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Abstract. We consider a time discrete kinetic scheme (known as “transport collapse method”)

for the inviscid Burgers equation ∂tu+ ∂x
u2

2
= 0. We prove the convergence of the scheme by using

averaging lemmas without bounded variation estimate. Then, the extension of this result to the
kinetic model of Brenier and Corrias is discussed.
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1. Introduction. Lions, Perthame, and Tadmor have shown in [10] that multi-
dimensional scalar conservation laws can be reformulated as a kinetic equation, using
an additional kinetic variable. Then the unknown becomes a “density-like” function
f(t, x, v). For the inviscid Burgers equation, the kinetic formulation is described in
the following way:

∂tf + v∂xf = ∂vµ in R+
t × Rx × R+

v(1.1)

with the constraint

f(t, x, v) = 1{0≤v≤
∫
fdv} a.e.,

where µ(t, x, v) is a nonnegative bounded measure. Notice that µ is not given a pri-
ori; it can be seen as a multiplier related to the constraint on the shape of f . It is
similar to the pression term in the incompressible Navier–Stokes equation, which is a
multiplier related to the constraint that the flow is divergence free. Finally we recover
the solution u of the inviscid Burgers equation denoting u(t, x) =

∫
f(t, x, v)dv and

integrating (1.1) with respect to v. Moreover, since µ is nonnegative, u is the classical
entropy solution.

A generalization of this kinetic model was introduced by Brenier and Corrias in [4]
to define a rigorous concept of entropy multivalued solutions with at most K branches
for the inviscid Burgers equation. It is described in the following way:

∂tf + v∂xf = (−1)K−1∂Kv µ in R+
t × Rx × R+

v(1.2)

with the constraint

f(t, x, v) =Mf(t, x, v) a.e.,

where µ(t, x, v) is a nonnegative bounded measure and Mf(t, x, v) is the so-called
“Maxwellian” function related to f for almost every (t, x), defined by

Mf(t, x, v) = 1{∪p
i=1

[ai,bi]}(v) if K = 2p,

Mf(t, x, v) = 1{[0,b1]∪p+1
i=2

[ai,bi]}(v) if K = 2p+ 1,
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where ai(t, x) and bi(t, x) verify ai ≤ bi ≤ ai+1 and are defined such that for every
0 ≤ k ≤ K − 1 ∫ ∞

0

vkMf(t, x, v)dv =

∫ ∞
0

vkf(t, x, v)dv.

As above, µ is not given a priori and is a multiplier related to the constraint that
f is equal to its Maxwellian. Notice that the definition of the Maxwellian above is
equivalent to the following one which will be more convenient:

for all k integer, 0 ≤ k ≤ K − 1,∫ ∞
0

vkMf(t, x, v)dv =

∫ ∞
0

vkf(t, x, v)dv,

for all v Mf(t, x, v) ∈ {0; 1},
TVv(Mf(t, x, ·)) ≤ K,

(1.3)

where TVv denotes the total variation with respect to the v variable. Moreover (as
shown in [4]), v 7→ Mf(t, x, v) minimizes

∫∞
0
vKg(v)dv among all functions g valued

in [0, 1] such that
∫∞

0
vkg(v)dv =

∫∞
0
vkf(t, x, v)dv for k = 0, . . . ,K − 1. In the

cases K = 1 and K = 2, this system corresponds exactly to the kinetic formulation,
respectively, of the inviscid Burgers equation written above and of the isentropic gas
dynamic equations with γ = 3 due to Lions, Perthame, and Tadmor [11].

A natural time discrete scheme for this model is defined by

for all t ∈]n∆t; (n+ 1)∆t],

f∆t(t, x, v) =Mf∆t(n∆t;x− (t− n∆t)v; v),
(1.4)

where ∆t > 0 denotes the time step. It means that for t ∈]n∆t; (n+1)∆t], f∆t evolves
by free streaming and at each time n∆t the associated Maxwellian is substituted for
the values of f∆t. It is reminiscent of Chorin’s projection method in incompressible
fluid mechanics [5]. The problem of convergence of this scheme for two branches or
more is open. Notice that in both [10] and [4] the existence of solutions is obtained
by using the so-called Bhatnagar, Gross, and Krook (BGK) approximation

∂tf
ε + v∂xf

ε =
1

ε
(Mf ε − f ε)

and letting ε go to zero. The time discrete scheme corresponds to

∂tf∆t + v∂xf∆t =
∑
n≥0

δ(t− n∆t) (Mf∆t − f∆t) .

