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SUMMARY. We consider the Cauchy problem for the equations of spherically
symmetric motions in R3, of a selfgravitating barotropic gas, with possibly
non monotone pressure law, in two different situations: in the first one we
suppose that the viscosities µ(ρ), and λ(ρ) are density-dependent and sat-
isfy the Bresch-Desjardins condition, in the second one we consider constant
densities. In the two cases, we prove that the problem admits a global weak
solution, provided that the polytropic index γ satisfy γ > 1.
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1. Introduction

We consider the Navier-Stokes-Poisson system in R3 for a compressible isentropic
gas with density-dependent viscosities


∂tρ+ div(ρ~v) = 0,

∂t(ρ~v) + div(ρ~v ⊗ ~v)− div (2µ(ρ)D(~v))−∇ (λ(ρ)div~v) +∇P − ρ∇Φ = ~0,

∆Φ = −4πGρ.
(1.1)

Here ρ is the density, ~v is the velocity, Φ is the Newtonian gravitational potential
(G > 0 is the Newton constant), P is the pressure, D is the strain tensor with
D(~v) = 1/2 (∇~v +t ∇~v).
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The pressure P (ρ) is related to the density ρ by a general barotropic consti-
tutive law (see [4] for motivations) satisfying{

P ∈ C1(R+), P (0) = 0,
1
a
zγ−1 − b 6 P ′(z) 6 azγ−1 + b for all z > 0,

(1.2)

for three constants a > 0, b > 0 and γ > 0.
Following Mellet and Vasseur [13], we suppose that µ and λ are two viscosity

coefficients satisfying

µ(ρ) = µ1Ψ(ρ), λ(ρ) = 2µ1 (ρΨ′(ρ)−Ψ(ρ)) , (1.3)

where Ψ is an increasing function of ρ.
The viscosity coefficients satisfy the constraints introduced in [13]

µ′(ρ) > m, µ(0) > 0

|λ′(ρ)| 6 1
m

µ′(ρ),

mµ(ρ) 6 2µ(ρ) + 3λ(ρ) 6 m µ(ρ),

(1.4)

for suitable positive constants µ1,m,m and m.
We also assume the upper bound

µ(ρ) 6 Cρ
γ−1

2 , (1.5)

for a positive constant C, the physical meaning of (1.5) follows from the behavior
of the temperature dependence of gaseous viscosity µ ∼ Cθ1/2 and the “barotropic
equivalence” θ ∼ Cργ−1 (see [3]).

If γ > 3, we also require that

lim inf
ρ→∞

µ(ρ)
ρ

γ
3 +ε

> 0, (1.6)

for some ε > 0.
We also define the auxiliary functions φ and Π

ρφ′(ρ) = Ψ′(ρ), Π(ρ) := ρ

∫ ρ

1

P (z)
z2

dz.

We want to solve the Cauchy problem (1.1) for t > 0 with initial conditions

ρ|t=0 = ρ0(x), ρ~v|t=0 = ~m0(x), on R3. (1.7)

We focus on spherically symmetric solutions satisfying ρ(~x, t) = ρ(|x|, t) and
~v(x, t) = v(|x|, t) ~x

|x| , and we study weak solutions for the above problem with
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properties

ρ ∈ L∞
(
0, T );L1(R3) ∩ Lγ(R3)

)
,

√
ρ ∈ L∞

(
0, T );H1(R3)

)
,
√
ρ ~v ∈

(
L∞([0, T ], L2(R3))

)3
,

µ(ρ) D(~v) ∈
(
L2
(
0, T );W−1,1

loc (R3)
))9

, λ(ρ) div~v ∈
(
L2
(
0, T );W−1,1

loc (R3)
))9

.

(1.8)
We also assume the following conditions on the initial data ρ0(~x) ≡ ρ0(|~x|) and
~m0(~x) = m0(|~x|) ~x

|~x| :
ρ0 > 0 on Ω, ~m0 = 0 on {x ∈ R3| ρ0(x) = 0},

ρ0 ∈ L1(R3) ∩ Lγ(R3), ρ
−1/2
0 ∇µ(ρ0) ∈ L2(R3), ~m2

0
ρ0
∈ L1(R3).

(1.9)

For any 0 6 τ1 6 τ2, the weak solution (ρ, v) on R3 × [0, T ] must satisfy, for any
test function ζ ∈ C1

c (R3 × [0, T ]), the weak continuity equation∫
R3
ρζ dx

∣∣∣∣τ2

τ1

=
∫ τ2

τ1

∫
R3

(ρζt + ρ~v · ∇ζ) dx, (1.10)

and for any test function ~η ∈
(
C2

c (R3 × [0, T ])
)3 such that ~η(·, T ) = ~0, the weak

momentum equation∫
R3
~m0 ·~η(x, 0) dx+

∫ T

0

∫
R3

(ρ~v · ~ηt + ~v ⊗ ~v : ∇~η) dx dt+
∫ T

0

∫
R3
P (ρ) div ~η dx dt

+
∫ T

0

∫
R3
µ(ρ) (~v ·∆) · ~η dx dt+

∫ T

0

∫
R3

2µ′(ρ)
√
ρ vj∂i

√
ρ∂iηj dx dt

+
∫ T

0

∫
R3
µ(ρ)(~v · ∇) (div ~η) dx dt

+
∫ T

0

∫
R3

2
√
ρ µ′(ρ)vi∂j

√
ρ ∂iζi dx dt+

∫ T

0

∫
R3
λ(ρ) (~v · ∇) (div ~η) dx dt

+
∫ T

0

∫
R3

√
ρ λ(ρ) (~v ·∇)(

√
ρ div~η) dx dt =

∫ T

0

∫
R3

4πGρ∇∆−1ρ ·~η dx dt. (1.11)

In this formula, the five last terms in the left-hand side are requested in order to
provide a rigorous meaning to the viscous contribution in the equation of motion
(see [18]), and the right hand side is a shortened notation for∫ T

0

∫
R3

4πGρ∇
(∫

R3

ρ(y, t)
|x− y|

dy

)
· ~η dx dt.

It is known after [4] that the Cauchy problem for the system (1.1)-(1.7)
admits a (renormalized) weak solution, when the viscosity coefficients are positive
constants, provided that the pressure P (ρ) behaves like Cργ for large ρ, with
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γ > 3/2. Let us observe that the restriction on γ is the same as in the non-
gravitating case [7].

In [5] it was proved that the problem (1.1)-(1.7) admits also a weak solution
when the viscosity coefficients are density dependent functions related by Bresch-
Desjardins relations [1], provided that the pressure P (ρ) behaves like Cργ for large
ρ with a smaller γ > 4/3. In this last case, the restriction on γ was requested in
order to control the gravitational term.

On the other hand, in recent works, S. Jiang and P. Zhang [11] (in the renor-
malized case with constant viscosities), Z. Guo, Q. Jiu, Z. Xin [9] and T. Zhang,
D. Fang [18] (for density dependent viscosities) proved that the Cauchy problem
for the spherically symmetric version of the non-gravitating Navier-Stokes system
also admits a weak solution, in the pure barotropic case P (ρ) = Cργ when the
condition γ > 1 is achieved.

In the present paper we show that the Cauchy problem for the spherically
symmetric Navier-Stokes-Poisson system admits in both cases (for density de-
pendent viscosities or in the renormalized case with constant viscosities) a weak
solution, for a general pressure law given by (1.2), without “loss of γ” (i.e. with
the optimal condition γ > 1).

