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Abstract

We study in this article the transport of particles in time-dependent random media, in the so-called
weak coupling limit. We show the convergence of a Liouville equation to a Fokker—Planck equation.
We also obtain the semi-classical limit of Schrédinger equations. This limit is described by a linear
Boltzmann equation. In both cases, the ratio between a typical time scale and the scale of the media
determines whether the limit diffusion and the collision process are elastic or not.
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Résumé

Nous étudions dans cet article le transport de particules dans un milieu aléatoire dépendant du
temps et dans la limite de faibles couplages. Nous montrons d'une part la convergence d'une
équation de Liouville vers une équation de Fokker—Planck. D’autre part nous obtenons que la
limite semi-classique d’équations de Schrodinger est décrite par une équation de Boltzmann linéaire.
Dans les deux cas le rapport entre un temps de décorrélation et une longueur caractéristique des
inhomogénéités du milieu détermine si le processus de diffusion limite et 'opérateur de collision
sont élastiques ou non.
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1. Introduction

In this paper we investigate the asymptotic behavior of particles dynamics in a random
media. The random media is modeled by a random potemtfal) which is time
dependent. The small parameterepresents the correlation length avf(x), V/(y)
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are independent random variables as soop ass| > ht wherezt is an other parameter.
The amplitude of the potential is of ordarh. We will prove that, starting from a
classical Liouville equation, we obtain in the limit a Fokker—Planck equation. A parallel
with quantum transport is done. We will show that the limit of a quantum dynamic is
described by a linear Boltzmann equation. This kind of problems belongs to the class of
rigorous derivations of an irreversible dynamic from a reversible one. It has motivated a
lot of works in mathematical physics and mathematics. There are two kind of asymptotics
corresponding to different physical situations.

The strong coupling corresponds to a situation where particles collide with scatterers
very rarely. But one scattering changes the velocity of particles with order one.

On the contrary, in the weak coupling situation, the particles are not deviated much by
one scattering but they collide with scatterers very often.

The scaling we study in this work correspond to the so-called weak coupling limit.

1.1. Existing results

In the context of strong coupling, one of the key reference of the field is the work
of Lanford [14] who gave the first rigorous derivation of the Boltzmann equation for
large classical systems, for short time. Obtaining this result globally in time after the
possible breakdown of the smoothness of the solution of the Boltzmann equation is still
an outstanding open problem. The case of noninteracting particles in a random media
is also a difficult problem. G. Galavotti gave in [8] a rigorous derivation of the linear
Boltzmann equation for such a Lorentz gas. The center of diffusion of the random potential
is assumed to follow a Poisson law. It allows to perform a change of variable in the integrals
with respect to the random variables which leads to an almost explicit computation of the
solution. Following the same method his result has been generalized in various contexts
by Spohn [19], Boldrighini et al. [2], Desvillettes and Pulvirenti [4]. Let us point out, that
the hypothesis that the potential is random, is absolutely essential to the derivation. Indeed,
Bourgain et al. [3] have recently proved that it was not possible to find a diffusion process
when considering scattering centers localized on a periodic lattice.

It seems there is no mathematical result for quantum transport in the strong coupling
regime.

Concerning the weak coupling limit for classical transport, the first result seems to be
due to Kesten and Papanicolaou [13]. In their approach, particles are accelerated by a small,
time independent, random field. The correlations in the random field die out rapidly with
position. At the leading order, particles follow a free flight. Therefore the correlations in
the field die out rapidly along a path. They prove that a rescaled velocity converges to
a diffusion Markov process. Their result holds in dimension larger than 3. In the more
difficult case of the dimension 2, the same result has been established by Diirr et al. [6].
Finally, Desvillettes and Ricci in [5], studied the case of strong force field with the same
asymptotic as in this paper. They followed the Galavotti methods, and proved that the limit
process is governed by a Vlasov—Fokker—Planck equation.

For the weak coupling limit of quantum transport, the first derivation of the linear
Boltzmann equation for very short time is due to Spohn [18]. An extension of this result
is due to Ho et al. [11] but the complete analysis of the problem has only recently been
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performed by Erdds and Yau [7]. Their method is based on an iteration of the Duhamel
formula. The numbers of iterations they used, depends on the small parameter of the
problem and tends to infinity. Each term of the series is analyzed and very sharply estimated
by using graph theory. By this extremely technical procedure they obtain a precise
description of the asymptotic of wave functions. The final step consists in computing the
corresponding Wigner transform whose limits allow to determine the limits of observables.
Let us conclude this short presentation of the existing results by mentioning the paper of
Ryzhik et al. [17] which gives elegant formal derivations of transport equations in the
weak coupling limit for various waves equations. We have also learnt recently that Bal,
Papanicolaou and Ryzhik have obtained a result similar to us in the quantum case where
the parameter is kept fixed, [1].

In all the rigorous derivation we have described above, the limit is performed directly
on the solution and not on the equation. The final equation is only recognized afterward.
Also, one of the main difficulty of the above approaches is due to the correlation in time
of particles paths if they collide with the same scattering center more than one time. The
key points of the proofs are to show that this event occurs very rarely. It requires a deep
understanding of the structure of particles paths. The drawback is that this program can be
followed only for particular potential.

In our approach the stochasticity in time of the potential automatically implies the
nonself correlation of particles paths. On one hand, the major mathematical difficulty
disappear making the problem easier and perhaps less interesting from the strict
mathematical point of view. On the other hand, it allows to consider more general potential,
higher order correlation terms and a more general class of equations. It has also to be
pointed out that this assumption is close to the concept of mixing property of Kesten and
Papanicolaou [12,13]. In their approach the diffusion regime is obtained as a perturbation
of a classical transport around a given veloaityFor small times the paths are almost
straight-linesx 4 vz. Since the correlation in the force field is assumed to decrease fast in
position, it also decreases fast with time along a pathvz. In our approach, we use the
more direct assumption that the force fields are not correlated after a given laps of time.

1.2. A new strategy of proof

Let us describe our method of proof in an abstract frameworkz leeR be the time
variable andh a small parameter. Let, (t) be a time dependent random variable with
value in some functional space. The functig(¢) represents some physical quantity. As
in Galavotti or Erdos—Yau results, we average over randomness. That means that we look
for many measurements of the variab}gt) and that we want to describe the evolution of
the mean value over randomness of these measurements.

Let us denote byX) the expectation of the random varialde Then the problem is to
find the limit of the expectation valu@, (¢)). A more precise and difficult result would be
to obtain the almost surely limit ofy, (¢).

We assume thaty, (¢) is the solution of an evolution equation:

d
3O+ Aun(0) = 0! (un(1)). (1)
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The linear operatoA is deterministic and generates a grdlap ¢ € R, in some functional
space. The linear operatat$ are stochastic, time dependent and satisfy:

(i) the expectation operators vanigh) =0,
(i)) the operator®/" andé!* are independent as soon|as- s| > ht where the parameter
7 is fixed or depends oh in such a wayr — oo, ht — 0 whenh — 0,
(iii) for every deterministic linear operatd, there is a family of deterministic operators
R"(c; B), o €0, 00), such that

Vs,teR, (0! Bo!=R"(It —sl; B).

Assumption (i) means that the random operator has a vanishing mean value. Assump-
tion (ii) can be seen as a Markov property. The independence property is somehow drastic
in a physical point of view. It can certainly be replaced by an assumption that the correla-
tions in the random operatofé decrease very fast with respect to time. Assumption (i)
is a stationarity property of the random operators. It expresses some time independence of
the distribution 0B/ and that there is no arrow of time built in the random operators.

Taking the expectation of (1) we obtain:

%(uh(n) + Afun()) = {07 (un (®)))- @)

The problem is to find the limit o{&th (un(2))). For that purpose we use a 2 times iterated
Duhamel formula

ht

up(t) = Speun(t — ht) + f Se0  Sone_qun(t — 2ht) do
0
ht 2ht—0
+/ / Se0 80" up(t —o —s)dsdo.
0 0

We obtain

ht
(0/run () = (6] Sheun(t — h7)) + f(e,hsae,h_gszm_guh(t — 2h7))do + 1]
0

ht 2ht—0o
with r/* = / / (6 S50/, 856" o _sun(t — o —5))ds do. (3)
0 0
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The origin of irreversibility. The crucial point is to assume that at some timehe
functionuy (1) is independent of the operatat, ¢ € R. Without loss of generality we
can choose this time as the origig,= 0. It creates 2 arrows of time starting from 0.
In particular, in view of the assumption (ii§* andu;(s) are independent as soon as
t > s+ ht ands > 0, respectively <s — ht ands < 0.

