) by the dissipation of entropy

JRCRIEIEarn

It is the aim of the following proposition.
PROPOSITION 4.2. For every f € L'(R™) werifying 0 < f < 1, and every u € R"
we denote

p= [ f(v)dv,
Rn

Fi/l%ﬂﬂﬂw*MMMwwm
Rn

D= [ WP() ~ Mlp,uv) v

Then there exists a constant C, such that, for every f € L*(R™) verifying 0 < f <1,
F < Cu(p VD + D).

To prove this result, we first introduce some notations and prove preliminary
results. Notice that, thanks to (4.7),

D= [ o=l (F(w) ~ Mlp.u0) v

Then changing v by v + u if necessary, we see that we can restrict ourselves to the
case u = 0. We first reduce the problem to a one-dimensional problem. We introduce
the following quantities:

— 1
ﬂw=ﬁﬂéﬁvww,

1
W) = 57 [ M(p.0.70) do = Tonce (1)

Since the integral of f is equal to the integral of M(p,0,-), we have

(4.19) /000 "V (r) dr = /OOO "M (r) dr.
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ES
n

We denote 1 = (¢, p) =, and we have

F=18.l [ o7 - B0 dr
—tsl ([ - Tenars [T enFear).

0 T1

D=1 [ T () - T () dr
— IS, ( /0 r”“(lff(r))dr+/oo r”“f(r)dr).

T1

We define in addition

M = /(:1 "Y1 = f(r)dr = /OO " Vf(r) dr;

T1

the last equality comes from (4.19) and M (r) = Ty, <,,3(r). We have to do a different
treatment for values close to r; and far from this value. For this purpose we consider
ro > r1 a new number which will be fixed later on. Then we denote

M, = / " "V (r) dr,

T1

M, = /00 " Vf(r) dr.

2

We have M = M; + M. Then we define 0 < rg < 71 (in a unique way when 79 is
chosen) in the following way:

M, = /T1 N1 = f(r)) dr.

Then, from the definition of M and since M is the sum of M; and Ms, we have
T0 _
M, = / L1 = () dr.
0
In the same way we define Fy, Fy, D1, Dy in the following way:

= / ) P F(r) = M(r)| dr

T0

= /T1 "1 = f(r)) dr + /T2 r"TUf(r) dr,

7o T1

o / P F(r) — BE(r) | dr + / P F () — BE(r)| dr

T2

- /O U F ) dr + / T ) dr,

ro
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Di= [ - M) ar

To

= _ /T1 " = f(r)) dr + /7-2 r"f(r) dr,

Dy = [ F ) = W) dr - [ ) = T ar

E— /T0 TN = f(r) dr + /00 r"TUf(r) dr.
0 .

Notice that Fy, Fy, M, My are nonnegative (as integrals of nonnegative functions)
and verify

M:M1+M23
F=F +F,
D =D+ D,

We can show, in addition, that D; and Dy are nonnegative too.
LEMMA 4.3. We have

D; >0, Dy > 0.

Proof. We show the result for Dy (the proof is similar for Dy). We have

/T2 " (r)dr = /T2 r2(r" = f(r)) dr > ri My,

T1 T1

T1 _ ™1 _
/ r”+1f(r) dr = / r2(r”*1f(r)) dr < r%Ml.
0 To
Since Dy is the difference of those two terms, we find that D is nonnegative. 0
We first consider the values far from 7.
LEMMA 4.4. We can dominate Fs by Do in the following way:

2 2

ri+ )
F2§D2<2 2)-

7"2—7'1

Proof. We have

o0
/ 7“"+1?(7‘) dr > T%Mg

T2

Hence we have
2

D, > (Zg - 1) /0 (L= F(r)) dr

1

But F5 can be expressed in the following way:

Fy =D, + 2/% r" (1L — f(r)) dr.
0
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Those two expressions lead to

We consider now the values close to 7.

