ELECTRIC TURBULENCE IN A PLASMA
SUBJECT TO A STRONG MAGNETIC FIELD
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Abstract

We consider in this paper a plasma subject to a strong deterministic magnetic field
and we investigate the effect on this plasma of a stochastic electric field. We show that
the limit behaviour, which corresponds to the transfer of energy from the electric wave
to the particles (Landau phenomena), is described by a Spherical Harmonics Expansion
(SHE) model.

1 Introduction

This paper is concerned with the effect of a stochastic electric field on a plasma subject to a
strong magnetic field. This is motivated by the study of the electric turbulence in a fusion
machine as a Tokamak. Tokamaks are used to confine high energy plasmas in order to obtain
the conditions needed for nuclear fusion reactions to take place. The plasma evolves in a
toroidal reactor and is confined in the heart of the torus by the the mean of a strong magnetic
field. A classical approximation is to suppose the ions to be at rest. Then only the electrons
are moving. Another classical approximation argument in this type of study is the following:
we are here interested only in interactions of particles over short distances of the order of the
Larmor radius, moreover we suppose that at this scale the curvature of the magnetic field-
lines can be neglected and that the plasma can be considered to be homogeneous along these
field-lines. Thus we can restrict ourselves to a bidimensional problem. In this approach, the
Vlasov equation describing the evolution of the repartition function f of the electrons is:

0
m(@{ +v~sz> +q(Bvt + VV"™(t,2)) -V, f =0, (1)
m stands for the electron’s mass, g its electric charge, f the distribution function on
(t,z,v) € RT x R? x R?, with ¢ the time variable, = the space variable and v the ve-
locity variable. B is the (constant) norm of the transverse magnetic field, VV*™ is the
turbulent electric field, v+ is the velocity vector after a rotation of 7/2. We denote

qB
l/le = —
[e="

the cyclotronic frequency, and we want to study the effect of VV*" in the limit e going to
zero. In the deterministic case, the limits of related problems have been studied by several
authors. In the case of the Vlasov-Poisson system (when the electric field is coupled with
the density [ fdv), the limit has been studied, even in the 3D framework, by Frénod and
Sonnendrucker [6]. In the 2D framework, using a slow time scale adapted to the problem,
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the convergence of the averaged motion, fw f(t,z,v) dv to the 2D Euler system of equations
has been performed simultaneously by Brenier [2], Golse and Saint-Raymond [9] and Frénod
and Sonnendrucker [7]. A general result in 3D taking into account the two effects has been
performed by Saint-Raymond in [12].

In our case we neglect the Poisson non linear effect, concentrating on the stochastic be-
haviour of the equation. Hamiltonian chaos method suggest that the modes of the turbulent
electric field interacting with the electrons are those having a frequency of w,, = 2wne with n
an integer. This is roughly speaking the Landau resonnance. Then the quasi-linear theory,
(see Garbet [8]) predicts a diffusive behavior with respect to the velocity variable. The dif-
fusion coefficient obtained by this method being constant, it can not take into account the
abnormal diffusion phenomena. In this paper we are interested in turbulent electric fields
whose spectrum is spread around the Landau frequency and whose spatial fluctuations are
of the scale of the Larmor radius (of order €¢). We will show that the limit system is then
governed by the following equation:

8150 - 8e(a(e)8ep) =0 (2)

where e = |v]?/2, pis the average of f over a sphere |v|> = 2e and the diffusion parameter a(e)
is an explicit function of the correlation of V™ the turbulent electric potential, and of the
energy, thus allowing abnormal diffusion. This diffusion parameter is undimensionaly defined
by (5). This equation is similar to the so-called Spherical Harmonics Expansion (SHE) model
in high field limit modelling microelectronics semiconductor devices (see P.Degond [3] or Ben
Abdallah, Degond, Markowich and Schmeiser [1]). It describes the Landau phenomena of
transfer of energy from the electric wave to the particles. This work uses the techniques
introduced by Poupaud and Vasseur [4] to derive diffusive equation from transport in random
media. This method works directly on the equation and, for this reason, is different from
the method used in previous works (see Kesten and Papanicolaou [11], [10] and Fannjiang,
Ryzhik and Papanicolaou [5]). The paper is organised as follows: the precise result is stated
in Section 2. In Section 3 we show how we can compute explicitely the diffusion coefficients.
Finally we give the proof of the theorem in Section 4.