We see that the right-hand side is more singular than in the BGK approximation,
which may induce a time oscillatory behavior of the approximate solutions. Related
problems have been investigated by Desvillettes and Mischler for the time discretiza-
tion of the Boltzmann equation [6]. However, for K = 1, we easily see that this
scheme is nothing but the “transport-collapse” method [2, 3] for the inviscid Burgers
equation:

∂tu+ ∂x
u2

2
= 0
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(see also [8]). Indeed, in this case, f∆t(t, x, v) = 1[0,u∆t(t,x)](v), where u∆t(t, x) =∫∞
0
f∆t(t, x, v)dv. Thus, according to (1.4),

for all t ∈ [n∆t; (n+ 1)∆t[,

u∆t(t, x) =

∫ ∞
0

1{0≤v≤u∆t(n∆t,x−(t−n∆t)v)}(v)dv.

It is known in this case that

for all n TVx (u∆t((n+ 1)∆t, ·)) ≤ TVx (u∆t(n∆t, ·))
(where TV denotes the total variation). Then the convergence of u∆t to u can be
proved by using classical compactness tools. But the scheme is no longer total varia-
tion diminishing for K ≥ 2 (see section 4).

The goal of this paper is to provide a new proof of convergence of the scheme for
K = 1 by using one of the most powerful tools in kinetic theory, the so-called averaging
lemmas [1, 9, 7]. It is based on the study of evolution for t ∈ [n∆t, (n+ 1)∆t] of the
entropy gap between the solution of the free transport equation and its Maxwellian.
This proof does not need bounded variation (BV) estimates and shows the convergence
even in the case when the initial datas are ∆t-dependent and converge weakly ∗ in L∞

as ∆t goes to 0, which is impossible by using only BV estimates and L1 contraction
arguments. However, the method of proof cannot be easily extended to the general
model of [4] and we explain why.

2. Convergence of the scheme. The first part of the proof is valid for arbitrary
K. Therefore the general notations are kept in this section. Let L > 0 and f0(x, v) ∈
L1

(x,v) Maxwellian, supported in v in [0, L]. We consider f∆t solution of the scheme

defined by (1.4) and the initial data

f∆t(0, x, v) = f0(x, v).

We introduce

Df∆t(t) =

∫
x

∫
v

vK (f∆t(t, x, v)−Mf∆t(t, x, v)) dvdx

which is the entropy gap between f∆t and its Maxwellian at time t. For all t ≥ 0, we
have Df∆t(t) ≥ 0. We can see it directly by using the second definition of Mf(v).
Moreover, Df∆t(t) = 0 if and only if f∆t(t, x, v) = Mf∆t(t, x, v) for almost every
(x, v). So Df∆t(t) characterizes the gap between functions f∆t(t, ·, ·) andMf∆t(t, ·, ·).
For the general case we have the following easy result.

Theorem 2.1. The family f∆t has the following properties:
(i) For all t ≥ 0, f∆t(t, x, v) and Mf∆t(t, x, v) lie in L1

(x,v) and are supported

in v in [0, L].
(ii) There exists a nonnegative measure µ∆t(t, x, v) supported in v in [0, L] so

that

∂tf∆t + v∂xf∆t = (−1)K−1∂Kv µ∆t.(2.1)

(iii) We have the following estimate:

∞∑
n=0

Df∆t(n∆t) = K!

∫ ∞
0

∫
x,v

dµ∆t(t, x, v)

≤ LK
∫
x,v

f0(x, v)dxdv =: C(f0).

(2.2)
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(iv) There exist a bounded nonnegative measure µ(t, x, v), and f(t, x, v) ∈
L∞t ([0,+∞[;L1

(x,v)(R
2)) with 0 ≤ f(t, x, v) ≤ 1 so that, up to extraction,

f∆t
L∞ weak∗

⇀ f,

µ∆t
measure
⇀ µ,

(2.3)

with

∂tf + v∂xf = (−1)K−1∂Kv µ.

Remarks.
(i) The results of this theorem are quite simple and do not depend on the

number of branches K. However, they do not prove convergence of the scheme unless
we can show that f(t, x, v) = Mf(t, x, v) for almost every (t, x, v). This will be
achieved only in the case K = 1.

(ii) Property (2.2) implies that for all fixed T > 0,

lim
∆t→0

 ∑
0≤n≤ T

∆t

Df∆t(n∆t)∆t

 = 0.

If we could write ∫ T

0

Df∆t(t)dt ∼
∑

0≤n≤ T
∆t

Df∆t(n∆t)∆t,

passing to the limit would yield
∫ T

0
Df(t)dt = 0 and then, according to the properties

of Df(t), we would conclude that f(t, x, v) = Mf(t, x, v) for almost every (t, x, v).
Theorem 2.2 will provide such a result but only for the case K = 1.