LEMMA 4.5. There exist a > 0 and a constant C,, depending only on n such that
if [ro — 71| < arq, then

< CnanZi712 v/ Dj.

Proof. We split the proof in several parts.
(i) Minimization of the entropy dissipation. We define o and 3 such that

B T1
M,y =/ r*~tdr :/ .
T1 «

From the definition of Mj, notice that 3 < ry. In the same way we have a > rg. We
want to show that
B 1
D, 2/ ptl drf/ r"tdr.
™1 (a7
First we calculate

T2 _ B
/ " Uf(r) dr —/ "t dr

T1 T1

B T2
:/ 2" (f(r) = 1)] d?"+/ r2 [V f ()] dr

T1 B

- /5 P2 () dr — / ? 211 = Fory)) dr

T

o 8
> 3 Uﬂ T (r) d?‘*/ (1 f(?“))dr]

T1

> B*(M; — My) = 0.

In the same way we calculate

/ r"“(?(r) —1)dr —|—/ Pt dr
T0 (e}

« 1
— / r"T(f(r) = 1) dr —|—/ " f(r) dr
T0o N B [e3% . B
> o? {/ r"_l(f(r)—l)dr—i—/ r"_lf(r)dr}
T0 (03
> 0.
Summing those two last inequalities gives the desired result.

(ii) Taylor expansion of the critical entropy dissipation. We call critical entropy
dissipation the function defined by

B 1
D¢ = (/ r L dr —/ it dr) ,
T1 «
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where a and (3 are defined in (i). Then we have

an = Bn - T?v
nM; =r} —a”,
(n+2)D° = g2 — 2pnt2 4 o t2,

and therefore
D¢ a+0B-2r1 n+1 B—r 2 a—r 2
n+2 = + +
L8 1 2 1 T1
+0((ﬁ_”>3+<0‘_“>3>.
T1 T1
My _f-m  n—1 (6—r1)2+0<5—r1)3
T1 1
rm—a n-—1 (rl—a)z (7‘1—01)3
= — + 0 ,
T1 2 1 71
O:ﬂ+a72r1+n71 l(ﬁm)z_'_(rla)ﬂ
71 2 r1 "1
+O<(ﬁ_r1>3+<”_a>3>.
™ 1
Finally, we obtain

D¢ _ 8—r 2 r— o 2 B—r 3 T —Q 3
7’1“”2_[( (& )+< 1 ) +O<< r )+( r )
:2(”{3)24_0((5—7“1)3_'_(7"1—0‘)3).
Ty ! 1

Hence, there exist 7 > 0 and ¢ > 0 such that

Now

and hence

D¢ > M}

n—2
1

whenever

r —«

<.

-r
‘ﬂ 1,
1

1

(iii) Final estimation. From the definition of o, there exists a > 0 such that
|".==] < n whenever |5;1“| < a. Remember that ro < 8. Hence if |ry —r1| < ary,
then

rn —«

<n

-r
’ﬂ an
1

T1
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and

n+42
Fy <r2M, < a*6VDer,?
< Cpa*\/D an.

The first inequality uses the definition of F, the second one uses the result of (ii),
and the third one uses the definition of 71 and the result of (i). a

Now we are able to prove the estimate of Proposition 4.2.

Proof of Proposition 4.2. We fix a and ro verifying the properties of Lemma 4.5.
Thanks to Lemmas 4.4 and 4.5, we have

1 nt:
F§F1+F2§D2< +a>+cnp2+"2\/D;1
a

<ClL(D+p3 VD). O

We are now able to prove the announced result.
Proof of Proposition 4.1. Thanks to Proposition 4.2, we have

T
/0 /n
T is T
<C, / / pe" (t,x,v)dxdt / / D (t,x)dxdt
0 n 0 R2n
T
+C’n/ // D.(t,z) dz dt.
0 R2n

From (4.17) and

dx dt

| veawtns - i

2 nt2 2
Peluc|® +npe™ = [v|*M fe(t,x,v) dv

(4.20) S/ |v|2f€(t7:r,v) dv,

/ / n+2txvdxdt< C’
Using (4.18), those lead to
T
/ / / v® a(v)(Mfe — fo)dv| dedt
0 n R7Z

S C'n \( %01/2 + Cnr‘fé O

We can then conclude the convergence result for v = (n + 2)/n.
Proof of Theorem 1.1. We apply Theorem 1.2 to get

we have

(4.21) / n(U|U)(t,z)de — 0 fort €[0,T], ase — 0.