2 Results
In the remainder of the paper we fix n and we denote

VVE(t,x) = /eVV'™ (2mnet, ex) (3)
for the stochastic potential. Equation (1) takes then the following undimensional form:
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we denote E the expectation value of any variable and make the following assumptions on
the electrostatic potential:

(H1) VEEL“UKﬁWﬁ“%R%)amiN@):iE(mVﬂuxm5mﬂ3) < o0,
(H2) EV<(t,z)=0, for allt € R, x € R?,
(H3) V<(t,x), V(s,y) are uncorrelated as soon as |t — s| > 1,
(H4) EV(t,x)V(s,y)) = At — s,x —y) + 9°(t, s, x,y),
with:
Hled
&;AemexR%JmaeNakﬂga

e—0

H |vi,yge‘ + |vi,y,yg€‘ HL"C((R‘*')QXR‘l) - 07

where V2 g€ is the matrix (9,,0,,9°), ; and V3 ,,9° is (05,0, 8ykge)”. Iy

i, .9,y

Those assumptions are the same than in [4]. Hypothesis (H1) is an assumption on the
regularity of V¢ for € fixed. Indeed the norm N(e¢) can go to infinity when e goes to 0.
Hypothesis (H2) fixes the averaged potential at 0 which is not restrictive. In view of (3),
Hypothesis (H3) determines 27ne as the decorrelated lapse of time for the turbulent electric
field. Namely, it is the bigger lapse of time ¢ — s such that the electric fields at time ¢
and at time s can be dependent on each other. Finally Hypothesis (H4), which is very
classical, can be seen as an homogeneity property which takes place at the local scale e,
since a quadratic quantity which depends on four variables (¢, z, s,y), at the limit, depends
only on two variables (t — s,z — y).

We denote Rg(v) the rotation of angle s with center 0 of v. We consider the angular

average of A:
B 2

1
A(t,x) = — A(t, Rox) db.

2m Jo
We then have the following result:

Theorem 1 Let V€ be a stochastic potential satisfying assumptions (H) and independent
of the initial data f° € L*(R*). Let a(e) be the function defined by:

_ 1
T 2mn?2

+oo ~ s s
a(e) | oA vl sin s (5)

This function is non negative. Assume that there is a constant Cy such that || f2|| L2y < Co
and:

e(14+ N(e)?) — 0. (6)
Let pe be the gyro-average of f. defined by :
1 2
pe(t,z,e) = — fe(t,z, Ryv) dO, (7)
2 0

for every v such that |v|>/2 = e. Then up to extraction of a subsequence, Ef° converges
weakly in L*(R*) to a function f° € L?>(R*), Ef. converges weakly in L* to a function
f € L (RY, L?(RY)), Epe converges in C°([0,T], L*(R?)—w) for all T > 0 toward a function

p € L®(RT; L2(R? x RT)) N CY(RY; L?(R? x RY) — W) with p(t = 0,z,€) = flv\2:2e fOdv.
This function p is solution to:
Opp — Oe(a(e)Oep) =0 t>0,r € R* ecRT, (8)

in the distribution sense. Finally Ef. converges weakly in L>(RT x R*) toward p(t, z, |v|?/2).



Remark: depending on the regularity of the function a(e) the solution of the Cauchy problem
for equation (8) may be unique. In this case, the whole sequence p. converges to p the unique
solution of (8).

3 Explicit computation of the diffusion parameter

In order to explicit the behaviour of a(e) we must need the correlation function A. We
assume that it follows a “Richardson-like” law

At x) = f(1)]]"

Then we have

1 oo L —s s
= A(——,2v2e¢|sin =) d
a(e) /0 i (27m’ V2e| sin 2|) s

2mn2
25aga/2 ptoo ., —8 S0
—_ —)|sin =|*ds
27n? /0 ! (27m)| 2|
= Ke*/?,
A necessary condition for a function of the form

p(t,e) = (t)pole/t?)

to be an auto-similar solution of (2) is that

we then have an abnormal diffusion in
2
e=1ti~«,

For example if o = 4/3 we find a(e) = Ke*/? and an abnormal diffusion in e = t3/4.

4 Proof of the result

We denote S(R*) the Schwartz space and S’(R?*) its dual. We denote (-;-) the duality
brackets between those two spaces. We recall that L2(R*) C S'(R*) and by extension we
will denote (-;-) as well for the scalar product on L?(R*). For every linear operator P on
S(R*) we will denote in the same way P its extension on S'(R*) defined for every ¢ € S(R*)
by:

(Pysn) = (; P*n), n e SRY).

