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On spherically symmetric motions of a viscous
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SUMMARY. We consider the Cauchy problem for the equations of spherically
symmetric motions in R3, of a selfgravitating barotropic gas, with possibly
non monotone pressure law, in two different situations: in the first one we
suppose that the viscosities pu(p), and A(p) are density-dependent and sat-
isfy the Bresch-Desjardins condition, in the second one we consider constant
densities. In the two cases, we prove that the problem admits a global weak
solution, provided that the polytropic index ~y satisfy v > 1.
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1. Introduction

We consider the Navier-Stokes-Poisson system in R3 for a compressible isentropic
gas with density-dependent viscosities

Op + div(pv) = 0,
A1 (pT) + div(p? @ T) — div (2u(p) D(F)) — V (A(p)divs) + VP — pVd = 0,

AP = —4nGp.
(1.1)
Here p is the density, ¥'is the velocity, ® is the Newtonian gravitational potential
(G > 0 is the Newton constant), P is the pressure, D is the strain tensor with
D(%) = 1/2(V7 +t V).



2 Bernard Ducomet, Sérka Necasovéa and Alexis Vasseur JMFM

The pressure P(p) is related to the density p by a general barotropic consti-
tutive law (see [4] for motivations) satisfying

1
2l g P'(2) az’ 1 4+b forall z> 0,
a

{ PecCYR,), P(0)=0,
(1.2)

for three constants a > 0, b > 0 and v > 0.
Following Mellet and Vasseur [13], we suppose that p and A are two viscosity
coeflicients satisfying

p(p) = ¥ (p),  Ap) = 2p (p¥'(p) — ¥(p)), (1.3)

where ¥ is an increasing function of p.
The viscosity coefficients satisfy the constraints introduced in [13]

=
WV
o

' (p) =m, 1/“(
[N (p)]

g -
m
mu(p) < 2u(p) +

3A\(p) <m0 p(p),

for suitable positive constants p1, m, m and m.
We also assume the upper bound

ulp) < Cp'T, (1.5)

for a positive constant C, the physical meaning of (1.5) follows from the behavior
of the temperature dependence of gaseous viscosity 1 ~ C6'/2 and the “barotropic
equivalence” 6 ~ Cp7~1 (see [3]).

If v > 3, we also require that

Tim inf ”fﬁ)s >0, (1.6)

pP—00 p§

for some € > 0.
We also define the auxiliary functions ¢ and IT

p¢'(p) = V' (p), T(p):= p/lp PE) ..

22
We want to solve the Cauchy problem (1.1) for ¢ > 0 with initial conditions

li—o = P° 0l,_o = m%(x) R3 (1.7

Pleo = (@), pil_g =), on B, 7)

We focus on spherically symmetric solutions satisfying p(Z,t) = p(|z|,t) and
Uz, t) = v(|z|,t) ‘%, and we study weak solutions for the above problem with
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properties
p€ L>*(0,7); L'(R*) n L7(R?)),

VP EL® (0.T); H (®Y)), V/p o € (L=(0,T], LA(R*)”,

ulp) D) € (22 (0.7 W () M) divir € (22 (0.1, &%)
(1.8)
We also assume the following conditions on the initial data po(Z) = po(|Z]) and
mo (L) = mo(|Z]) 73
po=00nQ, 1g=0on {zeR3 py(x)=0},
(1.9)
po € LNR¥)NLV(R®), pg "/ Viu(po) € L2(R?), T8 € LM (R?),

For any 0 < 71 < 72, the weak solution (p,v) on R? x [0, T] must satisfy, for any
test function ¢ € CL(R? x [0,T]), the weak continuity equation

/RS pC da =/ /R (pGi + pii - V() da, (1.10)

and for any test function 77 € (CZ(R? x [0,T]))3 such that (-, T) = 0, the weak
momentum equation

T T
Mo -7z, 0) dm+/ / (pVU- T + 7@ T : V) dxdt—i—/ P(p) div 77 dx dt
R3 RS R3

/ / )17 dz dt+/ / 20 (p)\/p v;0i\/pOin; dx dt
R3
/ / (div ) dx dt
R3

/ /2fﬂ vﬁf@@dmdt—&—/ (7- V) (div 77) d dt
+/O /]R3\/ﬁ/\(p) (7 V) (y/p divif) dx dt:/o /W 4rGpV A p-ij dx dt. (1.11)

In this formula, the five last terms in the left-hand side are requested in order to
provide a rigorous meaning to the viscous contribution in the equation of motion
(see [18]), and the right hand side is a shortened notation for

T
//47erV(/ 1) dy)-ﬁdxdt.
0 JR3 R3 |I*y|

It is known after [4] that the Cauchy problem for the system (1.1)-(1.7)
admits a (renormalized) weak solution, when the viscosity coefficients are positive
constants, provided that the pressure P(p) behaves like Cp? for large p, with
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v > 3/2. Let us observe that the restriction on v is the same as in the non-
gravitating case [7].

