GLOBAL WELL-POSEDNESS OF LARGE PERTURBATIONS OF
TRAVELING WAVES IN A HYPERBOLIC-PARABOLIC SYSTEM
ARISING FROM A CHEMOTAXIS MODEL
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ABSTRACT. We consider a one-dimensional system arising from a chemotaxis model in
tumour angiogenesis, which is described by a Keller-Segel equation with singular sensitiv-
ity. This hyperbolic-parabolic system is known to allow viscous shocks (so-called traveling
waves), and in literature, their nonlinear stabilities have been considered in the class of
certain mean-zero small perturbations. We show the global existence of the solution with-
out assuming the mean-zero condition for any initial data as arbitrarily large perturbations
around traveling waves in the Sobolev space H' while the shock strength is assumed to
be small enough. The main novelty of this paper is to develop the global well-posedness
of any large H'-perturbations of traveling wave connecting two different end states. The
discrepancy of the end states is linked to the complexity of the corresponding flux, which
requires a new type of an energy estimate. To overcome, we use the a priori contraction
estimate of a weighted relative entropy functional up to a translation, which was proved by
Choi-Kang-Kwon-Vasseur [4]. The boundedness of the shift implies a priori bound of the
relative entropy functional without a shift on any time interval of existence, which produces
a H'-estimate thanks to a De Giorgi type lemma. Moreover, to remove possibility of vac-
uum appearance, we use the lemma again.

Résumé: Nous considérons un systeme mono-dimensionnel de chimiotaxie utilisé pour I’étude
d’angiogenese tumorale. Il est dérivé d’une équation de Keller-Segel avec sensitivité sin-
guliere. Il est bien connu que ce systeme Hyperbolique-parabolique génere une famille
d’ondes progressives, appelées chocs visqueux. Dans cet article, nous prouvons 'existence
globale de solutions pour ce systeme, et pour toutes données initiales qui peuvent étre
décrites comme perturbations dans H' d’un choc visqueux assez petit. Cela nous permet
d’obtenir des solutions globales, sans hypothese de petitesse dans H', pour des données
initiales connectant des états différents & gauche et & droite. A cause de la complexité de
la fonctionnelle de flux, cette difference empéeche 1'utilisation des méthodes d’entropie clas-
siques. Pour remédier a ce probléeme, nous utilisons une estimation a priori de contraction
obtenue dans Choi-Kang-Kwon-Vasseur [4]. La régularité H' s’obtient alors grace & un
argument de type De Giorgi.
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1. INTRODUCTION AND MAIN THEOREM

We consider the following one dimensional system:

(1.1)

o — 0,(nq) = vOyen,

Oqg—0,mn=0 forzxeR andfort>0
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where v > 0 is a positive constant. This hyperbolic-parabolic system is closely related to
a certain Keller-Segel system (see Subsection 1.4). We are interested in the global-in-time
existence issue of large perturbations of traveling waves (or viscous shocks) of the above
system (1.1).

1.1. Traveling waves of (1.1). By [34] (also see [25], or see [4, Lemma 2.1]), it has been
known that for any v > 0, (1.1) admits a smooth monotone traveling wave U(x — ot) =

(ﬁ@r—aﬂ

q(z — ot)

(1.2)

2

) connecting two end-states (n_,q_), (ny,q+) € Rt xR, i.e.,

A(—00) =n_ >0, A(+00) =ny >0, d(—oc) =q, d(+0c) = qs



(we denote liI:El f(z) by f(£o0) in short), provided the two end-states satisfy the Rankine-
T—r00
Hugoniot condition and the Lax entropy condition:
3 0 € R such that —o(ny —n) = (niqy —n-q-) =0,
—0(q+ —¢-) = (ny —n_) =0,
and either n_ > n, and q_ < ¢4 or n_ < ny and ¢_ < g4 holds.

(1.3)

For notational convenience, we denote U(x — ot) by U = (i, §) := U(x — ot) whenever there
is no confusion about the wave U with its fixed boundary condition.

In short, for any v > 0, for any n_ > 0, for any ny > 0 with ny # n_ and for any ¢_ € R,
there exists a smooth monotone traveling wave U(t,z) = U(x — ot) of (1.1) satistying (1.2)
where the constants o and ¢, are determined by

ARV s >0 if

(14) o= 3 n_>n+>0,
} = I =

VIR o0 i O<n <ng
and
(15) g+ = q— + w

Our motivation of this work is to answer the question how stable traveling waves are
in the system. The paper [25] showed that waves are stable if the anti-derivative of a
perturbation (n — 71, q — ) is sufficiently small in the Sobolev space H*(R). Note that the
initial perturbation should have the mean-zero condition:

3z € R such that / (”0(”3) — e - 5‘30)) dx = (0> .
e \ (7)) — ¢z — x0) 0
This restriction for the initial data is commonly assumed in studying stability of viscous

shocks since the work of [11] and [19]. The main novelty of this paper is to remove both the
mean-zero condition and the smallness condition of the initial perturbation.

In this paper, we frequently use the following facts (e.g. see [4, Lemma 2.1]):

1
>0, @, 4 —el®R), and @, 7" ¢ e L'(R)NLZR).

3

1.2. Global existence around waves and their contraction.

To state the contraction property, we need the following notion:

For U; = (m) with n; > 0 for ¢ = 1,2, we consider the relative entropy
1 — Q2|2

n(U1|Us) = 5

+ H(m |n2),
where

(1.6) [I(ny|ng) :=(ny) — (ng) — VH(ng)(nl — ng), II(n) :=nlogn —n.



Since II(n) is strictly convex in n, its relative functional II(-|-) above is positive definite, and
so is 7(+|-). That is, n(Uy|Uz) > 0 for any U; and Us, and n(U,|Usz) = 0 if and only if Uy = Us.

We present our main result for the fixed viscosity v = 1 case:
L7 om — 0,(nq) = Open,
(1.7) Oq—0,n=0 TforxeR andfort¢ >0,

assuming the case of n_ > n, > 0. Then, in Remark 1.3 and 1.2, we illustrate that the main
result still holds for any v > 0 and/or for n,. > n_ > 0.
For a given wave 1 and for a given constant A > 0, we define the weight function a(-) by

A _
(1.8) a:= 1+g(n_—n)

where € := (n_ —ny) > 0. Then we have a(—o00) = 1,a(+00) = 1 + A, and d'(z) =
( - ?)ﬁ’(x) > 0 for x € R. Here is the main result:

Theorem 1.1. For a given constant state (n_,q_) € RT x R, there exist constants k €
(0, min{n_/(15),1/8}) and C > 0 such that the following is true:

For any (ny,qy) € R x R satisfying (1.5) with 0 < € := (n_ —ny) < K, consider the
traveling wave U = g of (1.7) with the boundary condition (1.2) and with the speed o

from (1.4). Take any constant \ between = and Vk. Let Up(x) := (ZO((%)) satisfy
0

Uy—UeHR), 0< nio e L®(R)
(i) Global existence : Then there exists the unique global-in-time solution U(t,x) =
( ) to (1.7) for Ul;—o = Uy such that
(n—n,q—q) € (C([0,T]; H(R)) N L*(0, T; H*(R))) x C([0,T); H'(R)),
0< % € L>(0,T; L(R))

for any T > 0.
(ii) Contraction : Moreover, there exists an absolutely continuous shift function X :

[0,00) — R with X € W' and X(0) = 0 such that

/OO a(x — Ut)77<U(t,£L‘ — X)|U(x — gt))dx

(19) —l-\/E/O /_Ooa(:c—aT)n(T,x—X(T))
< /_ o) (Uo(2)| 0 (2)) do

where a is the monotone function defined by (1.8)
4
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and
o0

. 1 g
IX(t) — o] < 8—2<f(t) + 0/ n(Uo|U)dz + 1) for a.e. t € [0, 00)
(1.10) o e
where f is some positive function satisfying || f||11(0,00) < Cg/ n(Uo|U)dx.

