SINGLE ENTROPY CONDITION FOR BURGERS EQUATION VIA
THE RELATIVE ENTROPY METHOD

SAM G. KRUPA AND ALEXIS F. VASSEUR

ABSTRACT. This paper provides a new proof of uniqueness of solutions to scalar con-
servation laws with convex flux verifying only one entropy condition. Unlike previous
results, the proof is not based on the Hamilton—Jacobi equation. It works directly on the
conservation law, and is based on the method of relative entropy.
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The present paper is concerned with the scalar conservation law in one space dimension:

1.0.1) {u + (A(w)z =0

u(z,0) = u(z).
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In the scalar conservation law (1.0.1), u(x,t) : R x [0, 00) — R is the unknown, u® € L°(R)
is the given initial data, and A : R — R is the given flux function. In the present paper, we
are concerned with A € C%(R) strictly convex. A classical solution of (1.0.1) is a locally
Lipschitz function u : R x [0,00) — R which satisfies u; + (A(u)), = 0 almost everywhere
and verifies u(z, 0) = u®(z) for all z € R. We are also interested in weak solutions of (1.0.1).
A weak solution to (1.0.1) is a locally bounded measurable function u : R x [0,00) — R
which satisfies

(1.0.2) / / Oy + Do bA(w)] dadt + / 6(x,0)u () d = 0
0 —oo —00

for every Lipschitz continuous test function ¢ : R x [0, 00) — R, with compact support. In
particular, every weak solution satisfies (1.0.1) in the sense of distributions. Note that a
classical solution is also a weak solution.

A pair of functions n,q : R — R are called an entropy and entropy fluzx, respectively, for
the scalar conservation law (1.0.1) if

(1.0.3) ¢ (u) = of (u) A ().

We say a weak solution u of (1.0.1) is entropic for the entropy 7 if it satisfies the entropy
inequality

(1.0.4) dm(u) + dzq(u) <0

in a distributional sense, where ¢ is any corresponding entropy flux. Precisely,
oo o0 o0

(1.0.5) [ [ 0ont + ovqw ot + [ oo 0pmu @) o = 0
0 —oo -

for every nonnegative Lipschitz continuous test function ¢ : R x [0, 00) — R, with compact
support. Kruzhkov [19] proved existence and uniqueness for bounded weak solutions to
(1.0.1) which are entropic for the large family of entropies {nx}recr, where

(1.0.6) ne(u) =|u—kl.

For a bounded and measurable solution to (1.0.1), being entropic for each of the 7y, is equiv-
alent to being entropic for every convex entropy [26, Proposition 2.3.4]. See Bolley, Brenier
and Loeper [6] for an extension of Kruzhkov’s theory, based on the Wasserstein distance.
Oleinik discovered “condition E,” and proved existence and uniqueness for bounded weak
solutions to (1.0.1) which satisfy it [24]. A solution u to (1.0.1) satisfies condition E if

There exists a constant C' > 0 such that

(1.0.7) u(x + z,t) —u(z,t) < %z

for all t > 0, almost every z > 0, and almost every = € R.

It is known that being entropic for each of the 7 is equivalent to Oleinik’s condition E
when the conservation law (1.0.1) has a uniformly convex flux function A [26, p. 66 and
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p. 57]. When the solution to (1.0.1) is bounded and A is strictly convex, we can assume A
is uniformly convex.

In 1989, Kruzhkov [1, p. 164] asked whether solutions to Burgers equation

u2
uly
(1.0.8) wt () .
u(z,0) = u’(z)
which are entropic for the entropy n(u) = “72 are unique. Note that Burgers equation is

the scalar conservation law (1.0.1) in the case when A(u) = %

The answer to this question is yes; the first proof was given by Panov in 1994 [25],
under the more general situation of (1.0.1) with any A € C?(R) strictly convex, any
entropy n € C(R) strictly convex, and u® € L(R). A second proof was given in 2004
by De Lellis, Otto and Westdickenberg [12]. Their result is stronger than Panov’s result:
their proof allows for various right-hand sides in the entropy inequality, and can consider
unbounded functions [12, p. 688].

The two papers [12, 25] give us a minimal entropy condition for (1.0.1): we only need to
consider one entropy 7 € C1(R) strictly convex to ensure uniqueness. The existence of a
minimal entropy condition is interesting because in the general case of hyperbolic systems
of conservation laws in one space dimension, there often only exists one non-trivial entropy
for the system [28, p. 238].

Both the proofs of Panov and De Lellis-Otto-Westdickenberg use a special connection
between scalar conservation laws in one space dimension and Hamilton—Jacobi equations:
the space derivative of the solution to a Hamilton—Jacobi equation is formally a solution to
the associated scalar conservation law. However, it is well-known that the relation between
scalar conservation laws in one space dimension and Hamilton—-Jacobi equations breaks
down in the more general case of hyperbolic systems of conservation laws in one space
dimension (however, see [15] for a formal connection between a general Hamilton—Jacobi
equation in n space dimensions and a weakly hyperbolic system of conservation laws).

The present paper gives a new proof of the minimal entropy condition without relying
on Hamilton—Jacobi theory, under the additional assumption of a strong trace property on
the solution. Let us introduce the strong trace property (originally introduced in [21]):

Definition 1.1. Let u € L®(R x [0,00)). Then u verifies the strong trace property if for
any Lipschitz continuous function A : [0,00) — R, there exist ui,u_ € L>([0,00)) such
that

(1.0.9)
T T
lim [ esssup|u(h(t) +y,t) — us(t)| dt = lim [ esssup |u(h(t) +y,t) —u_(t)| dt =0
n—00 1 n—00 1
0 ye(ovﬁ 0 ye(_ﬁvo)

for all T > 0.
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Note that any function u € L*(R x [0,00)) will satisfy the strong trace property if u
has a representative such that for any fixed h, the left and right limits
(1.0.10) lim u(h(t) +y,t) and lim wu(h(t) +y,t)

y—0+ y—0~

exist for almost every t. In particular, any function u € L>(R x [0, 00)) with a representa-
tive in BV}, will satisfy the strong trace property. But the strong trace property is weaker
than BVic.

The result we show in this paper is

Theorem 1.2 (Main theorem). Let u € L*°(R x [0,00)) be a weak solution with initial
data u® € L®(R) to the scalar conservation law in one space dimension (1.0.1) with flux
A € C%(R) strictly convex. Assume u satisfies the entropy inequality (1.0.4) for at least one
strictly convex entropy n € C?*(R). Further, assume u satisfies the strong trace property
(Definition 1.1).

Then u is the unique solution to (1.0.1) verifying (1.0.7) and with initial data u°.

Our method is based on the relative entropy method. Given the system (1.0.1) and
entropy and entropy flux n and ¢, respectively (or more generally, any hyperbolic system
of conservation laws in multiple space dimensions endowed with any entropy), the method
of relative entropy considers the quantity called the relative entropy:

(1.0.11) n(alb) = n(a) —n(b) —n'(b)(a - b)

for all a,b € R.
We have also the associated relative entropy-fluz,

(1.0.12) q(a;b) = q(a) — q(b) — n'(b)(A(a) — A(b))

for all a,b € R.
Both n(alb) and g(a;b) are locally quadratic in a — b. In particular, for all @ and b in a
fixed compact set, the strict convexity of n € C%(R) gives

(1.0.13) c*(a —b)? < nlalb) < ¢ (a — b)?

for constants ¢*, ¢** > 0.

The method of relative entropy was invented by Dafermos [10, 9] and DiPerna [13] to
prove weak-strong estimates: given a weak solution u to (1.0.1), entropic for n, and a
classical solution #, the method of relative entropy gives stability estimates on the growth
in time of Hu(,t) - a(-,t)HL2 by considering the time derivative of [ n(u|a)dz and using
the entropy inequality (1.0.4) (in particular, see Lemma 2.2). Due to (1.0.13), the quantity
n(u|t) gives estimates of L2-type, while being more amenable to study than the L? norm
itself, due to the entropy inequality (1.0.4). The relative entropy method is fundamentally
an L? theory.

