GLOBAL IN TIME CLASSICAL SOLUTIONS TO THE 3D
QUASIGEOSTROPHIC SYSTEM FOR LARGE INITIAL DATA

MATT NOVACK AND ALEXIS F. VASSEUR

ABSTRACT. In this paper, the authors show the existence of global in time classical solu-
tions to the 3D quasi-geostrophic system with Ekman pumping for any smooth initial value
(possibly large). This system couples an inviscid transport equation in Ri with an equation
on the boundary satisfied by the trace. The proof combines the De Giorgi regularization
effect on the boundary z=0 -similar to the so called surface quasi-geostrophic equation-,
with Beale-Kato-Majda techniques to propagate regularity for z > 0. A potential theory
argument is used to strengthen the regularization effect on the trace up to the Besov space
B ..

1. INTRODUCTION

We consider the 3D quasigeostrophic system (QG), which can be stated as the following
set of equations imposed upon the stream function W : [0, c0) X Ri — R:

O (AV) N s -V(AY) =0 t>0, 2>0, = (x1,1) € R
9,(0,0) + VU -V(9,¥) = AU t>0, 2=0, z=(z,2) €RZ  (QG) -
U(0,x,2) = Vy(x, 2) t=0, 2>0, x=(r1,79) € R?

As a convention, we choose the vertical component to be the first component of any vector
in Ri. Here we employ the following notation:

VI =1(0,0f,0f),
and -

Af = Opiay [+ Ovyas f-
The velocity field for the stratified flow is given by

VJ_f = (07 _amfa 8I1f>

The 3D quasigeostrophic system is a widely used model in oceanography and meteorology
to describe large-scale oceanic and atmospheric circulation. The system includes two com-
ponents. First, beginning with Navier-Stokes and accounting for the rotation of the Earth,
one derives a transport equation on the vorticity. Second, a careful analysis of the Ekman
layers near the boundary produces an equation which 9,V satisfies. Chemin [§] considered
the convergence of solutions to the primitive equations in the quasigeostrophic limit. In
addition, rigorous derivations were carried out by Beale and Bourgeois [5] in the absence of
boundary layers and Desjardins and Grenier [16] with the inclusion of the boundary layers.
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Much of the difficulty in the analysis in fact stems from the boundary layers. Taking advan-
tage of the viscous term on the boundary, Desjardins and Grenier [16] constructed global
weak solutions. Recently, Puel and Vasseur in [25] constructed global weak solutions in the
inviscid case. Much recent work has also been focused on a simplified model first studied
by Constantin, Majda, and Tabak [12] and known as the surface quasigeostrophic equation
(SQG). There are different variants of SQG depending on the strength of the diffusive term.
In the critical case, global regularity has been obtained by several different authors, each uti-
lizing different techniques; see Kiselev, Nazarov, and Volberg [22], [7], Kiselev and Nazarov
[21], and Constantin and Vicol [I3]. Many authors have also emphasized the connection
between critical SQG and 3D Navier-Stokes and have used versions of SQG, especially the
inviscid one, as toy models for 3D fluid equations (see Constantin [11I] and Held, Garner,
Pierrechumbert, and Swanson [19]).
This paper is dedicated to a proof of the following well-posedness result for (QG).

Theorem 1.1. Let the initial data VUy € H*(R?) for s > 3. Then there ezists a unique
solution U to (QG) satisfying the following: for all T > 0, there exists C(T,s) such that for
all t < T, |[VVU(E,)|[grsgzy < C(T,5). In addition, if the initial data is C*°, then for all T,
T e C([0,T] x R?).

The bulk of the proof is centered around verifying a version of the Beale-Kato-Majda
criterion from [3]. The idea is to first decompose the solution ¥ = W; + U, into two
components as follows:

AU, =0 AUy = AV
8,,\111 - 8,,\11 8,)1’2 - 0

Intuitively, ¥, is the problematic term since it contains the boundary condition. We will
find that 0, ¥, satisfies an equation resembling critical 2D SQG, with an adjustment to the
drift term and a forcing term appearing from the presence of ¥y. To show that W, is Holder
continuous, we utilize the De Giorgi technique following [7] and [27]. We then improve the
regularity using Littlewood-Paley techniques to bootstrap (see Constantin and Wu [14] and
Dong and Pavlovic [I7]) and potential theory to handle the forcing term coming from WU,.
In order to then show global well-posedness, one generally requires Lipschitz regularity or a
suitable substitute on the velocity VL\P. Due to the fact that 9,4, 9,V are related to 0,¥,
via the Riesz transforms and the fact that VW, is not even Lipschitz, the Besov version of
Lipschitz regularity must suffice. In the literature, this space is referred to as ééom, or the
Zygmund class. The texts of Stein [26] and Grafakos [18] include thorough expositions of
the essential theory, while Chemin [9] and Bahouri, Chemin, and Danchin [2] have detailed
the application of the Zygmund class to the study of wide classes of PDE’s, particularly the
incompressible Euler equations. For us, the most useful property of Besov spaces will be an
inequality which controls the L norm by the égopo Besov norm, a lower Sobolev norm, and
a logarithm of a higher Sobolev norm. From there, we can prove propagation of regularity.

The first section of the paper sets the notation and recalls some necessary results. The
second section contains the proof of the C* regularity on 9,¥;. In the third section, we
bootstrap the regularity of 9,¥; (and therefore VW) up to B;OOO In the last section, we
show the propagation of regularity. The appendix provides sketches of certain results in
which the essential ideas are contained in [2], [9], [14]; we record them here for the sake of

completeness and readability.
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2. NOTATION AND PRELIMINARIES

We use the notation LP(R™) for the Lebesgue spaces. We denote the usual Hilbert Sobolev
spaces ( for fractional and integer s) by H*(R"). The homogeneous Sobolev spaces are
denoted H*(R™) and are defined as the space of functions f such that (—A)zf € L2 We
use the notation V*f to denote the collection of all partial derivatives of order s € N .

In this paper, we consider functions defined on R? = [0,00) x R* or R% It will be
convenient to keep track of when functions are being differentiated in  and y only and to
build Sobolev spaces composed of such functions. For that reason, and also to emphasize
when we are considering functions defined on R?, we employ the following notations.

Definition 2.1. Let f be a real-valued function defined on R (orR?). Put Af = Oy f+0,, f
and Vf = (0,0.f,0,f). Let (=A)*f) (&) = F(€,2) - |€]>, where the Fourier transform is
being taken in x and y only for each fixed z (ignoring constants coming from the Fourier
transform). For a partial differential operator with multi-inder o = (o, ), Eaf denotes
differentation in the flat variables (x1,x3). When f is only defined on R?, we will use the
above symbols to denote the usual differential operators.

We recall the well known fact that a bounded, Lebesgue measurable set belongs to H? if
and only if s > I (see Bourgain, Brezis, and Mironescu [4] for a detailed discussion). The
following is a corollary which will be necessary to prove the decrease in oscillation in the De
Giorgi argument.

Proposition 2.1. Let ¢ be a radially symmetric and decreasing, C> bump function such
that 0 < ¢(x) <1 for all x, p =1 on B1(0), and supp ¢ C By(0). Let E C supp ¢. Then if
Xg - ¢ belongs to H%(supp ¢) if and only if |E| =0 or |E| = | supp ¢|.