—00

The proof is presented in Section 3.

Remark 1.2. The result for n, > n_ > 0 can be obtained by the change of variables x — —x
with o +— —o. Therefore, from now on, we always assume n_ > n, > 0 and thus

—q- +/¢* +4n,
5 .

Remark 1.3. For general v > 0 of (1.1), we have the global existence and the contraction by
the following scaling:

If U” and U are a solution and traveling wave to (1.1) for a fixed v > 0 with initial data U,
respectively, then U(t, z) := U¥(vt,vz) (resp. U(x) := U¥(vz)) is a solution (resp. traveling
wave) to (1.7) (e.g. also see [4, Remark 1.5]).

O<o=

Remark 1.4. For n_ > 0, there exists a constant C' > 0 such that for any n; > 0 and for any
ne € (n_/2,n_),

(1.11) (n1|ng) < Clng — nol?

by (2.1) and (2.3) in Lemma 2.1 (or see [4, Lemma 2.8]). If we take ny > n_/2, it implies
n_/2 <n < n_. Thus we have

/R DU @) (2))dz < CIU — T2

for any function U with U — U € L2. Therefore, the initial condition Uy — U € H' implies
ffooo n(U0|U ) < 00. However, the reversed inequality is false because Il ~ n;logn; when n;
is large (see (1.6) and (2.2) in Lemma 2.1).

Remark 1.5. Since the weight function a satisfies that |a(z) — 1| < A < /k < 1/2 for all
x € R, the contraction estimate (1.9) yields

[e.9]

/_OO n(U(t,z — X)|U(x — ot))dx < 4/ n(Ug(x)|U($))dx.

o0 —00

In the previous work [4], it was turned out that both the smallness of the shock strength
and the strict positivity of n_ and n, in (1.2) are technically important for our result
even though the traveling waves exist even in the case of the large shock strength (or/and)
min(n_,n;) = 0. In particular, as explained in [26], the case of min(n_,n.) = 0 is more
relevant to the original modeling. The problem of the extension of our result seems to be
beyond reach of current known methods. With the mean-zero condition, the stability for the
case of min(n_,n;) = 0 case were shown in a weighted Sobolev space in [14] and [24]. For
planar waves on a cylinder, we refer to [3] and [2].
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For the Cauchy problem of (1.1), we refer to [12, 23, 27]. For multi-dimentional cases, see
[22] and references therein.

1.3. Ideas of Proof. In order to construct a global-in-time solution as a large H!-perturbation
of the traveling wave U, we may first find the usual relative entropy inequality for the system
(1.7). For that, we need to observe the evolution of the relative entropy, based on the relative
entropy method [6, 8]. More precisely, using the computations in the proof of [4, Lemma
2.3] (or see [15, 16, 17, 18, 31]), we find that

(1.12)
dm(U|T) = —a) (G(U- ) + (8en) Lo (n/ﬁ)) _L0en® | Geni _n ey oG- )
t1] - 3 ) 3 g n 7 7 n q—4q),
where ¢ := x — ot, and G(U;U) denotes the flux of the relative entropy.
If n(&) were constant in £ like the case of n_ = n,, then the above equality would become
_ |Oen]?

om(U|0) = =0 (G(U; 0) + (9en) log(n/ 7))

n

which gives the dissipation of the (total) relative entropy :

2
(1.13) 4 n(U\U)dm+/de <0.

dt Jr R N
Note that the above inequality (in fact, contraction of the relative entropy) holds regardless
of ¢_ # q, or q_ = q., i.e., discrepancy of the end states of q.
However, we consider the traveling wave connecting two different states, that is, n is not
constant. Therefore, it is not obvious to get such a simple relative entropy functional in-
equality (1.13) from (1.12). In fact, it turns out in [4] that that is a far complicated issue.
There, it was proven that the weighted relative entropy is dissipative (or contractive) up to a
time-dependent shift X (¢) (see Proposition 2.4). Therefore, Proposition 2.4 on the contrac-
tion property of the relative entropy will be importantly used in Proposition 3.2 to extend
the life span of a local-in-time solution for all time.

We sketch the proof. Recall that Proposition 2.4 holds during n > 0 i.e. 1/n € L™ (see
the definition of the space (2.8)). Thus, we first show a local existence theorem (Proposition
3.1) guaranteeing that n does not vanish up to a certain time interval [0, T]. Then we apply
Proposition 2.4 for the time interval in order to get the contraction of the weighted relative
entropy functional (2.10) up to some shift X (¢) satisfying (2.11). In short, we have

i ~ X X ~AX ﬁ
(1.14) dt/Ra n(U|U )da:‘—l-\/E/Ra n&r(logﬁX)

where a(t,z) = a(x — ot) with (1.8) and the superscript X is defined by the translation in
x—variable by the given shift X (¢) as in (4.2).

After the process, it remains to solve two main issues. First we obtain finiteness (see
(4.10)) of the functional without a shift X and without a weight a:

2
dx <0,

sup/n(U\U)dx < C(T),
0,7) Jr
6



thanks to boundedness of the shift (2.11). In this step, the estimate is little delicate due to
the Log structure of the relative entropy at infinity (see (1.6) and (2.2)).

Second, we obtain ¢ € L*> by using the particular structure (4.23) satisfied by (n — 9.q).
Here we take advantage of (4.24) from positivity of n. Since the dissipation term in (1.14)
give the estimate of 9,4/n € L? (see (4.19)), we obtain ¢ € L™ by decomposing each function
into L' + L. Then the estimate n,1/n € L* follows from De Giorgi type Lemma 2.2. By
having n,q € L*°, the standard energy method gives all higher order estimates.

As a result, we get a priori bound in H'-norm up to any arbitrarily large time, which
guarantee a L*°-bound of 1/n up to the life span of any solution due to De Giorgi type
Lemma 2.2. It implies no finite-time blow-up happens. In other words, there is a global-in-
time solution.

1.4. A chemotaxis model describing tumour angiogenesis. The system (1.1) can be
derived from the following system of Keller-Segel type [20]:

o —vAn = =V - (nx(c)Ve),

(1.15) .
oic=—c"n forxeR* andfort>0.

This system has been used to describe chemotaxis phenomena including angiogenesis that
is the formation of new blood vessels from pre-existing vessels. We may consider the forma-
tion as the mechanism for tumour progression and metastasis (e.g. see [9, 10, 21, 28, 29, 30],
and references therein). In this interpretation, we consider n(x,t) > 0 the density of en-
dothelial cells and ¢(x, t) the concentration of the protein known as the vascular endothelial
growth factor(VEGF) or just tumour angiogenesis factor(TAF). The given sensitivity func-
tion x(-) : R™ — R™ is usually assumed to be decreasing to reflect that the chemosensitivity
becomes lower as the concentration of the chemical does higher. The positive exponent m
of the chemical concentration represent the consumption rate of ¢ (see the introduction in
[4] for more details).