The weak-strong stability results of Dafermos and DiPerna compare a weak solution to
a smooth, classical solution. The proof of weak-strong stability relies on the the fact that
classical solutions of a hyperbolic system of conservation laws satisfy the entropy inequality
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(1.0.4) as an exact equality. Weak-strong stability breaks down when a discontinuity is
introduced into the classical solution.

In particular, the relative entropy method is much more involved when considering
shocks. For a first result, see DiPerna [13] for uniqueness. In the case of stability, there
is a growing body of work using the relative entropy method to consider the stability of
shock waves in L?, up to a time-dependent translation in space of the shock wave solution.

This program of using relative entropy and stability up to a translation was first described
by the second author in [30]. The first result in this program was by Leger [20] for the
scalar conservation law (1.0.1) for a strictly convex flux A € C%(R). We now introduce the
result of Leger. Let ur,ur € R satisfy up, > ug. Let o satisfy A(up)—A(ur) = o(ur —ug).
Define

(1.0.14) é(z) = {“L ifz <0

ug if x > 0.
Let u be any Kruzhkov solution. In this context, Leger proved the existence of a Lipschitz
continuous function A : [0,00) — R such that Hu(, t) — (- —h(t) — 0t)HL2 < Hu(, 0) — (;S(-)HL2
for all £ > 0. Note that by shifting the position of the shock wave as a function of time,
all L? growth in time is killed. The shift function h depends on u. Leger gives control
on h: ‘h(t)} < )\Hu(-,O) - ¢(~)||L2(R) V/t, for some constant A > 0. Leger only considered
Kruzhkov solutions, but his methods are in fact very general and can be applied whenever
a solution satisfies the strong trace property and is entropic for at least one strictly convex
entropy 7 € C?(R).

The program of using relative entropy to consider stability up to a shift has been pushed
by the second author and coworkers to consider systems of conservation laws in one space
dimension [16, 29, 31, 27, 21] and scalar viscous conservation laws in both one space
dimension [17] and multiple space dimensions [18]. For a more general overview of the
theory of shifts and the relative entropy method in general, see [28, Section 3-5]. The
theory of stability up to a shift has also been used to study asymptotic limits when the
limit is discontinuous. See [8] for the scalar case, and [32] for the case of systems. There is a
long history of using the relative entropy method to study the asymptotic limit. However,
results on the asymptotic limit which do not use shifts have only been able to consider the
case when the limit function is Lipschitz continuous (see [33, 2, 3, 4, 5, 14, 22, 23] and [30]
for a survey).

There is also an L' theory for the stability and uniqueness of solutions for strictly
hyperbolic n x n systems of conservation laws in one space dimension: Bressan, Crasta,
and Piccoli [7] show that in L! solutions depend continuously on their initial data with a
Lipschitz constant which is uniform with respect to time. Bressan-Crasta-Piccoli consider
solutions with small total variation. Their method uses approximate solutions which for
each fixed time are piecewise Lipschitz continuous.

The present paper, on the other hand, is another step in the program of using the relative
entropy method and shifts to develop an L? theory for stability and uniqueness of weak
solutions to hyperbolic systems of conservation laws.
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We briefly outline the present paper and the proof of the main theorem, Theorem 1.2.
Let u be any bounded weak solution to (1.0.1) with initial data u® € L>(R), entropic for a
strictly convex entropy € C2?(R) and satisfying the strong trace property (Definition 1.1).
To prove u verifies (1.0.7), we use shift functions very similar to the ones constructed by
Leger [20] and in [27] to give, at each fixed time T, a sequence of piecewise Lipschitz
continuous functions {1 }e~o defined on a subset of the real line which converge in L2
to u(-,T) as € — 0T. The v will be constructed by gluing together at time T various
classical solutions to (1.0.1), each of which satisfy (1.0.7). Thus, the ¢, will be shown to
verify (1.0.7). By classical measure theory, the 1. converge (up to a subsequence) to u(-,T')
pointwise almost everywhere. Thus, u will satisfy (1.0.7) for time T, where T is arbitrary.
This will complete the proof.

In Section 2, we give some preliminary results and facts which we will need. Then, in
Section 3 we give a construction of a shift function as suited to our needs in this paper,
based on the construction in [27]. With the shift construction out of the way, in Section 4
we state and prove the main proposition (Proposition 4.1) which gives the existence of
the 1. The proof of the main proposition is broken up into two lemmas (Lemma 4.2 and
Lemma 4.3). To conclude, in Section 5 we let ¢ — 07 (up to a subsequence) to explain
how the main proposition implies the main theorem (Theorem 1.2).

Our methods are vaguely reminiscent of the Bressan-Crasta-Piccoli L' theory; both their
method and ours consider approximate solutions which for each fixed time are piecewise
Lipschitz continuous.

2. PRELIMINARIES

Throughout this paper, we will assume that there is a constant B > 0 such that all of
the weak solutions w to (1.0.1) that we consider satisfy

(2.0.1) [l Lo (x[0,00)) < B-

For a function u € L*°(R x [0, 00)) that verifies the strong trace property (Definition 1.1),
and a Lipschitz continuous function h : [0,00) — R, we use the notation u(h(t)+,1t)
to denote the values uy(t) at a time ¢ when u has a left and right trace according to
Definition 1.1, where u4 are as in the definition of strong trace. For time ¢ when u has a
strong trace, the values u (t) are well-defined, and hence u(h(t)=+,t) are also well-defined.

Most of the things in this preliminary section are well-known. But we include these
facts here and their proofs so as to make sure we are not using more than we think.
In Theorem 1.2 we do not assume that the solution w to the scalar conservation law is
Kruzhkov.

Lemma 2.1 (Properties of solutions with Lipschitz initial data). Let v) € L*(R) be
nondecreasing Lipschitz continuous functions for i = 1,2, verifying v{(z) > v8(z) for all
x € R. Let v; denote the unique solution to (1.0.1) satisfying (1.0.7) and with initial data

vY. Then the following holds:

(a) The v; are classical solutions to (1.0.1) on R x [0, 00).
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(b) The v; are given by the method of characteristics. In other words, for each
R x [0,00), there exists x° € R such that vi(z,t) = v)(2°) and x = 20+t A’ (v

(and similarly for va).
(c) The v; satisfy (1.0.7) with C = 1/inf A”.

(d) Fori=1,2 andt >0, vi(-,t) is a nondecreasing function in the x variable.

(6) HU?HLoo(R) = HUZ'HLOO(RX[O,OO)) fori=1,2.
(f) vi(z,t) > va(z,t) for all (z,t) € R x [0,00).

7

S

Proof. From [11, p. 176-7], we know that for each i there exists a classical solution v; to
(1.0.1) on R x [0, 00) with initial data v) which is given by the method of characteristics.

For a fixed ¢, we now check by direct method that v; satisfies (1.0.7). By uniqueness of

solutions satisfying (1.0.7), this will prove parts (a) and (b).

Fix ¢,z > 0 and x € R. Because v; is given by the method of characteristics, there exists

an 0 and 7Y such that

vi(z,t) = Uio 2’
(2.0.2) {g; (: ;3 + tA’((ug)(xO))

and
vi(w + z,t) = v)(2°)
(2.0.3) {x + 2 =30 4+ tA (W0 (29)).
We have
T — 1'0
vi(z,t) = (A/)1< + >
(2.0.4) 7
o n—1(% tz—2
vi(z + 2,t) = (A') (t)

where the functional inverse (A’)~! exists because A is strictly convex.
Because the characteristics do not cross, we have

(2.0.5) 0< 3’ — 2% =24+ t(A W) () — AW (EY)) < 2.
Then from (2.0.5),

=0 40
(2.0.6) (P P
i ¢ ¢
Finally,
_ 50 _ 0
inf A" {(A’)*(”Zt r )-(A’)—1<x - )]
(2.0.7)

<4 (55 ) - an (B <

z

e

Lines (2.0.4), (2.0.6) and (2.0.7) imply v; satisfies (1.0.7). In particular, note that we

can take C' = 1/inf A” in (1.0.7).
This proves parts (a), (b), and (c).
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Part (d) follows immediately from part (b). Similarly, part (e) follows immediately from
parts (a) and (b).

We now show how part (f) follows from part (b). We argue by contradiction. Assume
there exists (z,t) € R x [0,00) such that vi(x,t) < ve(z,t).