Lipschitz spaces and their variants will be referred to frequently throughout.
Definition 2.2. (1) For a € (0,1), let C* ={f : || fl|ca < 00}, where

/@) = Fw)]

[ fllce = || f]|Le~ + sup -
Ty |z — 9|

Also, the homogeneous space Ce (with the usual norm) is defined as

e (@) = [ ()]
sy S <
(2) Let Lip = {f : || f||Lip < 00}, where
1hip = Nl -+ sup =L
(3) Let the space of log-Lipschitz functions LL = {f : || f||LL < oo}, where
|f(x) = f(y)]

[ flle = [[fllz= + sup :

e—yl<1 |z — y|(1 —log(|z —y|))
Let us now recall the classical Littlewood-Paley operators and the relevant function spaces,
as well as some equivalences. Let S(R") denote the Schwarz class of rapidly decaying smooth

functions, and S’(R™) the dual space of tempered distributions. Letting P denote the space
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of polynomials, we can construct the space §’/P, i.e., tempered distributions modulo poly-
nomials. We employ the standard dyadic decomposition of R", specifically a sequence of
smooth functions {®;},en such that

supp ®; C {€ € R™ : |¢] € (277, 2771}
and
- o if =0
%q’j(5>—{1 it £cR\ {0}

For f € 8'/P and j € Z, we define A, f := ®; * f.
Definition 2.3. For s e R and 1 < p,q < o0, the space Zf?;q is defined as
{feS/P:|lfl

where the homogeneous Besov norm is defined as the [P norm of the doubly-infinite sequence
of Littlewood-Paley projections:

17115, = II1A Fllze}senl o

In nearly every usage throughout the paper, the Littlewood-Paley projections and the
accompanying Besov norms are in x and y only; for clarity and emphasis we will use the
notation l—g)’;q(RQ).

We record the following corollaries of Bernstein’s inequality (see [2]), which describes the
action of Fourier multipliers on functions comprised of frequencies confined to an annulus.

By, <0}

Proposition 2.2. Let C be an annulus, m € R, and k = 2|1 + gj Let o be a k-times
differentiable function on R\ {0} such that for any o € N¢ with o < k, there exists a
constant C,, such that

¢ € R, [D0(€)] < Calg™ .

There exists a constant C, depending only on the constants C,,, such that for any p € [1, ]
and any X > 0, we have, for any function u in LP with Fourier transform suppored in AC,

(e (€)a(€))"l|z» < CA™[[ul|L».

We collect two embedding theorems and several corollaries of Bernstein’s inequality in the
following proposition.

Proposition 2.3. Let s € R, p,q € [1, 00].
(1) Let R; denote the j'™ Riesz transform with Fourier multiplier % Then R; is a

bounded linear operator from é;’q to itself.

(2) Let o be a multi-index. Then the partial differential operator D is bounded from
Bs, to By B o O

(3) Given o € R, the operator (=A)* is bounded from B to B3 >*.

(4) If 1 < g1 < g < oo, then B;,, C By,

(5) If 1 < p; < ps <00 and s; = sy + n( LY then Bs1  C B®

1
pP1 P2 P1,9 P2,q°

We collect several facts concerning the Besov spaces BZ . For a more detailed discussion

as well as proofs, see [1§].
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Proposition 2.4. (1) The space Béooo can be characterized as the space of functions
such that
[fle+y) + [z —y) = 2f(2)]

5 = Ssu < 0
HfHB})om x,ye%” |y‘

with equivalence in norm holding between the difference quotient and Littlewood-Paley
characterizations.

(2) For non-integer values of s, the spaces Bgooo
lence in norm (which is not uniformly in s however).

(8) For positive, non-integer s, the restriction of any function f € Bgooo(]R”) to any

and C® are equivalent, with an equiva-

k-dimensional subspace produces a function in B;’OOO(]R’“)

We shall need to control the L* norm of a function by the lf?go,oo Besov norm and some
Sobolev norms. The following inequality will suit our purposes; the proof follows that of
Proposition 2.104 in [2], and we include it in the appendix. See also [9] for the same lemma.

Proposition 2.5. There exist constants C,e such that for any h : R?* — R,

c 1Al
Al < ClIAl -1+ —[lAllgg | 1 +1og 7] .
Ml . ATl
In order to prove propagation of regularity, we shall use the classical commutator estimate
whose proof may be found in Klainerman and Majda [23]. In our case, the control of
IV fllLe, ||g]| 2= Will come from the Besov regularity of f and g and the above inequality.

Proposition 2.6. Assume f,g € H*(R™). Then for any multi-index o with |o| = s, we
have

1D%(fg) = fDll12 < C() IV FI2= IV Vgllz2 + gllz= ][V ][ 2)-

In [I4] and [17], the authors consider solutions to the supercritical surface quasigeostrophic
equation and show conditions under which a weak solution is in fact a classical solution. The
proof in [I4] relies on a paraproduct argument, which we have adapted to our setting. Let
us emphasize that the proof is essentially identical; we give an outline in the appendix for
the sake of completeness.

Proposition 2.7. Let 0 be a Leray-Hopf weak solution to
00 +u- VO + (—A)20 = 0.
Then if
u, 0 € L>=([to, t];C° N L?)
we have
0 € L>([to, t]; C*~°)
for every e > 0.

We will require the following lemmas concerning BMO functions to carry out the De Giorgi
argument. Here we use BMO to refer to the space of functions with bounded mean oscillation
equipped with the usual norm. The first two lemmas are well-known properties of functions
belonging to BMO (see [I8]). The third follows from the John-Nirenberg inequality. The
fourth follows from the third in conjunction with a generalization of the Cauchy-Lipschitz
theorem for L'(LL) vector fields (see Theorem 3.7 in Chapter 3 of [2]). Integrals with a dash

through the center are average values.
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Proposition 2.8. (1) Let Q denote any cube in R™. For all 0 < p < oo, there exists a
finite constant By, ,, such that

1

sup (]é - ]{2 f|p) < Byl llnio.

(2) Let a > 1 and u € BMO. Define

by :][ w(z)de , b, :][ u(zx) dz.
Bi(zo) Ba(z0)

Then there ezists a constant C' (which does not depend on u or o) satisfying
b1 — ba| < C'log(a + 1)||ullBumo-
(3) Let uw € BMO and satisfy

z€eR™

Sup][ u(y) dy < oo
Bi(x)

and define
x ——7[ u(y) dy.
f(z) @ (y) dy

Then f(z) is log-Lipschitz (LL) in .

(4) Let u(t,z) : [-2,0] x R? — R belong to L>°(BMO) N L>*(L?). Then the following
ordinary differential equation has a unique Lipschitz solution which satisfies the ODE
almost everywhere in time.

{F(t) = fBl(F(t)) u(t,y) dy
ro)y=o0

In [25], the authors prove the existence of weak solutions to the inviscid quasigeostrophic
system. The proof relies on the following reformulation of the system into a transport
equation on VW¥. We adopt their result to our setting in the following way.

Proposition 2.9. Let W be a smooth solution to (QG). Then if F solves the Neumann
problem with AF =0 and 0,F = AV|,—y, VU satisfies the following equation:

8,(VI) + Po(V 0 - V(VI)) = VE

The proof of Lemma 7 relies on the following orthogonal decomposition of L? vector fields.
Given an L? vector field u, we can decompose u as u = Pyu + Peyu. Here Pyu = Vo for
some scalar function v, and 9,u = 8,Pyu. Furthermore, P u = curl(w) for some L? vector
field w, and 0,P.qu = 0. Note that the operator Py commutes with D but not De.

Finally, we state a local existence theorem and state the a priori estimates satisfied by
W, Uy, and ¥y. For a proof of the local existence theorem, one can employ the standard
semigroup approach found in Kato [20].

Proposition 2.10. Given a smooth initial data Vo for (QG), there exists a time interval
[0,T], where T depends only on the size of |[VWo||gsgs), such that (QG) has a smooth

solution.

Proposition 2.11. Given a fixed smooth initial data Vg, then for any finite time interval
0,T], VU, V¥, and VVy satisfy the following:
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m

(1) V¥ € L>=([0,T1;

(2) V¥ € L=([0,T;
L*([0,T); H? (R?))

(3) For any p € (1,00), VUy € L*®([0,T]; W'(R%)). For p = 0o and a € (0,1),
VUs|.y € L2([0,T]; B, oo (R?) N CH(R?)).