For the Cauchy problem of (1.15), we see [5, 10] and references therein. We refer to the
study on traveling wave solutions of a Keller-Segel model in [20] and many other works in-
cluding [13] (also see the survey paper [33]).

To derive our system (1.1), we just take x(c) = ¢™' and m = 1 and d = 1, into (1.15) to
get

O — V0pen = —0, (n%) ,

c
o,c = —cn.

Thanks to the restriction m = 1, we can treat the singularity in ¢ of the sensitivity by the
Cole-Hopf transformation
O,C

.
After the transform, we have (1.1) as in [34]. ¢f) For the case m # 1, we refer to the recent
work [1] and references therein.

q:=—0y[Inc] = —

7



2. PRELIMINARIES

In this section, we present some lemmas that will be used throughout the paper.

2.1. Useful inequalities. We here present some useful inequalities on II(:|-), which were
proved in [4, Lemma 2.8].

Lemma 2.1. ([4, Lemma 2.8]) For given constants 6 € (0,1] and n_ > 0, there exist
positive constants C, = C1(n_),Cy = Cy(n_,d) and C3 = C3(n_, ) such that the following
imequalities hold:

1) For any ny > 0 and any ny > 0 with %5 < ng < n_,

1
(2.1) —|ny — nu|? < Tl(n1|ng) < Ci|ny — no|*>  whenever |E -1 <o,
Cl U
1
(2.2) —(1+nylog® ﬂ) < TI(nq|ng) < Cy(1 + nylog® E) whenever |E —1] >4,
Cy N9 no Ny
1
(2.3) E|n1 —ny| < Tl(ny|ng) < Cslny — nal*  whenever |E —1| >,
3 2

where log™ (y) is the positive part of log(y).
2) For any ny,ng, m > 0 satisfying m < ny < ny orny < ng < m,

(2.4) II(ny|m) > I(ng|m).
2.2. De Giorgi type lemma.
We here present the following technical lemma, which may not be optimal but is enough for

our purpose. This lemma might be classical, but we present its proof in Appendix A for
completeness. The proof is based on the De Giorgi method [7].

Lemma 2.2. Let Ty > 0 and R > 0. Then there exists a constant M = M (Ty, R) > 0 with
the following property:

Let T € (0,T5] and let py, pa, ps be functions such that
(2.5) p1.p2, 3 € L((0,T) x R),  pa, Oup2, Dups € L*(0,T; L*(R)).
Let m € L*>*((0,T7) x R)N C([0,T] x R) be a non-negative function such that
dym, Oy, ym € L*(0,T; L*(R)),
(2.6) Oym — Dpgm + pr0ym + m,(p2 + p3) <0,
m = my + my with my € L>=(0,T; L*(R)) and my € L>(0,T; L=(R)).
Assume

(2.7)

[mli=oll ooy + llp1] + [p2| + P3| + [mall| Lo (0m)xr) + [|[P2| + [O2p3] || L2((0.1)xr) < R.
8



Then
M| e 0,7y xm) < M.

Remark 2.3. We do not ask any quantitative bound but only finiteness for the norms of
Oy, Dz, Bym, Dupy € L*(0,T; L*(R)), my € L=(0,T; L*(R))
to ensure that all computations in the proof make sense.

2.3. A priori contraction estimate. As in [4], we define the space
(2.8)

Xp = {(Z) € L>((0,T) x ]R)2 | n >0, nte L>=((0,T) x R), d,n € LQ((O,T) x R)}
for each T > 0.

The following proposition on the contraction property is the main result of [4].

Proposition 2.4. [4, Theorem 1.2] For a given constant state (n_,q_) € RT xR, there exist
constants 6y € (0,1/2) and C' > 0 such that the following is true:

For any e,A > 0 with ¢ € (0,n_) and d;'c < A\ < &, and for any (ny,q;) € RY x R
satisfying (1.5) with [n_ — ny| = €, there exists a smooth monotone function a : R — R
with lim, 1o a(x) = 1+ ax for some constants a_,a, with |ay —a_| = X such that the
following holds:

Let U := <Z) be a traveling wave of (1.7) with the boundary condition (1.2) and with the

speed o from (1.4). For a given T > 0, let U(t,x) = (Z((?;))) be a solution to (1.7)

belonging to Xr with initial data Up(x) = (Z%g) satisfying
0
(2.9) / (U] T )dex < 0.

Then there exists an absolutely continuous shift function X : [0,T] — R with X € W and
X(0) =0 such that

/_oo a(e — oty (Ut — X(0)|T(x — ot))da

topeo n(r,z — X(7))\|?
(2.10) + (50/0 /_OO a(z — or)n(r,2 — X (1)) &E(log P P ) dxdr
< [ a@hn(Ua)|0(e)de.
and
. 1 . [ s
IX(t) — o] < E—2<f(t) + 0/ n(Uo|0)dz + 1) for a.e. t € [0,T]
(2.11) -

AN [ .
where f is some positive function satisfying || f||101r) < C—/ n(Up|U)dx.
€ —0o0

9



Remark 2.5. The diffusion term in (2.10) makes sense for solutions U of (1.1) in the class
Xr. Indeed, we find

ta:+Y

833(10 )6L2 ((0,T) x R)

for any continuous and bounded function Y : [0, 7] — R. It follows from 9,n € L*((0,T) xR),
n~te L*((0,T) x R), n € L*(R), and 7' € L*(R).

Remark 2.6. The estimate (2.11) implies
X(1) < C- (/n<UO|0)dx+ - (t+1)
R

for any ¢ € [0, T] where the constant C depends only on the initial parameters n_,q_, e, and
A. In particular, the constant C' is independent of 7.

3. PROOF OF THEOREM 1.1

In this section, we present the proof of Theorem 1.1.

3.1. Local existence in H!. We first present the local-in-time existence.

Proposition 3.1. Let two given constant states (n_,q-) € R™ xR and (ny,qy) € RT xR
satisfy n_ # n. and (1.5). Consider the traveling wave U = (Z) of (1.7) with the boundary

condition (1.2) and with the speed o from (1.4). For any My > 0 and any ro > 0, there
exists T' > 0 such that the following is true:

For any initial datum Uy = ZO satisfying
0

(3.1) Uy — U||H1 < My and i%fno > 1o,

there exists the unique solution U = <Z> to (1.7) on [0,T] with the initial datum (ng, qo)
such that

(3:2) (n—1,q—q) € (O([o, 7); H'(R)) N L*(0, T HQ(R))> x C([0,7); H'(R)),
(3.3) s[up] |U(t) — U(t))HHl < 2My and tel[%fT} 91:161{{71(:6 t) > 50

Proof. The proof for local existence of strong solutions to the 1D hyperbolic-parabolic system
such as (1.7) follows quite standard methods. For completeness, we present the proof in

Appendix B. O
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3.2. Proposition 3.2 : a prior: uniform estimates. To get the global-in-time existence,
we present the main proposition on a prior: uniform estimates:

Proposition 3.2. Under the same hypotheses as in Theorem 1.1, if U is a solution of (1.7)
on [0,Ty) for some Ty > 0 such that

(n—n,q—q) € (C([0,T); H(R)) N L*(0, T; H*(R))) x C([0,T]; H'(R)),
(34 and 0 < % € L=(0,T; L=(R)), VT € (0,Tp).