Then we have just proven that v; and vy are given by the method of characteristics.
Thus there exists ¥ and 7° such that

x =z +tA (v)(20))
(2.08) = 3% +tA (v9(2%))
and
(2.0.9) vi(z,t) = v)(2°) < v3(2°) = va(x, 1).

Then from (2.0.8),
(2.0.10) 2% — 70 = (A (9(2°)) — A' (19 (20))).

Then the right-hand side of (2.0.10) is nonnegative, which means z° > z°. Thus,
(2.0.11) v) (%) > 09(3°) > 09(3°)

because v{(z) > vJ(x) for all x € R. However, this gives a contradiction with (2.0.9). This
proves part (f). O

Lemma 2.2 (An extension of the entropy inequality). Let @’ € L®°(R) be a Lipschitz
continuous and nondecreasing function. Let u be the unique solution to (1.0.1) with initial
data @° and which satisfies (1.0.7). Let u € L°(R x [0,00)) be a weak solution to (1.0.1)

with initial data u®. Assume that u is entropic for the strictly convex entropy n € C%(R).
Then

(2.0.12) om(ula) + Opq(u;u) <0

in the sense of distributions.
In other words, the following holds for all nonnegative, Lipschitz continuous test func-
tions ¢ on R x [0, 00) with compact support:

(2.0.13) / Ou6m(ul) + Dedq(u: 7)) dudt + / 6(z, 0)n(u0(2)|@(x)) dz > 0.
0 —oo

Remark. The inequality (2.0.12) extends the entropy inequality (1.0.4).
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Proof. By part (a) of Lemma 2.1, @ is a classical solution. Then, Lemma 2.2 follows
immediately from the following inequality:

//@MM@+%M%MWﬁ+/MMMWWW%%MZ
(2.0.14) 0= e

(e olNe o)
/ dOun" (w)[A(u) — A(a) — A'(a)(u — u)] dzdt.
0 —oo
Dafermos gives this inequality as one of the central steps in the proof of weak-strong
stability. See [11, p. 124, line (5.2.10)].
By part (d) of Lemma 2.1, @ is increasing in z. Furthermore, we have ", A” > 0. Thus
the right-hand side of (2.0.14) is controlled from below by zero. O

Lemma 2.3. Let [t*,t**) be a bounded interval. Let hi(t), ho(t) : [t*,t**) — R be Lipschitz
continuous functions, such that ha(t) — hi(t) > 0 for all t € [t*,t*).

Let 4% € L®(R) be a Lipschitz continuous and nondecreasing function. Let U be the
unique solution to (1.0.1) with initial data @° and which satisfies (1.0.7). Let u € L°(R x
[0,00)) be a weak solution to (1.0.1) with initial data u". Assume u is entropic for the
strictly convex entropy n € C*(R). Furthermore, assume that u verifies the strong trace
property (Definition 1.1).

Then for almost every a,b € [t*,t**) with a < b,

ha(b) ha(a)
[ e bjatevydo— [ aute,a)iate0) ds <
ha (b) hi(a)
(2.0.15) ’
/@wmmwmwmmwwmwwﬂwmm+

ha(t)n(uha (t) = t)]a(ha(t), 1) — hn (E)n(u(hn (0)+, ) [a(ha (¢), 1) | dt.
Ift* =0, then (2.0.15) holds for a = 0 and almost every b € (t*,t**).
Proof. For 0 < € < min{b — a,t** — b}, define

( ift<a
(t—a) ifa<t<a+e

ifa+te<t<db
—lt—(b+e) ifb<t<b+e
0 itb+e<t.

= o= O

(2.0.16) Xe(t) =

Let 0 = inf;g(q pe h2(t) — h1(t). Note 6 > 0. Then for 0 < e < g, define
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if x < hy(t)
(x—hi(t)) ifhi(t) <z <hi(t)+e
ifhl(t)+6<l‘<h2() €
—L@—ho(t)) if ha(t) —e <z < ho(t)
(t) <

= o= O

(2.0.17) Ye(z,t) =

0 if ho(t

The te(x,t) and x(t) are from [20, p. 765].
Use ¥e(x,t)x(t) as a test function for (2.0.13). The result is

(2.0.18)
o e ha(t) ha(t) b0+
E / { / o(u: ) do — / o(u; @) dz + / o (#)7(ul ) dar — / hl(t)n(u\u)dx} it
€
a hl(t) hg(t)fe hg(t)fe hl(t)
) a+e ha(t) ) b+e ha(t)
+/ /n(u\ﬂ)dfcdt—/ /77(u]ﬂ)d:vdt~|—0(e)20
€ €
a hl(t) b hl(t)

Let € — 0" in (2.0.18). Use the dominated convergence theorem, the Lebesgue differ-
entiation theorem, and the fact that u verifies the strong trace property (Definition 1.1).
This gives (2.0.15) for almost every a,b € [t*,t**) with a < b.

When t* = 0, we want to show that (2.0.15) holds for a = ¢t* = 0. This follows because
we include the boundary term corresponding to ¢ = 0 in (1.0.5), and hence the boundary
term corresponding to t = 0 appears also in (2.0.13).

We now show that when ¢* = 0, (2.0.15) holds for a = t* = 0.

For a =t"=0and 0 < € < t** — b, define

1 if0<t<b
(2.0.19) XOt) =4 —L(t—(b+e) ifb<t<b+e
0 if b+ e <t

The x? is borrowed from [11, p. 124]. Test (2.0.13) with v (z,t)x%(¢). This gives

(2.0.20)
h1 (t)+e hg(t) ho (t) h1 (t)+€

i/{ / q(u; ) dz — / q(u; ) dz + ha(t)n(ulu) dz — / hl(t)n(u\ﬁ)dx} di

ha(t)

b+
+ / (0 (2)[30(z)) dr — 1/ /nu|u dedt + O(c) >
b hi(t)
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Finally, let ¢ — 0" in (2.0.20). Once again, invoke the dominated convergence theorem,
the Lebesgue differentiation theorem, and use that u verifies the strong trace property
(Definition 1.1). We receive (2.0.15) for a = 0 and for almost every b € (t*,t**). O

Lemma 2.4. Let u° € L>®(R) be a Lipschitz continuous and nondecreasing function. Let
@ be the unique solution to (1.0.1) with initial data u® and which satisfies (1.0.7). Let
u € LR x [0,00)) be a weak solution to (1.0.1) with initial data u®. Assume that u is
entropic for at least one strictly convex entropy n € C2(R). Assume also that u verifies the
strong trace property (Definition 1.1).

Then for all c,d € R verifying c < d, the approximate right- and left-hand limits

d
(2.0.21) ap lim [ n(u(z,t)|u(z,t))dz
t—tot
exist for all to € (0,00) and verify
d d
(2.0.22) ap lim [ n(u(z,t)|u(z,t))de >ap lim [ n(u(z,t)|u(z,t))de.
t—to™ t—to™T

The approrimate right-hand limit also exists for to = 0 and verifies

d d
(2.0.23) / (0 () () > ap / n(u(z, )iz, 1)) dz.
t—
Proof. For some constant C' > 0 to be chosen momentarily, define the function I : [0, 00) —
R,
d
(2.0.24) (t) = / n(u(z, )iz, ) dz — Ct.

C

Apply (2.0.15) to the case when hj(t) = c and ha(t) = d for all t. The integrand on the
right-hand side of (2.0.15) is bounded. Thus, there exists some constant C' > 0 such that
['(t) > T'(s) for almost every t and s verifying ¢ < s. This means that there exists a
function which agrees with I' almost everywhere and is non-increasing. This implies that
I" has approximate left and right limits. In particular, we conclude that the approximate
right- and left-hand limits (2.0.21) exist for all ¢y € (0,00) and verify (2.0.22). Note the
approximate right-hand limit also exists for ¢y = 0 and because (2.0.15) holds for the time

a = 0, the approximate right-hand limit verifies (2.0.23) at time zero.
]

3. CONSTRUCTION OF THE SHIFT

In this section, we present a proof of
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Proposition 3.1 (Existence of the shift function). Let u € L>®(R x [0,00)) be a weak
solution to (1.0.1), entropic for at least one strictly convex entropy n € C*(R). Assume
also that u verifies the strong trace property (Definition 1.1). Let 49 € L>(R) be Lipschitz
continuous and nondecreasing functions for i = 1,2, verifying u{(x) > u9(z) for all v € R.
Let i; € L°°(R x [0,00)) be solutions to (1.0.1) verifying (1.0.7) and with initial data ),
fori=1,2. Let t* > 0 be some fized time, and let xg € R be some fixed space coordinate.
Then for e > 0 there exists a Lipschitz continuous function h. : [t*,00) — R such that

(3.0.1) he(t*) = xo, Liplhd <  sup |4
|z <ull Lo
and
(3.0.2) q(ussin) = q(u—s i) = he(n(usliz) —nlu-|m)) < e

for almost every t € [t*, 00), where ux = u(he(t)£,t) and u; = u;(he(t),t).