In the density-dependent case (Sections 2) we follow the strategy of Zhang
and Fang [18] (see also [10]): first consider the problem (1.1)(1.7) when R3 is
replaced by the ball B(0, R) then pass to the limit R→∞. Moreover, as far as the
spherical symmetry is concerned with the classical divergence at the origin, it is also
requested to remove the origin, and finally one is led to solve the problem (1.1)(1.7)
in the shell Bε,R := B(0, R)\B(0, ε) and pass to the limits (ε→ 0 , R→∞).

In the renormalized case with constant viscosities (Section 3) we adapt the
proof of S. Jiang and P. Zhang [11] to the Navier-Stokes-Poisson system with
non-monotone pressure.

2. The density-dependent case

The spherically symmetric version of (1.1) reads
ρt + (ρv)r +

2ρv
r

= 0,

ρ(vt + vvr) =
(
−P + (λ+ 2µ)

(
vr +

2v
r

))
r

− 4µr
v

r
+ ρf,

(2.1)

in the domain [0, T ] × R+ for the density ρ(r, t) and the velocity v(r, t). The
Newton force is now f(r, t) := −Φr(r, t), where the gravitational potential is easily
computed as the suitable solution of the ode

− 1
r2

(r2Φr)r = 4πGρ.
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One gets

Φ(r, t) =
∫ ∞

0

K(r, s)ρ(s, t)s2ds, (2.2)

with the kernel

K(r, s) = 4πG

∣∣∣∣∣∣∣∣
1
r

for s 6 r,

1
s

for s > r.

(2.3)

We consider Dirichlet boundary conditions

v(0, t) = 0, for t > 0, (2.4)

and initial conditions

ρ|t=0 = ρ0(r), ρv|t=0 = m0(r), on R+. (2.5)

Then our main result is the following

Theorem 2.1. Suppose that the initial data satisfy (1.9) and that T is an arbitrary
positive number. Then for any γ > 1, the problem (2.1)(2.4)(2.5) possesses a global
weak solution satisfying (1.8) together with properties (1.10) and (1.11).

2.1. A priori estimates for approximate solutions

We follow the strategy of [18]: to get first uniform bounds for the density in an
approximate problem depending on numbers 0 < ε << 1 and R >> 1, then pass
to the limit (ε→ 0 , R→∞).

So we consider the perturbed problem


∂tρ+ div(ρ~v) = 0,

∂t(ρ~v) + div(ρ~v ⊗ ~v)− div (2µε(ρ)D(~v))−∇ (λε(ρ)div~v) +∇P − ρ∇Φ = ~0,

∆Φ = −4πGρ,
(2.6)

in the truncated domain Bε,R × [0, T ], with the perturbed viscosity coefficients

µε(ρ) = µ(ρ) +
1
2
ερθ, λε(ρ) = λ(ρ) + (θ − 1) ερθ, (2.7)

where µε and λε have been adjusted in order to satisfy relation (1.3) and θ ∈
(2/3, 1).

We want to solve (2.6) in Bε,R × [0, T ], with Dirichlet boundary conditions

ρ~v|∂Bε,R
= ~0, (2.8)

for t > 0, and initial conditions

ρ|t=0 = ρ0(x), ρ~v|t=0 = ~m0(x), on Bε,R. (2.9)
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The spherically symmetric version of (2.6) reads now
ρt + (ρv)r +

2ρv
r

= 0,

ρ(vt + vvr) =
(
−P + (λε + 2µε)

(
vr +

2v
r

))
r

− 4µε
r

v

r
− ρf ε,

(2.10)

in the domain Ωε × [0, T ], with Ωε := (ε,R), for the truncated Newton force

fε(r, t) :=
4πG
r2

∫ r

ε

ρ(s, t)s2ds.

We supplement (2.10) with

v(ε, t) = v(R, t) = 0, for t > 0, (2.11)

and regularized initial data

ρ|t=0 = ρ0,ε,R ∗ jδ, v|t=0 = v0,ε,R ∗ jδ, on Ωε, (2.12)

where jδ is a standard mollifier, and the truncated data are

ρ0,ε,R(r) =

∣∣∣∣∣∣
ρ0(ε) + ε for r ∈ [0, ε],
ρ0(r) + ε for r ∈ [ε,R],
ρ0(R) + ε for r ∈ [R,∞),

and

v0,ε,R(r) =

∣∣∣∣∣∣∣∣
0 for r ∈ [0, ε+ 2δ],

m0(r)
ρ0(r) + ε

for r ∈ [ε+ 2δ,R− 2δ],

0 for r ∈ [R− 2δ,∞).

We suppose now that
√
ε 6 R−3 and we denote by (ρε,R,δ, vε,R,δ) the solution of

the problem (2.10)(2.11)(2.12).
Finally in order to extract convergent subsequences it is convenient to extend

(ρε,R,δ, vε,R,δ) to the whole space by setting

ρ̃ε,R,δ(r, t) =
∣∣∣∣ ρε,R,δ(r, t) for r ∈ [ε,R],

0 else, (2.13)

and

ṽε,R,δ(r, t) =
∣∣∣∣ vε,R,δ(r, t) for r ∈ [ε,R],

0 else, (2.14)

and in order to simplify the notations we denote in the following by (ρn, vn) the ap-
proximate solution (ρ̃εn,Rnn,δn , ṽεn,Rn,δn), for sequences εn → 0, Rn → ∞, δn →
0, when n → ∞. In the same stroke, we write Ωn := [εn, Rn], µn := µεn(ρn),
λn := λεn(ρn) and Pn := P (ρn).

In the following, for any measurable set ω ⊂ Ω := Ω := (0,∞) and p > 1, we
denote by Lp(ω) the weighted Lebesgue space

Lp(ω) :=
{
f ∈ Lp

loc(ω) ;
∫

ω

|f(r)|p r2dr <∞
}
,
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and we adopt the analogous notations Hm(ω) and Wm,p(ω) for the corresponding
weighted Sobolev spaces

We begin with energy-entropy estimates.

Lemma 2.2. There exists a constant C independent on n such that, for any t ∈
[0, T ]

1. ∫
Ω

ρn r2dr 6 C. (2.15)

2. ∫
Ω

(
1
2
ρn(vn)2 + Πn − ρnΦn

)
r2 dr

+
∫ t

0

∫
Ω

[
1
12

(3λn + 2µn)
[
1
r

(r2vn)r

]2
+ 12µn

3λn + 2µn

3λn + 10µn
v2

n

]
dr dτ 6 C,

(2.16)
3. If

∫
Ω

[
1
2 ρ0(v0)2 + Π(ρ0)− 1

2 ρ0Φ(ρ0)
]
dx <∞, the following estimates hold

‖√ρn vn‖L∞(0,T ;L2(Ω)) 6 C, ‖ρn‖L∞(0,T ;Lγ(Ω)) 6 C, (2.17)

‖√µn (vn)r‖L2(0,T ;L2(Ω)) 6 C, ‖√µn vn‖L2(0,T ;L2(Ω)) 6 C, (2.18)
‖ρ‖L∞(0,T ;L1(Ω)) 6 C. (2.19)

Proof. 1. Integrating the first equation (2.10) and using boundary conditions gives
(2.15).