Then there ezists a constant C(Ty) such that

sup [[U(t) = U)l|m@ < C(Ty) and  sup |[1/n]| g < C(Tp).
t€[0,70) te(0,7p)

The proof of the main Proposition 3.2 will be handled in Section 4. Based on this Propo-
sition, we here complete the proof of Theorem 1.1.

3.3. Proof of Theorem 1.1. For a given constant state (n_,q_) € RT x R, let us take the
constants &y € (0,1/2) and C' > 0 from Proposition 2.4. Then, choose any constant £ > 0
so that x < min{(dy)?/2,n_/(15)}. Consider any (n,,q.) € RT x R satisfying (1.5) with
0<|n.—ng| <k.

Let € := |n_ — ny| and take any A between = and V/k. Note that these constants e, A > 0
satisfy the conditions ¢ € (0,n_) and §;'e < A < & in Proposition 2.4. Then, we take the
constant C' > 0 from Remark 2.6.

Consider the traveling wave U := (Z) of (1.7) with the boundary condition (1.2) and with

the speed o from (1.4). Let Uy(z) := (no(x)) satisfy
Go()

~ 1
U—Ue€eH'(R), ny>0onR and — € L®(R).
o

We observe that Proposition 3.1 together with Remark 1.4 ensures the (local) existence of a
solution U of (1.7) on [0, 7] for some T" > 0 for Ul;—g = Up such that

/ n(Uo|0)dz < oo,

[e.9]

(n—ii.q — d) € (C(0.T); H'(R)) N L0, T3 HA(R)) ) x C([0, T]; H'(R)),

N 1 A
n>0on[0,7] xR and — € L*(0,7;L>(R)).
n
Now, in order to extend the solution U for all time,

(3.5) suppose that there is no global-in-time solution.
11



Then there exists the finite maximal time interval [0,T}) for some Ty € (T, 00) for the
existence i.e., there exists a solution U on [0,Tj) such that

(n—iiq— ) € (C(0.T): H'(R)) N L2(0,T: HX(R))) x C((0.T); H'(R)),

(3.6) 1 . .
and 0<—€l (0,75 L>=(R)), VT € (0,Tp),

but
either  sup ||U®#) = U(®)|mm) =o0 or inf inf n(z,t) =0 holds.
te[o,%) H ( ) ( )”H ®) t€[0,Tp) z€R ( )

However, Proposition 3.2 and (3.6) implies

wp [U() — OOl < CT) and  sup [1nlum < C(T)
t€[0,To) t€[0,T0)

where the constant C(Tp) is independent of 7' < Tp. Therefore,

sup ||U(t) = U(t < oo and inf inf n(x,t) > 0,
te[o,%) ” ( ) ( )”Hl(R) t€[0,Tp) zeR ( )
which produces a contradiction to the assumption (3.5). Therefore, we have a global solu-
tion. The proof of uniqueness follows the same standard energy method such as Step 5 in
Appendix B. It proves the part (i).

For the part (ii), we first notice that the global solution U belongs to the class Xr (see
(2.8)) for any T > 0. Indeed, since U — U € L*®(0,T; H'(R)) and 8,U € L*(0,T; L*(R)),
we have 9,n € L?((0,T) x R), which implies U € Xy. Thus we apply Proposition 2.4 (or
[4, Theorem 1.2]) for any arbitrarily large time interval. We recall how the shift is con-
structed in the proof of [4, Theorem 1.2], on which it is defined in a certain constructive way
solving the given O.D.E. defined in [4, (3.2)] uniquely (see the explanation in Section 3.1
and Appendix A in [4]). Since the right-hand side of (3.2) in [4] is well defined uniquely for
any time, we can construct a shift X : [0,00) — R with the desired estimates (1.9) and (1.10).

Therefore, it only remains to prove Proposition 3.2.

4. PROOF OF PROPOSITION 3.2

First we note that for any T' € (0, Tp), the local solution U we are considering belongs to
the class Xr (see (2.8)) thanks to (3.4). In this section, C' denotes a positive constant which
may change from line to line, and depends on the initial data (such as ||Uy—U|| g1, ||1/70]| )
and the parameters (such as ni,q_) and Tp, but is independent of 7" € (0, 7).

4.1. Uniform bound of the relative entropy. We will use Proposition 2.4 to show that
(@1) sup / U0 ))dz < C.
telo,7] JR

For simplicity, we here use the following notation:
for any function f : Rsy x R — R and any shift X : [0,00) — R,

(4.2) [t x) = 1];(@ £+ X(1)).



First of all, since Remark 1.4 together with 1/2 < a < 3/2 yields

(4.3) /Ran(Uolff)d:vg/

R

m%mmxgc/u%—mmxgmwwwmgw,
R
Proposition 2.4 and Remark 2.6 imply that there exists a function X on [0, 7] such that

sup / a=otn([U ()] XO )T da

te[0,T
(4.4) - ¥
oo —X(7)\ |2
—i—/ / a"[n(r)] X" 8x<log%) dedr < C
0 —oo n oT

and
sup |X(t)| < C.
te[0,7)

For any ¢ € [0,T, we have
45) [ a0 = [ a@©0 e = [ nlolide + 5 [ 1) -5 P
For the second term in (4.5), we have
[ty =iz <2 [ o)y = O a2 [ 1§70 - g

—9 / a(®)]X® — G2z + 2 / O — G2da

(4.6 <C [ ala) ¥ — g e+ 20a g |- [ 160~ glds
R R
<C sup [ UE) A0 o + 2.~ o PIX ()
te[0,7] JR

<C(Th+1)<C.

For the first term in (4.5), we have

/gllUﬂtﬂﬁ‘”de

= / H(n(t)m_“t)dx + / H(n(t)m“”)dx =1 + L.
{zeR|| 10— 1<}

n(t) 1
X ot {zeR || <=7 —12 3}

For Iy, we use (1.11) to have

L < C’/ In(t) — n 7"?dx.
(I <y —1<3}

13



Then, as in (4.6), we get
’ﬁX(f)*Ut o ﬁfo'tIQdm

< C/ In(t) — X0~ 2dx + 0/
{l x(z) ~1|<3} ﬂ%—lké}

<C / e ()] XY — 7" 2de + C / [ A R
{‘ n(t)] R

~1<3}

<c / ([n()] X O3~ dz + C / X0 _ f2de
(O 1<} R

< C’/a_"tH KO3 dg 4 |n_ —n, |2 |X(8)] < C(Ty + 1) < C,

where we used (2.1) for the third inequality.