In [27], the authors build a general framework for the construction of the shift functions
necessary for L? stability in the general case of systems. They also apply their framework
to the scalar case, recovering the result of Leger [20].

We present here a construction of the shift function based on the work [27]. We modify
the construction slightly. In [27], the data @; are constant. In contrast, we assume the a;
are Lipschitz continuous solutions to (1.0.1). The presentation is also simplified due to our
focus only on the scalar case. Lastly, in the general framework for systems in [27], there is
a “constraint” labeled with equation number 7 [27, p. 4]. Although this constraint is used
in [27] for the scalar case in particular, we find that the proof for scalar in [27] as-is does
not require it.

Lastly, the paper [27] considers only Kruzhkov’s solutions [27, p. 9] which are entropic
for the family of entropies {ju — k|}rer. We find that the proofs in [27] hold without
modification for solutions which are not necessarily of this type.

3.1. Lemmas necessary for the proof of Proposition 3.1. We need the following
structural lemmas.

Lemma 3.2 (Structural lemma on entropic shocks). Consider the equation (1.0.1), en-
dowed with a strictly convex entropy n € C%*(R), and an associated entropy flur q. Let
ur,ur, o € R satisfy

(3.1.1) A(UR) —A(UL) :U(UR—UL).
Then
(3.1.2) q(ur) = q(ur) < o(n(ur) —nlur))

if and only if up > ur. Which is to say, the shock (ur,up,o) is entropic for the entropy
n if and only if ur, > ug.

Remark. For the scalar conservation law (1.0.1) with flux A strictly convex, we know that
the “physical” or “admissible” shock wave solutions will be the ones with left- and right-
hand states uy and wug, respectively, which satisfy u; > wugr. This is the Lax entropy
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condition for the scalar case. It is immediate that shock solutions satisfying (1.0.7) verify
the Lax entropy condition. Lemma 3.2 says that shock solutions to the scalar conservation
law (1.0.1) endowed with the entropy 7, also verify the Lax entropy condition.

Proof. We only consider the case when ur, # ug.
Let

(3.1.3) A= q(ur) — q(ur) — o(n(ugr) — /A/ — o1 (u) du.

We want to show A <0 if and only if uy, > ug.
We can write

UR
A — A 1
(3.1.4) o= (ur) (ur) = /A'(v) dv.
UR — UT, UR — Uj,
ur,
Thus
(3.1.5)

A :]Rn’(u) (A’(u) - W;UL]%A'(U) dv> du

u

(3.1.6) = 7n’(u) <uRiuL /R Aw) — A(v) dv) du

1 TF / / /
(3.1.7) = UR—ULu/u/n (u)(A'(u) — A'(v)) dvdu

(3.1.8) = UR_UL< // - A dvdu—// — A'(v ))dvdu)

where D = I(ur,ur) X I(ur,ur). We use I(a,b) to denote the interval with endpoints a
and b.
Finally,

(3.1.9) A= %# //(n'(u) —n'(v)) (A (u) — A’ (v)) dvdu.

UR — UL,
Then, by strict convexity of A and 7, the quantity

(3.1.10) // V) (A (u) — A'(v)) dvdu

is always positive. Thus, the sign of A is given by the sign of urp — uy. This completes the
proof. O
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Lemma 3.3 (Structural lemma from [27]). Let ur,ur,u—,us € R satisfy ur, > ur and
u_ > uy. Letn € C*(R) be a strictly convex entropy, with associated entropy fluz q. Define

(3.1.11) o(u_,uy) = A(UL) : :1_(“‘).
Then,

(3.1.12) 4l ur) — qusuz) — o(u—, us) (9(us fu) — n(u—fur)) <0.
Moreover, if

(3.1.13) n(uluz) = n(ulur)

for some u € R, then

(3.1.14) q(u;ur) — q(u;ur) < 0.

Lemma 3.3 was proven in [27]. For completeness, we give the proof of this lemma in the
appendix (Section 6.1).

Lemma 3.4 (Structural lemma). Let n € C%(R) be a strictly convex entropy for (1.0.1).
Let g be the associated entropy flux. For e > 0, define the function Ve : {(u,ur,ur) €
R|ur, > ur} — R:

lg(u;ur)—q(usur)—€l+

(3.1.15) Vi(w,up,ug) =4 ") —n(efur) if n(ulur) # n(ulur)
0 if n(ulur) = n(ulur),

where [ -]+ = max(0, ).
Then, V. verifies

Proof. Let
lg(wsur)—g(usur ) .
V(u,ur,ug) = Cur)nCuz) i 1(ulur) # n(ulur)
0 if n(ulur) = n(ulur).

In order to show (3.1.16), the idea is to show
(3.1.17) ‘V(u, uL,uR)’ < ‘A'(u)‘
and then use the basic inequality
‘Vg(u, uL,uR)| < ‘V(u,uL,uR)‘ .
The proof of (3.1.17) depends on controlling the quantity

q(u;ur) — q(usug)
n(ulur) — n(ufur)
for the (u,ur,ur) values that make q(u;ugr) — q(u;ur) > 0.

(3.1.18)



SINGLE ENTROPY CONDITION FOR BURGERS EQUATION 15

We have three cases where we get control on the quantity (3.1.18): u > wup > ug,
ur, > uRr > u, and ug < u < ur. We begin with some elementary facts which will be used
repeatedly.

Remark that

(3.1.19) (alb) ='W} (b—a)  and  Bpq(a;b) = 1" (B)(A(b) — A(a)).
In particular, we can write for all a,b,c € R,
b

b
(3.120) g(a;b) — qlasc) = / 7" () (A(v) — Ala)) dv = / 7' () (v — a)

C

Aw) - A@)

v—a

We can now begin the casework to prove Lemma 3.4.
Case u > up, > up
We note that for all u,ur,ur € R such that © > up > ug,

(3.1.21) n(ulur) — n(ulur) = /3U77(u|v) dv = /n//(v)(v —u)dv >0

by strict convexity of 1. We conclude
(3.1.22) n(ulur) — n(ulur) > 0.

For all u,ur,ur € R such that u > ur, > ugr and n(u|ug) — n(ulur) # 0, we compute

UR
[ /() (v — ) = do
q(u;ur) — q(usup) _ ur
(3.1.23) —
n(ulur) —nulur) n(ulur) —n(ulur)
By the mean value theorem and strict convexity of A, w < A'(u) for v € [ug,ur).

Thus, recalling also the strict convexity of 7 and (3.1.22), we continue from (3.1.23) to get

Aw) () (0 - u) do

(3124 o7 s g v o7y R G

In summary,

n(ulur) —n(ulur)
Case uy, > up > u
Our method is analogous to the case u > uy > ugr above.
Remark that for all u,uy,ur € R such that up, > ur > u,

(3.1.26) n(ulug) — n(ulur) = /&,n(u\v) dv = /77”(1))(1) —u)dv <0

ur ur
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by strict convexity of 1. We conclude
(3.1.27) n(ulug) — n(ulur) < 0.

For all u,ur,ur € R such that uy, > ur > v and n(u|ug) — n(ulur) # 0, we calculate

n"(v)(v — u)w du
(3.1.28) g(u;ur) — q(usur) _ g =
3 n(uur) = nufur) n(ulur) —n(ulur)

By the mean value theorem and strict convexity of A, w > A'(u) for v € [ug,ur).

Thus, recalling also the strict convexity of 7 and (3.1.27), we continue from (3.1.28) to get

A(w) [ () (0 — u) do

(3.1.29) o et = A'(u).