1828 F. BERTHELIN AND A. VASSEUR
Now
1
WU = [ U 9~ ) (U~ 00
0
with
1

n"(p, pu) - (Xo, X1)? = vp" ° X5 + ;(Xl —uXy)?,

and thus we have

1
(4.22) / / Ip+3(pe —p)) %(pe —p)?d¥dr — 0 forte[0,T], ase —0
nJo

and

1 2
Up 2
(4.23) / / ———————(p(ue —w))*ddder — 0 forte[0,T], ase — 0.
wJo (p+9(pe = p))?
For v > 2, (4.22) gives that, up to a subsequence, p. — p a.e. as € — 0 since p > 0.
For v < 2, it gives this result except at the points where p. — 400, but in this case,
as p stays bounded,
(p+0(pe = ) *(pe = p)* ~ 9771 =0 ae,
E—
and thus this case is impossible. Now (4.23) gives that, up to a subsequence,
pe(ue —u) — 0 a.e. as ¢ — 0 and therefore p.u. — pu a.e. as e — 0. But from
(4.17) and (4.20), we have that p. is bounded in L*°(0,7; L7(R")) and that \/psu.
is bounded in L>°(0,7T; L?*(R™)). Hence, the whole family p. converges strongly in
L>(0,T; LP(R™)) to p for every 1 < p < v and /pcu. converges strongly to ,/pu in
L>(0,T; L1(R™)) for every 1 < g < 2. In particular, p.u. converges strongly to pu in
L*>(0,T; LY(R™)) for every 1 < g < 2v/(y +1). O

4.1.2. Extension to every «. The previous model works for v = (n+2)/n. In
order to deal with the values of v € |1, (n + 2)/n[, we use an other model which was
introduced in [5] and is written as follows.

We consider the BGK equation

(4.24) Oufe + € Vet Pla) Ve = 12

where f. = f.(t,z,v) e Rwitht e RT, z e R", v=(£,]) e R" x RT, and F : R" —
R", with
(4.25) Mf.(t, z,v) = M(Uc(t,2),0),  Ue(t,z) = / a(v) fe(t, z,v) dv

Rn«{»l

with a : R"*! — RP a(v) = (1,€), p=n+1, and
dv=b I drde, by =27Y2/0(d/2),

where d is the number of degrees of freedom satisfying

2
4.2 d=——.
(4.26) n+ o
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We notice that the function f. takes its values in [0,bs], and the Maxwellian M is
defined by

(427) M(U,’U) = b2]I|§7u|2+Iz<b3p’Y*17 U= (p, pu),

b — 27T’}/ *1/('7*1)1_\ L b — 27,}/
2 ’}/—1 7_1 3 3 7_17

and satisfies (4.7)-(4.8). It satisfies also (4.9) with O¢;a(v) instead of d,,a(v). The
kinetic entropy is

where

(125) H(f,0) = o f = (€ + )5,

and satisfies (4.10)—(4.11). We get, as in the previous kinetic model, (1.11) and (1.18).
We recover the BGK model introduced previously integrating (4.24) (and the
function f.) with respect to I with the measure b;I¢~1dI [5].
Now for the control of the dissipation, we set

7m=§é+ﬂmmmw*w

— 1
M) == [ M(p,0,70)(c0s0)" do = by Tiya iy (1),

Sn S:-H

where ;| = {(&,1) € Spq1; 1 >0}, I =rcosf and s, = [+ (cos6)?~!do. Then,
n+1

we get from the mass conservation
(4.29) / PV () dr = / r AN (r) dr.
0 0

By similar techniques to those in the previous section, we get the following estimate.
PROPOSITION 4.6. For every f € LL (R™) wverifying 0 < f < by and every
u € R™ we denote

p= /R W,
F=/‘ o — u2|f () — M(p,u,v)| dv,
R+

D= [ P(fw) - M(p,u,v))dv.