Combining this fact with (i), Eq. (3) becomes fop: 2ht

ht
(07 (un(0))) = (6] N Shrun(t — h)) + f(@thSGQf'_aS_JXSthuh(t — 2h7))do + 1],
0
ht
Ol an0)) = [ (05201 un(0)dor 4 e
0
ht
with ef! = / (67856 S— \(Sanrun(t — 2h7) — up (1)) do. (4)
0

Using (iii) and plugging this expression in (2) we obtain for 2ht,

ht

%(uh(t)) + Alup (D)) = 0" up @) + 1l + €, with Q" = / R"(0; S5)S_q do.
0

It remains only analysis problems:

(a) prove that the remainder® ande” vanish for a convenient topology,
(b) determine the limit 00" ((uy (1))).

At least formally, we obtairuy (1)) — u(z) whereu(r) is a solution of
d
Eu(t) + Au(t) = Q(u(1)), forz>0.

Let us remark that for negative time, the same analysis leads to

ht ht
(6! (un(0))) = f (61)S e (un ¢ + hr)) — f (6785070 S0 )un(0)) do + 17’ +¢f
0 0

and the limit equation becomes

%u(l) + Au(t)=-0Q(u), forr<O.

It makes appear clearly the role of the initial data.
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1.3. Obtained results

As a first step, we consider in this paper Liouville and Schrédinger equations, but
acoustic equations, Maxwell equations, and sa arcan also be analyzed in this very
general program. This is allowed by the new technique of proof we use. We pass to the
limit in the equation and not in the solution.

For classical systems, in the asymptotic regime, we obtain Fokker—Planck equations.
For quantum systems we obtain linear Boltzmann equations. In both cases ughkept
fixed the collision operators are diffusive: they do not leave the energy of particles invariant.
On the converse when— oo with At — 0 we recover the results of Desvillettes and Ricci
[5] (classical transport) or Erdés and Yau [7] (quantum transport). The diffusion (classical
transport) or collision operators (quantum transport) are elastic.

1.4. Outline of the paper and notations

The paper is organized as follows. In the next section we give a brief description of the
potentials we consider. In particular we give explicit examples. Section 3 is devoted to the
analysis of classical transport. The particles are accelerated by a random force field. We
prove that the distribution of particles satisfies in the limit a linear Fokker—Planck equation.
In the last section we study quantum transport. We consider infinitely many Schrodinger
equations with a random potential. The limit of the corresponding Wigner transform is
proved to be a distribution function which satisfies a linear Boltzmann equation.

In all this paper we denotéX) the expectation value of the integrable random
variable X. Spaces.”?, W*?, H® = W*? are the usual Sobolev spaces. The spate
is the set ofp-times continuously differentiable functions agd is the set of functions
of C? with compact support. The sphereRP is denoted bysp_;.

2. The random potential

We study in this paper the dynamics of classical or quantum particles in a random
potential. A typical situation which is studied in this work can be described as follows.
At the microscopic level, this potenti@l® = U/ (x) is assumed to be a real function of
time space variableg, x) € R*? where D is the space dimension. It can be the sum
of microscopic potentials due to scatterers. In the microscopic variables, the range of
interaction of the microscopic potential is of order 1. In these units, the distance between
two scatterers is of order /2 wheree is a small parameter. By this way there is one
scatterer per volume of ordey4d. Up to ordere, the potentialy¢ is stationary.

The difference with classical approaches is that the intensity of microscopic potentials
and the places of scatterers depends on time. The expectation valfiexdfvanishes and
two values of the potential are independent as soon as they are taken at a lapse of time large
enough. If this lapse of time is chosen as a microscopic unit, these crucial assumptions read:

o (Uf(x))=0forallt eR, x e RP,
e Uf(x) andU¢(y) are independent random variables fior s| > 1,
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o (Uf (U (y)) = Ri—s(x —y) + egf ;(x,y) for parameters € (0, 1] and some real
functionsR = R,(x) and g* = g7 ((x, y) with ¢* bounded, uniformly with respect
to ¢, for convenient topologies.

The last assumption allows, up to ordegto obtain the Property (iii) of Section 1.2. Some
examples of random potential satisfying these assumptions can be given as follows.

Example 1. Let (7}, X?) € R¥™P with (k,n) € Z x ZP be independent random

variables equidistributed ifk /24 [—1/4, 1/41} x {n+[—1/2, 1/2]P}. Letv € CX(R*P)
compactly supported i-1/4, 1/4] x RP and such thafp1.p v(7, x) dr dx = 0. We define:

¢ 1 n Xi
Uf(x) = Z ﬁvt—T,x—ﬁ.

(k,n)eZxZP

Actually, the sum definin@/? (x) is finite. We haveU® C®(RMD),

For a fixed r € R the potential Uf depends only on (T’;, X,’jo) with
koe (t —1/2,t+1/2).If |s —t| > 1, U? depends only o(lT’ll, Xgl) with kg # k1. There-
fore U (x) andU¢ (y) are independent random variable for dnyy) € R2D,

We have:

1 X"
(Utg(x»: Z 7E<U<t -1 x — 81%>>=\/E v(t —s,x —y)dsdy =0;

(k,m)eZL+D RI+D

1 X" xm
piwvio= 58 (e o (s )

(k,n)eZM*D (1,m)e71+D

=(Uf @)Uy 1)
1 X X!
+ Z E<U<I_Tn"x_ﬁ)v<s_Tkn’y_ﬁ
(k )521+D
1 X! X"
L E @) )
(k,n)eZi+D

(Uf(x)Uf(y)) = / v(t—o,x—z)v(s —o,y —z)dodz

R1+D

1 n Xe \\/2 n Xk
— & Z <EU(I—Tk,.x—81T EU S—Tk,y—gl/D .

(k,n)eZA+D

Then the assumptions are satisfied with

R/(y)= / v(t + o,y +z)v(o, z) do dz, (5)

RD+1
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8rs(x,y)=— Z / f v<t~|—§+o,x~|—n~|—z)

(k,n)ezl+0[_1/4, 1/412[-1/2,1/2]2P

k
><v(s—l—é~|—0/,y~|—n+z/)dodo/dzdz/. (6)

In this caseg does not depend on the parameter

Example 2.Let (7", X}) € R with (k,n) € Z x ZP as in the previous example. We
introduce other independent random variaklgssuch that(w;’) = 0, ((a)Z)z) =1. Let

v e CX(R¥MP) be the profile of a potential whose support lieg-irl/4, 1/4] x RP. We
defineUf (x) by:

Uf)y= Y. opu(t—Tx - X}).

(k,n)eZi+P

As in the previous exampl&f (x) andU¢ (y) are independent as soon|as- s| > 1. We
also havgUf (x)) =0 and

rwmvim)= Y. D el (e =T x = X)o(s = 7"y = X))

(k,n)eZM*D (I,m)ezi+D

= Y (-1 x=X)u(s - Ty - XP))

(k,n)eZA+D

= / v(t —o,x —z2)v(s —o,y —z)do dz.

R1+D

Then the assumptions are satisfied with (5) ard0. In this examplé/ does not depend
on a parametex.

The force field which is the gradient of the potential is denofd= V,U*®. Let
h € (0,1] andt > 1 be two real parameters. At the macroscopic level, we introduce a
time scale of order it and a space scale of ordef/lin the microscopic units. The
potential in convenient energy units is assumed to be of aydeiThe parameters r and
h are assumed to be linked by a relatios ¢(h), T = t(h). Let us define:

X X
Vth(x)z tg/hf(ﬁ)a Eth(x)thg/hr<E>‘

The classical dynamics of particles is governed by Newton'’s law,

1
E=———E!

X =
N/

69

(X).

’

S
2la
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The quantum dynamics is modeled by the Schrédinger equation,

0 h?
ih—y = —— A +Vh V).
at 2
Remark that these equations correspond to the same potential because

w@%#u»:%fﬂu

In the next sections we consider these equations at a statistical level and we prove that in
the limit 2 — 0, the distribution function satisfies a Fokker—Planck equation in the first
case and a Boltzmann equation in the second case.