To summarize,

q(u;ur) —q(usug)
(3:1:30 n(ufur) —n(uur) ~

Case ugp < u < uy,
This case is slightly different than the two cases above.
For all u,ur,ur € R such that ur < wu < wuy, and n(u|ur) — n(ulur) # 0,

(3.1.31)
T i V)V —u Mdv
q(u;ugr) — q(u;ur) :qu (V)0 —w) ==
[n(ulur) — n(ulur)| [n(ulugr) —n(ulur))|

u

uR
f n//(v)(v — u)w dv + f 77”(1})(1} . u)w do
(3.1.32) i t

|n(ulur) —n(ulur)]
By the mean value theorem and strict convexity of A, w > A'(u) for v € (u,ur],

and % < A'(u) for v € [ug,u). Thus, recalling also the strict convexity of 7,

A(u) f n"(v)(v—u)dv+ A'(u) ufRn”(v)(v —u)dv
(3:4:33) < aCulum) — ()|
(3.1.34) = A'(u) sgn(n(ulur) — n(ulur)).
We receive,
(3.1.35) aluiu) = g(uiur) < A'(u) sgn(n(ulug) — n(ulur)).

n(ulur) —n(ulur)]
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We combine all the cases u > uyp, > ug, ur, > urp > u, and ug < u < ur, and in
particular (3.1.22), (3.1.25), (3.1.27), (3.1.30), and (3.1.35). We keep in mind that we only
consider (u,ur,ur) values that make q(u;ur) — q(u;ur) > 0.

In conclusion,

“/e(uvuln ’LLR)} S |V(U7UL,'U/R)‘ S ‘A/(UH .
U

3.2. Proof of Proposition 3.1. This proof is based on the work [27, p. 7-8]. We modify
the proof to consider #; which are non-constant.
Define V, : {(u,ur,ur) € R3|uy > ur} — R:

la(uwsup) —g(usur)—€4 -
(3.2.1) Vilwugsup) = { aelum-ntuagy L) #n(ufus)

0 if n(ulur) = n(ulur),

where [-]; = max(0, -).

The function V, is continuous. For (u,ur,ur) such that n(u|ugr) # n(ulur), Ve is clearly
continuous. By (3.1.14), V. = 0 on some neighborhood of {(u,ur,ur) € R3n(ulur) =
n(ulur)}. Thus, V; is continuous.

Remark that by part (a) of Lemma 2.1, the @; are classical solutions, and by part (f) of
Lemma 2.1, u;(x,t) > ug(z,t) for all (x,t) € R x [0, 00).

We construct a solution to

(3.2.2) {Z(t: )Ve:@ﬁ:e(t), t), i1 (he(t), 1), U2 (he(t), 1))

in the Filippov sense. We use the following lemma:

Lemma 3.5. There exists a Lipschitz function he : [t*,00) — R such that

(3.2.3) he(t") = o,

(3.2.4) ] <Vl
and

(3.2.5) he(t) S I[Vﬁ(u_, u1, ﬂg), Ve(u+, u1, '17/2)],

for almost every t > 0, where ux = u(he(t)*,t), and u; = u;(he(t),t) for i =1,2. Here,
I[a,b] denotes the closed interval with endpoints a and b.
Moreover, for almost every t > 0,

(3.2.6) Auy) = A(us) = he(uy —u),
(3.2.7) q(uy) — q(u_) < he(n(ug) —n(u)),

which means that for almost every t > 0, either the shock (u,,qu,i.zE) 18 an entropic
discontinuity for the entropy n or u_ = u,.
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The proof of (3.2.3), (3.2.4) and (3.2.5) is nearly identical to the proof of Proposition 1
in [21]. For completeness, we provide a proof of (3.2.3), (3.2.4) and (3.2.5) in the appendix
(Section 6.2). The properties (3.2.6) and (3.2.7) in fact hold for any Lipschitz function
h :[0,00) — R. These properties are well-known in the BV case. When u only satisfies
the strong trace property (Definition 1.1), (3.2.6) and (3.2.7) are given in Lemma 6 in [21].
We do not include a proof of (3.2.6) and (3.2.7) here; a proof is given in the appendix in
[21].

We are now ready to prove Proposition 3.1.

Proof of Proposition 3.1. For almost every t such that u— = u,, we borrow notation from
[27] and write uy = u_ = uy, and then by Lemma 3.5 we have he = Ve (uy, 41, u2). This
gives,

(32.8) q(ut; tp) — q(us; ) — he(n(uxlis) — n(ulin)) <e.

For almost every ¢ such that u_ # u4, Lemma 3.5 says he = o(u_,uy), where o(u_,us) =
(A(ug) — A(u-))/(us —u—). Then,

(3:2.9) g(uy; ) — gu—; i) — he(n(uy|t2) — n(u-|m)) =
(3:2.10) (5 um) — qlu_s u) — ou_,uy )1y |ur) — nu_lus)),
and then by (3.1.12), Lemma 3.2, and Lemma 3.5 again,
(3.2.11) <.

Thus, for almost every ¢ € [t*, 00)
(3.2.12) (3 82) — (s @) — he(nfuus 52) — n(u_lan)) < e

Finally, by Lemma 3.4 and Lemma 3.5,
(3.2.13) Lip[h < sup |A4].

|zl oo

4. MAIN PROPOSITION

The proof of Theorem 1.2 will follow from

Proposition 4.1 (Main proposition). Let u € L*(Rx[0,00)) be a weak solution to (1.0.1),
with initial data u®. Let n € C?(R) be a strictly convex entropy. Assume that u is entropic
for the entropy n and verifies the strong trace property (Definition 1.1).

Then for all R,T,e > 0, there exists a function ¢ : [—R, R] — R verifying:

(a)
/ n(u(z, T)|Y(x)) dr < e.

lz|<R
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(b)

Yo+ 2) — (o) < 22

for x € [=R,R] and z > 0 with © + z € [-R, R] and where ¢ = 1/inf A”.
(c)
191 oo (= r,m)) < el oo Rx[0,00)) -
We decompose the proof of Proposition 4.1 into two lemmas. We utilize functions of the
form
(4.0.1)
For v € L*(R), there exists a finite set of z; with
— =< T <2< <IN <IN =0
such that v is nondecreasing and Lipschitz continuous on (z;, z;+1)
fori=0,...,N, and
lim v(z) > lim v(x)

rx<xz; r>x;

for 1 <7< N.

Lemma 4.2. Let R,T > 0. Let u € L*°(R x [0,00)) be a weak solution to (1.0.1) with
initial data u®. Assume u is entropic for at least one strictly convex entropy n € C%(R).
Assume that u verifies the strong trace property (Definition 1.1). Choose s > 0 to verify
|q(a; b)‘ < sn(alb) for all a,b € [-B, B], where B is defined in (2.0.1).

Then for all N € NU {0}, we have:

For any v, ... ,U?V_H € L>®(R) Lipschitz continuous nondecreasing functions verifying
v)(z) > v (z) for all 1 < i < N and x € R, and for any t* € [0,T] and real numbers
Zoy .. EN41 verifying xgo = —R+ (t* —T)s <z < <ay < R— (t*—T)s = xzny1 the
following holds:

There exist N + 2 real numbers xor,...,TNy1,7 Such that xor = —R < x17 < --- <
Nt < R=2Ny17 and

N Ti+1,T N Tit1

(402) ap tim 35 [ a0 e < ap i 32 [ atuteDlvieate. ) ds
T T,T =Y

where v; is the unique solution to (1.0.1) with initial data v{ and verifying (1.0.7).

Lemma 4.3 (Density of functions of form (4.0.1) in L?). Let M,e > 0. Then for all
f € L3([-M, M)), there is a function f.:R — R of the form (4.0.1) such that

(4.0.3) If = Jell = arnap) < €
(4.0.4) [ fell ooy <Nl poo =z, 0a7) -

and all of the discontinuities of fe are contained in (—M, M).
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4.1. Lemma 4.2 and Lemma 4.3 imply main proposition. As in Lemma 4.2, we
choose s > 0 such that |q(a;b)| < sn(alb) for all a,b € [~B, B], where B is defined in
(2.0.1). We also choose ¢** > 0 such that

(4.1.1) n(alb) < ¢*(a — b)?

for all a,b € [-B, B].
By Lemma 4.3, there exists a function v0 € L°(R) of the form (4.0.1) such that

€

(4.1.2) HUO - UO‘ <=
L2([—R—sT,R+sT7]) c**

and if there is at least one discontinuity in v°, the discontinuities are at points z; < xa <
- < xy for some N € N, and where z; € (—R — sT,R+ sT) forall 1 <i < N.