For I, we recall 0 < (n— —ny) < k <n_/(15) < n_/4, and so n_ < gn,. Since ny <7 <
n_, we find that for any Y € R,

4
hY < —n.
< gh
Thus,
n 1 n 1
-1>2-=--1>=
A R R
and
n n 1
-1<——-=--1<—=
nY - 1 - 3
which yield
n(t) 1 n(t n(t)
(O T (. A 1
n 2 ()] n(t)
Thus we get
I, :/ I(n(t)|n(t))dx g/ (n(t)|n(t))dx.
Il % —1=31 (155 -11=5}
We drop the t index for simplicity. Then, by (2.2), we get
I, < / I(n|n)dx < C (1+nlog™ Q)dx,
{1z-112§) {12-11>} "
Since the assumption 0 < (n_ —ny) < kK < n_/(15) implies
W < g,
1

we have that for any Y,

(12 -1 9 {5 ~1> 5}

Observe that for any point on {|2 —1| > £} and for any Y € R, we have

)

(4.8) (14 nlog® ) < C(1+nlog"
14



Indeed if 2 —1 < —1/8, then the estimate (4.8) is trivial due ton <n. If 2 =1 > 1/8 i.e.

n > §n, then we have <2 and n> 20 > Y from (4.1), so we get

Ly n E n
(14 nlog ﬁ)—(l—i-nlogﬁ) (1+n10g14+nlogAy)

15 n
g(l—l—n,-logﬁjtnlogﬁy)gC( + nlog AY) C( )
Thus, by (2.2), we get
[QSC/ (1+nlog™ f;)daj

L_1|>%} n
(4.9) < C/ [I(n|n™)dr < C’/H(nmx)dx = C/H(n_XM)dx

1> k) R R

<C / U I([n(t)] "X O~ dx < C.
Thus from (4.6), (4.7), and (4.9), we have
(4.10) sup / (U0 (#)dz < C(Ty +1) < C,
tefo,7] JR

which gives (4.1).

4.2. Uniform bounds on ||¢ — §||z2 and ||n — 7|z z2. We will use (4.1) to show that
(4.11) lg — QH%OO(O,T;LQ(]R)) <C,
and there exists functions m, mo such that
(4.12) n—i=my+my, M=)+ IMm2llieorem) < C.
First of all, the definition of  and (4.10) implies that
lg =l F w2y < C(TH+1) < C.
We define
(4.13) my = (n — ﬁ)l{\%q\z%} and  mgy:= (n— ﬁ)1{|%fl|<%}7

which yields n — n = my + ma.
We use (2.3) to have

(4.14)

Imallzeeqo, i@y = [1(n = ) Lgn g5 1yl @) = sup / In(t) — n(t)|dx
t€[0,T] {12

< C sup / II(n(t)|n(t))dx < C sup /H(n(t)m(t))dx <C(Th+1)<C.
te[0,T] J{|5-11>5} t€[0,7] JR
15



Using (2.1), we have
(4.15)

ImallZoo 0,202y = II(7 — )Lgn g1 Voo (0rir2m)) = SUP / In(t) — a(t)[dz
te[0,T] J {|2—-1|<1}

< C sup / (n()|a(t))dz < C sup /H(n(t)m(t))dx <C(Ty+1)<C.
1/{15-1l<35}

te[0,T t€[0,T] JR

Therefore, we have (4.12).

4.3. Uniform bound on ||0,/n| 2. We will use (4.12) and (4.4) to get that

T 00
(4.16) / / |0,v/n|?dzdr < C.

First, we find from (4.4) that

//

Observe that for any Y € R,

<log %) ‘2da:d7 <C.

<1 ﬁ) ‘2 1 [(Gpn)n” —ndaY P 4 1 |(0,n)nY — no,nY|?
08 -y - (RY)2 n Ry 4(RY)3 n
4 2

n
|0/ =7 -

ﬁY

Then, using the fact that a and n are bounded from below and above by a positive constant,

we have
n 2
0o\ —X=or

(4.17) / ' / Z
‘ (D)7 = n(@))/ ()

Note, for any Y € R,
n/n¥1

O (2" 0:v/n| = |(R") V),

drdr < C.

(@n)nY —n(nYY

Vn

> (1

and thus,

10,/ < C |0y | == | + CI(RY) |V,

Thus we have

T 00
/ / 0./ 0|2 dzdT
0 —00
T 00 n
cof [ o]

d:EdT+C/ / NXO=om 12 dadr .
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To control J, using
(4.18) [n| <fn—nf 4[] < Jma| + |ms| + |7],
and ' € L*(R) N L*(R), together with (4.12), we have

J<C-Tpy- <||m1||L°°(O,T;L1(]R)) + ||mal| Lo (0,7 22(r)) + 1) < CTy(Th +1).
This and (4.17) yields

T o]
(4.19) / / |0V n2dxdr < O(Ty +1)* < C.
0 —00

4.4. Uniform bound on |[¢||z~. In order to get the uniform bounds for ||n||Lw= (1L~ ®))
and |[1/n| zes (0,100 (r)), We may first get ||q||L=(07;2r)) < C and then apply Lemma 2.2.
So we will here show

(420) ||Q||L°°(O,T;L°0(]R)) S O
For that, we first use (4.18) to find that for any € R and t € [0, 77,
I o (1,041 < M|l 0,1:01 @) + (M2 Lo (0,101 (fr—1,2+1))) T 2]172]| oo (R)

< |[mall e o0y + V2 M| 1o 002y + 217 oo )

So we have
(4.21) sup sup ||n(t) || (p-1,04+1)) < C(To+1) < C.
te[0,7] zeR
Since .
t.a) =n(t.o) + [ (@m)(t.)ds
y
and
(0,n) = 2v/n0v/n,
we have

1 z+1 z+1 T
n(t,x) = 5/ n(t,y)dy—i—/ / Vnd,/ndzdy.
r—1 r—1 Y
Then, we use (4.16) and (4.21) to have

1 r+1 z+1
n(t,x)§§/ (tydy+/ / Vn|0zv/n|dzdy
r—1

—||n( ML (z=1,041) +2\// |n!dz\// 10.4/n|2dz

< 5 SUp [[n(t)l| 2 a-1.0-1) + 10: v/ () IIZ2 ).

I/\

and thus,
3
[l 10,100 m)) < 5To sup sup ||n(t)||L1([x—1,a:+1]) + ||ax\/ﬁ||%2(o,T;L2(R))
(4.22) 2 " te0,1] 2€R
<C(Ty+1)?*<C.
17



We now introduce, to show (4.20), a new variable
w:=mn — 0.q.
Then, it follows from (1.7) that
(4.23) Ow + nw = n? + qo,n.
Since n > 0, we have
(4.24) Oilw| < n® + |q0,nl.
To estimate n?, we observe
n* =n(n —n+n) =n(my +my +n) = nmy +n(mg + ).

Since [ma| = [A(F — 1)1a_yj1] < % < C, we have

lfma] + 7| oo 013000 () < C.

By (4.22) and (4.12), we have n? = k; + ky with
(4.25) k1l 2o ®)) + k2l rzeom) < C(Th+ 1) < C.
To estimate |gd,n|, we first observe that since d,n = 2,/nd,\/n with

10:v/1]| 20,522y < C(To +1) < C
by (4.16) and

IVnllz2 i@y < C(Th+1) < C
by (4.22), we have

10xn] 10,102y < C(To +1)* < C.
It implies

(g =) - Benllniomrrey < C(To+ 1) < C.