3. Classical transport

In this section we use the notation:

. glal+1Bly,
VX,yl/l:=<axa1_,.a_x ap g ,318 ﬁD)
1 D~ Poy1 YD «,BeND, |a|=m, |B|=p
glal+1Bly,

|vﬁfuy=nm4

; for |a| =m, =
BX1"‘1'"3XD“08y1ﬂ1---8yDﬂD (7 181 p}

for integersn, p, variablesr, y e RP andu a vector valued function of these variables.
We are concerned with the following Liouville equation:

d
o it &NV i =0 fi, (7)
fr(0,x,8) = fO(x, 8), ®)
whered" is the linear operator from” (R??) to w17 (R?P) defined by
1

As it is well known, the solution of (7), (8) is obtained by:

e X, x,8), 8@, x,8)) = fOx,6),

rX==F av——ifwm
13 — = — ﬁ t )
X(0,x,8) =x, E(0,x,&)=¢. 9

Remembering thatE" = Vfo/hT(x/h), we state the precise assumptions on the
potentialU?:
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(AL) U € L®®RT; W3 RP)) andN (&) := ((1U° | o w3 @p))) < 00,
(A2) (Uf(x))=0, forall eR, x e R?,
(A3) Uf(x), U(y) are independent random variables fior- s| > 1,
(A4) (Uf(x)U(y)) = Ri—s(x — y) +eg; ;(x, y), for some real function® andg® which
satisfy
Jet]

g—aReCO(R+,L1(RD))ﬂL°°(R+ xRP), fora eN”, |a| <3,
X

and for some positive constafif independent on,
I |V)}Z§g€| + |V)}Z§g€| + |V3:§g€|||L°0((R+)2><RZD) <C.

In the asymptotic regime correspondingtte> co we need the following supplementary
technical assumption:

o]

(A sup | sup(|ViR(rv)| + | V2R, (rv)|) dr < +oo0,

1)68ij teR
0
o0

sup | sup(|VER,(rv)|)rdr < +oo,
VESD—lo teR+

and for some constauit > 0 independent on

(0.¢]
sup sup  (|VEige, (x,x —rv)|)dr
VESD—lo s,t,xeRP+2
(0.¢]
+ sup sup (|V§:§g;,(x,x—rv)|)rdr§C.

veSp_1 0 s,t,xeRD+2

Property (Al) implies some regularity aii® whene is fixed, but notice that we may
have N(¢) — +oo (actually, in Example 1 given in the previous section, it does). The
three last properties have been yet announced in the introduction and in the beginning of
Section 2. The technical assumption neede® @mdg?® for the classical transport problem

are detailed in Property (A4) and (A

Definition 3.1.The correlation matrix{ of the force field and the corresponding remainder
term j¢ are defined by

H(x)=—VZRi(x),  jf(x,y)=Vigt | (x,x—y). (10)
Remark 3.1.Using the above definitions, and by remarking that

VIR/(x —y) = =Vi(Rix = y)
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we obtain that

h h X y . X X—Yy
(Ez (x) ® E (y)) = H(t—s)/Un)(T) +8];/(hr),(t—s)/(hr)<ﬁ’ T)

Note also thatE" e L®(R*; W2*(RP)), E(x), E!(y) are independent random
variables forit — s| > ht and thatE" (x)) = 0.

The limit behavior of the solution of Liouville equations (7) is governed by a diffusion
process. The corresponding diffusion matrix is given below.

Proposition 3.1.AssumédA) holds. Lett € R, the diffusion matrix defined by
T (0.¢]
A (§) = / Hy/:(s&)ds, fort € (0, +00), Ax(§) = / Ho(s§) ds,
0 0

is symmetric and nonnegative. It lies {i>°(R?))P*P for r < oo and if (A’) holds,
Axo(£) is bounded byC/|£| for some positive constadt. Moreover for alls € R? \ {0}
we haved . (§).£ =0.

This section is devoted to the proof of the following theorem.

Theorem 3.1.Let E! = v, Uf/hr(x/h) where the random potentidl® satisfies assump-

tions(A) and is independent on the random initial dat8. We assume that for a positive
constantCo we have| || w1 g20) < Co and that

e(1+7%) +h(e?+ N(e)*r1%) — 0. (11)
Then, up to a subsequendg},) converges forl < p < co and for any timeT > 0 in
CcO([0, T1; L?(R?P)-weak to a functionf € L®°(RT x R2P) N L®R*; L1(R?P)) with
f(=0)={(fo). Moreover

o if 7 is fixed thenf is solution of

%fjté.vxf—dng(AT(E)ng)=O, fort>0, (x,&) eR??, (12

in the sense of distribution.
e if T — oo and(A’) holds thenf is solution of

8 .
gf + £V, f — dive (Aso(§) Ve f) =0,

forr >0, x e R, £ e R\ {0}, (13)
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in the sense of distribution. If13), |£| is only a parameter. ID > 3then f is solution
of (13) on the whole spac@®, co) x R2P,

Remark 3.2. In view of Proposition 3.1, we have that,(§).Ve¢p = 0 for every
function ¢ which depends only on the modulys|. Therefore (13) is equivalent
to the following statement. For every € C°((0,00)) the function f, defined by
fo(t,x, &) = f(t,x,&)¢(|€]?) is a solution of (13) on the whole spa@® oo) x R2P with
initial data( fo(x, £))¢ (1£]2).

From (9), by Liouville theorem, 8 d= = dx d¢ which implies

0

” fh (ta ) )| LP(R2D) = ” f ||LP(RZD) (14)
foreveryp, 1 < p < +oo. The aimis to find the evolution of the limit ¢ff;,) whenh — 0.
Before proving the theorem we show the nonnegativity of the diffusion matrix.

Proof of Proposition 3.1. Assumption (A) leads to the bound id’/|£| for Ax(¢) and
(A4) leads to the bound iRL>®(RP))P*P for A,. The matrix H;(x) iS symmetric as
limit of tensor products. Thereforg; (£) is also symmetric. The matri; (x) is also even
with respect to time and position. It yields (&) = %f; Hy/ (s€) ds. We prove now that
Ao (§).6 =0. In view of (10) we have:

+00 +00
1 1 d
Ao(§).6 =—3 / VZRo(s€). ds = 3 / a(VxRo(sa) ds.

Foré& # 0, the functions — V, Ro(s&) belongs tow1-1(0, co) because of (A. Therefore
V¢ Ro(s&) vanishes at = +o0.
It remains to show that ; and A, are nonnegative. We use the following lemma.

Lemma 3.1.For everyF e L1(R),

+o00 R R

. 1
/F(s)ds:RlTooﬁf/F(s—t)dsdt.
—R-R

—0o0
Let us postpone the proof of the lemma for a while. We find that

R R

. 1
A= fim = [ [ Holis - ne) e,

—R—-R

Using property (A) and Remark 3.1, with = s&, y = £,
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1 R R 1 R R
E//HO (s—t)é dsdr = |Imoﬁ</VxUé(sé)ds®/VxU5(t§)dt>,
—R—R —R —R

which is a nonnegative matrix. Therefafg,(¢) is nonnegative too. In the same way we
find, using (A4), that

1 +00 1 R R
4@ =5 [ Hpod= im o f [ Hoon(s = ng)dsar
. A

We conclude in the same way thét is nonnegative. O

Proof of Lemma 3.1. We have

R +oo R +o0

1 1
fF(s)ds_ﬁffF(s)dsdt ﬁffF(s—t)dsdt

—R —00 —R —0o0
Therefore

+oo

L R R
/F(s)ds—ﬁ//F(s—t)dsdt

—00 —R—-R

R
1

2R
|s|=>R —R|s+t|=R

|F(s)|dsdt

R

1

ﬁf |F(s—t)|dsdt
—R

1 1
<ﬁ / f |F(s)|o|sdt+ﬁ / /|F(s)|dsdt
t|<(1—a)R|s|>aR R>|t|>(1—-a)R R

/ |F(s)|ds +al Fll1,

Is|ZaR

for every O< o < 1. Whena is fixed the first term converges to 0 wh@&goes to+oc.

Therefore
+o00
Iimsup{ f F(s)ds — — / / F(s —1t)dsdr
R—+00

SaflFlip

for everya > 0, so finally itis null. O



724 F. Poupaud, A. Vasseur / J. Math. Pures Appl. 82 (2003) 711-748

Proof of Theorem 3.1. We defines; the linear operator fronL?(R2P) to LP(R3P)
associated to the free streaming:

(Sim)(x, ) =n(x —1§,8).