]R-n,+1

Then there exists a constant Cy, such that, for every f € L (R™™1) verifying 0 < f <
b2:

F < Co(p¥59 /D + D).

Now since

n+d+2
7’L+d _’Ya
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we get a similar dissipation result to that in Proposition 4.1, and we can conclude the
convergence in this case for every « such that (4.26) is satisfied with d > 0; that is to
say,

n—+2
1<y < .
n

We then obtain Theorem 1.1 in the same way as in the previous case.
We thank Bouchut for noticing that the proof of the case v = (n + 2)/n (of the
previous subsection) is also valid for every 1 < v < (n + 2)/n using this model.

4.2. Fokker—Planck. In this subsection, we study the convergence from the
Fokker—Planck kinetic equation to the isothermal system, that is, the case v = 1.

4.2.1. The kinetic model. The Fokker-Planck equation on f. = f.(t,z,v) €
R, with ¢t € RT and z,v € R", is given by

1 ..
(4.30) Orfe +v-Vafe+ F(x) - Vofe - divy, (v — ue) fe + Vo fe),
where
(4.31) Pe = fedv, Pelle = / vfe dv,
RTL n

with the kinetic entropy

(4.32) H(f,0) = (;W +1nf> I3
Here, we have ¢(f) = F(z) - V,f, a(v) = (1,v), and

Qfv) = div((v = )f + V) (ppu) = [ a(o)fdo.

The property (1.10) is clear, and the property (1.13) comes from the following majora-
tions: for f € L'(R™) such that [, H(f,v)dv < oo, denoting (p, pu)= [, a(v) f(v) dv,
we have

d 2
pu? = W < /R [v]2f(v) dv,
R‘!L n

pup= ([ soa)u([ swa) < [ jowrwa.

by Cauchy-Schwarz and by Jensen’s inequality. As in the previous section we can
check that

Q(paapsus) = (O7Fp€) = - /n (l(’())q(fa) dv,

so (1.18) is verified. It remains to verify (1.11) and (1.17).
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4.2.2. Control of the entropy estimate and convergence result. We have

the following estimate.

PROPOSITION 4.7. Let f. be a solution to the kinetic equation (4.5) with initial
value f2 bounded in L'(R?™) verifying (finite energy)

(4.33) //Rzn H(f2(x,v),v)dvdr < C° < .

Then f. satisfies (1.11) and

(4.34) /OT/n

where A is the flux of the isothermal system.
Proof. We have

de dt < Cy/e,

AU) - /R v@a()f-dv

2
afH(f57U> = |,U7+1+lnfs-

So

OrH(fe,v)F(z) - Vyfedv = —peuF(z)
R’n
= =17 (pe, p=uz)Q(pe, p=ue)

and
OrH(fe,v) divy((v — ue) fe + Vo fe) dv

R
= —/ (/U(/U - ug)fg + /vafs) d'U — / <V’Uf5 (/U _ UE)fg + (va€)2> dv
n R

fe fe
:_/ ((v—uE)J;E—i—Vyfe)2 dv—/ (Vo fo + (v —u) f) dv

:7/ (v —ue)fe + Vo fe)
" e

2
dv.