In [5] it was proved that the problem (1.1)-(1.7) admits also a weak solution
when the viscosity coefficients are density dependent functions related by Bresch-
Desjardins relations [1], provided that the pressure P(p) behaves like Cp? for large
p with a smaller v > 4/3. In this last case, the restriction on v was requested in
order to control the gravitational term.

On the other hand, in recent works, S. Jiang and P. Zhang [11] (in the renor-
malized case with constant viscosities), Z. Guo, Q. Jiu, Z. Xin [9] and T. Zhang,
D. Fang [18] (for density dependent viscosities) proved that the Cauchy problem
for the spherically symmetric version of the non-gravitating Navier-Stokes system
also admits a weak solution, in the pure barotropic case P(p) = Cp? when the
condition vy > 1 is achieved.

In the present paper we show that the Cauchy problem for the spherically
symmetric Navier-Stokes-Poisson system admits in both cases (for density de-
pendent viscosities or in the renormalized case with constant viscosities) a weak
solution, for a general pressure law given by (1.2), without “loss of 4" (i.e. with
the optimal condition v > 1).

In the density-dependent case (Sections 2) we follow the strategy of Zhang
and Fang [18] (see also [10]): first consider the problem (1.1)(1.7) when R3 is
replaced by the ball B(0, R) then pass to the limit R — co. Moreover, as far as the
spherical symmetry is concerned with the classical divergence at the origin, it is also
requested to remove the origin, and finally one is led to solve the problem (1.1)(1.7)
in the shell B, r := B(0, R)\B(0,¢) and pass to the limits (¢ - 0, R — 00).

In the renormalized case with constant viscosities (Section 3) we adapt the
proof of S. Jiang and P. Zhang [11] to the Navier-Stokes-Poisson system with
non-monotone pressure.

2. The density-dependent case
The spherically symmetric version of (1.1) reads

2pv
pt + (pv)r + % =0,

(2.1)

2
plvy +vvy) = (—P + (A +2p) (vr + :)) — 4#7«; + pf,

in the domain [0,7] x R* for the density p(r,t) and the velocity v(r,t). The

Newton force is now f(r,t) := —®,.(r,t), where the gravitational potential is easily
computed as the suitable solution of the ode
1

3 (r2®,), = 4nGp.
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One gets

O(r,t) = / K(r,s)p(s,t)s%ds, (2.2)
0
with the kernel
1
— for s <,
K(r,s) = 4nG (2.3)

1
— for s>
s

<

We consider Dirichlet boundary conditions
v(0,t) =0, fort >0, (2.4)
and initial conditions
plico = po(r), pvli_g=mo(r), onRT. (2.5)
Then our main result is the following

Theorem 2.1. Suppose that the initial data satisfy (1.9) and that T is an arbitrary
positive number. Then for any vy > 1, the problem (2.1)(2.4)(2.5) possesses a global
weak solution satisfying (1.8) together with properties (1.10) and (1.11).

2.1. A priori estimates for approximate solutions

We follow the strategy of [18]: to get first uniform bounds for the density in an
approximate problem depending on numbers 0 < ¢ << 1 and R >> 1, then pass
to the limit (¢ - 0, R — o).

So we consider the perturbed problem

Op + div(p¥) = 0,
d(p¥) + div(p? @ T) — div (2u° (p) D(T)) — V (A (p)dive) + VP — pV® = 0,

A® = —47Gp,
(2.6)
in the truncated domain B. r x [0,T], with the perturbed viscosity coefficients

W) = o) + 5 2%, X (0) = Mp) + (0~ 1) =, (2.7)

where pf and A° have been adjusted in order to satisfy relation (1.3) and 6 €

(2/3,1).