Note /n < \/|m1| + \/|m2 + 1| from n = my + ms + 1 with
1/2
[V Imalll Lo o.1522 ) < ||m1||L/oo(0’T;L1(R)) <C(h+1)?<cC
and ||/ |mg + 0|l Lo 0,10 m)) < C-
Thus we get |un| = 2|v/7| - [8a/7] < C’(i\/]mlH 0o/ + (I/Tma + ]| - |ax\/ﬁ\> with

=:h1 —=:ho

Pl ooy < V1o - [hall L2 )y < C(To + 12 <C

and
P2l 20,2y < C(To+1) < C
We put ho = holgn,|>1y + holyn, <1y, then we get

=tha 1 =:ha 2

1Rl @) < NheallZzoremy < C(To+1)? < C

and

P22l oo m®)) < To - ||he2llneoriemy) < C - Ty < C.
18



Thus we have |Go,n| < C|q| - (h1 + ha1 + has) = C|q| - (k1 + hop) + C|q| - ho2 with

Vv Vv
=:l =:lo

Nl rormwy < C(Th+1)> < C
and
2]l oL@y < C-To < C

and
In sum, we have |qd,n| < |(¢ — q) - Oxn| +l1 + o with
——_————

=:ly
(4.26) o + Ll 1o, )y + N2l 07000 )y < C(Th + 1)*2 < C.
Therefore, it follows from (4.24), (4.25) and (4.26) that
Orlw| < (k1 + o+ 1) + (k2 + 1)
—_—— N —

=wq =:w2
with
lwi]l 1 opi®y) + lJwall o=@y < C(To +1)° < C.
Moreover, since

wo =19 = 0ego = =0x(90 — Q) Ljo.(a0-a)>1) + (no — 0x(q0 — @) Lgjon(qo-a)/<1} — 5@ with

=1

e
=:J2

71l zr®y < 1102(q0 — DI Z2@y < NUo = Ullinm < C
and
721l e @) < lInollzoe@) + C < lIno — @l Loy + C < |Uo = Ul + C < C.
Therefore, we have |w| < iy + iy with
1] oo oL ®y) + il zoo 0,100y < C(To +1)° < C.
Indeed, for x € R and for ¢ € [0, T], we have

ot = o) + [ @lales)ts < i@+ [t + (1] + [ st wyis)

Vv ~ Vv
=:a (t,x) =:a2(t,x)

with
ot | e oz < Mtllzaey + lwillorney < C(To+1)° < C
and
etz | e o5 Ry < M2l ooy + w2llzr o7y < C(To + 1) < C.
This implies
ual = I — ] < b — ]+ [3] + ] = |+ g+ (el + 7+ o)
S———

J/

-~

=:g1 =192

with

(4.27) 91/l L0,z ®y) + g2l L 0,700 r)) < C(To +1)* < C.
19



Note from (4.11) that ¢ = ¢ — ¢+ ¢ = (¢ — @) 1qjq—g>1} + (¢ — Q) 1qjq—g<1} + G and
= —
(4.28) | fill oo,y + [ foll oo ooy < C(To +1) < C.
Therefore, using Lemma 4.1 below, together with (4.28) and (4.27), we have
lgllz=oz=@) < C(Th+1)* < C.

Lemma 4.1. Let f be any function on R such that f = fi + fo and |f'| < g1 + g2 with
fl?gl € LI(R> and f2ag2 € LOO(R)
Then,f € L>*(R) with

1l < 2(1 il + 1 follzecey + lgnllom + lgall e ).
Proof. Since

@) = )+ | " ()i,

for any z,y € R, we have, by taking %fzlel dy,

z+1

f@l<y [ 01+ R+ 5 [ [ ]+ sy

-1
1
< slAllee + I fellz=@ + il + 2llgall=®)-
for any x € R. 0
4.5. Uniform bounds on ||n| = and ||1/n||~. We now use Lemma 2.2 (De Giorgi type

lemma) to get uniform bounds on ||n||ze(o,r;®) and |[1/nLe (oL ). First, to control
||n||L°°(O,T;L°°(]R)), we set
(4.29) m=n, mi=n—-n, me=n, p=-¢q p2=-(¢—¢), and p3=—q.
Since

On — Ogen — qO;n — n0yq = 0,

the above quantities in (4.29) satisfy the assumption of Lemma 2.2. More precisely, we use
(4.20) and (4.11) to estimate

4.30

( Hm|)t=o||L°°(R) + [[lp1] + [pal + [pa] + Imalll Lo (0.1)xr) + [l[P2| + [0zpslll L2 ((0.1) <)
= |Inollze@) + [lla] + lg — 4| + 14| + 2]l 2o,y xr) + Ilg — @] + 02| 2(0,7) xR)
< [lnoll ooy + 2llgll o1y xm + 211141 + [lll 0.y ) + VT lllg = Gl + 1826l [l o (0,7:12(2))
<C(Th+1)<C.

Since the above constant C' does not depend on 7', by Lemma 2.2, we obtain

(4.31) 1| 2o (0,750 () < Cyy < C.

Similarly, we can obtain

1
(4.32) ||E||LOO(O,T;LOO(R)) <Cr, <C.
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Indeed, in order to apply Lemma 2.2, let
(4.33)
1 1 n—n 1 . .
m=1/n, m=—-——= ;o me=— pr=-¢, p2=(@—q), and p3=¢

N

n n nn

Notice that it follows from (1.7) and (3.4) that

(%(%) — 0y (l> + (—q)8x<l> + (l)axq = —2((%”)2 <0, forae. tel0,7T],

n n n n3

where @22 ¢ 1212 by the interpolation d,n € L2L2 N L2L> C LALA. Thus, (3.4) implies

n3 L
that the quantities of (4.33) satisfy (2.5) and (2.6) on [0, 7.
Furthermore, the quantities of (4.33) satisfy (2.7) as follows:

[mi=ol| o) + l|[p1] + |p2| + |p3| + [malllze 0,y xr) + [[|IP2] + 10eps| || 2((0.7)xR)
= [11/nol[zo@) + llla] + 1g — 4| + g + [1/2]|| Lo 0.0y x®) + 1@ = Gl + [024]l| L2 ((0,7) <)
<C(l+1)<C.

Thus (4.32) follows from Lemma 2.2.

4.6. Uniform bound on |n — n||z2. We first recall from (4.14), (4.15), (4.31) that m; =
(n —n) —msy, and

M| Loe o,y < C(To+1) < C,
and

Since
/R\ml(t)\de = /R |mi(t)] - [(n —n) —malde < Cr,(To+1) < C
for any ¢ € [0, 77, we get
||m1||2Lo<>(0,T;L2(R)) < COp(Tp+1) <C.
Thus we have

I = Al o0, rsr2m)) < [l Lo o,1502®)) + [IMel e 0,7502R)) < Oy (To + 1)1/2 <C
by (4.15).