The quantity( f;,) verifies

3 (f) + £V (fin) = (0] ). (15)

We have to study the limit when: goes to O of (9" f,). Remember that

0! = —(1/v/h)E"(x). Ve with EF = ViU, (x/h). Hence the assumptions (i) and (ii)

of the introduction are straightforward consequences of hypothesis (A2), (A3). We can use
its strategy of proof based on Duhamel formulae to find:

ht

(0" i) = / (6 5,6"_ S_o ) (1)) do + " + e (16)
0
where:
ht 2ht—0
rh :/ / (078,08, S0, fu(t — o —5))ds do,
0 0
ht
el = f (0150 o 5o )(Sane fu(t — 2hT) — fir(1))do.
0

All these equalities have to be understood in the sense of distribution. We define the
operatorL! from w31(R?P) to wL-1(R?P) by:

ht
Ly = / (S06)  S_o6)'n)do. (17)
0

We have the following lemma:

Lemma 3.2.Letn € W31(R2P) a test function, for alt € [2h1, +00) we have

f (6 fir (1)) x dé = / (fi(0)) L e s + f (Sae fir(t — 2h7) — fu(0))L/clx d

R2D R2D R2D

+ p(t) (18)
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where the remaindaa:’f(t) is bounded by

P (1) < CVR TN (@)1l a1 gen) ll foll L (19)

for a positive constant’ independent oh and:.

Proof. Multiplying (16) by the test functiom and integrating with respect to and§
gives:

ht
/ (0 fi (1)) cx s = / / (O So01—o S 0/'m) dor cr d

R2D R2D 0O

ht
b [ [ {5240 0 = 200) = FuO)061-0 5o 0ln) o e
R2D 0

+ p1 (1), (20)
with
P10 =/r,hndxd§
R2D

ht 2ht—0o

=/f f (fut —o —$)(O/_;S_s0/" , S_o0/")n)ds do dx d&.
R2D 0 O

The definition ofL" gives (18). Using (14) we find that
|0k < 2h2r2||foum(tsupHeL,a S—o01 S—s0/'n| 1 g2 ) (21)
,8,0

Then, the estimate (19) is a consequence of the next lemma. It ends the proof of
Lemma3.2. O

Lemma 3.3.For everyn € W31(R?P) we have the following estimate

3
T
< Sup ||9th—S—GS*179th—SS*S9thn ||L1(R2D)> < Ch3/2 N(8)||n||w3,l(R2D).

s,0€[0,ht]
Proof. We introduce the operatdi,”’s =6 .S, and we want to estimate

sup |1}, T)0)

s,0€[0,ht] 77||L1(R20)'
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Notice that

1
T/ W (x,6) = ——=E" ,(x).Ve(¥ (x +5£,8))

Vh
and
Ve (W (x +5E,8)) = Vel (x +5E,E) + sV, W (x + 5, £). (22)
Therefore, sincés| < ht
H Tt{lsw ”Ll(RZD) < T/\/E ”Eh ||L°C ¥ 122,55 (23)

where we denote

Wlapr= Y. 0200029, , g,
kg |+ko|=c

Using again (22) we find:

| 7w, 1, < T/VR(|RVE" | 19 lnan + TIE 1% ll2.10). (24)

We need to estimatgy/ nl1.1., and||6/nll2.1.,
1
N

1
] PR ﬁ(” EM|| sl llwaazny + AV E" | Inll s men,

l67 0011, < =11V E* | I Venl Lo + | E*| oo Inllwargam)).

(25)

+ | (BVD2E" | < 0l yraeen) )

Therefore, thanks to (23)—(25),

s’azé’phr] |7 o T 60| L1(R2D)

<t/vh sup ]|| EM| oo | 560 1 1
T

sell,
<SR E | oo (VB o 07 0] 1+ TN E" | o [0 .1.0)
<SCT /R EM| o (| [ oo + [0V E" ] )
X (1B oo + [AV2E" | oo + [0 VPE" | ) Il cezn).
h

Therefore the expectation value of $ypq 4 ||T,’1_s,th’fSO, Nl Loo v+ L1(R2D)) IS €sti-
mated byCt3/h3/2N (¢)||n|l a1 rzp) Which ends the proof. O

It remains to compute the limit f’».
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Proposition 3.2.Letn € C° (R?P) be a test function. If assumptio() hold, then for a
fixedr we have

L'y — dive (A-(€).Ven) as(1+1%)e +ht’N(e)? — 0,
in CO(R;"; L1(R?P)). (26)

_ _ 1,1 _
If we assume moreovéh) and || Ve || =2 1 + VEnIE [l + 1V znl€1 72l 0 < 00
then

Lin— dive(Axs().Ven) ase+h(z+N(e)*r'%) -0,
v — o0, in CO(RY; LY(R?P)). (27)

We postpone the proof of this proposition at the end of this section.

Since |{(fu)llz= < |l follze, up to a subsequence there exigtss L®° (R x R?P)
such that(f,) converges tof in L®°(RT x R2P)-weak. Notice thatht goes to zero,
therefore(Sy; fi(t — 2ht) — fi (1)) converges to 0 IL® (Rt x R?P)-weak as well.
Using Lemma 3.2, the definition of Proposition 3.1 and the above Proposition 3.2, we
obtain in the two asymptotic regimes

1{t>2hr}/<9,hfh>ndxd§—>ffdng(At(é)Vgn)dxdé, in L*°(0, oo)-weak,

R2D R2D

(28)

for every test functiong e C°(R?P) which have to satisfy, in the case= oo,

[Venlel 2] o+ [ V2nIEl ™ o + [ VEEnIE ™ 12 < +oo.

In particular, forD > 3, the above condition is always satisfied. FoK 2, it holds for

n e CX(RP x RP\ {0}). We deduce from (15) that verifies (12) for the first asymptotic

regime. In the case — oo, f satisfies (13) forD > 3 in the sense of distribution on

(0, 00) x R2P For D < 2, the same conclusion holds only @ co) x R? x RP \ {0}.
Continuity in time and the initial conditio.he above convergence result (28) and (15)

implies that

d
afmmw@=/—mmwmwwmmx<am Vi > 20,

R2D R2D

for a positive constan€ () independent on and on/ and for every test function in
CZ(RP x RP\ {0O}).

So if we denotef, (1) = (fu)(t + 2ht), [peo fandxdé is compact inCo([0, T1).
Moreover, we have:
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2ht
~ 1
‘/fh(t)n—(fh)(t)ndxd§‘§C0f / ﬁ|(E,h(x)>.Vgn|dxdéjdo
R2D 0 R2D

2ht

+c0f f €11V, ] dr & do

0 R2D

< C()tN(e)Vh.

Therefore, sinceht2N(¢)2 converges to O,fRZD (frn)@ndxdé is also compact
in €9(0,7]) and converges uniformly toward/gzp f(r)ndxdé. In particular
f(t=0)=(f9. Finally the bound inL>®[R*; L?(R?P)) of (f;) and the density of
CX@RP x RP\ {0}) in LI(R?P) (1/p + 1/q = 1) imply via an e/3 argument that
(fn) = f in C°([0, T]; LP(R?P)-weak for any T > 0 and for 1< p < co. The proof
of Theorem 3.1 is complete.O

Proof of Proposition 3.2. Performing the change of variabde= As in (17) we find:

4

Ly = / h(Shs0" . S_s6/m) ds.
0

We have:
(R SnsO s S—ns6n) = (dive +hs dive) ((EP,,, (x — hs&) ® EE))Ven(x, §)).