Finally we will say that 1, € S'(R*) converges to 1 € S'(R*) in &' (R?) if for every n € S(R?),
(n;m) converges to (1;n). (This is the weak convergence for S’ (R%).)
Let us rewrite equation (4) in the following way:

Bfe
€

Orfe+Cfe+
fe|t:0 = feo

= _egfe



where C, B, ¢ are linear operators on S(R?) defined by:

C=v-V,
B=vt.V,
1 t
0s = —VVe( 5. V..

2mne’ €

/e

Notice that C and B are deterministic and non dependent on e nor on ¢ unlike 5.
We introduce the projection operator J defined on S(R*) which averages the values of
the function on the spheres |v|?/2 = e. Namely, for n € S(R*):

™

1 21
Jn(z,v) = 2—/ n(z, Rev) db.
0

We call J the ”gyroaverage operator”. This operator is self adjoint for the L? scalar product.
Applying the projection operator J on (9) and taking its expectation value leads to:

n E(‘]ere)

OE(Jf) +E(JCL) = —E(JO:f).

We first study some properties of the operators in order to pass to the limit in the left hand
side of this equation. Then we investigate the limit of E(J65 f.) following the procedure of
[4]. Finally we derive the SHE equation giving the explicit form of the diffusion coefficient

a(e).

4.1 Properties of the operators

We have the following properties on the operators C', B, 05 and J:

Lemma 1 Operators C,B and 05 are skew adjoint for the L? scalar product. Operators C,
B, and J commute with the expectation operator E. The operator J is the restriction on
S(R*) of the orthogonal projector of L*>(R*) into KerB. In particular:

[Nl ccz2meyy =1,

J? =,
KerB = ImJ.
In addition:
JB=JCJ =0.

Proof.
—Operators C,B and 0f can be rewrited as b.D, where D is a gradient operator and b a
regular function verifying D - b = 0. For every functions 11,71, € S(R*) we have:

(b- D) = —(m; D(bi))
= —(m;b- Dng).
Hence they are skew adjoint operators for the L? scalar product.

~The operator J is clearly the L? projection on L? functions which depends only on |v]?/2
with respect to v. In polar coordinates v = (rsiné,r cos @), we have B = 9/96. So J is the
projection on KerB.



—Operator J is the projector on KerB, hence BJ = 0. Since B is skew adjoint and J is self
adjoint, we have (BJ)* = —JB = 0.

~Let us fix n € S(R*). We denote: Jn(z,v) = py(z, %) Hence

w2 1
JCIn(z,v) =Vy - (pn(x, 7)% ; Rpvdf | =0.
Finally JCJ = 0.
—Since C, B and J are linear and deterministic, they commute with E. .

From those properties we deduce the following proposition:

Proposition 1 For every € and every t € RT we have:

1fe@)lz2ray = 1 F2l L2 Ra)-

There exists a function f© € L*(R*Y) and a function f € L>(RT; L?>(R*))such that, up to a
subsequence, Ef° converges weakly in L*(R*) to fO, Ef. converges weakly in L*([0,T] x R*)
to f for every T > 0. For every t > 0, f verifies Jf(t) = f(t). The function JEf. is

solution to:
{ 8tJEfe + E(Jaffe) = We

(10)
JEf.|i—o = JEf2,

where we converges to 0 in S’.

Proof. Since C, B and 6§ are skew adjoint operators, we have:

8t<fe(t); fe(t)> =0,
which gives the first equality. By weak compactness there exists two functions f° € L?(IR*)
and f € L=°(R*; L?(R*)) such that, up to a subsequence, EfY converges weakly in L?(R*) to
10, Ef. converges weakly in L?([0,T] x R*) to f for every T > 0. Notice that eff converges
to 0 in S’(R*). Multiplying Equation (9) by ¢, taking its expectation value, and letting € go
to 0, we find:

Bf(t)=0 on RT,

since B and E commute. Thanks to Lemma 1 f(t) € ImJ, and since J? = J, we have
Jf(t) = f(t) for almost every t > 0. Since JB = 0, applying the operator J on equation (9)
and taking its expectation value gives:

atJEfe + E(Jegfe) = We,

with we = —EJCf.. This converges in &’ to —JCf = —JCJf = 0, thanks to Lemma 1.
O
Hence we are now concerned by the limit in &’ of E(Jf f).

4.2 Computation of E(.J0;f.)
Let us denote S§ t € R the group on S(R*) generated by the operator C + B/e. Namely,

for every h € S, Sih is the unique solution on R to:

Bg
gl=o = .