2. Noting Dt := ∂t + v∂r, using the identity
∫
Ω
ρnDtφ r

2dr = d
dt

∫
Ω
ρnφ r

2dr
valid for any function φ smooth on Ω × [0, T ], multiplying the second equation
(2.10) by vnr

2 and integrating by parts, we get

d

dt

∫
Ω

(
1
2
ρnv

2
n + Πn −

1
2
ρnΦn

)
r2dr = −

∫
Ω

[
(λn + 2µn)

[(r2vn)r]2

r2
− 4µn(rv2

n)r

]
dr.

(2.20)
Using the notations w = r2vn, a = λn + 2µn and b = µn one checks that the

integrand in the right-hand side rewrites

(λn + 2µn)
(r2vn)2r
r2

− 4µn(rv2
n)r =

1
r2

[
aw2

r −
8b
r
wwr +

12b
r2

w2

]
.

Observing that the number ζ := 3a−4b
4a is positive, we have

aw2
r−

8b
r
wwr+

12b
r2

w2 =
2
3
aζw2

r+
6aζ(3− 4ζ)

3− 2ζ
w2

r2
+
a

3

[√
3− 2ζ wr −

3(3− 4ζ)√
3− 2ζ

w

r

]2
,

where all the terms in the right hand side are positive after (1.4). Plugging into
(2.20) and integrating in t, we get (2.16).

3. After (1.2) one observe that

Π(ρn) > C(ργ
n − ρn log ρn − ρn),

for a C > 0.
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Let us estimate the gravitational energy.

En(t) =
1
2

∫
Ω

ρnΦ(ρn) r2dr

=
1
2

∫ 1

0

∫ ∞

0

s2ρn(s, t)K(r, s)r2ρn(r, t) ds dr+
1
2

∫ ∞

1

∫ ∞

0

s2ρn(s, t)K(r, s)r2ρn(r, t) ds dr =: A+B.

We get first

B =
1
2

∫ ∞

1

rρn(r, t)
∫ 1

0

s2ρn(s, t) ds dr +
1
2

∫ ∞

1

r2ρn(r, t)
∫ ∞

1

sρn(s, t) ds dr

6
1
2

∫ ∞

1

r2ρn(r, t)
∫ 1

0

s2ρn(s, t) ds dr+
1
2

∫ ∞

1

r2ρn(r, t)
∫ ∞

1

s2ρn(s, t) ds dr 6 ‖r2ρn(r, t)‖2L1(Ω).

Now using Hölder inequality, we bound A as follows∫ 1

0

∫ ∞

0

s2ρn(s, t)K(r, s)r2ρn(r, t) ds dr

6

(∫ 1

0

(
r2ρn(r, t)

) γ
γ−1 dr

) γ−1
γ
(∫ 1

0

(∫ ∞

0

s2ρn(s, t)K(r, s) ds
)γ

dr

) 1
γ

.

By convexity, the first integral in the right-hand side is bounded by ‖ρn(·, t)‖L1(Ω).
For the second one, we note that the kernel K is homogeneous of degree −1

and satisfies, for γ > 1 ∫ ∞

0

|K(1, s)| s−
1
γ ds <∞,

so we can apply an inequality of Hardy-Littlewood-Polya (see [16] p. 271)(∫ 1

0

(∫ ∞

0

s2ρn(s, t)K(r, s) ds
)γ

dr

) 1
γ

6 C

(∫ ∞

0

s2γργ
n(s, t) ds

) 1
γ

6 C

(∫ ∞

0

s2ργ
n(s, t) ds

) 1
γ

.

Finally, using (2.15), we get

En(t) 6 C
(
1 + ‖ργ

n(r, t)‖L1(Ω)

)
.

We conclude from the previous estimates that∫
Ω

[Π(ρn)− ρnΦ(ρn)] r2dr > C

[∫ ∞

0

s2ργ
n ds−

∫ ∞

0

s2ρn log ρn ds− 1−
(∫ ∞

0

s2ργ
n ds

) 1
γ

]
.

As the log is subdominant and γ > 1, we end with the lower bound∫
Ω

[Π(ρn)− ρnΦ(ρn)] r2dr > C

∫ ∞

0

s2ργ
n ds− C. (2.21)

Plugging (2.21) into (2.16) and taking (1.4) into account gives immediately the
inequalities (2.17), (2.18) and (2.19) by inspection. �

We have the following “spherical” version of the Bresch-Desjardins entropy
estimate (see [1])



Vol. 99 (9999) on spherically symmetric motions 9

Lemma 2.3. There exists a constant C independent on n such that, for any t ∈
[0, T ]

1.
1
2

∫
Ω

ρn (vn + 2µ1(φ(ρn))r)
2
r2dr +

∫
Ω

Πnr
2dr −

∫
Ω

ρnΦnr
2dr

+2µ1

∫ t

0

∫
Ω

P ′(ρn)Ψ′(ρn)
((ρn)r)2

ρn
r2dr dτ − 2µ1

∫ t

0

∫
Ω

ΨrΦrr
2dr

+2µ1

∫ t

0

∫
Ω

[
r2((vn)r)2 + 4v2

n

]
Ψndr dτ 6 C, (2.22)

with Ψn := Ψ(ρn).
2. If 1

2

∫
Ω
ρ0 (v0 + 2µ1(φ(ρ0))r)

2
r2dr <∞, the following estimates hold

‖√ρn φr(ρn)‖L∞(0,T ;L2(Ω)) 6 C, (2.23)

‖
√
µ′n(ρn)ργ−2

n (ρn)r‖L2(0,T ;L2(Ω)) 6 C, (2.24)

‖
√
µn(ρn) vn‖L2(0,T ;L2(Ω)) 6 C. (2.25)

Proof. 1. In the proof of this estimate, we omit the explicit n dependence.
First multiplying the first equation (2.1) by φ′ and derivating with respect

to r, we get

φrt + vφrr + vrφr +
[
ρφ′

1
r2
(
r2v
)
r

]
r

= 0.

Multiplying by r2ρφr, using the continuity equation and integrating in Ω, we get

1
2
d

dt

∫
Ω

ρφ2
rr

2 dr +
∫

Ω

ρφ2
rvrr

2dr +
∫

Ω

[
φ′ρ

1
r2
(
r2v
)
r

]
r

Ψrr
2dr = 0. (2.26)

From the second equation (2.1), we have

ρ(vt + vvr)−
[
(λ+ 2µ)

1
r2
(
r2v
)
r

]
r

− 4µr
v

r
+ Pr + ρf = 0,

which rewrites, by using (1.3)

ρ(vt+vvr)−2µ1

[
Ψ

1
r2
(
r2v
)
r

]
r

+2µ1Ψrvr−2µ1

[
(ρΨ′ −Ψ)

1
r2
(
r2v
)
r

]
r

+Pr+ρf = 0.