2 (R)) N LA ([0, T); H' (RY))
5(R2))NL2([0,T]; HY(R?)), and VU |._o € L2([0, T]; L2(R2)) N

m

Proof. Part (1) and the first assertions in (2) and (3) follow from the classical construc-
tion of weak solutions. For the Besov and Holder regularity of Ws, notice that by the
incompressibility of the flow, AWy(¢,-) € LP(RY) for all p € [1,00]. Utilizing the fact that
9, ¥y = 0 and performing the even reflection Wy(x, 2) = Wy(x, —2) for z < 0, we have that
AV, € LP(R?) for all p € [1,00]. Examining the Littlewood-Paley projections gives imme-
diately that W, € Bgooo(Ri) The regularity on planes z = z, in (2) and (3) follows from
taking a trace, applying the Besov embedding theorem, and using the equivalences between
Besov and Holder spaces. O]

Finally, let us remark that constants C' may change from line to line; if we wish to keep
track of dependencies, we will write C'(-).

3. HOLDER REGULARITY ON THE BOUNDARY
Let us examine 0,¥; = 0,¥. We have that for any T', 9,V satisfies the equation
00, 01) + VW ].cg - V(3,01) + (—A)(9,0,) = AV,

on [0,T] x R% Therefore, we shall study the regularity of solutions to an equation of the
type

00 +u-V0+ (—A)20 = f.
We begin with the first De Giorgi lemma, which shows that for any T, § € L>=([0,T] x R?).
Lemma 3.1. Let 0 : [-2,0] x R? = R be a solution to

00 +u-VO+ (—A)20 = f.

where for any T > 0, 0,u € L®([—2,0]; L2(R2)) N L2([-2,0]; Hz(R?)), dive = 0, and
(=A)"if € L®([-2,0];C2(R?)). Then there exists M depending on f and 0 such that
O(t,x) < M for (t,x) € [-1,0] x R%

Proof. The main tool in showing the L> bound is an energy inequality, which we now derive.
Fix a constant C, and define 6 := (§ — C'),. Multiplying the equation by 0¢, integrating
in space, and using that the drift is divergence-free, we obtain

1d eg(t,x)dH/ ec<—Z)%9(t,x)dx:/ F(t,2)00(t, z) da.
th R2 R2 RQ

Making use of a pointwise estimate of Cérdoba and Cérdoba [15], we have that

1d

(3.1) 2t ). 02(t, x) dx + |( A)ibo(t, z)]> do < R2f(t,x)00(t,:c)dx.

We must estimate the right hand side in order to proceed. Putting h(t,z) := (—Z)’if(t, x),
we have
7



I:= /R f(t,x)&c(t,x)da::/IR2 (=A)sh(t, ) (—A)0c(t, z) do
s/ Ih(t,@—h(t,y)l\@c(t,x)—Gc(t,yﬂdxdy

|z —y|3
[ Dol b,
lo—yl<1 |z —yl|>
jo—y[>1 |z —y|>
= Il + ]2.

We begin by estimating I5. Since h(t,z) € L®(Cz), we have that

12 S//|m . C(f)|90(t,l’) _;QC(tay)‘ dr dy

|z —y|2

<40(f // et z) ) d dy
je—yl>1 |z — y|3
§4C(f)|S1\/ r?dr/ bo(t, ) da
1 R2

<c(f) / de(t, ) do

We must now estimate I;. Using the symmetry in x and y and the fact that

0c(t,x) = 0c(t,y)| < (Xoowa)>0y + Xocy>0p)|0c(t, x) — Oc(t,y)]

h(t,x) — h(t,y)||0c(t,x) — Oc(t,
D22 [ Ko M MDD 0l 4y
je—y|<1 |z —yl2
By Cauchy’s inequality for some parameter a to be determined, we have

h(t,z) — h(t,y)|?
< // Ky ) = WP 5
lz—y|<1 |l’—y|

2
L ety
lz—y|<1 lz —yl

Using the L>°(C %) regularity of h and choosing a large enough, we have that

h(t,z) — h(t,y)|?
// X{gcm>0}| (t,x) — h(t, y)| d dy
lze—y|<1 |

—y)?
1R(t, )], o o3 12— ¥
>(C2)
Sa// Xioe (t.2)>0 dx dy
omyl<1 {0c (t,2)>0} 1z — y?

1
<C(f) / dr / Xoc(t0)>0} 2
0 H§2

we have




f) / Xioo(te)>0) dx
R2

0c(t, z) — 0c(t, y)|? 1 N
dr dy < =||0c(t, )||% 1
//|z J1 vdy < Sl60(t )1

lz —y[?

and

Substituting in the estimates for I; and I into (3.1) and absorbing the second part of I;
into the left hand side, we obtain the following energy inequality:

(3.2)
p

/ 02(t, 2) dz + / (=AYt o) de < C(f) [ [ belt.z)dr + / Xiooemooy dz )
dt RQ R2 R2

With the energy inequality in hand, we obtain the desired nonlinear recurrence relation
on the superlevel sets of energy. Let M be a constant to be chosen later, and put My :=
M(l — 27k ) 0 = (9 Mk)+ and T}, := —1 -2~ k Define

E, = sup / 0:(t, x d:v—i—/ |(—A)7 Qk(T x)|* dx dr.
te[Ty,,0] JR2 Ty, JR?
Choose s € [Ty_1,Ty| and t € [T}, 0]. Integrating (3.2) from s to t yields
03 (t, x) dx—i—/ ((=A)i6, (7, 2)|* do dr
R? R?

/92(sxdx+0 (// \HkT:v]dxdT+// X{9k7$>0}df£d7’>.
R2 R2

Now taking the supremum on the left hand side, discarding the energy at time s, and
averaging over s € [Tj_1, T} on the right hand side, we have

(3.3) E, <C(f (/ / |0y (7, x)| dx d7'+/ / X0y (r2)>0) dx dT) .
T—1 JR? Ti—1

We must control the right-hand side of (3.3) by Ej_; in a nonlinear fashion. First, note

that Sobolev embedding gives that Hz(R?) C L*(R2), and using this estimate to interpolate,
we obtain

1
|0k L3 (1 0 xr2) < CEL.
Next, we have that if 6; > 0, then 6y > 27"M and Xio, >0y < %91@—1. Therefore

0 0 gk [0 4k s
/ / O dv dr < / / QkX{29k_1>0} drdr < W/ / 0} dvdr < WElf—l
Ty—1 JR2 Ti—1 JR2 Tip—1 JR?
nd

0 0 5 8k 0 5 8k 3
X drdr < X dedr < — 0, _dedr < —FE? .
/Tk_1 /]R2 {6,>0} AT AT = /Tk_1 /]1%2 {6, >0} G AT = M3 1, Jre2 k—1 QT AT > M3 k—1

Combining these estimates, we have

By < C(f. M)*E}_,.

Since M is in the denominator of the nonlinear recursive inequality, we can choose M to be

large enough so that limy_,., Ey = 0, proving the claim. U
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To accommodate the second De Giorgi lemma, we must reformulate the L> bound. The
nonlocality of the equation makes the zooming arguments more delicate; since the decrease
in oscillation required for Holder regularity will be nonlocal in nature, we cannot use a
sharp cutoff as in Lemma 3.1. To address this, we will make use of the cutoff function
c(z) = (|z]i — 2);. Note that |[(=A)z¢c|[z~ < oo. In addition, the drift term will not
completely disappear after multiplying the equation by 6 — ¢(z) and integrating. Since 0,V

is now bounded, we have that V¥ € BMO. Performing a change of variables which follows
the mean value of the drift through time, the new drift term will be exponentially integrable.
With this in mind, we can obtain a suitable L*> bound.