The operator S can be explicitly given by:
Sch(z,v) = h(T.(t)(x,v),

where
T.(t)(z,v) = (z + evt — eR_ v, R_y)0).

The function T, (t)(z,v) gives the position at —t of the particle being in x with speed v at
time 0 and moving at constant speed |v| on a circle of radius e|v|. In particular Sf is 2me
periodic. Notice that the adjoint of S§ is S¢,.

Following the procedure of [4], we use a 2 times iterated Duhamel formula. The first
iteration gives:

27mne
F0) = S5 fut = 2eme) — [ (S35, 5 )S5fult — o) do
0

and then we write the Duhamel formula for the f.(t — o) in the integral, and this yelds:
2mne
FA) = Sienchilt=2mnd) = [ (830,57 Sinne .t~ dmne) do
0

T St oSSt )
‘We obtain:
E(JO;f.(t)) = JE(0;55., f(t —2mne))
- /0 T B (S50 S ) S S~ Amn0) do v (12)
with

27ne 4drtne—o
i= [ TR S S ST IS bl 0 ) dsdo
0 0

The function f0 is independent of the operators 6, t € R. In particular, in view of the
assumption (H3), 65 and f.(t — s) are independent as soon as t > s + 27ne and s > 0.

Combining this fact with (H2), Equation (12) becomes for t > 4mne
E(J0;f) = JEO)E(S5r, fe(t — 2mne))

21ne
- / E(J6;(S56;_, S ,)E(Simmefut — dmne)) do + 15,
0

27ne
EUGL) = [ BUSHSIO S )EL() do 1+, (13)
0
2mne
with e = — / E(JO;(S50;_ .S ) (ES e fe(t —4mne) — Ef(t)) do.
0

Since S§ is 2me periodic, S§,,, fe(t — 4mne) = f.(t — 4mne). We have:

1
€pe € _— _— (SE¢(t — . D¢
Ssetfssfs \/E(Ss (t 5)) s



where we denote
T

7))

27rne €

E(t,x) =VV(—
and we define the differential operator D¢ by
D =R_yVy+€eR_ ) Vy — €V,
Note that D¢ is skew adjoint. Let us introduce the operator L{ on S(R*) (extended on

S’(R*)) defined for every n € S(R*) by:

27ne
Lin= —/O E(0;(S.0;_,5¢,))ndo.
We can gather those results in the following way:
Lemma 2 We have the following equality:
E(JO; fo) = JLiEf. +1f + e,
where the operator LS is defined for every n € S(R*) b

1 2mne
Lin(z,v) = —— /0 Vo - (E(SGE*(t — o) ® E*(t)) - Dgn(x,v)) do, (14)

€

and the remainders are defined by:
= JL{(Ef.(t — 4mne) — Ef(t)),
2rne  pdmne—o
ry = e\f/ / JE (E(t) - Vo (ScE(t — 0) - D5 (SS ,E(t — s — 0)
Dy (Seiofe(t — 0 = 5))))) dsdo.
We can now show the following lemma:

Lemma 3 For every n € S(R?*), the remainder r§ verifies:

[(rism)| < C(n)VeN(e),

and (L$§)*n converges in L?(R*) to

27mn _
/ R_,V,- (ViwA(S,UJ‘ — R_SUJ‘)VUT]) ds.
0 27Tn

Proof. We have:

Ly = / "Dy (BSSES(t - o) ® E¥(1) - Von) do

€

2mn

D, - (B(SG,E(t — o) ® EX(1)) - V., )y dor

0

But thanks to the definition to T¢(s), E¢ and Hypothesis (H3), the term

E(S¢, E(t — eo) ® E(t)) = B(VV(

t—eo n n t
—R_, Ve
,x/e+v vV (27rne

2mne 2/€))



converges strongly to (—V2,A)(—o/(27n),v- — R_,vt) in L2((RT)2; W1>°(R?)). Hence
thanks to the definition of D¢, (L$)*n converges strongly to:

2mn o
l/ }1ﬁvv.<viﬂﬂ‘sﬂﬁ-R_ﬂﬂqvvi>ds
; e A5

in L>®(R* x R*). We recall that we have D¢, = R_,V, + eR_,VE+ — ¢V thus

[ Des @l L2 (m+ xRty < Cl|®flwr.2m+ xr1),
[ Dty Des®|| L2+ xr1) < C|@|lw2.2 @t xRy,

hence

[(rism| < C)Vel|@llwazlfellz2
sup {E(|E*(T(es")| (1E°(L(es))] + [ D&y [E(T (es))]])

(IE(t, )] + [De E(t )| + [Deg B(1 )| + [Dey De B (¢, x)]) } -

es’

We then use the following bounds: (recall that E€(t,z) = VV (51—, £).)