Proof of Theorem 2.1. From [4] we know that if g(v) is supported in [0, L] so is
Mg(v) and that

∫
g(v)dv =

∫ Mg(v)dv. Thus Mf∆t and f∆t are supported in [0, L]
in v and belong to L1

(x,v) since f0 ∈ L1
(x,v).

(i) For every C∞ function θ(v) on [0, L] with ∂Kθ
∂vK

(v) ≥ 0, we have

∂t

∫
v

θ(v)f∆t(t, x, v)dv + ∂x

∫
v

vθ(v)f∆t(t, x, v)dv

=
∑
n

δn∆t(t)

∫
v

θ(v) [f∆t(n∆t, x, v)−Mf∆t(n∆t, x, v)] dv.(2.4)

But according to the properties ofMf∆t, the second term is nonpositive. This ensures
the existence of a nonnegative measure supported in v in [0, L] (as in [10] or [4])
satisfying (2.1).

(ii) If we integrate equation (2.4) on [0, T ]× Rx with θ(v) = vK , we get

−
∫
vKf∆t(T, x, v)dxdv +

∫
vKf0(x, v)dxdv

= K!

∫ T

0

∫
x,v

dµ∆t(t, x, v)
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=

∫ T

0

(∑
n

δn∆t(t)

∫
v,x

vK [f∆t(n∆t, x, v)−Mf∆t(n∆t, x, v)] dvdx

)
dt

=
∑

0≤n≤ T
∆t

∫
x

∫
v

vK (f∆t(n∆t, x, v)−Mf∆t(n∆t, x, v)) dvdx

=
∑

0≤n≤ T
∆t

Df∆t(n∆t).

The last step is obtained by the definition of Df∆t itself. Thus (2.2) is proved.
(iii) By definition, f∆t is uniformly bounded in L∞. Moreover, according to (2.2),

µ∆t is uniformly bounded, too. Therefore there exist f(t, x, v) and a nonnegative
measure µ(t, x, v) so that, up to extraction, f∆t converges weakly ∗ in L∞ to f and µ∆t

converges weakly to µ. Moreover, for all ∆t, 0 ≤ f∆t(t, x, v) ≤ 1 so 0 ≤ f(t, x, v) ≤ 1
and, for all ∆t, f∆t and µ∆t are supported in v in [0, L], so f(t, x, v) and µ(t, x, v)
are supported in v in [0, L], too. Finally, after passing to the limit in the sense of
distributions in (2.1), we find

∂tf + v∂xf = (−1)K−1∂Kv µ,

which ends the proof of Theorem 2.1.
From now on we restrict our study to the case K = 1. The main observation

which allows us to conclude, and which replaces the property of L1-contraction and
BV-boundedness used in [2, 3, 8], is the following one.

Theorem 2.2. Let f0 ∈ L1(x, v), Maxwellian, supported in v in [0, L]. Let
f(t, x, v) = f0(x− tv, v) be the solution of free transport equation ∂tf +v∂xf = 0 with
initial data f0. The function tDf(t) is nondecreasing with respect to t.

This result shows that, up to a normalization factor, the gap between the solution
of the free transport equation and its Maxwellian is time nondecreasing. We will give
the proof in section 3, and it will be shown that it no longer works for K = 2 in
section 4. Let us now show the convergence of the discrete scheme for K = 1 using
this result.

So, for all t ∈]n∆t, (n+ 1)∆t],

t− n∆t

∆t
Df∆t(t) ≤ Df∆t((n+ 1)∆t).

We introduce h∆t function of t defined on ]n∆t, (n+ 1)∆t] by

h∆t(t) =
t− n∆t

∆t
.

After integrating in t we find 0 ≤ ∫ T
0
h∆t(t)Df∆t(t)dt ≤ C(f0)∆t which shows that

lim∆t→0(
∫ T

0
h∆t(t)Df∆t(t)dt) = 0. We notice that h∆t

Lp weak
⇀ 1

2 for p ∈ [1,+∞[. So
it is now sufficient to show the following theorem to conclude.

Theorem 2.3. For all p ∈ [1,+∞[, up to extraction,

Df∆t
Lp strong−→ Df.

Indeed, it implies that lim∆t→0(
∫ T

0
h∆t(t)Df∆t(t)dt) = 1

2

∫ T
0
Df(t)dt. It immedi-

ately follows that 1
2

∫ T
0
Df(t)dt = 0. So according to the properties of Df , for almost
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every (t, x, v),

f(t, x, v) =Mf(t, x, v).