4.7. Uniform bounds on ||0,n|/12, ||0.q||z2 and ||0z.n||z2. From the system (1.7), we do
the energy method to obtain

d ([ 0 1024/ 2
%</R 5 dx—l—/R 5 dx>+4|8mxn| dx

= [ (@) @usm)q + 20um 010~ Ll @) (Ds0) + (2a0) o) )
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By integration by parts and using the dissipation term, we get

d |0,n|? |0, 1 2
%(/[RTd$+/IRde> —i-é/R]@mn\ dx

(434) <C [ (10unPlaf + o.aPInf? + |0saf") ) o
R

< Cr, [ (10nF + 000 )da
where we used (4.20) and (4.31) in the last inequality. Then by Gronwall’s inequality, we
get
10212| oo (0,752 () + 1|024| Lov (0.1 02(R)) < Oy < C.
In addition, by (4.34), we obtain
|0zan|| L2 (0,702 R)) < Oy < C.
4.8. Conclusion. Since
||3xﬁ||Loo(o,T;L2(R)) + ||3z@||L°°(0,T;L2(R)) <G
we get
10.(U — U)HLOO(O,T;L?(R) <Cp<C.

Hence we conclude R
sup [|U(t) = U(t)[|mw) < Cn < C.

te[0,7)
Note that the above constant C' does not depend on any choice of T satisfying T' < Tj, which
completes the proof.

APPENDIX A. PROOF OF LEMMA 2.2

For any constant M > 2R, we consider a sequence (cx)r>o defined by
cri=M(1—-27""1, k>o0.

Note that M > cxq > ¢ > ¢ = M/2 > R for all k, and limy_, cx = M.
Let

my = (m — )y,

T
Ey = sup/midw+/ /|8$mk|2dxdt.
[0,7] JR o JR

Note that £}, is well defined since
m — R =|m| — R < |m| —ma| < |m —my| = |m| € L®(0,T; L*(R))

and

implies
0 < me = (m—c)y < (m— Ry < | € L(0,T; X(R))
and
9] = 0sm L seyy| < 10,m| € L2(0, T5 LA(R)).
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Observe that Ej is non-increasing in k since 0 < my,1 < my and [0pmyg11| < |0mg| due to
{m > c1} C {m > cx}. We also see

/(m — R)4|i=odx =0 and / Mg|i—odx = 0 for any k
R R
due to R > ||m|i=o|| oo ()

Our goal is to show that there exists M = M(R,T) > 0 such that
(A1) lim B, = 0.

k—o00

Once we prove it, then we obtain

sup/(m — M)2der=0 dueto 0<(m—M); <my, foranyk,
0.1] Jr

which gives the desired result. Therefore, it remains to prove (A.1) in the following steps.

Step1) Since for any constant c,
Oy(m — ¢) = Opz(m — ¢) + p10:(m — ¢) + md,(p2 + p3) <0,

m := (m — R), satisfies

d
—/m2d33+/ 0,m|*dx < —/m(@xm)pldx—/mmﬁz(pg + p3)d.
dt R R R R

Then, using the integration by parts and

mlg~o = (m - R)1m>07

d
E/Rm?der/R\amFdx

< [ (113wl (| + 21l + 2lpa]) + Rlpel|0um] + mRlOupn] ) d
R

we have

which yields

—/deer /]8 m|*dx

< C(lllpsl + Ip2l + IpsllZoo 0.1y xmy + D) I2llL2y + CR (P2l L2 2y + 10505112 (2)
< C(R* + 1) 1Ml 1am + CR* (Ip2ll72@) + 1005l 72w) ) -

Therefore, by the Gronwall’s inequality with (2.7) and the fact m|;—¢ = 0, there exists a
positive constant C, = C, (R, Tp) such that

sup/mdx+/ /|8m\ dxdt < C,.
[0,T)

This together with ¢y > R implies

(A.2) By < C..
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Step2) Since for each k£ > 1,

d
%/ |mk]2dx+/ |0y ?da < —/mk(ﬁxmk)pld:c—/mkmaﬁ(pg + p3)dzx,
R R R R

it follows from the integration by parts with my1,,, <o = (m — ¢x)1,,, >0 that

d
E/]mk|2dx+/|8xmk|2dx
R R

< [ 1ol (el + (2lma] + ) (el + ) ) L,
R

which yields

A [ o
i do+ 2 [ (omifd
dt/R|mk| x+2/R|8mk| v

< O(”pl”%m(((),T)xR) + Hp2||%°°((0,T)><R) + Hp?)H%OO((O,T)XR)) /R (Imel? + &) Loy >oda.

Thus, using (2.7) and mg|;—o = 0

T
Ep < C’Rz/ / (|mun]® + ;) Ly >odadt.
o Jr

Note that since my_1 > ¢ — cp—1 = M27%"! when my;, > 0, we have
Lyso < M7126my < (M7126 )P, VB > 1.

This together with m31,,,~0 < mi_;1,,,~0 and ¢ < M implies

21k’
CR 6//|mk1\dxdt k> 1.

But, using ||my|| @) < Cl|mi|| a1y by Sobolev embedding, and

Hmk”i‘l((O,T)xR) < ”mkH%w(o,T;m(R))Hmk”%%o,T;Lw(R))?

we find that
C

1 +T||mk:HL4( (0,T)xR) = < (Byp)? k=>0.
Therefore, there exists a positive constant C; = Cy (R, Tp) such that

1 k
By < 0]1\46 (Ep)? Yk >0.

In particular, putting Co = 16(Cy + 1) > 1,

(Cy)*

Epq < e

~—(Ey)?, Vk>0.

Set F), := Ey/M?. Then,
0 < Frr < (Co)F(Fy)?, VE>0.
Moreover, since it follows from (A.2) that

Ey C.

Fy = e <— e

—0 as M — oo,
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using Lemma A.1 below, there exists a constant M > 0 with M > 2R such that

lim Fp, =0, so we get lim Ej, = 0.
k—o0 k—o0

Hence we completes the proof of Lemma 2.2.

The following lemma can be proved in a standard way (or see the proof of [32, Lemma 1])

Lemma A.1. [32, Lemma 1] For C' > 1 and 5 > 1, there ezists a constant Cy = Co(C, )
such that for every sequence {Wy}32, verifying 0 < Wy < Cy and for every k > 0:

0 < Wi < C*WP,
we have

lim W = 0.

k—00

APPENDIX B. PROOF OF PROPOSITION 3.1
Step 1 (Iteration Scheme) We first set
(n°(t,x),q°(t, x)) = (no(x), go(x)).

Then, for k > 1, and given (n*~1,¢*71), we iteratively define (n*,¢"*) as a solution of the
following linear system:

On = 0yen® + 0, (" 1gF ),
(B.1) oq" = 0,n",
(n*,¢")]i=0 = (no, q0)-
By the general theory of the heat equation together with (3.1), for each k > 1,if 0, (n*~'¢" ") €
L>=(0,T; L*(R)) for some T' > 0, then (B.1) has a unique solution (n*, ¢*) such that
(n* — 7, ¢ — §) € (00(0, T, HY(R)) N L2(0, T H2(]R))> x C°(0, T; H'(R)).
Step 2 (Uniform bound) For convenience, we set
N¥(t,z) .= n®(t,z) — n(t,2), 0t ,z):=n(z —ot),
Q (t,2) 1= ¢*(t, ) — 4t ), d(t,7) = 4w — o).

In this step, we will prove the following: for any M, > 0, and any initial datum (ng, qo)
satisfying (3.1), there exists 7' > 0 such that

sup [[(N*(1), Q°(0) i) < 2Mo,  Vk >0,
t€[0,T]

(B.2)

(B.3)
10:N¥| 20,7 ) < 2Mo, Yk > 1.