Using Definition 3.1 and Remark 3.1, leads to
Li'n = dive (/ H/r(s&)ds - Ven(x, é)) + pg(t, x,§),
0
where

phir.x.&) = [[shttes6) ds: Vi
0

—l—ef(div; +sh divx)(jf/r,t/rh(x/h,s%‘)Vgn(x,%‘)) ds.
0

Let us split the proof into two parts. First we consider the simplest case wisdixed,
then the case — +oo.
The case is fixed. Assumption (A4) and the fact thatremains bounded by imply
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|5, x, &) < Ch?|Vign|(x. &)

—i—Cs(l—i—r )(IVenl(x, $)+|Vsn|(x §)+|ngn|(x,§)).
Hencepl convergesto 0 i€O(R;"; L1(R2P)).
The caser tends toco. Now we consider the case— +o0. In order to estimate the
remainder ternpé’ let us state the following lemma:

Lemma 3.4.Leta e N, g € L*(RP) and¢ € C>(RP*1). Then

/ /S“|g(S€)¢(S, £)| dsdg

RD O

< |sude(s/1¢1.€) 11+ sup / $*[g(vs)| ds

LIRP) ¢
as soon as the right-hand side is well defined.
Proof. We use the change of variablg| — s to find

/ /S“|g(S$)¢(S, £)| ds dg

RD 0

ffs &1~V g(s& /1€ (s/1€], &) | ds dE
]RD

o
sup /s"‘ g(sv)|ds ). ]
L1 vESDl(O | |

We go back to the proof of the proposition. We have:

/ f|p’5(r,x,s>|dxds

0 R2D

<h ffsuqug/r(sg)|</|v (x,$)|dx)d§ds

0 RD

< |suro(s/i1.€)-1¢1-

—i—s// Sup|stat/hT(x/h s$)|< /|V5n(x $)|dx)d§ds

0 RD
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o0

+e/ (Sup|j§’t/hr(x/h,s§)|/(|V§2n|(x,§)—|—ht|V§l”in|(x,§))dx> dé ds
5 gD x,0,t b
oo

<hsup/rsgst(rv)|drHVi:éngrzHLl
v O N
(o)
esup [ U2, e, Qe (V20161 o+ e[Vl )
v S,t,X
0

o
+ssupfrsup|divy JEsGeorv) | dr || Venlg 72 4. (29)
v s,t,Xx
0
In the last inequality we use Lemma 3.4 with successively
g(&) =supH,(£)| and ¢<s>=/|Vi;§n|(x,s)dx,
g(&) =supjs, . (x, §)| and ¢($)=/|V§'7|(X,$)dX,
X,s,t
9(€) = SUp|V, j°, e (x, 6| and ¢(s)=/|vsn|<x,s>dx.
X,s,t

Therefore, thanks to (A ||p§’ (Ol 1+ xr2py tends to O wherk tends to O uniformly in
time.
It remains to estimate the! norm of

|dive ([Hs < (s8) — Ho(s6)]Ven(x, ).

Notice that, up to a subsequence, it converges to 0 when 0, T — oo, almost
everywhere (sincél, V,H € C(R™, LY(RP))). Moreover it is uniformly bounded by the
function

2(sups|divy H (s6)] [ Ven| +surl Hy (58)] V1))

which does not depend dnand which lies inL%,x,g thanks to Lemma 3.4 and provided
that

[ Ven-1€172] o+ [ VEn-11 7 1 < oo
So, thanks to Lebesgue Theorem, ftfenorm of this term converges to 0. This does not

depend on the subsequence by the uniqueness of the limit.
It ends the proof of Proposition 3.2.00
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4. Quantum transport

In Section 2, we have assumed that for parametets(0, 1], there exist two real
functions R = R,(x) and g° = g; ;(x,y), such that the self correlation of the random
potential,U*¢, at two different points in the microscopic variables is of the form:

({UF () US(y)) = Ri—s(x — y) + £gf o (x, y).

In order to give precise assumption on the potential and on the fundtiensig® we need
to introduce the following Fourier transforms.

Definition 4.2. The power spectrum of time—space fluctuatioRsis defined by

R(w, p) = / Ry (y)efiy‘pefi‘”” do dy.

RD+1

(27-[)D+1
The power spectrum of space fluctuatiadss given by:

1 .
Qs (p) = W / Ry (y)e'PVdy. (30)
RD

We define the remainder power spectrum by

G5z, p) = f 88 (z, 2+ y)e POt dy, (31)

RD

1
(2m)P

Let us remark thaR is the Fourier transform o, with respect too. We are now
ready to give the assumptions on the random potential we will use in this section:

(B1) Uf(x) € L2RPT) andM (¢) := ((|U? || poo wp+1))3) < 00,

(B2) Uf(x), U¢(y) are independent random variables fior s| > 1,

(B3) (Uf(x))=0,forallt eR, x € RP,

(B4) (Uf ()UE(y)) = Ri—s(x —y) +£8f (x, y), With Ry (y) € L® (R, ; LY(RD)),
(B5) The function(1+ |p|)Q, (p) belongs toL.® (R, ; L1(RD)),

(B6) We have

C(G):= sup sup  |G5 (z, p)|dp < oo.

0,1 2+D
ee( ]RD (0,5,z)€R:

In dimensionD > 2, we will also need the supplementary assumption
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(B) C(R) :=/ sup (14 |o|”)|R(w, p)| do < oo
R peRD

D_ZforD>3.

1.
forsomey>‘—1|fD=2, y >

Remark 4.3. We may haveM (¢) — oo ase — 0. In Example 1 of Section 2, we have
M(e) =¢3/2,

Properties (B2) to (B4) have been introduced in the introduction and in the beginning
of Section 2 and properties (B5), (B6) and)Bre the technical requirements needed for
the quantum random problem. Compared with assumptions (A) of the Section on classical
transport, less regularity on the potential is assumed.

The functionR, (y) is even with respect te and y and in view of (B2) we have
SUPAR, () C {lo| < 1} and suppg;  (x, y)) C {|t —s| < 1}.

We also remark thag; is, uniformly with respect ta, bounded in the Wiener algebra
of real functions integrable oR” such that their Fourier transform is also integrable.
ThereforeR € L>®(R*P). In view of (B6), we also have thafte® || oo (r2+20y < C for a
positive constant > 0 independent on.

The random potential will give rise to collision operators which are defined by their
differential cross section given in the following definitions.

Definition 4.3. The diffusive differential cross sectian and diffusive total cross section
A, are defined for any > 0 by

g (&, &) =2nTR(t (17— 18'17), & — &), &¢& eRP,
Af(s)=qu(s,s’> dg’, &eRP.

RD

The elastic differential cross sectiégrand elastic total cross sectidnare defined by

kg, v) =ml€|P%Qo(& — EIv), £€R”, veSpq, TE) = f k(&,v)dv,

Sp_1
whereSp_ denotes the sphere B and d> the corresponding surface measure.
The cross sections have to be nonnegative. This is proved below.

Lemma 4.5. Under the assumption@) the power spectrum fluctuationd, (p) and
G;, s(z, p) (respectivelyR(w, p)) depend continuously op (respectively orp and w)
and vanish at infinity.

The functiorR (w, p) is real and even with respect toand p, O, (p) is real and even
with respect too and p and Q,, vanishes follo| > 1. The functiont,’s(z, p) vanishes



F. Poupaud, A. Vasseur / J. Math. Pures Appl. 82 (2003) 711-748 733

for |o —s| > 1. Moreover the function®o(p) andR(w, p) and then the cross sections of
Definition4.3are nonnegative.

The smoothness and vanishing properties are consequences of Remark 4.3. The function
Q andR are real and even becauRes also real and even. It remains to check t@at
andR are nonnegative. This classical result in probability theory is a consequence of the
Bochner criterion. We give a proof for the sake to be self-contained. For any real valued
test functiory which belongs to the Schwartz spagék’*+?) we compute:

2
<< / n(t,x)Uf(x)dtdx>>= / n(t,x)n(s,y)(Uf(x)Ui(y))dtdxdsdy

R1+D R2+2D

= / n(t, x)n(s, y)Ri—s(x — y)drdx ds dy + O(e)

R2+2D

= / n(t, x)nt +s,x + y)Rs(y) drdx ds dy + O(e).

R2+2D

We have:

1 o
/n(t,x)n(t—i—s,x—i—y)dtdx:w / |ﬁ(w,§)|ze“‘”e'y‘§da)d§,

R+D R1+D
where is the Fourier transform of. BecauseR is even we obtain:

21
<( f ﬂ(t,x)Uf(x)dtdx)>=Zf

R1+D R1+D

A, £)|*R(w, £) dw d& + O(e).

The limite — 0 yields

Vi e S(RMD), / (@, &) ["R(w, &) dods > 0.

RI+D
But any positive function o§(R*?) is of the form|7|?, therefore the above inequality
shows thatR is nonnegative. We obtain the same result 3§ by noticing that
Qo¢) = fRR(w, &) dw because&R is the Fourier transform of,, .