Trne) €
|| < [[VeVE | Lo m+ xr2))
|DEE(t, )| < || V2,V oo rt xR2))
|Dey DEES(t2)| < [V aVE |l oo (mt xr2))
|DEy [B(T(es))]] < Cel Vo EY|(T(e5)) < ClIV3,VEl| Lo (e xr2))-
Then Hypothesis (H1) ensures that

[(rism| < CVell f5llL2N(e)| @l w2,

which ends the proof of the lemma. O
We can now state the following proposition:

Proposition 2 Assume that e(N(€))? converges to 0 when € goes to 0. Then the convergence
(up to a subsequence) of JEf. to f holds in CO(R*; L2(R*) — w), and f is solution to:

onf +JLYJf =0, (15)
where the operator LY is defined for every n € S(R*) by:

—S

2mn
= [ R (FRAG et - R n) ds
0 27Tn

Proof. Thanks to the previous lemma, for every test function n € S(R?):

e—0

[{ri;m — 0,

and (L$)*n converges strongly in L?(R*) to (LY)*n. But, thanks to Proposition 1, f. con-
verges weakly to f in L? — w. So

(JLEEfe;n) = (Bfe; (L) In)

converges to:
(f5 (L) Tn) = (JLY f3m).



The function f(t) — Saxnefe(t — 27ne) converges to 0 in L? — w as well. So e converges
to 0 in &'(R*). Passing to the limit in equation (10) gives equation (15). This shows that
Ot fe is uniformly bounded in time in a negative Sobolev space. Hence f. converges to f in
the space of continuous function in time with values in this Sobolev space. Finally since f,
is bounded in L>°(R*; L?(R*)), the convergence holds in C°([0, T]; L*(R*) — w) for every
T > 0. O

4.3 Convergence to the SHE model

Since Jf = f, we can introduce the gyroaverage function defined by:

p(t7 :Z:’ 6) = f(t7 I?”)?

for every v such that 2e = |v|?. This subsection is devoted to the proof of the following
lemma:

Lemma 4 The function p lies in C°(R*; L2(R? x RY) —w) N L= (R*; L2(R? x RY)). It is
solution to:

Op — Oe(ale)ep) =0
2m

1 0
—0 = — t R do
p|t—0 2 0 f ( y Ly GU)

where the diffusion parameter is defined by:

2mn 27
= / / Rov - (—vimA)(—i, Ropvt — R_ . gvt) - R_ Rpvdsdf,
0 2mn

for every v such that e = |v|?/2.

Proof. Let us first compute the operator JLYJ. Let n1,m1 be two test functions in S(R*).
We have:

(3 JLY T ng) ((LY)* Tn1; In2)

27n
// Vo Jm(—V2 A)( nUL R_wh)R_ NV, Jny ds dx dv.
R4

Let us denote p,, for i = 1,2 the functions defined by:

[v]

2
Pn; (Iv 7) = Jni(z7v)'

Using polar coordinates and noticing that dv = df de we find:

2T p27
<771§JL?J772> = /2/ Oepy, (T, €)0epr, (T, € / / Ryé -
R

(-Vv2 A)(z; —R_yy947€+ Ro1z€) - R_yy9€dsdfdeds

// Ocp, (@, €)0cp, (x, €)a(e) de dz,
r2 Jo

where € = (1/2e,0). Hence for every test function p,, let us multiply it by Equation (15)
and integrate with respect to z,v. Since de df = dv we find:

o, /R /Ooop(t,x,e)pn(x,e) dxdez/Rz /OOO oL, 2, )0, (a(e)Dupy (i, ¢)) de da.

10



This, with Proposition 2 gives the desired result. O
Remark: we have a family of equations parametrized by € R?, and the solutions of two
equations at two distinct z do not interact.

4.4 Explicit computation of the diffusion coefficient

We derive in the following a suitable form to the diffusion coefficient a(e). We will show,
in particular, that a(e) is non negative. From (H4) the correlation function A(t,z) is even
with respect to ¢ and z. This with (H3) gives:

Lemma 5 The correlation function A satisfies:

SuppA C [~27n, 2mn] x R?,
V.A(0,0) =0,
95A(0,0) = 0.