If Y contains at least one discontinuity, define the functions v? R Rforl1 <i< N+1
as follows:

0 v0(z) if v <
U1 (:L‘) = s m 0 _ 0 if
Pz <y<z aX(U (xl )aU (y)) nr <z
For 2 <i <N,
infyeyes, , min(v®(z_1+),09 ((y) ifz <aig
v)(z) = { v°(z) ifoi 1 <z<uaz
SUD,,, <y < max (v’ (z;—), 0% (y)) ifx; <
And

.0 (z) = infrcycay min(v° (2 n+), U?V(y)) ife<azy
NALET ) 00 () ifony <.

If v° has no discontinuities, then N = 0 and we define v{ := v°.

By construction, the v? are Lipschitz continuous, nondecreasing in x, and verify v9(x) >
v),(z) for all z € R and 1 <4 < N. We also have
0

A

(4.1.3) ‘

<[]
L>(R) L>=(R)
for 1<i< N +1.
Let v; denote the unique solution to (1.0.1) with initial data v{ and which satisfies
(1.0.7).
From Lemma 4.2, we have N + 2 real numbers zo 7, ...,xn41,7 such that zg7 = —R <
r17 < <ayr <R=2Nn41,7 and

N Ti+lT N Tit1
(419 ap i 3 [ ntuta s (o,1)) do < ap jim 3 [ @ Ol do

Z4q,T X4
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where g := —R — sT and x4 = R+ sT.
We now control the right-hand side of (4.1.4). Recalling Lemma 2.4, we have

(4.1.5)
N Ti41 N Ti+1
. . 0 0
p tim > [ ntute Do) de <3 [ 0@l () do
i=0 ;. i=0 ;.
Then, from the definition of the v? ,
R+sT
_ 0 0
= [ @) ds
—R—sT
Using (4.1.1), (4.0.4), and that HuOHLm(R) < ull oo (rx[0,00))
R+sT
<™ / (u®(z) — v%(x))% dx
—R—sT
Then, from (4.1.2)
< €.

On the other hand, by the convexity of 7,

N Ti+LT N Ti+LT
(4.1.6) Z / n(u(z, T)|vit1(x,T)) dz < ap tgr%l+ / n(u(z, t)|vig1(z,t)) d.
i=0 Ti, T =0 T, T

Combining (4.1.4), (4.1.5) and (4.1.6), we find
N Ti4+1,T
(4.1.7) > / n(u(z, T)|vit1 (z,T)) dz < e.
=0

Ti,T

We define ¢ : [-R, R] — R,

vi(z,T) it —R<z<azir
va(z,T) ifoir<z<zor
(4.1.8) () =

ony1(z,T) fazyy <x <R.

By (4.1.7), v satisfies part (a) of Proposition 4.1.
We now show v satisfies part (b) of Proposition 4.1: this follows because each of the v;
satisfy (1.0.7). In particular,

(4.1.9) vi(x + 2,T) —vi(z,T) < =z

NIQ
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for all z > 0 and all x € R. From part (¢) of Lemma 2.1, we can take C = 1/inf A”
n (4.1.9). Further, by part (f) of Lemma 2.1, v;(x,T) > vi41(z,T) for all x € R and
1 <i < N. This gives part (b) of Proposition 4.1.
Part (c) of Proposition 4.1 follows from (4.0.4), (4.1.3), and part (e) of Lemma 2.1.
This completes the proof of Proposition 4.1.

4.2. Proof of Lemma 4.2. We prove this lemma by strong induction on N.

Base case

For N = 0, let v{ € L>°(R) be any Lipschitz continuous nondecreasing function. Let v;
be the unique solution to (1.0.1) with initial data v9 and verifying (1.0.7).

Let ho(t) = —R+(t—T)s and hy(t) = R—(t—T)s. Then, from Lemma 2.3, Lemma 2.4,
and the dominated convergence theorem,

hi (t*)

ap hm / (z,t)|v1(x,t))dx —ap lim / n(u(z,t)|v(z,t)) de

t—txt
hg (T) ho(t*)

T

S/PM%@%WM%@@%@WM@ﬂWM%@@)
(4.2.1) + b O)n(ulhy(t)—, t) |1 (hi(t), 1)) — ho(t)n(u(ho(t)+, t)|v1 (ho(t), 1)) | dt

T
:/ﬁmmwammmwm»—mwmwawmwwm»ﬁ

+/—www%wwwmmm—wwm@ﬁmmmwwwt

t*

<0
by the definition of hg, he and s.
We get,
R R—(t*—T)s
(42.2)  ap lim /n( (x,t)|vi(x,t))de < ap lim / n(u(z,t)|vi(z,t)) de.
t—T+ t—t*t
-R —R+(t*—T)s

Thus Lemma 4.2 holds for the base case N = 0.

Induction step

Suppose that K € NU {0} is given such that Lemma 4.2 holds for N =0,1,..., K.

We now prove that Lemma 4.2 holds for N = K + 1. Let v{,v,0 ... v%+2 € L*(R)
be any Lipschitz continuous nondecreasing functions, satisfying v?(z) > o9, () for all
1<i<K+1landz € R. For1 <i < K + 2, let v; be the unique solution to (1.0.1)
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with initial data v) and verifying (1.0.7). Let t* € [0,T] and —R+ (t* —T)s <21 < -+ <
Tr41 < R— (t* —T)s be arbitrary.

Let € > 0. By Proposition 3.1 we can construct Lipschitz continuous functions A1, .. .,
he,ic+1 on the interval [t*, T such that for 1 <i < K +1, h;(t*) = x; and

i i ; i i €
(4.2.3) q(ulysvier) — q(ul;vi) — he(n(ul [vigr) — n(ulfvi)) <

T(K +1)

for almost every t € [t*,T], where u’. = u(he;(t)*,t) and v; = v)(hei(t),t) for | =i,i + 1.
To simplify the exposition, denote

(4.2.4) heo(t) == —R+ (t —T)s,
(4.2.5) hersa(t) =R — (t—T)s.

The Lipschitz constants of the h; are uniformly bounded in € by Proposition 3.1. Thus,
by Arzela—Ascoli there exists a sequence {¢;};en such that €; — 07 and for each 0 < i <
K +2, he; ; converges uniformly on [t*, 7] to a Lipschitz function h;.

Then, let t** be the first time that there exist two of the h; for 0 < i < K + 2 that are
equal to each other. If such a time does not exist, let t** :==T.

We now show:

Claim.
(4.2.6)
K1 i () K1 i)
ap lim n(u(z,t)|vis1(z,t)) de < ap lim Z n(u(z,t)|vig1(z,t)) de.
t—tret < t—t*t
=0 gy (emy =0 ()

Proof of Claim.