Multiplying by ρ−1Ψrr
2 and integrating, we obtain∫

Ω

(vt+vvr)Ψrr
2 dr−2µ1

∫
Ω

[
Ψ

1
r2
(
r2v
)
r

]
r

Ψr

ρ
r2dr+2µ1

∫
Ω

[
(Ψ− ρΨ′)

1
r2
(
r2v
)
r

]
r

Ψr

ρ
r2dr

+2µ1

∫
Ω

Ψ2
r

ρ
vrr

2dr +
∫

Ω

ΨrPr

ρ
r2dr −

∫
Ω

ΨrΦr r
2dr = 0. (2.27)

Multiplying (2.26) by 2µ1 and adding the result to (2.27), we get∫
Ω

(vt + vvr)Ψrr
2 dr +

µ1

2
d

dt

∫
Ω

2ρφ2
rr

2dr − 2µ1

∫
Ω

Ψ
[

1
r2
(
r2v
)
r

]
r

Ψr

ρ
r2dr
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+2µ1

∫
Ω

[
(Ψ− ρΨ′)

1
r2
(
r2v
)
r

]
r

Ψr

ρ
r2dr + 2µ1

∫
Ω

[
Ψ′

1
r2
(
r2v
)
r

]
r

Ψrr
2dr

+
∫

Ω

P ′Ψ′
ρ2

r

ρ
r2dr −

∫
Ω

ΨrΦr r
2dr = 0.

Checking the identity

2µ1

∫
Ω

Ψ
[

1
r2
(
r2v
)
r

]
r

Ψr

ρ
r2dr = 2µ1

∫
Ω

[
(Ψ− ρΨ′)

1
r2
(
r2v
)
r

]
r

Ψr

ρ
r2dr

+2µ1

∫
Ω

[
Ψ′

1
r2
(
r2v
)
r

]
r

Ψrr
2dr,

one gets finally∫
Ω

(vt + vvr)Ψrr
2 dr +

µ1

2
d

dt

∫
Ω

2ρφ2
rr

2dr +
∫

Ω

P ′Ψ′
ρ2

r

ρ
r2dr −

∫
Ω

ΨrΦr r
2dr = 0.

(2.28)
The first integral in (2.28) rewrites∫

Ω

(vt + vvr)Ψrr
2 dr =

d

dt

∫
Ω

vΨrr
2dr −

∫
Ω

v (Ψt)r r
2dr +

∫
Ω

vvrΨrr
2dr =: A,

(2.29)
where A rewrites

A =
d

dt

∫
Ω

vΨrr
2dr−

∫
Ω

[
1
r2
(
r2v
)
r

]2
ρΨ′r2dr−

∫
Ω

(r2v)rvρrΨ′dr+
∫

Ω

vvrΨ′ρrr
2dr

=: U1 + U2 + U3 + U4. (2.30)
Computing the term U3, we obtain

U3 = −
∫

Ω

vvrΨ′ρrr
2dr + 2

∫
Ω

(rv2)rΨ dr,

so we get

A =
d

dt

∫
Ω

vΨrr
2dr−

∫
Ω

[
1
r2
(
r2v
)
r

]2
(ρΨ′ −Ψ) r2dr−

∫
Ω

(r2v2
r+2v2)Ψ dr. (2.31)

Plugging into (2.29), we have∫
Ω

(vt + vvr)Ψrr
2 dr =

d

dt

∫
Ω

vΨrr
2dr −

∫
Ω

[
1
r2
(
r2v
)
r

]2
(ρΨ′ −Ψ) r2dr

−
∫

Ω

(r2v2
r + 2v2)Ψ dr. (2.32)

From (2.20) we have

d

dt

∫
Ω

(
1
2
ρv2 + Π− 1

2
ρΦ
)
r2dr = −

∫
Ω

[
(λ+ 2µ)

[(r2v)r]2

r2
− 4µ(rv2)r

]
dr,

so
d

dt

∫
Ω

ρ
v2

2
r2dr+2µ1

∫
Ω

[
1
r2
(
r2v
)
r

]2
(ρΨ′ −Ψ) r2dr+

d

dt

∫
Ω

Πr2dr− d

dt

∫
Ω

ρΦr2dr
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= −2µ1

∫
Ω

[
1
r2
(
r2v
)
r

]2
Ψ r2dr + 4µ1

∫
Ω

(rv2)rΨ dr. (2.33)

Now plugging (2.32) into (2.28) gives

d

dt

∫
Ω

vΨrr
2dr −

∫
Ω

[
1
r2
(
r2v
)
r

]2
(ρΨ′ −Ψ) r2dr −

∫
Ω

(r2v2
r + 2v2)Ψ dr

+
µ1

2
d

dt

∫
Ωε

2ρφ2
rr

2dr +
∫

Ω

P ′Ψ′
ρ2

r

ρ
r2dr −

∫
Ω

ΨrΦrr
2dr = 0. (2.34)

Multiplying this relation by 2µ1 gives

d

dt

∫
Ω

[
2µ2

1ρφ
2
r + 2µ1vΨr

)
r2dr + 2µ1

∫
Ω

P ′Ψ′
ρ2

r

ρ
r2dr − 2µ1

∫
Ω

ΨrΦrr
2dr

−2µ1

∫
Ω

[
1
r2
(
r2v
)
r

]2
(ρΨ′ −Ψ) r2dr = −2µ1

∫
Ω

(r2v2
r + 2v2)Ψ dr, (2.35)

where the integrand in the last integral is positive. Finally, adding (2.35) to (2.33),
integrating in time and restoring the n dependence gives (2.22).

2. Observing that after Poisson equation∫
Ω

ΨrΦrr
2dr =

∫
Ω

ρΨ r2dr,

and using (1.5) together with (2.16) into (2.22), we get immediately the inequalities
(2.23), (2.24) and (2.25) by inspection. �

Lemma 2.4. The sequence {ργ
n}n∈N is bounded in L5/3(0, T ;L5/3(Ω)).

Proof. After (2.19) and (2.24), ργ/2
n is bounded in L2(0, T ;H1(Ωn)) and then ργ

n is
bounded in L2(0, T ;L3(Ωn)). As, after (2.19), ργ

n is also bounded in L∞(0, T ;L1(Ωn)),
using Hölder inequality ργ

n is also bounded in L5/3(0, T ;L5/3(Ωn)), and then (see
(2.13) and (2.14)) in L5/3(0, T ;L5/3(Ω)). �

Lemma 2.5. If ρ0(1 + v2
0) log(1 + v2

0) ∈ L1(Ω)), then the sequence {ρnv
2
n log(1 +

v2
n)}n∈N is bounded in L∞(0, T ;L1(Ω)).

Proof. Recalling the identity
d

dt

∫
Ωn

ρnF r2dr =
∫

Ωn

ρn(Ft + vFr) r2dr,

and choosing F = 1
2 (1 + v2

n) log(1 + v2
n), we get

d

dt

∫
Ωn

1
2
ρn(1+v2

n) log(1+v2
n) r2dr =

∫
Ωn

vn

(
1 + log(1 + v2

n)
)
ρn [(vn)t + vn(vn)r] r2dr.

Then multiplying the momentum equation by vn

(
1 + log(1 + v2

n)
)
r2 and integrat-

ing by parts, we have
d

dt

∫
Ωn

1
2
ρn(1 + v2

n) log(1 + v2
n) r2dr = −

∫
Ωn

vn(1 + log(1 + v2
n))(P (ρn))r r

2dr
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+
∫

Ωn

vn(1+log(1+v2
n)
[
(λn + 2µn)

1
r2

(r2vn)r

]
r

r2dr+
∫

Ωn

4vn(1+log(1+v2
n)(µn)r

vn

r
r2dr

−
∫

Ωn

4πGvn(1 + log(1 + v2
n)ρn(Φn)r r

2dr.