4.1. Schrodinger and Wigner equations

In this section we are concerned with the asymptotic behavior when O of the
solutions of the following Schrdédinger equations
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9 h?
mawh=—7Ax¢n,h+\/ﬁv,h(x)¢n,h, teR, xeRP n=12 ..., (32

Ynn(0,x) =Vl ,(x), xeR”, n=12... (33)
The potentialV” is obtained from the potential satisfying the assumptions (B) by rescaling
the time and the position. As in the previous section, we assume that the parameters
andr are linked by some relations= ¢(h) andt = t (k). ThenV" is defined by:

V/i(x) = f/hr(;_“) (34)

The parameteh is the rescaled Planck constant. It is the usual small parameter in the
context of semi-classical limit. The parameter is the lapse of time in the macroscopic
variables for which the potential taken at two different times is not correlated.

These equations model the quantum transport of particles in the random potential
VhV". We use the mixed state approach. The initial data is assumed to form an
orthonormal system of.2(RP). It classically results that for all imee R, the system
(Un.n())n=1,2.... is also orthonormal

/|¢n,h(tvx)|2dx:11 /lﬁn,h(t,x)lﬁm,h(l,x)dX=0,
RD RD

teR,n#m, n,m=12,.... (35)

To each index corresponds an occupation probabilify, that the state of the particle is
described by the wave functiah, ;. We assume that

o o
In 20, > dan=1 Y (Oun)*<Coh” (36)
n=1 n=1

for some constanfp > 0, independent oh. A typical example is given by, , = 1/Nj
for n < Ny anda,,, =0 forn > N, with Nj, = O(1/hP).

As in [9,10,15,16] we introduce the Wigner function which is associated to the mixed
state:

- 1 h h i
wh(tsxsg)zz)"n,hw /lﬁn,h(tax‘i‘iy)wn,h(tax— Ey)e_l).s dy (37)
n=1 RD

o -

1 h h i

wh (x, &) = an,hw / Viuh (x + Ey)w,{,h(x - Ey)e VEédy.  (38)
n=1 RD

We refer to [9,10,15,16] for properties of Wigner functions. We only emphasize that the

weak limit of w;, allows to determine the limit of observables of quantum mechanics. We

have:
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Proposition 4.3. Assume that the functions, , solve(32), (33) with initial data which
form an orthonormal system. Then the Wigner functiopg1 > i > 0), defined by37)
with occupation probabilities satisfyin@6) are real functions. They lie in a bounded set
of L (R; LA[R?P)),

Vhe (0,11, Vi €R,  Jwp (D) 220, < VCo. (39)

The cluster points ofwy,)1>4-0 Whenk — 0in L>®(R; L?(R?P))-weak are nonnegative
functions f. They satisfy[op f (2, x,§) dxdé < 1 for all ime ¢ € R. The density defined

by
— 2
nn(t.x) = hni|[Ynn(t. %) (40)
n=1
is bounded inL>®(R; L1(RP)). Moreover if for some subsequerige— 0, np(t,x) —>n
in L% (R; CY(RP)Y)-weak andwy, — f in L (R; L2(R2P))-weak, then
/f(t,x,g)dégn(t,x), a.e.forr eR, x e RP. (41)
RD

In order to give the evolution equation which is satisfied by the Wigner function, we
need to introduce the following pseudo-differential operator:

i x  Dg x  Dg
o= v+ 5) o 3)) “

This operator is bounded in?(R?) and its norm inC(L?(RP)) denoted by]|6/|| is
bounded by:

2
o]l < U s @o. (43)

Itis explicitly given by
hos i Xy Xy iy £
0= g | (Uine G+ 2) -0 - 3) st g 4
RD
whereF,_,  is the Fourier transform between the dual variablesdy

fv%y(n(v)) = / n(v)efiv‘y dv.

RD
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If W denotes the Fourier transform of,,, with respect to the space variable (it is a
tempered distribution) we obtain:

9f(n)=mfwth(p)<n<x,é+g>—n(%é—%))ei%"’dp- (44)

RD

In the above formula the integral has to be understood as a duality between a distribution
and a function. We are now ready to give the Wigner equation. We have (see [10,15,16]):

Proposition 4.4.With the same assumption as in Proposit8 the Wigner functions,
solve the following Wigner equation

9
o W +EVowy =0"(wy), teR, xeRP, £eRP, (45)

wp (0, x, &) =w! (x,£), xeRP &£eRP. (46)

The operatom! is defined by42). For all time ¢ € R, it is a bounded skew operator on
L2(R?D).

4.2. Semi-classical limit in random media

The aim of this Section is to determine the asymptotic behavior of the expectation value
(wp) whenh — 0 together withe — 0. There are two different results depending on the
parameterr. This is precisely stated in the following theorem which is the main result of
this section.

Theorem 4.2.Assume that the random potential satisfiB}. Assume that the functions
Yn.n Solve(32), (33)with initial data which form an orthonormal system. Assume that the
occupation probabilities satisfid6) and that the initial data/f,{’h and the random potential
are independent random variables.

When the parameters satisfy

et + hrz(l—i— rzM(s)z) —-0
up to subsequences we have
(wp) — £ in CO([0, T1; L3(R?P)-weal for anyT > 0.
The function f is nonnegative and belongs t&>((0, c0); L1(R?P)). We have
f(t=0)= f where f/ is the weak limit ofw/) defined by(38). Depending on the pa-

rameterr we obtain the following asymptotic behavior

e Whenrt is fixed, f is the solution of the linear Boltzmann equation with diffusive
collision terms,
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a
Ef(tv-xvé) +€'fo(tv-xvé) :/qf(é/sg)f(tsxsg/)dg/_ Af(é)f(t,x,é),
RD
t >0, (x,é)eRZD. (47)

e For D > 2, we assume moreover that the random potential satiéf§s Then when
T — 00, f is the solution of the linear Boltzmann equation with elastic collision terms,

d
5/ X E)FHENS (X, 8) = / k€, ) f(t,x, |5 Iv)dv — Z(E) f(t,x,8),

Sp-1

t>0, (x,£) eR?P, (48)

The cross sectiong;, A;, k and X' are given by Definitiod.3. In both cases, if moreover
the initial data(wg) converges inL2(R2P) weak, the whole sequence converges. If the
limit f/ satisfies/p2n £/ (x, &) dx dé = 1 then the concentration satisfies

nh(t,x)=an,h|¢n,h(t,x)|2—>/f(t,x,g)dg in CO([0, T1; L*(RP)-weaK.

nz=1 RD

Remark 4.4. The condition f2p fl(x,&)drde =1 is satisfied if the initial data are
h-oscillatory and compact at infinity, cf. [9,10]. This condition is fulfilled if for instance
there is a constar > 0 such that

Vh € (0, 1], Z)\n,h/h2|V1p,{ﬁh(x)|2+|x||1ﬁ,{1h(x)|2dx<C.
n=>1 RD

The remainder of this section is devoted to the proof of this theorem. One of the main
ingredient in the determination of the asymptotic behaviapgis the Duhamel formula.
Therefore, as in the previous section, we introduce the unitary grodg ”), (S;);er
generated by the infinitesimal generagov,,

vne L2 (RP), Si(p(x, &) =n(x —1£,6), xeRP &eRP. (49)

If wy, is a solution of (45), (46) we obtain:

N

wi (1) = Sswip(t — ) + f Se 0] o (wi(t — 0)) do. (50)
0

In particular,w;, can be obtained as the fixed point of the map

t
w > Sow! + / Sy0" (w(t —0)) do.
0
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If the initial data is assumed to be independent on the random potential, this formula shows
that wy, (r) depends only orVSh fors € [0,7]if t >0 (s € [£,0] if  <0). In view of the
assumption (B2), it follows:

Lemma 4.6. Assume that for alk, £,y € R?, for all s € R, w;(x, &) and Vj‘(y) are
independent variable then for all> 0, wy, (¢, x, &) and for all s > r 4+ At and Vsh(y) are
independent random variables.

We also have:

Lemma 4.7. Assume thath’l(y) and n(x, &) are independent random variable for all
y, x,& e RP then(0 (7)) = 0.