For the proof of Theorem 2.3 we use an averaging lemma from [7] or [4].
Proposition 2.4. Let f∆t ∈ L∞ ([0, T ]× Rx × R+

v ) satisfying equation (2.1) for
some nonnegative measure µ∆t on [0, T ] × Rx × R+

v , bounded uniformly in ∆t. If
f∆t is bounded uniformly in ∆t, then

∫
v
f∆t(t, x, v)ψ(v)dv belongs to a compact set of

Lploc ([0, T ]× Rx), 1 < p <∞, for any ψ ∈ Lp′(R+
v ) with compact support.

Remark . Notice that averaging lemmas give more than compactness. In fact, the
function

∫
v
f∆t(t, x, v)ψ(v)dv is bounded in the Besov space Bs,p2 (R+×R) for a p < 2

and an s < 1. Unfortunately this amount of time regularity is not sufficient to prove
the convergence of the scheme without the help of Theorem 2.2.

Proof of Theorem 2.3. Let us show it in the general case with K branches. Using
Proposition 2.4, up to extraction, we have∫

v

vKf∆t(t, x, v)dv
Lpt,xstrong−→

∫
v

vKf(t, x, v)dv.

In order to prove Theorem 2.3, it is sufficient to prove∫
v

vKMf∆t(t, x, v)dv
Lpt,xstrong−→

∫
v

vKMf(t, x, v)dv.

Using the averaging lemma with ψ(v) = vk and 0 ≤ k ≤ K − 1, and using (1.3), up
to extraction, we find∫

v

vkMf∆t(t, x, v)dv
ae (t,x)−→

∫
v

vkMf(t, x, v)dv.

Let us assume for a moment the following lemma.
Lemma 2.5. Let Mgε(v) be a sequence of Maxwellian functions in v only, sup-

ported in [0, L]. We suppose that
∫∞

0
vkMgε(v)dv converges for all integers 0 ≤ k < K

to
∫∞

0
vkg(v)dv. Then the entire sequence Mgε converges in L1 strong to Mg.

Thanks to this lemma, for almost every (t, x),Mf∆t(t, x, .) converges strongly in
L1
v to Mf(t, x, .) (without further extraction). So,∫

v

vKMf∆t(t, x, v)dv
ae (t,x)−→

∫
v

vKMf(t, x, v)dv.

Finally, using Lebesgue’s convergence theorem, we have∫
v

vKMf∆t(t, x, v)dv
Lpstrong−→

∫
v

vKMf(t, x, v)dv,

which concludes the proof of the theorem.
Proof of Lemma 2.5. The definition of the Maxwellian gives TV (gε) ≤ K. Thus

there exists a subsequence εj such that Mgεj converges in L1 strong to a function h.
So there exists a subsequence εjk such that, for almost every v, Mgεjk (v) converges
to h(v), which shows that h(v) is valued in {0, 1} and that TV (h) ≤ K. Thus h is a
Maxwellian function, and so h =Mg. We have proved that Mgεj converges to Mg
in L1

v strong. Therefore, according to the uniqueness of the limit, the entire sequence
Mgε converges to Mg in L1

v.
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3. Estimate of the entropy gap between the solution of the free trans-
port equation and its Maxwellian in the case K = 1. This section is devoted
to the proof of Theorem 2.2. In this section K is fixed to one. The difficulties in
extending this result to the case K = 2 will be shown in section 4.

Let f0(x, v) ∈ L1(Rx×Rv) be Maxwellian such that f0(x, v) = 1[0,m0(x)](v) with

Suppv
(
f0(x, v)

) ⊆ [0, L]. Let f(t, x, v) = f0(x − tv, v) be the solution of the free

transport equation with f0 as initial data and m(t, x) =
∫ L

0
f(t, x, v)dv. Let

l(t, x, v) = L{v′ ≤ v / f(t, x, v′) = 0}

= v −
∫ v

0

f(t, x, v′)dv′,

where L is Lebesgue’s measure on [0, L]. A new expression for Df(t) depending on
l(t, x, v) will be shown. For this, the following lemma is needed.

Lemma 3.1. For all (t, x, v∗), Mf(t, x, v∗) = 1 if and only if there exists v ≥ 0
such that

∫ v
0
f(t, x, v′)dv′ = v∗.

Proof . Let f∗ be the function defined in the following way: if there exists v ≥ 0
such that

∫ v
0
f(t, x, v′)dv′ = v∗, then f∗(t, x, v∗) = 1 else f∗(t, x, v∗) = 0.