Lemma 3.2. Let 0 : [—-2,0] x R? = R be a solution to
00 +u-VO+ (—A)20 = f.

such that 0(t,r) < 1+c(x) on [—2,0] x R2. Assume that there exists some universal constant
M such that

1) 5 1] oy el eany < M
for some p > 3. Then there exists 6 depending on M such that if
{6 > 0} N ([—1,0] x B1(0))] < 4,
then 0(t,x) < 3 for (t,x) € [-3,0] x B1(0).
Proof. Let v, be a bump function compactly supported in B%H,k,l, equal to % +27% on

B%Hf;ﬁz, with 0 < . < % +27% for all z, and v, < vy for k > [. We will also impose that

(—Z)%’}/k < C2% (we provide a short justification of this condition in the appendix after the
discussion of Proposition 2.5). Define 0 := (6 — (1 + ¢ — 7). We multiply the equation
by 6, and argue as before. First we record the following estimates:

/RQ(—Z)%%kdx_ [(=D)16, 2, dm—l—/RQ(—Z)é(l—l—c—vk)dem
(3.4) I B)i0uf2 do + (|1(~B)¥el| - +2") [ v

and

/RQ (u.ve)ekdx:/w (u.vek)ekdx_/R2 (u- V(1 +c—7)) b do
:/RQ_(“'v(lJrC—W))dex

(35) < O(M.q) (JI(-2 >2c|er+2)(4292dx);

after applying Holder’s inequality with % on u for some ¢ to be determined later and
Lemma 2.13. In addition, we can estimate the term

(3.6) /R o

10



in the same way as Lemma 3.1. Combining estimates for (3.4), (3.5), and (3.6), we arrive at
the energy inequality

dex+/ (=A)i6,[% dox <
RQ

(3.7) oM )(||( )2c||Loo—|—2)(/RQH,Cdx—f—/RQX{gPO}dx—l—(/RQHde)

Now define T}, :== —1 — 27*~1 "and put

Q=

)

Ey = sup / 02 (t, x) dx—i—/ [(=A)i6, (7, 2) | du dr.
t€[T,0] J R2 T, JR2

Integrating in time and arguing as before, we have that the first two terms on the right

hand side can be estimated as in Lemma 3.1. Using Jensen’s inequality and the fact that

X, >01 < 2%6)_1, we can estimate the third term on the right hand side of (3.7) by

0 A 0 o
/ </ e;gdx) dTg/ </ eqx{?’ogo}dm) dr
Ti—1 R? Ti—1 R2
0 , .
<C / Qq/l’{e io}dxdT
Typ_1 JR2
1
3_ 0 q
g0<(2’€) q/ /9;3;_10595(17)
Tk,1 R2

3
<C'EY,.

Using the integrability assumption on w, we can now choose ¢ € (1, %) The nonlinear
recurrence relation on K}y follows exactly as before. Choosing ¢ small enough shows that Fj
can be made arbitrarily small. Thus there exists ¢ such that limy .., F; = 0. Therefore,

(0 — (14 c¢—37))+ is equal to zero on [—3,0] x R? and 6 < 5 on [—3,0] x B%(O). O

With the L> bound in hand, we turn to the second half of the De Giorgi argument. Let
us remark that the most general argument is the one found in [6]. This argument works
for kernels comparable to the fractional Laplacian (—A)® raised to any power a € (0,1).
However, in the case when o > %, since the Leray-Hopf weak solutions lie in H®, we can
make use of Proposition 2.1. This allows for a compactness argument following [27]. We will
employ the second approach; it should be possible to adapt the argument in [6] to equations
with drift and forcing terms.

First, a parabolic version of the isoperimetric lemma will be shown, following the proof
in [27]. This will then imply that 6 enjoys a geometric rate of decrease in oscillation. Let ¢
be a compactly supported, radially symmetric and decreasing, C'* bump function such that
0 < ¢(x) <1forall z ¢=1o0n B(0), and supp ¢ C Bs(0). Let ¢o(z) = 1 + ¢(x) — ¢(x),
and ¢1(z) = 1+ c(x) — 1o(x).

Lemma 3.3. Assume that there exists some universal constant M such that

o\ — 1
1B A1l ot Nl iry < M
11



forp >3, and f € L*([-2,0]; H *(R?)). Fiz 0 as in Lemma 3.2. Then there exists o, 3 > 0
(depending on M ) such that for any solution 0 : [—2,0] x R? to the equation

040 +u-VO+ (—A):0=f
with 0(x) < 1+ ¢(x) the following holds. Define

A={6> 230 (11,01 x BY)

C={0<0}n([-2,—1] x By)

D ={¢o <0 < ¢1} N ([-2,0] x Bs).
Then if |A| > 6, |C| > B, then |D| > a.
Proof. Assume that the lemma is false. Then, given [ there exists a sequence of solutions
6, such that |A;| > 0, |C;| > B, |D;| < % with A;, C;, and D; defined analogously to A, C,

and D. Put v; := (0; — ¢)+. We multiply by v; and integrate. The L*°(L?) bound on u
gives that

/ (u-V0,)v; dx :/ (u - Vvj)v; do +/ (u-V(1+c—9))v;de

:/RQ (u-V(1+c—¢))v;de
< C(M, ¢,0).

Estimating the forcing term as in Lemma 3.1 and using the L* bound on v;, we obtain the
energy inequality

d 1
En U2+ |(_A)Zvj|2 < O(M7¢7C)'
dt R2 J R2

Integrating from s to ¢ in time for —1 < s < ¢t < 0 gives

58) [ a0+ [ [ 1e®ior< [ e+ canson-s

o

This implies that v; is uniformly bounded in L?(H %(Bg)). Also, note that
01(0; — (14 ¢ — ¢)) = —div(ub;) — (—A)26; + f.

We have that (—A)26;, f € L*(H™"). Now since u,0; € L*(Hz), Sobolev embedding shows
that they each belong to L*. By Holder, their product belongs to L?, and therefore div(uf;) €
L*(H™'). Therefore we have that 9,(0x(14 ¢ — ¢)) belongs to L*(H '), as does d,v;. By the
Aubin-Lions compactness lemma [I], up to a subsequence, v; converges in L*((—2,0); L*(Bz))
to a function v. Also, from the (3.8), the family of functions { [, v;(¢)}32, is uniformly
Lipschitz in ¢, and after passing to another subsequence by Arzela-Ascoli, v satisfies the
inequality

| < [ e+ cano-s)
BQ BQ
Using Tchebyshev’s inequality and passing to the limit, we have that

{0 <v< %gb} A ([=2,0] x By)| = 0.
12



By Proposition 2.1 and the fact that v belongs to H 2 for almost every time, we have that
for almost every time t € (—2,0), either v = 0 or v > 3¢. Since [;, v*(t) is Lipschitz in time
by the energy inequality, we have that either v > %(ﬁ or v =0 on (—2,0) x By. Using that
|C;| > B for every j, there must exist some times s € (=2, —1) for which v = 0, and thus by
the energy inequality v = 0 on all of [—2,0] x B,. However, we also have that |A;| > ¢ for
all k, contradicting the convergence of v; to v in L*(L?). O

We turn now to the oscillation lemma. We will make use of the cutoff function ¢ (z) =
(I =2)4.