Using energy estimates and (1.3), we get

d

dt

∫
Ωn

1
2
ρn(1 + v2

n) log(1 + v2
n) r2dr +m

∫
Ωn

µn

[
1
r2

(r2vn)r

]2
r2dr

6 −
∫

Ωn

vn(1+log(1+v2
n))(P (ρn))r r

2dr−
∫

Ωn

4πGvn(1+log(1+v2
n)ρn(Φn)r r

2dr =: I+J.

(2.36)
Using (1.2) and Cauchy-Schwarz, the first contribution in the right-hand side of
(2.36) is bounded as follows

|I| =
∣∣∣∣∫

Ωn

vn(1 + log(1 + v2
n))Pr r

2dr

∣∣∣∣ 6 ∫
Ωn

µn[(r2vn)r]2dr+
1
2
m

∫
Ωn

µn

[
1
r2

(r2vn)r

]2
r2dr

+C
∫

Ωn

(1 + log(1 + v2
n))

(P (ρn)2

µn
r2dr,

and the last integral is bounded by

(∫
Ωn

ρn

[
log(1 + v2

n)
] 2

η r2dr

) η
2

×

∫
Ωn

(
ρ
− η

2
n P 2

n

µn

) 2
2−η

r2dr


2−η
2

,

for any 0 < η < 2.
One checks that the first integral is bounded after previous estimates, and

the second one is also bounded provided that 2γ− 1 < 5γ
3 i.e. γ < 3. When γ > 3,

the same result holds if condition (1.6) is satisfied. So for any γ > 1

|I| 6 C. (2.37)

For the second contribution in (2.36), one has

|J | 6 C

∫
Ωn

|vn|
(
1 + log(1 + v2

n)
)
ρn(r, τ)

∫ r

0

ρn(s, τ) s2ds dr 6 C

∫
Ωn

ρnv
2
ndr,

so using (1.3)

|J | 6
∫

Ωn

µnv
2
ndr. (2.38)

Plugging (2.37) and (2.38) in (2.36), integrating on (0, t) and using (2.16), we find
that ∫

Ωn

1
2
ρn(1 + v2

n) log(1 + v2
n) r2dr 6 C,

which ends the proof, by taking (2.13) and (2.14) into account. �
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2.2. Proof of Theorem 2.1
Following verbatim the strategy of [18], the proof of Theorem 2.1 is achieved in
the same way as in [13] by showing first the convergence of the density and the
pressure, then improving the convergence of ρnv

2
n, proving the convergence of

the momentum, showing the strong convergence of
√
ρn (r2vn)r and finally the

convergence of diffusion terms.
We only sketch the proof hereafter, only stressing the specific roles played by

gravitation and pressure, and we refer to [18] for complete details.

1) Convergence of the density.

Lemma 2.6. The sequence {ρn} is bounded in L∞(0, T ;Lp(Ω)) for any p > 1, and
up to an extracted subsequence

ρn → ρ strongly in C(0, T ;Lq
loc(Ω)), (2.39)

for any q ∈ [1, 3).

Proof. From Lemma 2.3, one get supt∈[0,T ] ‖
√
ρn‖H1(Ωn) 6 C, so after (2.13), the

sequence {√ρn} is bounded in L∞(0, T ;Lβ(Ω)) for β ∈ [2, 6].
So {ρn} is bounded in L∞(0, T ;L3(Ω)) and {ρnvn} is bounded in L∞(0, T ;L3/2(Ω))

after Lemma 2.2.
Using the continuity equation, {∂t

√
ρn}εn6 1

K ,Rn6N is bounded in
L∞(0, T ;W−1,3/2( 1

K , N)), for any K > N6.
As (ρn)r = 2

√
ρn(

√
ρn)r, we find that {(ρn)r} is bounded in L∞(0, T ;L3/2( 1

K , N))
for εn 6 1

K and Rn 6 N .
This implies, after Aubin-Lions lemma that ρn → ρ strongly in C(0, T ;L3/2( 1

K , N)).
Using finally the splitting

‖ρn−ρ‖L∞(0,T ;L3/2(0,N)) 6
C

K
‖ρn−ρ‖L∞(0,T ;L3(0, 1

K )) +‖ρn−ρ‖L∞(0,T ;L3/2( 1
K ,N)),

we get the property. �

2) Convergence of the pressure and the gravitational force.

As a direct consequence of Lemma 2.4 and 2.6, we have

Lemma 2.7. For γ > 1

P (ρn) converges strongly to P (ρ) in L1
loc((0, T );L1

loc(Ω)),

ρn(Φn)r converges strongly to ρΦr in L1
loc((0, T );L1

loc(Ω)).

3) Convergence of the momentum.

Lemma 2.8. Up to extracted subsequences
1.

ρnvn → m strongly in L1
loc(0, T ;L1

loc(Ω)) ∩ L2(0, T ;Lβ
loc(Ω)),

for any 1 6 β < 3/2.
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2. √
ρnvn →

m
√
ρ

strongly in L2
loc(0, T ;L2

loc(Ω)),

where m√
ρ = 0 when m = 0.

In particular m = 0 a.e. on {ρ(r, t) = 0}, and there exists a function
v(r, t) such that

m(r, t) = ρ(r, t)v(r, t).

Proof. The second part of the Lemma follows directly from [13] and we omit the
proof.

As {√ρn} is bounded in L∞(0, T ;L2 ∩ L6(Ω)) and {√ρnvn} is bounded in
L∞(0, T ;L2(Ω)), we get that

{ρnvn} is bounded in L∞(0, T ;L1 ∩ L3/2(Ω)). (2.40)

Using the identity (ρnvn)r = 2
√
ρnvn(

√
ρn)r +

√
ρn
√
ρn(vn)r and Lemma

2.5, we see that

{(√ρnvn)r}εn6 1
K ,Rn>N is bounded in L∞(0, T ;L1(

1
K
,N)).

In particular the sequence {ρnvn}εn6 1
K ,Rn>N is bounded in L2(0, T ;W1,1( 1

K , N)).
As {ρn}εn6 1

K ,Rn>N is bounded in L∞(0, T ;L∞( 1
K , N)), we see that

{∂t(ρnvn)}εn6 1
K ,Rn>N is bounded in L2(0, T ;W−2,3/2(

1
K
,N)),

so using the Aubin-Lions Lemma

ρnvn → m strongly in L2(0, T ;Lβ(
1
K
,N)),

for any β ∈ [1, 3/2). From (2.40), we get also that

ρnvn → m strongly in L2(0, T ;Lβ(0, N)),

for any β ∈ [1, 3/2). �

4) Convergence in the weak formulation.

In order to complete the proof of Theorem 2.1, the last point is to check that
the pair (ρ, v) is actually a weak solution of (2.10). In other words we must check
that if (ρ, v) is the limit of the sequence ({ρn}, {vn}) obtained in Lemma 2.6 and
2.8, then ρ and v satisfy relations (1.10) and (1.11).

The fact that (ρ, v) satisfy relation (1.10) is already proved in [18] (see Propo-
sition 3.5).

Let ψ ∈ C∞0 (Ω × [0, T ] with ψ(0, t) = 0 and ψ(r, T ) = 0 be a test function
such that Supp ψ(·, t) ⊂ [0, N ].