This last subsection is devoted to the following proposition. Theorem 1 follows from this
proposition, Proposition 1 and Proposition 2.

Proposition 3 Let us denote

- 1 27
At,x) = — A t)do.
( 7I) 271-\/0 (Rel’, )
Then a(e) is non negative and equal to:

1 / (—8,52,521)(%, 2y/ev/1 — cos s) ds
0 T

2mn?

Proof. Thanks to Lemma 4 and lemma 5, we have

2
e):/ / Rov - (V2 A)(— =, Rov* — R_,Rgv*) - R_,Rev ds df.
s=0

2mn
Since
W2 A5t bR,
Vi A( L R_sv—)-R_4v
1 s s
- GA(——— L _ _QJ- X Al——2 vt Rr ot
27mV:ca ( 5 ¥ R_sv—) + 0s(VzA( 5V R_sv™)),
we find
27 N
= A _ _
a(e) 27m/s . Ryv - Va0, A(—5— Rev Ry_sv") dsdb
*/ RQ'U \Y% A(O 0)
2
= 27Tﬂ/ 0 R9€ Vv 6‘4( R9+7r/2€_R75+9+7r/2€) dsdo

where &= (1/2¢,0). Let us do the change of variables s’ = § — s to get

2
—0 -
a(e) = 27m / 1{8<9}R9€ V 6 A( . R9+7r/2€ — RS+7F/25°) df ds.

11



Next we have

. s—10 . 1 s—0 .
Roe - ansA(%a R0+7r/2€ - Rs+w/2é> = —%652514(%7 R(9+7r/2€ - Rs+7r/2é)
s—10 .
—0p {asA(27 Ry r/2€ — Rs+7r/2€)} .

Integrating by parts the second term of the RHS gives

2m 0 .
/ 1{3<9}89 {8 A( . Rg+¢r/2€ — Rs+ﬂ/gé>} ds df

27n
1 -0

271'
= % 39/1{s<9}6 A( R@+ﬂ/ge— Ry r/2€)dsdf

271'
-0 -
- / Se_pds A2 = Ry 2€ = Riyirjo€) ds df

1 §—2m
= 27rn . ﬁgA(W R /QG*RS_;’_.,T/Qé) ds
Y b Oy A= Ry 19& — Ry, 128) ds
o o ] 2mn’ /2 s+m/2
1 2m
- — 0sA(0,0
2 Jo (0,0)ds

The first two lines cancel by doing the change of variables s’ = s — 27 and the third line
vanishes thanks to Lemma 5, thus

1 2 s—0 .
a(e) = (27T7’l)2 /O Al{sﬁg}(_agsA)( 2mn 7R9+7T/26 - Rs+7r/2€) df ds

Doing the change of variables s’ = 6 — s gives
27
ale) = @) / / 5 Ronp2(I = R)@)) df ds
_ 2 y(—_5_
— o [ GO R ds

2mn?2
Finally
(= R)& = /(11— cossl? +sin?s)v2e
= 2(1 — cos s)V/2e
= 2yev1—coss
= 2\/%| sin(s/2)]
which ends the proof of the second assertion. O

Computation of the sign of the diffusion coefficient.
Here we check the non-negativity of the diffusion coefficient by expressing it in another form.
Thanks to lemma 4 and to hypothesis (H3), (H4) we have

27N
ale) = / Ryv - VirA)(—i, Ryvt — Rg,svl) -Ry_svdsdf
2N 2mn
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for all N. Then doing the change of variable s := 6 — s we find:

1 27N ) s — 9 N L
a(e) = N /SER /_%N lip>s1 Rov - (—V3, A)( 5 , Rgv— — Rgv~) - Ryvdsdf

But we remind that thanks to hypothesis (H4)

_ 2 s—0 1 1y 1 e S5 _pL L
Vi A( Y , Rov Rsv )—lllr(l]E (VxV( S Rsv—) @ V,Ve( 5 Ryv )>
Thus
. 1
ale) =lim o -
//%N Lo B ([VaVE(— =2 —Roob) - Ra[VaVe (= =, —Rovb) - Ryv] ) dsdd
N {60>s} T mn’ s s T omn’ 0 0

Interverting s and 6 we see that we can replace 17g_s>0} by 1{s_g>0} and finally by adding
both we obtain:

2

27N s
/ V. Vé(—=—,—Rb) - Rouds

1
ale) =lim —E
—27 N 2mn

e,N 4N

which is a positive quantity. O
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