Due to the uniform convergence of the he,; as j — oo, for each 7 € [t*,t™), there
exists J; > 0 large enough such that he],z—i-l(t) — he; i(t) > 0 for all t € [t*, 7], j > Jr and
0<i<K+1

Then, for almost every t and 7 verifying t* <t < 7 < t**, we have from Lemma 2.3 (for
Jj>Jr):

K+1 e z+1 K1 hej,i+1(t)

3 / u(e Do o= > [ el Ol o,6) do

=0 6] 7,(7— =0 hej,i(t)
K+1 7

< / [ he;i(r)+,7);vig1(he; i(1), 7)) — q(ulhe; iv1(r)—,7); Vig1 (he; v (), 7))
=0

t
+ hey i1 (M0 (u(he, i1 (1) =, 1) [vig1 (he, i1 (7),7))

= ey, i(r)n(u(he; i (r)+ ) v (heyi(r), 7)) | dr
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Then, we collect the terms corresponding to A, ; into one sum, and the terms corresponding
to h€j7i+1 into another sum,

K+1 7 )
= Z / |:Q(u(h€j,i(r)+vr);vi+1(h€j,i(r)77‘)) —hej,i(r)ﬁ(u(hej,i(r)‘hT)‘Uiﬂ(hej,i(r)ﬂ“)) dr
1=0 %
K+1 7
£ [ |-ttt s ()= v ). )
=0 7

+ h5j,i+1(T)U(U(hej,z‘ﬂ(?")—, 7)|vig1(he; iv1(r), 7"))] dr

Next, we peel off the i = 0 term from the first sum, and the i = K + 1 term from the
second sum,

T

=/hW@WHﬂmwwwﬂ)EWWWMwmhMM%MWMPT
+2/@w@mwwmm@mmm—mwww%wwmmm%mwﬂm

K T
+Z/ [—Q(U(hej,wrl("”)—a"”);Ui+1(hej,i+1(7”)77“))

i=0

+mﬂmmw%mm<mmemmmhr

+/ [—Q(U(hej,K+2(7“)—a7“);UK+2(he]-,K+2(7")77“))

+ hey a2 (P (uhe; w2 (r) = 7)o 2 (e, k12 (1), T))} dr
We then reindex the second sum Zfio [[-++]dr to start at ¢ = 1, and combine it with the
t

first sum S5t [[..-]dr,
¢

T

= / [Q(u(hﬁj,o(r)+vr); U1 (h€j70(7‘),7“)) - hej70(r)77(u(h6j70(r)+vT)|v1(h€j,0(7‘)v’r)):| dr

+ Z / |:Q(u(h€j,i (T)+v T); vi+1(h€j7’i (T)a T‘)) - Q(u(hej,i (T)_’ T); Ui(hej,i (T)a T))
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e, (P) (e, 4P ) v ey (7)27)) — (e, (7)) oy (), r>>>} dr
+ [ [ ~ ulhe, ka2 (r) =) o2, ses2(r), 7))

e, 2 (P, ge2(r) =) orc sl g2 (1), r))} dr

< T(Kij—i—l)(T_t)(K—i_l) <€

by (4.2.3), the definition of s, and noting that iLEj,() = s and hej’KJ,_Q = —s. Thus,

K41 e it1(7)

3 / n(u(z, Pvis (@, 7)) dr <
1=0 hf',i(q_)

4.2.7 !
( ) hej i1 (t)

Z / n(u(z,t)|vip1(x,t)) do + €.

Then, let j — oo in (4.2.7) and use the dominated convergence theorem to get

K1 () K1 ()
a8 Y [ w o)<y [ ol o)d
=0 hin) =0 hite)

for almost every t and 7 verifying t* <t < 7 < t**.
From (4.2.8), we get

K+1 hi+1(t**)

(4.2.9) ap lim Z / n(u(x, 7)|vig1(z, 7)) de <
Ttrr 4
K+1 hi+1(t*)
(4.2.10) ap lim / n(u(z,t)|vig1(z,t)) dx
t—t*t 4
=0 hae)

where we have used

(4.2.11) ap lim Z n(u(z, 7)|vit1(z, 7)) de =

25
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Kq hisr ()

(4.2.12) ap lim Z n(u(z, 7)|vit1(z, 7)) d
Tt
U ha(ter)
and
(4.2.13)
K1 () K1 Pt
ap lim n(u(z, t)|vit1(z,t)) de = ap lim n(u(x, t)|vit1(z,t)) de.
t—strt t—t* T =
=0 h =0 i)
The approximate limits exist by Lemma 2.4. Then (4.2.9) and (2.0.22) give the claim
(4.2.6). m
If t** = T', then we have proven Lemma 4.2 holds for N = K +1: define x; 7 := h;(T") for
0<i< K+2. By (4.2.6), the zo1,217,...,TK 21 satisfy the conclusions of Lemma 4.2.

Otherwise, t** < T and we consider the 0 < ¢,j < K + 3 such that the following holds:

(4.2.14) {hi_¥(t**) = hl(t**) NG

for i < k < j, hi(t**) = hi(t**)
where h_j(t) == —oo and hk y3(t) == +oo for all t. Then, let {(in, jn) neqi,...ry for L € Zy
be the set of i and j pairs which satisfy (4.2.14) (label the i and j pairs such that i, < ip41
for all n). Note that each i has only one corresponding j. Thus, due to at least two of the
hi(t**) equalling each other (for ¢ ranging over 0,..., K +2), L < K + 2.

By the induction hypothesis with N = L — 2: there exist real numbers Zo7,...,Zr—1,7
Verifying i‘oj =—R S jl,T S cee S -i'L—Z,T S R = «i'L—LT and
I—9 TitnT
ap Jim > [ Ol (o,0) do <
(4.2.15) o
L L_2 hil+2 (t**)
ap tiitr£+ n(u(z,t)|vi,,(z, 1)) de.
l:0h11+1 (t**)

For each n € {1,..., L}, define
(4.2.16) Ty T = infl,T for all i, <i < In-

Then by construction xgr,...,Txt2 1 satisfy the conclusions of Lemma 4.2 with N =
K + 1. In particular, (4.0.2) follows from (4.2.6) and (4.2.15).
Thus, by the principle of strong induction we have proven Lemma 4.2 for all N € NU{0}.

4.3. Proof of Lemma 4.3. Step functions are dense in L?([—M, M]). Thus, there exists
a step function s € L%([~M, M]) such that ||f — sllpzqonngy < 5 and [Isll oo (marnp) <
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[ f Il oo (= nr,017)- We can write s in the form

(4.3.1) s(z) = (?}a;rﬂ(x - a:j)) + (?}%H(:ﬂ - m)

for some ny,n_ € N, {af}F, C (0,00), {a; }}Z, C (—00,0), {z}5, € (=M, M) and
{z;};=, C (—M, M). H is the Heaviside step function

(4.3.2) H(z) = {(1) ii i 8
Define
(4.3.3) sT(z) = i of H(z — ),
i=1
(4.3.4) s (z) = z_: a; H(x — ;).
i=1

We can then write s = s + s7.

Consider the standard mollifier m : R — R, where m is smooth and compactly supported,
m >0, and [ m(z)dz = 1.

Let 0 > 0. Define

(4.3.5) me(z) = im(j;)
Define
S (57 mg)(y) +s7 ()] o< M
(4.3.6) fs(x) =< (sT xmg)(z) + s (2) if —-M<x<M
ygﬁ_[(é‘* xms)(y) +s (y)] ifz> M.

Note that fs is of the form (4.0.1), [[fs/| oo () IS |l oo (= ps,047) When 6 <inf; ; Ezs -,
and all of the discontinuities in f5 are in the interval (—M, M) because {x; }.=; C (—M, M).
From the Minkowski inequality,

1f = Foll Loenaayy SIS = sllp2onrnagy Tlls = Fsll 2= ar,n)
(4.3.7)

<3 +H(S+ *ms) = 8+‘ L2([~M,M))

Choose § even smaller such that H(5+ kM) — s‘*‘HLQ([ < 5. This completes the

—M,M])
proof.
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5. MAIN PROPOSITION IMPLIES MAIN THEOREM

Let u € L®(R x [0, 00)) be a weak solution to (1.0.1), with initial data u". Let n € C%(R)
be a strictly convex entropy. Assume that u is entropic for the entropy 7 and verifies the
strong trace property (Definition 1.1).

We will show that u satisfies (1.0.7).

First, by strict convexity of n we can choose a constant ¢* > 0 such that

(5.0.1) c*(a —b)? < n(ald)
for all a,b € [-B, B], where B is defined in (2.0.1).

Let R,T > 0. From Proposition 4.1, for all € > 0, there exists ¢, : [-R, R] — R such
that

(5.0.2) / n(u(z, T)|e(z)) do < c*e?
|lz|<R

and

(5.0.3) Yela+2) = Yol) < 72

for z € [-R, R] and z > 0 with « + z € [~ R, R]. Here ¢ = 1/inf A”. We have also

(5.0.4) [Vell oo (=, m)) S Mttll oo (rx[0,00)) -
(5.]33;;5\)"’22&“1#6“@([RRD < B. Likewise, we have Hu(-,T)HLOO(R) < B. Thus, from
(5.0.5) ¢ (e() —u(z,T))* < nlule, T)|ye(x))

for almost every z € [—R, R].
Then from (5.0.2) and (5.0.5) we have

(5.0.6) [9e() = uC. D) || 2 gy < €
Thus, there exists a sequence {¢;}%2; with ¢; — 07 such that

(5.0.7) Ye; () = u(x,T) as j — oo for almost every x.