Multiplying the second equation (2.10) by r2ψ and integrating on Ω× [0, T ],
we have ∫ t

0

∫
Ω

(
ρnvnψt + ρnv

2
nψr + P (ρn)

(
ψr +

2ψ
r

))
r2dr dt
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−
∫ t

0

∫
Ω

2µ(ρn)
(

(vn)rψr +
2vnψ

r2

)
r2dr dt

+
∫ t

0

∫
Ω

2εnρθ
n

(
(vn)rψ + vnψr +

vnψ

r

)
r dr dt

−
∫ t

0

∫
Ω

(λ(ρn) + θεnP (ρn))
(

(vn)r +
2vn

r

)(
ψr +

2ψ
r

)
r2 dr dt

+
∫ ∞

εn

ρ0,εn,Rn(r, 0)v0,εn,Rn(r, 0)ψ(r, 0) r2dr

+
∫ T

0

[
P (ρn)−

(
2µ(ρn) + λ(ρn) + θεnρ

θ
n

)
(vn)r

]
(εn, t) ε2n ψ(εn, t) dt

= −
∫ t

0

∫
Ω

ρn (Φ(ρn))r ψ r2dr dt, (2.41)

for any n such that εn 6 1
K and Rn > N .

Following verbatim [18] one can pass to the limit n→∞ in all of the terms
of the left-hand side in (2.41). Note in particular that

lim
n→∞

∫ T

0

[
P (ρn)−

(
2µ(ρn) + λ(ρn) + θεnρ

θ
n

)
(vn)r

]
(εn, t) ε2n ψ(εn, t) dt = 0.

Moreover, after Lemma 2.7, one also gets that the same holds for the gravitational
term in the right hand side∫ t

0

∫
Ω

ρn (Φ(ρn))r ψ r2dr dt→
∫ t

0

∫
Ω

ρ (Φ(ρ))r ψ r2dr dt,

when n→∞, which ends the proof of Theorem 2.1 �

3. The constant viscosities case

For constant viscosities, the spherically symmetric version of (1.1) reads
ρt + (ρv)r +

2ρv
r

= 0,

ρ(vt + vvr) =
(
−P + (λ+ 2µ)

(
vr +

2v
r

))
r

− ρΦr,

(3.1)

in the domain [0, T ] × Ω ≡ [0, T ] × (0,∞) for the density ρ(r, t) and the velocity
v(r, t). The gravitational potential is given as previously by (2.2) and (2.3).

We consider Dirichlet boundary condition at the origin

v(0, t) = 0, for t > 0, (3.2)

and initial conditions

ρ|t=0 = ρ0(r), ρv|t=0 = m0(r), on R+. (3.3)

We recall that (ρ, v) is a weak solution of (3.1)(3.2)(3.3) if
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1. ρ > 0 a.e. and for any T > 0 (see (1.8))
ρ ∈ L∞(0, T ;Lγ(Ω)), ρv2 ∈ L∞(0, T ;L1(Ω)),
vr ∈ L∞(0, T ;L1(Ω)),

v

r
∈ L∞(0, T ;L1(Ω)),

ρ ∈ C
(
[0, T ];

(
Lγ

loc

)
w

(Ω0)
)
, ρv ∈ C

(
[0, T ];

(
L

2γ
γ+1

loc

)
w

(Ω0)
)
,

(3.4)

where Ω0 ≡ [0,∞), and the index w means that the corresponding Lp space
is endowed with the weak topology.

2. For any t2 > t1 > 0 and any test function η ∈ C1
0 (R × Ω) (see (1.10) and

(1.11)) ∫
Ω

ρη r2dr

∣∣∣∣t2
t1

−
∫ t2

t1

∫
Ω

(ρηt + ρvηr) r2dr = 0. (3.5)

∫
Ω

ρvη r2dr

∣∣∣∣t2
t1

−
∫ t2

t1

∫
Ω

(
ρvηt + ρv2ηr + P

(
ηr +

2η
r

))
r2dr dt

+(λ+ 2µ)
∫ t2

t1

∫
Ω

(
vrηr +

2vη
r2

)
r2dr dt

+4πG
∫ t2

t1

∫
Ω

η(r, t)ρ(r, t)
∫ r

0

ρ(s, t) s2ds r2dr dt = 0. (3.6)

The following result holds

Theorem 3.1. Suppose that T is an arbitrary positive number and that the initial
data satisfy

0 6 ρ0 ∈ L1(Ω)) ∩ Lγ(Ω)), (3.7)

and

m0 ∈ L
2γ

γ+1 (Ω),
m2

0

ρ0
∈ L1(Ω)). (3.8)

Then for any γ > 1, the problem (3.1)(3.2)(3.3) possesses a global weak
solution satisfying (3.4) together with properties (3.5) and (3.6).

In the constant viscosities case, extra estimates on the density gradient us-
ing Bresch-Desjardins inequality are no more available and one must rely on the
original Lions-Feireisl method [12] [8] [15] (see [4]).

Following [11], we consider approximate solutions in the spirit of Section 3
and pass to the limit. As in the density dependent case, we only concentrate on
the role of gravitation and pressure, referring to the paper of Jiang and Zhang [11]
for further details.
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3.1. Approximate problem and priori estimates

Adapting the approximating scheme of Hoff [10] to the self-gravitating situation,
we define in Ωε ≡ (ε,∞) the mollified data

(ρ0)ε(r) :=
1
r2/γ

[(
r2/γρ0

)
∗ jε/2

]
(r) + εe−r2

, (3.9)

(m0)ε(r) :=

√
(ρ0)ε

r2/γ

[(
r
m0√
ρ0

)
∗ jε/2

]
(r), (3.10)

and

(v0)ε(r) :=
(
χε

(m0)ε

(ρ0)ε

)
(r), (3.11)

where ε > 0, j is the standard Friedrich mollifier and χε ∈ C∞0 (Ω) is a cut-off such
that

χε(r) =

∣∣∣∣∣∣
0 if r 6 ε,

1 if r > 2ε.
Then denoting by δε and δε,R the step functions

δε(r) =

∣∣∣∣∣∣
0 if r 6 ε,

1 if r > ε.
, δε,R(r) =

∣∣∣∣∣∣
0 if r 6 ε or r > R,

1 if ε < r < R,

for a R > 0, one checks that, uniformly in R{
δε

(
(ρ0)ε − ρ0 − εe−r2

)}
→ 0 in Lγ(Ω),{

δε

(
(ρ0)ε − ρ0 − εe−r2

)}
→ 0 in L1(Ω),

and
{δε,R ((ρ0)ε(v0)ε −m0)} → 0 in L

2γ
γ+1 (Ω),

when ε→ 0, for any γ > 0.
We consider the approximate problem

(ρε)t + (ρεv)r +
2ρεvε

r
= 0,

ρε((vε)t + vε(vε)r) =
(
−P (ρε) + (λ+ 2µ)

(
(vε)r +

2vε

r

))
r

− ρε(Φε)r,

(3.12)
in the domain [0, T ]× Ωε for the density ρε and the velocity vε. The approximate
gravitational potential is

Φε(r, t) =
∫ ∞

ε

K(r, s)ρε(s, t)s2ds, (3.13)

with K is given by (2.3).
We consider Dirichlet boundary condition

vε(0, ε) = 0, for t > 0, (3.14)
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and initial conditions