Lemma 3.4. Let 6, 8, and « be as in Lemma 3.3. Then there exists ¢ € (0,1), € > 0, and
n > 0 such that for any solution 6 : [—2,0] x R? to
00 +u-V0+ (~A)20 = f

with

1) 1l oy < Mo llmony < M
forp>3,, f¢€ L2<H_%), |IC| > 5, and 0 < 1+ ¢, we have § <1 —( on [—%,O} X B%.
Proof. Choose K such that Ka > |(—2,0) X By|, and let n = 275, Put 0, = 2¥(0—(1—-27%)).
By scaling, 6y solves the equation

00, + u - VQk + (—Z)%tgk = 2kf.
and so for k < K,
w1
12°(=2) 73 Fll e ot Ml zooany < M.
Choose € to be small enough such that
1
25 (|2 = 2)4 < (Ja]7 - 2)+

for all z. Note that we have
O, <1+28c. <1+ec.
Fix k < K now, and suppose that

(39) |{0j+1 > O} N ([—1,0] X Bl)| > 0.
for all 5 < k. This implies that

1
Since [{6; < 0} N{[—2, —1] x By }| > p for all j, we have that by the isoperimetric lemma,

H{oo < 0; <P} N ([—2,0] x By)| > a

Noticing that the sets {¢g < 6; < ¢1}, {Po < 0 < ¢1} are disjoint for j # j', we have that
(3.9) cannot hold for k = K. So there must exist k£ < K for which

|{0k+1 > 0} N ([—1,0] X Bl)| < 0.
Then by Lemma 3.2, 01 < % in [—%,O] X B%, and 6 < 1—2-C+K) jp [—%,0] X B%, proving
the claim with ¢ = 27+, O

We have arrived at the following as an easy corollary, as well as the desired C'“ regularity.
13



Lemma 3.5. If =1 — ¢, <0 <1+ c. on[-2,0] x R? and the conditions of Lemma 3.4 are
satisfied, then on [—%,O] X B%,
supf —inff <2 — (.
Lemma 3.6. Let 0,¥; = 6 be a solution to
00 +V U -V + (—A)20 = AU,

with VU satisfying the a priori reqularity estimates in Proposition 2.15. Then giwven T > 0,
there exists r such that 6 € C"([0,T] x R?).

Proof. Let T be given. Proposition 2.19 gives that the solution is smooth up to time Tj
for some Ty. Given (to, o) € [Ty, T] x R?, we define Ky := inf(1,%2). Put Oy(t,z) :=
O(to + Kot, 7o + Kox), and define ug, AW, similarly. Then 6, satisfies the assumptions of
Lemma 3.1, and we have that 6, € L>([—1,0] x R?). Since the argument is translation
invariant in space and we only need to consider a set of times which is bounded from above
and below, we have in fact that § € L>([0, 7] x R?).

Continuing to fix (x,ts) and Ky as above, we will show that € is Holder continuous at
(x0,t9). We will inductively define a sequence of dilated functions for some factor of dilation
K to be determined later. Let I'1(¢) be the solution to the ODE

Iy(t) = fBl(Fl(t)) uo(K't, Ky) dy
I1(0) = 0

and put
116]] =

Ul(t, JI) = Uo(Kt, Kz + Fl(t))
Z\Ij271<t, IE) = Z\IJZ(](Kt, Kz + Fl (t))

91 (t, .CL’) =

For k > 1, define

{Fk—ﬂ (t) - fBl(Fkﬂ(t)) uk(Kt’ Ky) dy
| P (0) =0

O (Kt, Kx 4 Ty (t)) — sup 6, — inf 0,

1
Or+1(t, ) =
1 [—i,O]Xlexf

- 4% [7170]><B

%
U1 (t, ) = ug (Kt, Ko + Ty (t))
Zq]27]€+1 (t, l’) = Z\IJka(Kt, Kz + Fk+1(t))

We have that 6, solves the equation

k
— — 1 K —-
atﬁk -+ (uk —][ uk) . V@k -+ (—A)§¢9k = z A‘Ifzk.
B1(0) (1-3)
Examining the assumptions of each De Giorgi lemma, we see that K is subject to the

following constraints.
14



(1) K needs to be small enough to satisfy

L ce(Kz) < c(x)

1
2

for all z > <=
(2) K should be small enough so that (

i )) AU, satisfies the assumptions of Lemmas
4

3.2-3.5 uniformly in k. Specifically, we need (—A)~3 (((12))’“A\I’2,k> e L>(C2) to
4

have small norm. Applying (—Z)’i divides by a factor of K %, but we can choose
K to be very small compared to (1 — %), and by using the regularity of ¥, we can
choose K to satisfy this constraint.

(3) We must ensure that uy — fBl (0) Uk satisfies the assumptions of Lemmas 3.2-3.5 uni-
formly in k. However, since the BMO norm is scale invariant, this condition is
satisfied independent of K.

(4) Notice that each successive dilation includes a change of variables which follows the
new flow of the dilated drift term. At the k" iteration, we will obtain a decrease in
oscillation for 6 on the set [—3,0] x B1(0). Then after dilating by K" and shifting
according to 'y, 1, we must ensure that Z1- ce < 011 < 1+c.. Applying Proposition
2.14, we have that |41 — I'x| < C for some fixed constant C' (in fact the difference
even decays). Therefore we can choose K small enough so that zooming in by a factor
of K and then shifting according to the new drift gives that —1 —c. < 011 < 1+c..

We can now choose K to satisfy the above constraints. Thus we have that {6 }7° | satisfy
the assumptions of Lemmas 3.2-3.5 uniformly in &, and we obtain a decrease in oscillation
of 1 — % for each successive iteration. To see that 6 is Hélder continuous, put

U, = I
o [mQagﬁ! k(1))

and notice that the set [—1,0] x B%(Fk(t)) contains the rectangle [—,0] x B1(0). Using

M7
the fact that Uy < C' + k||u||pamo, we have that if (¢, ) is such that

1
1

(1,2) — (t0,20)| ~ ((C + Kllull o)™

then
0(t, ) — Ok, 20)| < C(1 — %)k.
Since
T

lim (C' + k||u||pmo)
k—o00
we have that 6 is Hoélder continuous at (¢, zo) with exponent
- log(1 — %)
log(%)

Since 7 does not depend on the choice of (ty, %) € [Ty, T] x R? and 6 is smooth up to time
To, the lemma is complete. 0
15



4. BOOTSTRAPPING

We now show that for every T, 9,9 (t,x) € L*([0,T]; é;o,oo(R2))7 which will give that
VU, € L>([0,T) x 0, oo);ééoyoo(RQ)). Here [0,7) x [0,00) denotes the temporal and
vertical variables, and R? includes points belonging to flat planes in z. Due to the fact that
the Poisson kernel is the fundamental solution of the equation

(4.1) 8,0 + (—A)20 =0

we need the following lemma. This lemma provides an estimate on the regularity of the
solution to the inhomogeneous version of (4.1). Caffarelli and Vasseur used the Poisson kernel

to bootstrap the regularity beyond C in [7]; however, due to the fact that Wy|,—o € Bgm

and the fact that ng‘om does not coincide with C'* when « is an integer, we cannot use their
argument.

Lemma 4.1. Let P(t, ) be the Poisson kernel forx € R?, let f(t,z) € L=([0,T); (E;OQO(RQ))Q),
and define

t
gl i= [ [ Pl sz paiv(i(s.) dyds
0 Jre
Then g(t,z) belongs to L>=([0,T); B;OOO(R2))

Proof. Let us first give an intuition as to why the lemma holds. Integrating by parts and
examining the scaling of the gradient of the Poisson kernel in space and time suggest that
the expression should behave like a singular integral (in space-time) near s = ¢,z = y. The
difference quotient characterization of Biooo suggests a potential theoretic argument (see
[22], in which the authors show how the Riesz transform affects a moduli of continuity).
The possible difficulty in applying this argument lies in the lack of regularity of f in time.
However, the fact that the Poisson kernel has mean value zero in x for each fixed time ¢
makes up for this lack of regularity.

We begin by using the difference quotient characterization of Béooo to show that if f(t,z) €
L>=([0,T); (Lip(R?))?), then g(t,x) € L”([O,T);é;o’m(R2)). Then using the fact that the
Littlewood-Paley projections A;f are uniformly Lipschitz in j will finish the proof of the
claim.