Additionally, from (5.0.3):
c
(5.0.8) Ve (T +2) = e (@) < 2
forall j € N, x € [-R, R], and z > 0 with  + z € [-R, R].
We let j — oo in (5.0.8) to get:

(5.0.9) u(x+ 2,T) —u(z,T) < %z

for almost every = € [—R, R], and almost every z > 0 with z + z € [-R, R].
Because R,T > 0 are arbitrary, (5.0.9) implies that u satisfies (1.0.7). This concludes
the proof of Theorem 1.2.
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6. APPENDIX

6.1. Proof of Lemma 3.3. Let uy,ur,u—,uy € R. We then borrow the following nota-
tion from [27]: If F' is a function of u, then we define

(6.1.1) Fr = F(ur), Fr=F(ur), [F)l=Fr—Fr, Fy:=F(us).

Proof of (3.1.12)

This proof is from [27, p. 9-10]. In [27], for the general systems case, the authors develop
a condition which they label with the equation number 7 [27, p. 4]. In particular, they
claim to use this condition to show (3.1.12) for the scalar case. In fact, the condition is not
necessary in the scalar case and their proof goes through unchanged without the condition.

Denote

(6.1.2) D= q(uy;ur) = q(u—sur) — o(u—,uy)(n(utfur) —n(u-fur)).

Further, let o denote o(u_,u4).
From Rankine-Hugoniot (as noted in [27, p. 5]),

(6.1.3)

D = [ (w)A(u) — g(w)] — o0 (w)u —n] + ¢4 — ¢- — o(ny —n-) = [0')(A(w) — ou),
where (A(u) — ou)+ denotes that
(6.1.4) A(uy) —ougp = A(u_) — ou

because of the Rankine-Hugoniot relation (3.1.11).
From the fundamental theorem of calculus and integration by parts,

(6.1.5) D = /n"(u)(A(u) —ou)du — /n"(u) du(A(u) — ou)+
(6.1.6) - /n"(u)(A(u) —ou)du + /n"(u) du(A(u) — ou)+.
We can then write

(6.1.7) D =¢e(I)B(I)+¢(J)B(J)

where [, J are disjoint intervals such that

(6.1.8) TUJ = ((ug,u_) U (ugr,ur)) \ ((ug,u_)N (ug,ur)).

We define the sign €(I) to be +1 if I C (u4,u—_) and —1 otherwise. Finally,

(6.1.9) B(I) = /n"(u)(A(u) —ou)du — (A(u) — Uu)i/n"(u) du.
T T
The function v — A(u) — ou is strictly convex and (6.1.4) holds. Thus, B(I) < 0 if
I C (ug,u—) and positive otherwise. Thus, for all intervals e(I)B(I) < 0. Thus D < 0.
Proof that (3.1.13) implies (3.1.14)
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This proof is from [27, p. 9].
Remark that the equality

(6.1.10) n(ulur) = n(ulur)

is equivalent to [27, p. 4]

(6.1.11) [n']u = [ (w)u = n(u)].

Remark also (as noted in [27, p. 4])

(6.1.12) q(u;ur) = q(uiur) = [n'A = g = [f'|A(w).

Then, (3.1.14) is equivalent to (as noted in [27, p. 9])

Frwawde [ o @udu
(6.1.13) e - A()

f 77//(u) du f 77//

Finally, (6.1.13) is true by Jensen’s inequality because 7" > 0 so n’(u)du is a measure,
and A is strictly convex.

6.2. Proof of Lemma 3.5. The following proof of (3.2.3), (3.2.4) and (3.2.5) is based on
the proof of Proposition 1 in [21] and the proof of Lemma 2.2 in [27]. We do not prove
(3.2.6) and (3.2.7): these properties are in Lemma 6 in [21], and their proofs are in the
appendix in [21].

Define

1
(6.2.1) v (z,t) = /Vg(u(m + %,t), uy(x + %,t),ﬂg(.%’ + %,t)) dy.
0
Let hey, be the solution to the ODE:

he,n(t) = vn(he,n(t),t), fort >0
hen(t™) = zo.

Due to V, being continuous, v, is bounded uniformly in n (||vp||;e <||Vell; o), Lipschitz
continuous in x, and measurable in ¢. Thus (6.2.2) has a unique solution in the sense of
Carathéodory.

Because v, is bounded uniformly in n, the h., are Lipschitz continuous in time, with
the Lipschitz constant uniform in n. Thus, by Arzela—Ascoli the he, converge in C°(0,7)
for any fixed T" > 0 to a Lipschitz continuous function h. (passing to a subsequence if
necessary). Note that he n converges in L*° weak™ to he.

(6.2.2)

We define
(6.2.3) Vinax (t) = max{Ve(u_, 1, u2), Ve (ust, 01, u2)},
(6.2.4) Vinin (t) = min{ Ve (u_, 11, t2), Ve(u, 1, 42) },

where uy = u(he(t)+,t) and u; = @;(he(t),1).
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To show (3.2.5), we will first prove that for almost every ¢ > 0

(6'2'5) 7}1_)11010[h6,n(t) - Vmax(t)]+ =0,
(6'2'6) JLIEO[Vmin(t) - he,n(t)]+ = 07

where [-]4 = max(0, ).
The proofs of (6.2.5) and (6.2.6) are similar. We will only show the first one.

(6.2.7)

[he,n (t) *Vmax (t)] +

-1 .

628) = | [ ViCuthon(®) + 2.0)01hen(®) + 210), ta(hen(6) + 2,8)) dy = Vil
- -

(6.29) = / Ve(u(hen(t) + 2,8, 1 (hen(t) + 2,1), Ta(hen(t) + 2.1)) = Vinax(t) dy
LD 4+
1

(6.2.10) < /[Ve(u(hw(t) + % t), w1 (hen(t) + % t), Uz (hen(t) + % t)) — Vinax(t)]+ dy

0

(6.2.11) < esssup[Ve(u(hen(t) +y,t), w1 (hen(t) +y,t), t2(hen(t) + y,t)) — Vinax(t)]+
ye(0,%)

(6.212) < esssup [Ve(u(he(t) +y,t), ur(he(t) + 4, 1), ua(he(t) + 4,t)) = Vinax ()],
yE(—€n,en)

where €, = |he,n(t) — he(t)‘ + % Note ¢, — 0.
Fix a t > 0 such that we have a strong trace according to Definition 1.1. Then, by the
continuity of V,

(6.2.13)
ILm esssup[Ve(u(he(t) £y, t), u1(he(t) £y, t), a2(he(t) £y, t)) — Ve(ux, @y, a2)]+ =0,
T ye(0,2)

where uy = u(he(t)+,t) and u; = @;(he(t),1).
This implies
(6.2.14)  lim esssup|[Ve(u(he(t) £ y,t), a1 (he(t) £y, t), ua(he(t) £y, t)) — Vinax(t)]+ = 0.

n—oo
ye(0,%)

n

We can control (6.2.12) from above by
po Sup)[Ve(u(he(t) +y, 1), tn (he(t) + y, 1), U2(he(t) + ¥, 1)) — Viax(£)] 4+
yE(—en,0

eS?OSHI;[Ve(U(he(t) +y, ), w(he(t) +y, 1), u2(he(t) +9,1)) = Vinax(t)]+-
ye(0,en

(6.2.15)
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Then, by (6.2.14), the quantity (6.2.15) goes to 0 as n — oco. This proves (6.2.5).
Recall that h,, converges in L> weak™ to h.. Thus, because the function [ -] is convex,

T T
(6.2.16) [0 = Vi st < timint [T (6) = Vi (0] .
0 0
By the dominated convergence theorem and (6.2.5),
T
(6.2.17) lim in / e (£) = Vinan (E)]4 dt = 0.
0
This proves
T
(6.2.18) /[hg(t) — Vinax(t)]+ dt = 0.
0

A similar argument gives

T
(6.2.19) /[me(t) — he(t)] 4 dt = 0.
0

This proves (3.2.5).
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