ρε|t=0 = (ρ0)ε(r), ρεvε|t=0 = (m0)ε(r), on Ωε. (3.15)

Then we have

Proposition 3.2. Suppose that ε and T are arbitrary positive numbers and that the
initial data satisfy

0 6 ρ0 ∈ L1(Ω)) ∩ Lγ(Ω)), (3.16)

and

m0 ∈ L
2γ

γ+1 (Ω),
m2

0

ρ0
∈ L1(Ω)). (3.17)

Then for any γ > 1, the exterior problem (3.12)(3.14)(3.15) possesses a weak
solution such that

ρε > 0, ρε ∈ C(0, T ;Lγ
loc(Ωε)), vε ∈ C(0, T ;L2(Ω0)) ∩ C(0, T ;H1

0(Ω)),

and∫
Ωε

(
1
2
ρε(vε)2 +

1
2
Π(ρε)

)
r2 dr +

3λ+ 2µ
2

∫ t

0

∫
Ωε

[
r2((vε)r)2 + v2

ε

]
dr dτ 6 C,

(3.18)
where C > 0 does not depend on ε.

The proof is a direct consequence of [10]: the gravitational contribution is
bounded a priori due to the core presence, and the subdominent contribution in
the pressure (see (1.2)) is controlled as above by mass conservation.

In order to get precompactness of the sequences {ρε}, {vε}, as we have no
more direct information on the gradient of ρε, we need improved Lp(Lq) estimates
on ρε itself for p, q large enough, which is the matter of the following result.

Lemma 3.3. 1. For any test function φ ∈ C∞0 (Ω0) with φ(r) = O(r3) as r → 0,
there exists a constant C independent on ε such that∫ T

0

∫
Ωε

(ρε)2γφ4dr dt 6 C, (3.19)

2. Let γ > 3/2. For any T > 0 and for any test function ψ ∈ C∞0 (Ω0) with
φ > 0 and φ(r) = O(r3) as r → 0, there exists a constant C independent on
ε such that ∫ T

0

∫
Ωε

(ρε)γ+θψ dr dt 6 C, (3.20)

for any 0 < θ < γ.

Proof. In the proof of these estimates, we omit the explicit ε dependence.
1. Multiplying by φ and integrating on (r,∞) the momentum equation

(ρv)t +
1
r2
(
r2ρv2

)
r
+ Pr = (λ+ 2µ)

(
1
r2
(
r2v
)
r

)
r

− ρΦr = 0, (3.21)
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with Φr(ρ) = 4πGρ
r2

∫ r

ε
ρ(s, τ) s2ds, we get

φP = (λ+ 2µ)
1
r2
(
r2v
)
r
φ− ρv2φ+ ∂t

∫ ∞

r

ρvφ ds−
∫ ∞

r

(P + ρv2)φs ds

+
∫ ∞

r

2ρv2φ

s
ds+ (λ+ 2µ)

∫ ∞

r

1
s2
(
s2v
)
s
φ ds+

∫ ∞

r

ρΦsφ ds. (3.22)

Multiplying this equality by ργ and observing after [11] that

(ργ)t + (vργ)r +
2γvργ

r
= (1− γ)vrρ

γ ,

holds in D′((0, T )× Ωε) which implies, by multiplying by
∫∞

r
ρφv ds, that

ργ

(∫ ∞

r

ρφv ds

)
t

=
(
ργ

∫ ∞

r

ρφv ds

)
t

+
(
vργ

∫ ∞

r

ρφv ds

)
r

+
[
(γ − 1)vrρ

γ +
2γvργ

r

] ∫ ∞

r

ρφv ds+ v2ργ+1φ,

we get

φPργ = (λ+ 2µ)
1
r2
(
r2v
)
r
φργ +

(
ργ

∫ ∞

r

ρφv ds

)
t

+
(
vργ

∫ ∞

r

ρφv ds

)
r

+
[
(γ − 1)vrρ

γ +
2γvργ

r

] ∫ ∞

r

ρφv ds− ργ

∫ ∞

r

(P + ρv2)φs ds+ ργ

∫ ∞

r

2ρv2φ

s
ds

+(λ+ 2µ)ργ

∫ ∞

r

1
s2
(
s2v
)
s
φs ds+ ργ

∫ ∞

r

ρΦsφ ds.

Then multiplying by φ3 and integrating on (0, T )× Ωε, we obtain∫ T

0

∫
Ωε

φPργφ3 dr dt = (λ+ 2µ)
∫ T

0

∫
Ωε

φ3 1
r2
(
r2v
)
r
φργ dr dt

+
∫ T

0

∫
Ωε

φ3

(
ργ

∫ ∞

r

ρφv ds

)
t

dr dt+
∫ T

0

∫
Ωε

φ3

(
vργ

∫ ∞

r

ρφv ds

)
r

dr dt

+
∫ T

0

∫
Ωε

φ3

[
(γ − 1)vrρ

γ +
2γvργ

r

] ∫ ∞

r

ρφv ds dr dt

−
∫ T

0

∫
Ωε

φ3

∫ ∞

r

ρv2φs ds dr dt+
∫ T

0

∫
Ωε

φ3 ργ

∫ ∞

r

2ρv2φ

s
ds dr dt

+(λ+ 2µ)
∫ T

0

∫
Ωε

φ3 ργ

∫ ∞

r

1
s2
(
s2v
)
s
φs ds dr dt

−
∫ T

0

∫
Ωε

φ3ργ

∫ ∞

r

Pφs ds dr dt+
∫ T

0

∫
Ωε

φ3 ργ

∫ ∞

r

ρΦsφ ds dr dt =:
9∑

k=1

Jk.

(3.23)
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After [11] one knows that for any η > 0
7∑

k=1

|Jk| 6 η

∫ T

0

∫
Ωε

φρ2γφ4 dr dt+ Cη. (3.24)

Using (1.2) one gets for a R > 0 such that Supp φ ⊂ [0, R]

|J8| 6 a

∫ T

0

∫
Ωε

φ3ργ

∫ R

r

ργs2 ds dr dt+ b

∫ T

0

∫
Ωε

φ3ργ

∫ R

r

ρs2 ds dr dt 6 C.

(3.25)
In the same stroke

|J9| 6

∣∣∣∣∣4πG
∫ T

0

∫
Ωε

φ3 ργ

∫ ∞

r

ρφ
1
s2

∫ s

ε

ρ(α, t) α2dα ds dr dt

∣∣∣∣∣
6
η

2

∫ T

0

∫
Ωε

φρ2γφ4 dr dt+
1
2η
‖ρ‖L1(Ω)

∫ T

0

∫
Ωε

φ2

∫ ∞

r

ρ|φ| 1
s
ds dr dt

6
η

2

∫ T

0

∫
Ωε

φρ2γφ4 dr dt+ Cη. (3.26)

After (1.2) the left-hand side of (3.23) can be estimated as follows∫ T

0

∫
Ωε

φPργφ3 dr dt >
1
aγ

∫ T

0

∫
Ωε

ρ2γφ4 dr dt− b

∫ T

0

∫
Ωε

ργ+1φ4 dr dt.

As x 6 ηxγ + Cη, we get∫ T

0

∫
Ωε

φPργφ3 dr dt >
1
aγ

∫ T

0

∫
Ωε

ρ2γφ4 dr dt− bη

∫ T

0

∫
Ωε

ρ2γφ4 dr dt− Cη.