If f∗(t, x, v∗) = 1, then there exists v ≥ 0 such that
∫ v

0
f(t, x, v′)dv′ = v∗. But∫ v

0

f(t, x, v′)dv′ ≤
∫ L

0

f(t, x, v′)dv′ = m(t, x),

so Suppvf
∗(t, x, ·) ⊆ [0,m(t, x)]. Finally the function F (t, x, v) =

∫ v
0
f(t, x, v′)dv′

is continuous in v, and we have F (t, x, 0) = 0 and F (t, x, L) = m(t, x). So ac-
cording to the mean value theorem, for all v∗ ≤ m(t, x) there exists v such that
v∗ =

∫ v
0
f(t, x, v′)dv′ and f∗(t, x, v∗) = 1. Therefore,

f∗(t, x, v∗) = 1[0,m(t,x)](v
∗) =Mf(t, x, v∗).

This next proposition follows.
Proposition 3.2. The function Df can be written as

Df(t) =

∫
x,v

l(t, x, v)f(t, x, v)dvdx

=

∫
x,v

l̄(t, x, v)f0(x, v)dvdx,

where l̄(t, x, v) = l(t, x+ tv, v).
Proof.∫ L

0

v∗Mf(t, x, v∗)dv∗=

∫ m(t,x)

0

v∗Mf(t, x, v∗)dv∗

=

∫ L

0

[∫ v

0

f(t, x, v′)dv′
]
Mf

(
t, x,

∫ v

0

f(t, x, v′)dv′
)
f(t, x, v)dv.

We have used the variable change v∗ =
∫ v

0
f(t, x, v′)dv′. Moreover, according to

Lemma 3.1,

Mf

(
t, x,

∫ v

0

f(t, x, v′)dv′
)

= 1;
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Fig. 1.

therefore,∫ L

0

vf(t, x, v)dv −
∫ L

0

v∗Mf(t, x, v∗)dv∗ =

∫ L

0

[
v −

∫ v

0

f(t, x, v′)dv′
]
f(t, x, v)dv

=

∫ L

0

l(t, x, v)f(t, x, v)dv.

We conclude by integrating in x.

Proposition 3.3. For all (x, v), t l̄(t, x, v) is a nondecreasing function with
respect to t.

Notice that this property is no longer true for K = 2, as shown in the next section.
Finally, Theorem 2.2 is a straightforward consequence of Propositions 3.2 and 3.3.

Proof of Proposition 3.3. According to the definitions of l(t, x, v) and l̄(t, x, v),

t l̄(t, x, v) = tL{v′/m0 (x+ t(v − v′))− v ≤ v′ − v ≤ 0}

= L
{
u/v −m0(x+ u) ≥ u

t
≥ 0
}
.

If v −m0(x + u) ≥ u
t , then for all t′ ≥ t, v −m0(x + u) ≥ u

t′ . Therefore, for (x, v)
fixed, t l̄(t, x, v) is nondecreasing with respect to t.

4. Numerical examples for K = 2. This section deals with numerical ex-
amples for the case with two branches which illustrate the differences from the case
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with only one branch. We recall here that this case corresponds to the isentropic gas

dynamic equations with p = ρ3

12 , namely,

∂tρ+ ∂x(ρv) = 0,

∂t(ρv) + ∂x

(
ρv2 +

ρ3

12

)
= 0.

A particle method with a very large number of particles is used here in order to have
a good approximation of the time discretization scheme which has no space grid.

First we consider a problem of Riemann’s (Figure 1). The exact solution of (1.2)
is here stationary. The momentum ρv is everywhere P = 400 and the ratio of left and
right densities is ρL

ρR
= 0.1. We show the computations at time t = 1 and for several

values of ∆t. At each computation the number of particles is N = 2000
∆t .

Notice that there are more and more oscillations when ∆t decreases. Therefore,
we cannot expect a simple bound for TVx (m∆t(·, n∆t)). (However, the amplitude of
oscillations seems to decrease with the number of iterations.)

In the second example (Figure 2), we consider a function f0 which is Maxwellian.
On the left graphs, we show its transform by the free transport equation, and on the
right graphs, we show the associated Maxwellian. The initial function is composed
of two circular patches. Their radii are R = 25, and their centers are (200, 50) and
(300,−50). The computations are given here with 4000 particles.

We can see that for ∆t ≥ 3, we have Df∆t(∆t) = 0 (because the solution of the
free transport equation is Maxwellian for t ≥ 3). On the other hand, both Df∆t(1)
and Df∆t(2) are positive. Therefore, we are not able to control Df∆t(t) for t ∈ [0,∆t]
by Df∆t(∆t).

Both examples show obstacles to the generalization of the proof of convergence
of the time discrete kinetic scheme. The hopes to find a proof lie in a sharp study of
oscillation decay.
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