Let us therefore proceed assuming that f € L*([0,T); (Lip(R?))?). We wish to show
that the quantity |g(t,z + 2) + g(t,z — 2) — 2g(¢, x)| is O(|z|) uniformly in ¢ and x. The
proof proceeds by integrating by parts and splitting the integral into four terms, estimating
each separately. In the subsequent calculations, we use the notation B((t,z),r) := {(t,z) :

V2 + 22 <r}.

lg(t,x + 2) + g(t,x — 2) — 2¢9(t,x)| = /0 /RQ[P(t—s,aﬁLz—y)+73(t—s,a7—z—y)

—2P(t — s,z — y)]div(f(s,y)) dy ds

t
//[Vﬂ?(t—s,x+z—y)+vz77(t—s,x—z—y)
0 Jr2

- 2Vm'P(t — 5T - y)] ) (f<87y)) dy ds
16




IA

// V.P(t—s,x+z—y)- f(s,y)dyds
B((t—s,z+z—y),2|z|)

+ // V.P(t—s,x—z—y)  f(s,y)dyds
B((t—s,z—z—y),2|z|)

] VPt~ 50— y) - fls,y)dyds
B((t—s,z—y),2|z|)

((

+‘// V. P(t—s,x+z—y)- f(s,y)dyds
B((t—s,m+z—y),2\z|)c

+

/f V.P(t— 5,0 —z—y)- f(s.y) dyds
B((tfs,:):fzfy),2|z\)E

+// VoP(t— s,z —y) - f(sy)dyds
B((t—s,z—y),2|2])C

(4.2) = T+ 11+ II1+1V.

The first three terms are all integrals over a ball of radius |z| around the respective singu-
larities of the three points (t,z + 2), (t,z — 2z), and (¢,z) and are estimated in the same way.
We calculate [11 using that the Poisson kernel has mean value zero in space for each time,
the Lipschitz regularity of f, and integration in polar coordinates (in space-time).

/ / VPt —s,0—y) - [f(s.y) — f(s.2)] dyds
B((t—s,xz—y),2|2|)

-] (t=s)a—y)
B((t=s,x—y),2|z[)

(Jz =yl + (t = 5)2)3

2|z
< / 1 e
0

(4.3) <[ fllzoe wim | 2

Since an identical estimate holds for I and 71, it remains to estimate V. This term contains
three integrals, each integrated over the complement of a ball around the singularities corre-
sponding to (t,x + z), (t,z — z), and (¢,x). Notice that each domain of integration contains
the set B((t — s,z — ), 3|z|)t. Using again the mean value condition on the Poisson kernel,
we have that

W_‘// VoP(t—s,x+2—y)-[f(s,9) = f(s,2)]dyds
B((t—s,z+2z—y),2|z|)C
+

111 =

|2 =yl [l (uip) dy ds

/ / VPt —s,0—2—y) - [f(s,9) — f(s,2)] dyds
B((t—s,m—z—y),2\z|)n
TP s ) )~ Fe ) dyds

<],
B((t_87x_y)73‘z|)c

+ vmp(t — 5% = y)] ’ [f(87y) - f(S,.Z‘)] dyds
17
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" //2|Z|< |z —y|2+(t—s)2 <3|z pr(t — 5T y> ) [f(87 y) - f<57 I)] dy ds

N — 9 - dyd
' //g|z|< lz+2—y[2+(t—s)2<4|2] pr(t 8T+ 2 y) [f(sv y) f(87 ZE)] yas
. / /Slzl<¢m<4z| VaP(t =52 =z =y)-[f(s,9) = f(s,2)] dy ds

(4.4) — Vi + Vo + IVs + IV}

The estimate for I'V; is identical to I71. In addition, although (s, z) is not at the center of
the annulus in IV3, |z — y| is comparable to |z + z — y| on the annulus, and therefore V3
can be estimated in the same manner as /1. The same estimate also holds for V. Thus
it remains to estimate I'V;. Here the added cancellation of the difference quotient condition
(compared to a Lipschitz condition) is used in a crucial way. Noticing that the first order
Taylor expansion (in space and time) of

around (¢, x — y) vanishes, we have that
V. P(t—s,x24+2z—y)+ V., Pt —s,o—z—y)—2V,P(t—s,x—1y)
<|IVAH(VLP(t = s, —y)| - |2
|2
< .
Tl —yP 4 (E—59)%)°
Using (4.5), the Lipschitz regularity of f, and integration in polar coordinates, we have that

=
B((t—s,2~y),3|2|)°

+ pr(t —S5T = y)] ’ [f(say> - f(S,Q?)] dde

N Pl Il g,
B((t—s,z—y),3|z])C (’l’—y’ ( S) )

>~ 1
§\z|2/ —dr
3l2| T

(4.6) =[[f 1o winy |2

Assembling the estimates (4.3)-(4.6) into (4.2) shows that the desired quantity is O(z). Thus
we have shown that if f(t,z) € L>([0,T); (Lip(R?))?), then g(t,z) € L>([0,T); B, ,(R?)).
It remains to weaken the assumption to f(¢,z) € L*([0,T); (Béooo(RQ)F) Since A;f €
L>([0,T); (Lip(R?))?) with norm no larger than [ fll oo ((Br, y2)» We can apply the above to

Ajg(t, x) to conclude that A;g(t,x) € L®([0,T); é;o,oo<R2)) uniformly in j. Thus
lg(t Mgy, . =sup 27||A;9(t, )]s
j

=sup 2jHA]’(Z Arg(t,)|loo
J k
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<sup 27 (||8;8;-19(t, oo + [18859(t, oo + 1[2A5419(2: ) |oo)
J

<C[|Ag(t, ) gy
<0Q.

O

We can now show that the regularity of 0,¥; can be bootstrapped past C all the way to
B;O,OO(RQ). We will split up 0, ¥, into two pieces; one to which Lemma 4.1 can be applied,
and another to which Proposition 2.7 can be applied. First, let f be the solution to

{atf + (=A)2 f = div(VT,)
fli=o = 0.
Then the solution f has a representation formula via the Poisson kernel. We can therefore

apply Lemma 4.1 to f, and we have for every T, f € L*>([0,T); B;OOO(R2)) Now considering
h:=0,¥; — f, we see that h solves the equation

Oh+u-V(9,01) + (—A)2h = 0.

Here v = vL\Ifl + VL\PQ. We have that 0,¥;, and therefore VL\I/1|Z:0, both belong
to L>([0,T); C°(R?)) for some § > 0. Also, VU, € L>=([0,T); C°(R?)) for every &§ >
0. Therefore, as long as p is large enough, Proposition 2.7 applies, showing that h €
L>([0,T); C*~<(R?)) for every ¢ > 0. Repeating this argument a finite number of times
shows that h € L>([0,T); C**(R?)) for some o > 0, and in particular, h € L>([0,T); BL, .. (R?)).
Then since 9,V; = f + h, we have that 9,¥; € L*>([0,T); B;OOO(RQ))

We now show that for any z, VW, (-, z) enjoys the same regularity in z as 9, ¥;. Recalling
that the L'(R?) norm of the Poisson kernel P,(x) := P(z, 2) is equal to 1 for any z, we can
say that for all j,

A (P * (0,V1)) (2)[| o2y < |[A; (0,¥1) (2)]| oo m2)

(where the Littlewood-Paley projection is in x only). This shows that (P, * (0,¥;)) (x) €

ééo’m(R2) with norm less than or equal to that of 9,¥;. Furthermore, this estimate is
uniform in z. Next, we note that

VU, (z,2) = (Rl(PZ * (0,91))(2), Ra(P, x (0,¥1))(x), P, * (8,,\111)(:1:))

where R; is the i Riesz transform. Using the boundedness of the Riesz transforms on
Besov spaces and the above observations regarding the Poisson kernel, we have that V¥, €
L=([0,T) x [0,00); BY (R?)). Finally, using that V¥, € L([0,T) x [0, 00); B ..(R?)),
we have the following result.