Plugging this last inequality together with (3.25) and (3.26) into (3.23) and choos-

ing η such that (1 +
b

2
)η =

1
2aγ

gives (3.19).

2. The proof follows the same scheme as the previous one.
Let φ ∈ C∞0 (Ω0) be a test function such that φ ≡ 1 on Supp ψ. Multiplying

(3.22) by ψρθ for θ > 0 and observing after [11] that(
ρθ
)
t
+
(
vρθ
)
r
+

2θvρθ

r
= (1− θ)vrρ

θ,

holds in D′((0, T )× Ωε) for any θ > 0, we get

ψPρθ = (λ+ 2µ)
1
r2
(
r2v
)
r
ψρθ +

(
ρθψ

∫ ∞

r

ρφv ds

)
t

+
(
vρθψ

∫ ∞

r

ρφv ds

)
r

+
[
(θ − 1)vrρ

θψ +
2θvρθψ

r

] ∫ ∞

r

ρφv ds−ρθ

∫ ∞

r

(P+ρv2)φs ds+ρθψ

∫ ∞

r

2ρv2φ

s
ds

+(λ+ 2µ)ρθψ

∫ ∞

r

1
s2
(
s2v
)
s
φs ds+ ρθψ

∫ ∞

r

ρΦsφ ds.
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Then integrating on (0, T )× Ωε, we obtain∫ T

0

∫
Ωε

ψPρθ dr dt = (λ+ 2µ)
∫ T

0

∫
Ωε

1
r2
(
r2v
)
r
ψρθ dr dt

+
∫ T

0

∫
Ωε

ψ

(
ρθ

∫ ∞

r

ρφv ds

)
t

dr dt+
∫ T

0

∫
Ωε

ψ

(
vρθ

∫ ∞

r

ρφv ds

)
r

dr dt

+
∫ T

0

∫
Ωε

ψ

[
(θ − 1)vrρ

θ +
2θvρθ

r

] ∫ ∞

r

ρφv ds dr dt

−
∫ T

0

∫
Ωε

ψ

∫ ∞

r

ρv2φs ds dr dt+
∫ T

0

∫
Ωε

ψ ρθ

∫ ∞

r

2ρv2φ

s
ds dr dt

+(λ+ 2µ)
∫ T

0

∫
Ωε

ψ ρθ

∫ ∞

r

1
s2
(
s2v
)
s
φs ds dr dt

−
∫ T

0

∫
Ωε

ψρθ

∫ ∞

r

Pφs ds dr dt+
∫ T

0

∫
Ωε

ψ ρθ

∫ ∞

r

ρΦsφ ds dr dt

=:
9∑

k=1

Ik. (3.27)

After [11] one knows that for any η > 0
7∑

k=1

|Ik| 6 η

∫ T

0

∫
Ωε

ψργ+θ dr dt+ Cη. (3.28)

Using (1.2) one gets for a R > 0 such that Supp φ ⊂ [0, R]

|I8| 6 a

∫ T

0

∫
Ωε

ψργ

∫ R

r

ργs2 ds dr dt+ b

∫ T

0

∫
Ωε

ψργ

∫ R

r

ρs2 ds dr dt 6 C.

(3.29)
In the same stroke

|I9| 6

∣∣∣∣∣4πG
∫ T

0

∫
Ωε

ψ ρθ

∫ ∞

r

ρφ
1
s2

∫ s

ε

ρ(α, t) α2dα ds dr dt

∣∣∣∣∣
6
η

2

∫ T

0

∫
Ωε

φρ2γψ dr dt+
1
2η
‖ρ‖L1(Ω)

∫ T

0

∫
Ωε

ψ

∫ ∞

r

ρ|φ| 1
s
ds dr dt

6
η

2

∫ T

0

∫
Ωε

ψργ+θ dr dt+ Cη. (3.30)

After (1.2) the left-hand side of (3.27) can be estimated as previously∫ T

0

∫
Ωε

ψ Pρθ dr dt >
1
aγ

∫ T

0

∫
Ωε

ψ ργ+θ dr dt− b

∫ T

0

∫
Ωε

ψ ρθ+1 dr dt.

As x 6 ηxγ + Cη, we get∫ T

0

∫
Ωε

ψ Pρθ dr dt >
1
aγ

∫ T

0

∫
Ωε

ψ ργ+θ dr dt− bη

∫ T

0

∫
Ωε

ψ ργ+θ dr dt− Cη.
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Plugging this last inequality together with (3.29) and (3.30) into (3.27) and choos-

ing η such that (1 +
b

2
)η =

1
2aγ

gives (3.20). �

3.2. Proof of Theorem 3.1
As in Section 2, we consider the extension to Ω the pair (ρε, vε) defined as

ρ̃ε(r, t) =
∣∣∣∣ ρε(r, t) for r ∈ [ε,∞),

0 else, (3.31)

and

ṽε(r, t) =
∣∣∣∣ vε(r, t) for r ∈ [ε,∞),

0 else, (3.32)

and we denote by (ρε, vε) this extension, by simplicity. After the energy inequality,
there exist extracted sequences such that

ρε ⇀ ρ weak − ∗ in L∞(0, T ;Lγ
loc(Ω)),

ρε ⇀ ρ weak in L2γ(0, T ;L2γ
loc(Ω)),

vε ⇀ v weak − ∗ in L2(0, T ;H1
loc(Ω)),

moreover after energy inequality

ρ ∈ L∞(0, T ;Lγ(Ω)) ∩ L2γ(0, T ;L2γ
loc(Ω)),

v, vr ∈ L2(0, T ;L2(Ω)).

In order to complete the proof of Theorem 3.1, we have finally to prove that the
couple (ρ, v) satisfies the system (3.1).

Using Lemma 3.3 and proceeding exactly as Jiang and Zhang in [11] one
proves the following properties of the weak limits

1. For any 0 < θ < γ, one has

ρθP (ρ)− ρθ P (ρ) + (3λ+ 2µ)ρθ vr = w − lim
ε→0

{
(3λ+ 2µ)ρθ

ε (vε)r

}
, (3.33)

2. For any 0 < θ < 1 such that 1
2

(
1− θ +

√
1 + 6θ + θ2

)
6 γ

ρθ − ρθ ∈ L 2
θ (0, T ;L 2

θ (0, 1)), (3.34)

for any 0 < θ < γ.
3. The limits ρ and v satisfy the energy inequality∫

Ω

(
1
2
ρv2 +

1
2
Π(ρ)

)
r2 dr +

3λ+ 2µ
2

∫ t

0

∫
Ω

[
r2(v2

r + v2
]
dr dτ 6 C, (3.35)

moreover

ρ,
(
ρθ
) 1

θ ∈ L∞(0, T ;L1(Ω)). (3.36)
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In particular, passing to the limit into (3.12), we find that (ρ, v) satisfies in
D′((0, T )× Ω) the system

ρt + (ρv)r +
2ρv
r

= 0,

(ρv)t + [ρv2 + P ]r +
2ρv2

r
= (λ+ 2µ)

((
vr +

2v
r

))
r

− ρΦr.
(3.37)

As property (3.34) excludes the concentration of mass at the origin, the end of the
proof is verbatim the same as that of Theorem 1.1 in [11].
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