This lemma is a direct consequence of the definition (42) and of (B3). We are now ready
to use the strategy of proof described in Section 1.2. Thanks to Lemmas 4.6 and 4.7, we
have forr > 2ht,

%(wm +EVe(wp) = (0 (wp)), teR, xeRP, £ eRP,

with
ht

(6w (1)) = / (6 S50/ 5 S—o wa(1))do +r]' +e]'.
0

The remainder is given as in (4) by

ht 2ht—0

rth = <f9thS09th_a f SSOIh_G_Swh(t — 0o —s)ds da>,
0 0
ht
el = / (6] S56!"_ S—o ) Sanz wi (t — 2hT) — wi (1)) do. (51)
0

Lemma 4.8.Letw;, be the Wigner functions of Propositioas3and4.4then we have

%mh) +EV (wy) = (0] (wn)), teR, xeRP, £eRP. (52)

Assume that for allv, £,y € R?, for all s € R, w;(x, &) and Vsh(y) are independent
variables, then the expectation valued{wy) is given fort > 2ht by

(0 wa () = (L) (wi () + & + 1! (53)
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With (7| 220y + llefll 2@epy < 32¢/Cot?vh M(¢). The operator onL2(R?P), (LI)*
is defined by

ht
vne L3(R?P), (L)'= / (68,6!" ,S_q)ndo. (54)
0

Proof. We estimate thé.2 norm of the first term of the remainder (51) by using (39), (43)
and (B1)

ht ht

8
Hr,h ||L2(]R2D) < m<(||U6”LOO(RD+1))3>\/C_O// ds do < 8\/C70T2\/ZM(8)
00

To bound the second term we remark that
t

lwn(©) = Si—swn ()|, 220, = || | Si—o0twp (o) do
L“(R4P)

A LZ(RZD)
|t — sl
<2/ Co || U®|| poo(gptty ——=. 55
L®(RP+1) «/E ( )

Therefore we obtain:

||(wh(t) - SZhTwh(t - 2ht)>||L2(RZD) < 2\/C_0\/ETM(5)1/37
el = (L) (Sanrwa (t — 2h7) — wy (1)) < 16y/Cot?vVh M (e).
It gives the desired bound afi.

It remains to compute the limit of the leading term in (53). et C§°(R2D), for
t > 2ht, we have:

/ (L) ((wa (1)) dx d& = f (wn ()L} (n) dx dg, (56)

R2D R2D

where the operatdt! is the adjoint o L)*. Using tha®!" is a skew operator and that the
adjoint of S, is S_; we have:

ht
vne LA(R?P), L' = / (So0! ,S—c0/do. O (57)
0

Therefore the first step in the proof of Theorem 4.2 is to determine the asymptotic
behavior of L” (). This study allows to pass to the limit in (52). It will be done in the
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second step of the proof. In the third step we precise the convergenes,pfand in
particular we prove a uniform convergence in time which allow to pass to the limit for the
initial data. The fourth step is concerned with the convergence of the concentratitin
uses classical arguments of semi classical asymptotic via Wigner measures.

Proof. First step: computation of the operatds’. From (57) we obtain:

LE0) = 5rm )ZD S e f f L @W ()

e1,60=%1 0 R2D

X n<x +a€2%, & +81§ +82%)

xexp(i( (p—l—q)——éq—i-ezE?)) dp dg do. (58)

In the above expression we used formula (44) and the integrals with respecj toave

to be understood as a duality between distributions and test functions. In view of (B4) we
have:

(Wthfa (CI)th (1’)> = f(y,Z)%(p,q)(RG/hr(y -2+ ng/hr—,z/hr—a/hr(y’ Z))- (59)

Using Definition 4.2, Eq. (59) becomes

(W o (@ W (p)) = 21)? Qo1 (P)S(p + q)
+ 8(27T)D7:z—>p(Gf/hr,t/hr—a/hr(z’ 9)- (60)

Putting (60) in (58) and using the change of variable> ho we get

Lym=— ) 6182/ / Qa/r(p)n<x —haez S+ (e1—e2)5 )

£1,60==11 0 RD

2
X exp( (oé p— 52(7'7')) dpdo + ST[h('?)- (61)

The remaindef/ () is given by

T
-1
') = o Z 8182/ / fzep(G(ZaQ))n(x+h0—522a%‘+gl£ +822)
(2n) o1 samitd S o 2 2 2

xexp<i( (p—l—q)—aéq—l—sza?))dpdqda (62)
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where for the sake of legibility, we skipped the dependence with respect to tinzecdidd
We have:

Lemma 4.9.The operator.” reads
=0l — Q" +eT. (63)

The gain terrr‘Qf’F and the loss tern@” are time independent operators defined by

Q+(n) Z // Qa/t(P)’?<x +h081— §+glp> dop-E+e1p/2) dp do,

g1= :I:lo

o (i = //Qg/r(p)n()c—haglE g)elﬂp (E=610/2) g g,

g1= :I:lo RD

The remainder ternT” is estimated by

|7 || 2oy < tC(G)Inl 22v)- (64)

(27T)D

Proof. In (61) we split the sum of the leading terms between the gain tefm,= —1,
and the loss ternzye2 = +1. By this way we obtain the decomposition (63). It remains to
estimater}".

Let 1 € C°(R?P) we define fore; = +1,

Fal(u)(x,s,q)=/ ( §+812)G(z g)e G/ gz dp.
RZD
Puttings’ = & 4 £15 we obtain:

Ty () (x, €, q) = / wix, é;'/)G(Z, q)efi2€1(zfx/h)($’,$) dZ2D d%_/

R2D

= / M(x,é/)G<;l—C+%Z,q>eiz‘(€/S)dzdg/
R2D
X e1
Therefore we haVe”Fel(ﬂ)||L1(R5;L2(R§g)) < C(G)|lpllp2repy Where C(G) is the

constant appearing in assumption (B6). The remairifem) given by (62) can be
expressed with the help df,,. We have:
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1 T
- q q
T =— £18 I X+ hosy=,E+e2—,
o= mp 12ff gl(m( 22 & +e2d .
£1,60==%1 0 RP

xeXp( (E q—oé&- q)) dq do,

H T (77) ”LZ(RZD) X (27T)D Z /H Fgl(n) HLl(]RD LZ(RZD)) dO’
£1= j:lo

4
(Zﬂ)DTC(G)IlnllLZ(Rw)
It ends the proof of the lemma.o
Now we compute the gain ter@’jr. We have using the change of variable=& +¢1p
ohon=Y / [ Qorelests’ — <x FhOE ). )é“"('é Fo1¢P) g’ do,

g1= :I:lo RD

We use the relatio® /. (—p) = Qs/: (p) € R which is stated in Lemma 4.5. Let us also
remark thaiQ,,, vanishes for > r and is even with respect to. We obtain:

0" () = / / Qa/f(s—é’)é“(f’2—52>n(x+h%(5’—é>,é’) do ',
RP R

Using Definition 4.3 we remark that

g (£, &) = f Q0 (6 — &) EP—EP gg. (65)

Therefore for any) € C° (R2P) we have:

Q’i(n)=/qr(§ En(x, &) &' + h?rl,

RD

1
with r_}:_ — / / Qa(s _ 5/)eia(\$\2—|’§’|2) / Vx’?(x +Shl',l,l,, 5/)M ds dg/ do
RP R 0

_ ol

(E —&). (66)
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Since @, andn have compact support with respecteoand&’, respectively, we have
lul < ClE' — &|. Using the change of variabje= & — &/, we obtain:

1
|”f_| <C/f|Qa(P)||p|f|Vxn(x—G—shr,u,&—p)|dsdpda.

RDP R 0
It follows that ||rf_||Lz(RzD) < CpQllLiwro+1, WhereC(n) depends only on the test
function. Remark thal p Q|| .1(gp+1, is bounded because of assumption (BS) and of the

fact thatQ, has a compact support with respecttocf. Lemma 4.5.
In the same way we have:

0" = A (E)n(t, x,&) + he?rh, Ar($)=/qr(5’,$)d§’ (67)

RD

with ||rﬁ||Lz(RzD) < CQlL1gro+1. We conclude the first step of the proof of
Theorem 4.2 by the following proposition.

Proposition 4.5.Under assumption@), for anyn € C° (R?P) we have
Li(m) = Qc(n) +rf With [rf | 2500, < Cn)(hT® + 67).

The constant () does not depend on timeand on the parameters, ¢, t. The diffusive
collision operatorQ; is given by

Q:(n) = fqr(é, ENn(x, &) dE" — A (E)n(x, &),

RD
where the cross sectiogs and A, are given in Definitior.3.