As the initial step, we first show (B.3) when k = 0. Since 7/, ¢ € H'(R), and
[N (1), QC )|y < IN°()l]ar ey + 1Q° ()| 1y
< no = illm @ + (|72 — 2(- = o) 1wy + llg0 — @z ) + 1§ — G- — ot) |11 m),

we use (3.1) to have

I(N*(2), Qk(t))Hzfél(R) < My + Ct,



where the constant C' depends on ||7/|| g1 (w), ||| a2 ®) and o.
Thus, taking 7' > 0 small enough such that CT" < My, we obtain (B.3) when k£ = 0.
Now, as the inductive step, for any k > 1, we assume

(B4) sup (N5 (8), Q= (8)) | ey < 2Mo.

te[0,T)
Since (1, q) is a solution to (1.7), we use (B.1) to find that

ON* = 0, N + 0, ("1 Q" 1 + gN* 1),
(B.5) 0,Q% = 0,N*,

(N*, Q@)i=0 = (no — 71, g0 — 4)-
Since it follows from (B.5) that

i 'N: [0 = = [t Qi vt o,
4T gra

we use Young’s inequality to have

d SN
G L1+ [ap <2 [ttt ot
R R R

Since nf~1 € LOO([O, T] xR) by (B.4) together with Sobolev embedding and the boundedness
of n, we use (B.4) again to have

d _ _
G LN 1) + [ 1o < a1 [ QU IV <2 [ 1t

éC(Mo)+2/R|QkP,

which implies that for some C' = C(M,),

/R(yNk(t),zﬂQk(t),z)Jr/o /R|6xNk|2SeCt/R(|n0_ﬁ|2+|qo_g|2)+CteCt

< e“"ME + Cte.

Thus, taking T small again (if needed) such that \/e¢T (Mg + CT) < 2M,, we have
sup. I(N*(1), Q" ()l 2r) < 2Mo,

te[0,T

HamN | 20,122 R)) < 2Mo.

Next, to estimate the higher norm, we use (B.5) to get

k|2
|a N | /|a$xNk|2 /aw(nk—le—l —(ij_l)ame,
R

k|2
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which gives

d 1~ U
% (|8xNk|2 + ’aka|2) +/ ’achkP S 2/ \85,;(71]"’ 1ka 1 qu: 1)‘2 +2/ ’aka|2
R R R R

Likewise, since (B.4) implies
/Rl(9ac(7”bk_1Qk_1 — GNP < 100! | 2@ 1Q™ M| ooy + 10" |0y 100Q" | 2y
+ 11051 2y [N | 2o @y + 1l oo ) 102 N | L2y
< C(M0)7
we have that (for 7" smaller than above if needed)

sup [[(9,N*(t), 0,Q" (1)) 2y < 2Mo,
t€[0,T]

1020 N* || 20 7222 ()) < 2Mo.
Therefore, we have (B.3).

Step 3 (Uniform bound for 1/n) Since it follows from (B.3) and from Sobolev embed-
ding that for all £ > 1,

ax(nk—lqk—l) — (axnk—l)qk—l + nk—laqu:—l
= (0,0 N (T = §) + (0,0 G+ (0P = R)0,¢F T + 10, € L°(0, T; LA(R)),

and ||0, ("1 ¢* )| e 0. 7:12(r)) < C(Mp), we use Duhamel’s principle to represent

M@$%14®@x—wwwwy+llé®@—&w—wWAW“f“W&wﬁw%

. 2
where ®(t,z) = ﬁe_% is the heat kernel in 1D.

Thus, by Young’s inequality, we have the following estimate: for all x € R, ¢ € [0,T],
t
h(n) 2 infng = [ 190 — 5. - 1102 s
0
T
> 7o — II[&C(nk_lqk_lﬂ||Loo(o,T;L2(R))/ 1@ (s, )l 2 @yds
0
Z To — C- ||[(%(nk_lqk_l)]||Loo(0,T;L2(R)) . T3/4 Z To — O(Mo)T3/4
Therefore, taking 7 small again (if needed) such that ro — C'(My)T%/* > ry/2, we have

. . To
B.6 £ inf nf(z.t) > =,
(B.6) nf (@, 1) > 3

Step 4 (Convergence) We will first prove that the sequence {(N* Q*)}i>; is Cauchy
in S, where

S = (L=(0,T; L*(R)) N L*(0, T; H'(R))) x L=(0,T; L*(R)).
For convenience, we set

Nk — Nk+1 _ ]\[k7 Qk’ = Qk—i-l _ ka
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Then, using N¥=1 = n¥ — n*F~1t and Q! = ¢* — ¢*~1, it follows from (B.5) that
O,N* = 8, N* + ax(nka—l FgFINRY),

(B.7) 0,Q" = 9, N*,
(N, Q")|i=0 = (0,0).

Thus, using the same estimate as in Step 2, we find that for all t < T,

(|Nk|2+|Qk2 /|8Nk2

< 4(|’nkH2L°°([0,T}><1R) + quil”%w([O,T]xR)) /R(\kaz + [INF1P) + Q/R Q"

Using the uniform-in-k bound (B.3) with Sobolev embedding, we have
G LU E 1@ ) + [ 1.8 < e [ @+ v <2 [ 1t
R R

Integratmg it over [0, T, we have

/R(\Nk( P +1Q% () / /|6 N“<C/ / Qk_1|2+|Nk_1\2)+2/R]Q’“|2>

This implies
[xrap-ior + [ [oae<Se wer
R

Therefore, the sequence {(N*, Q%) },>1 is Cauchy in S, which implies that there exists a limit
(N°°,Q>) such that

dt

(B.5) (N5.Q%) > (N*,Q%) ins.

Furthermore, using (B.8) and (B.3), we have

(B.9) S [(N(2), Q)| w) < 2Mo,  [|02N|| 20,1501 (v)) < 2Mo.
elo

Step 5 (Existence) Let n := N*° 4+ n and ¢ := Q> + ¢. Then, by (B.2) and (B.8), we
obtain that

and
(B.11) I(n—7,q — @)l Lerme) <2Mo,  9yn € L*(0,T; H'(R)).

This implies n* — 7 — n — 7 in L=(0,T; H>4(R)), and thus n* — n in L>=(0,T; L=(R)),
which together with (B.6) yields
To
f inf > —.
im0 2 5

Moreover, (B.10) and (B.11) together with (B.1) imply that (n, q) solves (1.7) with (n, q)|=o =
(no, qo) in the sense of distributions. In particular, (1.7) and (B.11) yield that 0,(n — n) €
L*(0,T; H*(R)), which together with Aubin-Lions lemma implies n — 1 € C([0,T]; H'(R)),
and thus ¢ — g € C([0,T); H'(R)).
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Step 6 (Uniqueness) Let (n1, ¢1) and (n2, ¢2) be solutions to (1.7) with the initial datum
(no, qo), and satisfy (B.11). Then, set n:=mn; —n2, §:=q1 — o
Then, it follows from (1.7) that

O = Oga + Op (MG + q21),
atq = ax,ﬁa
(ﬁv ‘j)‘tzo = (07 0)

which has the same structure as in (B.7). Thus, using the same estimates as above, we have

[ (o + i <c/ [ (o + i) ve<,

which implies that ny = ny and ¢; = g2 on [0,7] x R.
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