Theorem 4.2. Let T be fized; then the solution VU to (QG) satisfies
VU € L*([0,T) x [0,00); B, . (R?)).

5. PROPAGATION OF REGULARITY

We begin by using the transport equations on both V¥ and AWV to show that smoothness
in the flat variables only is propagated in time. Then, using this result in conjunction with

the stratification of the flow will finish the proof of the main theorem.
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Lemma 5.1. Let V be a solution to (QG). Then itV (VO)|1=0, V (AT)| = € LA(R2) for
s > 2, then VSH(V\I/),VS(A\P) € L*(R3) for all times t.

Proof. Recall that for s = |a| we have the commutator estimate
1D*(fg) = FD%gllz < C(s) (IIV =V Vgll2 + gl |V f1]2) -
Also recall that Proposition 2.5 provides the bound

c A1 3
Nl < CllRlla— + <[l [1+log ——H2 .
e 1Bk lTa0

Finally, recall that taking a trace yields that ul,—,, € H2(R?) if Vu € L*(R?), with
(2o, ')Hﬁl%(m) < [IVul|z2gs). Using the fact that 0..¥ = AV — AW and applying the
trace lemma with u = 72(V\11) gives that

=2
sup ||V (V) (2, )l 3 o) < IV (V)| 2y + [V (AD)]|aqey

R2

From Theorem 4.2, VU € L>([0,7T) x [0, 00); B;OOO(RQ)) In addition, proposition 2.11 gives

that [[V(VU)(z,)||z-1@e) < |]V\IJ||H%(R3) is uniformly bounded on finite time intervals.
+

Using these observations in conjunction with the trace estimate, we shall apply Proposition

2.5 to h = V(V¥) in the following way. The constant C' changes from line to line.
IV(VO)] ooy = sup |[V(VE) (2, )| oo (re)

_ 1, — IV(VO) (2, )] 3
C'su 2, )| g + = 2, )| 5o 0g — HZ
< Caup (wax s+ T e <1+1 : ||v<vw><z,->||é&,m>)

< Csup (1+ V()= lgg, . (og 19zl 55 — o8 [T V)=, )

H?2

< C'sup (1 +log, ||V ()l )

(5.1)
=3 =2
< ¢ (1+10g, (I (V)2 + IV (A0l 2es) ) ) -

We shall apply the commutator bound by putting f = ?L\y, g = V(VV¥), and applying a
differential operator D with |a| = s 4 1. Using 1.1 and the fact that |s| > 2 , we have

)2
c( (V) () HLwHVS (VT (2l + IV(T9) (2 ) V(T 0) (2, 22 )
H V(Y0 () |V (V0 (2, |

V (V) (2 ez (1+log. (V' (T9)zaqas) + V(AW |pages) ) ) -

[V, D(V(V¥)(z,-)
)

| /\
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We shall obtain a differential inequality from the transport equations on V¥ and AW.
Beginning with the former, we have

O(VT) + Po(V T - V(VT)) = VF.

Applying the differential operator D with || = s+1 > 2, multiplying by D"V, integrating
by parts, and utilizing the commutator estimate gives

10 —a — ] —a — o

——/ DV = / Py [V 0, D%|(V(VY))| - VD"

28t Ri Ri—

+ / VD'F.-VD"“¥
RS

/3
R+

:/ V'w,D ](WWJ))-VE“\IJ+/ (D" (AD))(D" D)

R2

Y, DV (V) - VDU + / (D°(0,F))(D"V)

RQ

/ NV 0(z, ), D|(NV(VE)(z,-) - VD U(z, ) dz dz
< / V59 (2, ), DUV (V) ) 12| DV, 2 d2
<C / IV (V)2 ) Bagaey (1 -+ 10, [V (V) 2ga) + V(A p2(as) ) d

=s+1 =3 =2
< IV (V)| By (14 1og (177 (V)]s + 177 (A0) | p2ges) ) )
We now move to the transport equation on AW. Applying the differential operator D"

with || = s > 2, multiplying by DAV, integrating by parts, and utilizing the commutator
estimate gives

%%/Ri D AT|? = / V0, DY(V(AT)) - D*AT

/ /RQV“I’ ), D°)(V(AW)(2,)) - D" AW(z, ) da d
< [T 0 DT AW e Dl | D80 s

o ___ _3 —9
< C/o 14 (A‘I’)(Zy')HZB(n@) <1 +log, ||V (V‘I’)HL?(M) + [V (A\IJ)"LQ(Ri)) dz

=s =3 =2
< CIIV (A0)]Rages (1+ 10z, (I (AW agey) + 1V (A)]12as)) ) -
Therefore, we can apply Gronwall’s inequality to the sum
=s+1 =S
N4 (A\I/)HLQ(R?’ + [V (A‘I’)||L2(R3

showing that if V' (V)|,g, V' (AW)|,g € LA(R?) for s > 2, then V' (V), V' (AD) €
L*(R?) for all times ¢. O

We now show that regularity in z can be propagated as well.
21



Theorem 5.2. Let W be a solution to (QG). Then if VW|—og € H*T(R3) for s > 2, then
VU € HTY(R3) for all times t.

Proof. Using Lemma 1.1, we have that ||V(V\I/)(t)HLoo(R3+) < 00 (uniformly in time on finite
time intervals). Also, observe that using the identity d.. = A — A, we have that

s s =s+1
IV V)12 < € (|9 (AD) |2 + [V (VD) ]12)

By the previous lemma, we have shown that ||75+1(V\IJ)|| 12 < oo. Thus the claim will be
shown if AW € H* for all time. Applying a differential operator D* with || = s > 2, mul-
tiplying by D*AW, integrating by parts, and using the commutator estimate in conjunction
with the above observations, we have

LO [ pepwp = / [V 0, D°V](AV) - DAY

Qat Ri R‘i
< C(IV(VO) | [VHAD) || 2 + [[AY|| oo [ VYD) [ 2) [[V(AD)]] 2
< C(IIV*(AD)|[Z: + [V (AD)][12)

Gronwall’s inequality now finishes the proof. O

To finish the proof of Theorem 1.1, it remains to show uniqueness and regularity in time.
Uniqueness follows from the usual energy method. Let Wy, W, be two solutions with the
same initial data VU € H*(R%) for some s > 3. We will use the formulation of Proposition

2.8 and put ¥ = ¥, — Uy, F' = F; — F,. Considering the difference of the two equations, we
have

(V) + VT - V(VT,) + V0, - V(VT) = VE.

Multiplying by VU, using the regularity of Vs, and integrating by parts, we have

1o . B I o
L9 19|, = —/ (V0 9(Vi) + T, - V(VD)) Vi + [ V-V
28t R3

3

Ry
/3
R

< OV [z.

+

(vﬂifﬁ(wfg)) VU / N

R2

Since V\T/]tzo = 0, Gronwall’s inequality shows that V¥ = 0 for all time. For the regularity
in space and time, now assume that W is a solution to (QG) with smooth initial data. Using
the equalities

O(AV) = -V U - V(AD)

0:(0,9) = =V T - V(9,T) + AT

and noticing that any spatial derivative of the right hand side in either equality is bounded,
we have that U and all its spatial derivatives are C! in time. Differentiating the equations

in time and continuing inductively finishes the proof.
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6. APPENDIX
We prove Proposition 2.5, following the proof of Proposition 2.104 in [2].
Proposition 2.5. There exist constants C, e such that for any h : R> — R,
c 1A, 3
[z < CllAl[a-1 + =l | 1+1logmmr—|.
e Tz _
Proof. Let us set ©(z) = 1 — 372 ®;(x) where ®; is the function associated to the ;'
Littlewood-Paley projection. Notice that since ©(&) is compactly supported, we have that
1 % hl | < C||Oh]|1 < C||O||2 < C||hl|5-1.