Proof. Using the decomposition (63) of Lemma 4.9 together with the estimates (64), (66)
and (67) we obtain:

L) = 0: () +O(et +ht?) in L®(R: L2(R?P))
with ¢, defined by (65). It gives the desired resulta

Second step: limit equationg/e first assume that is fixed andhM(e) — 0, ¢ — 0.
Using Proposition 4.3 we obtain that up to subsequences we have:

(wp) — fin L®(R; L*(R?P))-weakK,
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where f is a nonnegative function. By Lemma 4.8 and using (56) we obtain for any test in
C>®(R2P) with t > 2h,

0
f (5<wh>+s.vx<wh>)ndxds: / (w3 (1)) () dx € + o(D),

R2D R2D

where the ¢1) is uniform with respect to time. In view of Proposition 4.5, we obtain:

d

o f<wh>ndx+/s.vx<wh>ndxds
RZD RZD
= /(wh(t))Qr(n)dxdé—i—O(l), vt > 2ht. (68)
RZD

It remains to pass to the limit and to remark tighat is self-adjoint to get that the limif is
a distribution solution of the linear Boltzmann equation.

In the second case — oo with et — 0 and ht*M(¢)2 — 0 we obtain as
previously (68). It remains to compute the limit of, () in L2(R?P) strong to get the
result. This is done in the following lemma.

Lemma 4.10.Let n € L®(RR?P) be a test function with a compact support th@n(n)
tends inL2(R2P) towards

0o () = f k(E, v)n(x. [EY) dv — SEm(x. £).

Sp-1

where the cross sectiosand X' are given in Definitior.3.

Proof. Becausex plays only the role of a parameter, we consider only test functions
depending ort with support inBg = {£¢, |£] < R}. The extension to the case where
n depends also o is obvious. By using Definition 4.3 and the change of variable
o =1(|€'1? — |£]%) we have:

+00
() 1=/6]r(§,$/)n(5/)d5/=ﬂ / / R(w, & —nENE'1P~?dwdv
RD —7|€12Sp-1

with & = /|§]24+w/Tv. On the support ofy we have |£'| < R. It follows
€] < R°+w/t. Let y be the exponent of the assumption')(Bfor z > 1 we have
(14 R+ |w])” /(1L +|£]%)” > 1. We obtain:

D-2

NS R
Il oo ®p) (1+ R+ |l)” sup|R(w, p)|.

R £ / / D=2 g - - 7
R(w,& —&mE)IE T2 1+ EP)Y peRP
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Remark that(1 + |£]2)~" belongs toLZ(RP). Therefore using twice the dominated
convergence theorem we get lim, OF (n) = 0 (n) in L2(RP), where

0 () i=n / (fR(wé —[€1v) dw)IEIDzn(IEIv)dv,
R

Sp_1

—x / 0o(& — [1v)n(]v) db.

Sp-1
We proceed in the same way for the loss term,

+o00
Qr_('?)=77/ /R(w,é—é’)n(&)IS’ID_Zdwdv-

—€[2Sp-1
For D >2 andr > 1 we haveé'|P=2 < C(|€]P~2 + |w|P~2/2). It follows

IR, & —mE)ETP2| < C(RP72 + |0|P~2/2) sup |R(w, p)|n(©).
peRD

We conclude to the convergence@f () in L%RP). O
Third step: uniform in time convergendkt. this stage we have that for a subsequence
(wp) — £ in L=((0, 00); L3(R?P))-weak,

where f is a weak solution of a linear Boltzmann equation. We want to obtain a uniform
convergence in time for the weak topologyIct(R2P). In view of (55) we have:

[(S—2newn (¢ + 2h7) — wi ()] 220y < 4/ CovVhTM ()2,

Letn e C§°(R2D) be a test function, we get

‘ /(wh(t—i-th))ndxdE— /(wﬁt))ndxdé‘
R2D

RZD
= ‘ / (wn(t + 2h7))(n — Sonen) dx dé + / (S_onzwn(t + 2hT) — wp (1)) dx dé
R2D R2D

<V/Colln — Sanenll L2weny + 4y/CovVhtM (e) V3.

It follows that in both asymptotic regimes of Theorem 4(@y,(t + 2ht)) — (w;(¢))
converges uniformly to 0 in the sense of distributions. Therefore it is enough to prove
the uniform convergence &fv, (t + 2ht)). Thanks to (68) we have for> 0,
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%f(wh(t%-th))ndx: f(wh(t+2hr))§.vmdxd§
R2D R2D

+ [ fwnte +2im) Qe et +ow. Ve -0,

R2D

where the ¢1) is uniform on R in L?(R?P). As a consequence the functions
t = [rap (wp)(t + 2h7T)ndx d¢ are bounded i1 (R*). Ascoli theorem implies that
they converge uniformly on any intervgd, T'1, T > 0, towardst — [pop f(f)ndx d&.
By ane/3 argument and using the density 6f°(R??) in L?(R?>”) we conclude that
(wp)(t + 2ht) and then alsqwy, ) (1) converge towardg (1) in CO([0, T']; L2(RZP)-weak).

In particular it gives a sense to the Cauchy data condition,

FO = f! = Lieac lim (w}).

Fourth step: uniqueness and convergence of the concentratitinis last step we focus
on the convergence of the concentration:

() = dnn([¥nn(t, ) ?) = f(wh>(t,x, &) dg.
n=1

RD

We recall that the general theory of Wigner measures, cf. [10], implies that
f € L®((0, 00); LY(R?P)) and that the weaklimit n of ny, in L®((0, 00); M1(RP))
satisfies

/f(t,x,é) ds <n(t, x), /n(t,x) drx < 1. (69)
RD

RD

The unigueness of the limit will imply that the whole sequefcg) converges if the initial
data converges. The conservation of mass for the limit equation will give us the argument
to conclude to the equality in (69).

Lemma 4.11. The weak solutions of the Cauchy problem for the linear Boltzmann
equation(47) or (48) are unique in the clas€°(R*; L?(R?P)-weak). If moreover, they
belong toL>® (R*; L1(R?P)), then they satisfy the following conservation law

/f(t,x,é)dxd&:/f(O,x,é)dxdé. (70)

R2D R2D

Proof. Although the uniqueness result seems to be well known in the context of transport
equation, the lack of a precise reference motivates the proof belowg(et, &) =
f(t, x+&t, &) we have:
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%g = Q)1 x +E1,6) € L®(RT; LA(R?P)).

Therefore we can use the chain rule to obtain

0
Egz =2g(t,x,E)Q(f)(t, x +£1,6) =2 Q(f) (1, x + &1, 8),

where Q is one of the linear Boltzmann operator. We use that for nry L2(R?P) we
have z» f Q(f)dé < O to obtain tha1|f||iz(R2D) is a decreasing function a¥11(0, T).

So f is indeed a continuous non increasing function of time for the strong topology of
L2(R?P). In particular, if the initial data vanisheg, also vanishes.

We prove now the mass conservation. Let CSO(RZD) be a function satisfying
0<n<1nEx,§=1if x| <land§| <1,n(x, &) =0Iif |x| >2o0r|¢] > 2,n depends
only on(x, |&]). We putng (x, £) = n(kx, k&) for k > 1. For the pure elastic case we have
0~ (n) = 0 therefore we obtain:

d
G [ romesdes [ g ofvn(t)ad o
R2D R2D

The functions%Vxn(x/k,g/k) are uniformly bounded and vanish fat| + |&| > 4k
therefore

‘ff(t)%vxn(%,%>dxdg‘<c / |f(t.x,8)|dxdé >0, ae. ak— oo,
R2D -+ g1 >4

Therefore in the limik — oo we obtain the mass conservation. In the “diffusive” case we
have:

‘/f(t)Qr(nk)dxd€‘</qr(é,é/)|f(t,x,§)||nk(x,€)—nk(x,é/)|d€/dxd§-
R2D

R3D

The integrand vanishes fat| + |£| + |£’| < k, then the dominated convergence theorem
implies that the above integrals vanishkas> co. Then the mass conservation is obtained
by the same argument as for the elastic case.

The previous lemma implies that j,., fl(x,&)dxdé =1 we have also
/ f(t,x,&)dxds =1, foreveryr>O0.
R2D

This fact together with (69) yields the equalify, f (¢, x, §) d§ = n(z, x) which concludes
the proof of Theorem 4.2. 0
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