That is to say,

O H(fs,v)var/ vV H(fe,v)dv

R n

— [ osH( )@+ v Tt do
Rn

1/ ((v—ue)fe + Vo fe)

2
- dwv.
Je

= F(z)peus —

The first consequence of this relation is

d
a// H(f.,v)dvdx S/ n/(paPSUE)Q(pmpeuE) da.
R2% n
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In particular this implies property (1.11). Moreover,

%//R% H(f.,v) dvdz < F(z) //R of- dvde

< |F)loe / / (o + 1)/ dv da
R2n

<0 (||p2||u ]t dvdx),
R2n

since the quantity [ |v|?f. dz dv is controlled in a classical way by [[ H(f-,v)dz dv.
Using Gronwall’s lemma, we deduce that there exists a constant C' depending on T’
and f2 such that, for every 0 <t < T,

(4.35) //R2n H(f(t,z,v),v)dvdx < C.

The second consequence is

_ 2
/// ((U uE)fE+VUfE) d'()d.fdt
[0,T]xR2" Je
§5(// H(feo)dvdx—i—// F(m)pgugdwdt>
R2n [0,T] xR"
§E(C’O+||F|Loo /// |’U|f5d’vd$df>
[0,T] xR2"
<e <00+||F|Lm /// (v2+1)f5dvdxdt>
[0,T]xR2"
<e <C°+||F|Loo <C’+T// fgdvdx>>
[0,T]xR"

S ECQ.

We have to estimate
dz.

/.

The first componant is zero. The second one is

B - [

which can be rewritten as

A(U,) — /n v ® a(v) fe dv

paua®us+p51_/ v®uvfedv| du,

n

Ey = //R [v @ [(ue — v) fe — Vyfe]| dvda,

since

/ VR Vyfedv=— fedul.
n R’n
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Thus we get

(L.
1/2 1/2
< (/OT//R v|2fsdvdxdt) / </0T//R ((”“E)];j: Vole)? dvdmdt) / :

which concludes the proof. O
We can then apply the convergence result (Theorem 1.2). As in the previous
section, this leads to Theorem 1.1 for the isothermal case.

dx dt

A(U) - [ v@ o)

Appendix. Euler. In this appendix, we calculate the various quantities which
appear in our study in the case of the Euler system in order to see what prevents
us from applying the method. For the full gas dynamics of Euler, the conservative
variables are

2

lul* n
U=(pqgFE)= (p,pu,pz +50T ),

and the flux is

2 2
AU) = <pu,pu®u+pTI,pu|u2|+ n;r pTu).

The entropy is

n(U) = pln (Wp)n/z> - gp,

and the associated flux is G(U) = n(U)u. The expression of the flux A in conservative
variables is

1 9B 1
AU) = (q, —q®q+—I——|q’I,
p n’ np

n+2q 1gq
B 4ldP).

Then we get

1
0,4,U) = —u@u+ E|u|21,

04 (Ag)jk(U) = bijup + bikuj — b5k 2;”7
2
aEAq(U) = EI’
0, AB(U) = " QUg - 2T,
94, (Ap);(U) = bi; <|u2|2 +2 ;r 2T> - %Uz'uj,
OpAp(U) = " 2u,

n
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and the relative flux is
(A1) A, (U:1|Us) =0,

1
(A.2)  Ag(Uh|U2) = pr(ur — u2) @ (ur —uz) = —prlur — us|?1,

n+2
2

1
Ap(Uh|U2) = 5/?1(|U1|2 — Jug|*) (w1 — ua) + pr(ur —u2)(Th — 1)
1
(A3) 7ﬁp17.l,2‘ul 77.1,2‘2.

We compute now the relative entropy. Since the linear part in a function disappeared
in any relative quantity, we have to compute the flux of

) = (1 + g) plnp— gpln (25 - tﬂj) :
which satisfies
_ n o n lul? . u _ 1
8pn(U):1+1np+§f§lanﬁ, &ﬂ]:T, 3E7I:—f7
and thus we get
(A.4) 1(UIU2) = hlprlp2) + G h(ToIT0) + o fun = wal,

where h(z) = zlnz.
We see that we cannot apply our method in this case because of the cubic power
in velocity in Ag(U;|Us) since such a term does not appear in n(Uy|Us).
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