In addition, we have that by the characterizations of Besov spaces and Sobolev embedding,
for € small enough,

8.210)2jGHAJ'hHL°° < Cllhllee < ClIAll 3
J=Z

We therefore have that

1Al = |0 % h+ Y Ajh|ze

5=0
N-1 00
< 1@ hllpe + D 11AAl o + Y P AR [127
j=0 j=N
—(N-1)e
< COllhfla=+ + Nl + Cllol] g3 e
and taking
Nt [ Liogy Wit
e 8 Tl _
finishes the proof. O

Proposition 2.104 in [2] replaces the homogeneous Besov norm with an inhomogeneous
Besov norm, rendering the control on the low frequencies by the H~! norm unnecessary.

Let us now use the Proposition (from [2] with the inhomogeneous Besov norm) to provide
a short justification of the construction of the bump functions 7, in Lemma 3.2. Let 7, be a
smooth bump function compactly supported in B 1ig-k-1, equal to 1 on B 1ig-k-2, and with

V% < C2%. Then
I(—24) |Bgo,m>
1(=2) 2% o,

C = Vel Be.
€ ’ IVl 5o, ..
NG )
Nz

1(=2)2 3]l < =[I(=2)2ml5g, . (1 +log ——
€ —A)zy,

c _—
< 21Tl (1+1og



< ng (1 + log C’Qk(He))
€

< 2k
Next we provide the details of the paraproduct estimate required to bootstrap the regu-

larity past C*. The proof follows precisely the estimates contained in [14].

Proposition 2.7. Let 0 be a Leray-Hopf weak solution to

00 +u- V6 + (—A)70 = 0.
Then if

u, 0 € L=([ty, t]; C° N L),
we have

0 € L*>([to, t]; C*7)

for every e > 0.
Proof. We follow the estimates in [14], making the appropriate minor adjustments due to
the slightly different structure of the drift term and the fact that the equation is no longer
supercritical. First, by interpolation and the a priori estimates on 6, we have for §; = §(1— %)
and p > 2,

16115, = 502914,
5(1—2 1-2 ;
< sup 20| A,0]] (140117
j

1—2 2
< [10llcs" 110112

and thus 6 € Loo(égfoo) . The same holds for v as well. The main estimate will show that

in fact 0 € Loo(ég?oo N C%) for some d; to be chosen later.

We work towards a differential inequality on the Littlewood-Paley projections of 8. Ap-
plying A; to the equation and using a paraproduct decomposition on the nonlinear term, we
obtain

000+ (D200 = > Aj(Simau- VAW + D Aj(Agu- VS 1b)
li—k|<2 lj—k|<2
+ 303 Aj(Awu- VAW).
k>j—1 |k—1|<1
Multiplying by p|A;0|P~2A;0, integrating in space, and applying the lower bound (refer to
Chen, Miao, Zhang [10] or Wu [28])
[N SN TN
R
we obtain p
A0 + C2N AN < L+ Lo + Iy
with Iy, I, and I3 given by
[1 = —p Z / |A]’9|p—2A]’9 : A]’(Sk_lu : VA]CQ) dx

li—k[<2
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L=-p ) /|Aj9’p_2Aj‘9'AJ(AkU‘vSk—le) dx

l7—k|<2
I3=—p Z /\Aﬂ\p2Aj9- Z Aj(Agu - VAD) da.
k2j—1 |k—i|<1

Beginning with I5, we can apply Bernstein’s inequality and Holder’s inequality to give

L <ClIA0I15" D N Akul| 1|V Sk-10]]

l7—k[<2

<CNNOIE Y Aulle Y 27| A0~
li—k|<2 m<k—1

<CIA0IE" Y ([ Agul[ 207008 Y 2tmmRA=0gma A g
li—k|<2 m<k—1

<Cl| 2015 10]los > |1 Aku]| o205,

li—kl<2

as long as 1 — 6, > 0.
We move now to I3. Applying Hélder and Bernstein, we have

13

<A AV - | YD D Audd | ||

E>5—1|1—k|<1
<plI 2015 2 fullon D 27 F|| AR 1o
k>j—1

We now bound I;. We decompose [; into three terms: one with a commutator, one which dis-
appears because divu = 0, and the remainder. Using brackets to represent the commutator,
namely

[Aj, Sk_lu . V]A;ﬁ = Aj(Sk_lu . VAktg) - Sk_lu . VA]AkH
and using the fact that >, -, ApA;0 = A;0, we can write

L=-—p Y /\Aje\p-%je- (A}, Sp_1u - VAR da

lj—k|<2

- p/ ‘Aj9|p72Aj9 . (Sju . VAJQ) dx

-p > / 180177200 - (Sk_1u — Sju) - A;ALD da
li—kl<2
= Iy + Lig + L13.

L5 is zero because u is divergence free (for the case when w is not divergence free, see [14]).
Applying Holder and Bernstein to 13, we obtain

sl < plIAGOIY D 11Sk-1u— Sjulle|[VA]] o
lj—Hl<2
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< Cplla 615 207 8lles Y Il Akul|zo.

li—k|<2
We must now bound ;. By Holder’s inequality,
[Tl < plAGIEY > 1A, Seeau - VA Lo
li—k|<2

Writing out the commutator explicitly and using the regularity on u and 6, we have

(A, Sp—qu - VALY = /‘I’j(f — Y)(Sk-1(u)(z) — Sk—1(u)(y)) - VALO(y) dy

and

1Sk (u) () = Sp1 (W) ()]0 < fullcar |2 = y|*.
Therefore,

118y, Sieru- VAl < 2799l oo, 24| 266 1
and thus

[Tul < OplIABIE 2 |[ulles D 2" 240 o.
li—k|<2
Combining the estimates for I, I, and I3 and eliminating the extra factors of ||A;0||L», we
have
d | L
G180 + C2|A0 e < C2T20110] o, [[u] o

+C27 [ullos Y 2% A0 1o

li—k|<2
+CO0llenr D || Apul|p20 700"
li—k|<2
+C200] on Y [ Agul[ 1
lj—k|<2

+ CV[ullear Y 27| AR 1.

k>j—1

We can refine the bounds on the right hand side as follows:
C2 % [ullgs Y 2| Ak0][1r = C20 P Jul|gay D 27F]| Ay 20500
l7i—k|<2 li—k|<2

< 02(1—251)]‘““”0(51 ||9||§51
p,00

Cliflles Y [1Akul|n20 7% = C202|gllcs, Y 27| Al 20072

lj—k|<2 lF-kl<2
< 022090101 oy [l | o
p,o0

02(1—251)3'”9”061 Z HAkUHLP202(1_261)j”9|‘cé1 Z 261k||AkuHLp2(j—k)61

e j—kl<2
< C2072971(0) | gy |[ul | o,
p,00
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C2ullos > [|Ak0]|1o270F = C2072000Ju| sy, > 2721 ED20E| AL |1

k>j-1 k2t
< C2072 [l | ¢, |16]| 5o
p,00

We can now write the differential inequality in integral form as

118,0(t)]| 1o <e” 0| A;0(t0)] |0

t _ '
+ C/ 67023(1&78)2(1*251)3(‘ ‘(9| |051 Hu\ |J§;§1°o -+ H’LL| |051 HeHégloo) ds.
to ’ !

Multiplying both sides by 22017, taking the supremum in j, and using the estimates on u and
0 obtained from interpolation, we have

166 1y < €U0 gy +C mac (110G oo [l 5 + a5l 190 L ).

P, t]

Using the Besov embedding

281 6’
Bwo C BOO,OO

with

4 4
5/:251—g:2(5——6——
p p p

and taking p to be large enough so that ¢’ > § finishes the proof.
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