We want to solve (2.6) in B, g x [0,T], with Dirichlet boundary conditions
pg‘@BsﬁR = 67 (28)
for t > 0, and initial conditions

Plico = po(x), pvl,_y =mo(x), on B.g. (2.9)
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The spherically symmetric version of (2.6) reads now

2pv
put (o) + =22 =0,

(2.10)
€ € 2/11 € v €
plve +ovv.) = [ =P+ (A 4+ 2u°) vr—i—? —4ur;—pf,
in the domain Q° x [0,T], with Q° := (g, R), for the truncated Newton force

fe(rt) = 47T2G / p(s,t)s%ds.
r €

We supplement (2.10) with
v(e,t) =v(R,t) =0, fort>0, (2.11)

and regularized initial data
p‘tzo = P0o,e,R *j57 U|t:0 = V0,e,R * j57 on Qev (212)
where js is a standard mollifier, and the truncated data are

po(e) +e forre|0,¢],
poer(r)=| po(r)+e forrele Rl
po(R) +¢ forr € [R,00),

and
0 forre[0,e+24],
mo(r)
=| ——2— f € 20, R — 20],
Vo, r(T) o(r) 4 orr € e+ ]

0 forr e [R— 2§, 00).

We suppose now that /2 < R and we denote by (pe r.s, Vs r.s) the solution of
the problem (2.10)(2.11)(2.12).

Finally in order to extract convergent subsequences it is convenient to extend
(pe,r,5,Ve,r,6) to the whole space by setting

pe.ro(r,t) forrele, R,

Pers(r,t) = ’ 0 else (2.13)
and

- ,t)  f € le, R],

Ue,rs(r,t) = Ve, (7 2) :f;er =, ] (2.14)

and in order to simplify the notations we denote in the following by (p,, v, ) the ap-
proximate solution (fe, R,n.6, > Ve, Rn,0n), fOr sequences e, — 0, R,, — 00,9, —
0, when n — oo. In the same stroke, we write Q, := [e,, Ry, tn = p(pn),
An = A (py,) and P, := P(p,,).

In the following, for any measurable set w C Q :=Q := (0,00) and p > 1, we
denote by LP(w) the weighted Lebesgue space

ew={reth i [1rop <),
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and we adopt the analogous notations H™(w) and WP (w) for the corresponding
weighted Sobolev spaces
We begin with energy-entropy estimates.

Lemma 2.2. There exists a constant C independent on n such that, for any t €
[0, 7]
1.

/ pn T2dr < C. (2.15)
Q

1
/ ( pn(vn)2 +1I,, — an)n) TQ dr
o \2

t 1 1 2 w2t
+/ / [(3)% + 2up) L” (rzvn),.] +12u 3hn ¥ 2t v2] dr dr < C,
0o Jo

12 "3\, + 10, "
(2.16)
3.1 [, [% po(v°)? +II(pg) — % poq)(poﬂ dr < 0o, the following estimates hold
IVPn vnlleo1ic2()) < CsllpnllLoe 0,727 )) < C, (2.17)
IV (0n)rllL20,1522(0)) < €5 IVEn vnllz20i22(2)) < C, (2.18)
ol o 0,121 (2)) < C- (2.19)

Proof. 1. Integrating the first equation (2.10) and using boundary conditions gives
(2.15).

2. Noting Dy := 0, + v0,, using the identity [, pnDi¢ r2dr = <& [, pno r2dr
valid for any function ¢ smooth on Q x [0,T], multiplying the second equation
(2.10) by v,r? and integrating by parts, we get

1 1 2 2
% A (2 pnv2 + 10, — 3 pn(I)n) rldr = —/Q {(An + 2up) % — 4,un(7“v,21)r] dr.
(2.20)
Using the notations w = r%v,,, a = \,, + 2u,, and b = p,, one checks that the
integrand in the right-hand side rewrites

(r?vy, )2 1 8b 12b
(An + 25) 2 4un(rv,2b)r =3 aw? — — wwr + = w?| .

Observing that the number ¢ := 3‘14—;41’ is positive, we have

8b 12b 2 6aC(3 —4¢) w? a 33—4¢) w]?
2 2 2
—— WWpt— W = = — 4 |V3 20w, - —V—= —| ,
Gy = Wy W 3a§wr+ 3—2¢ R Cw V3=2C r
where all the terms in the right hand side are positive after (1.4). Plugging into
(2.20) and integrating in ¢, we get (2.16).

3. After (1.2) one observe that

(pn) = C(py, — pnlog pn = pn),

for a C' > 0.
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Let us estimate the gravitational energy.

1
En(t) = 5/Qpn<1>(pn) r*dr

1 1 [e%e} 1 00 50
= 5 / / Szp”(s’ t)K(T7 5)T2pn (Ta t) ds d’l“+§ / / 82pn(57 t)K(’/‘, 3)7"20”(7“, t) ds dr =: A—i—B
o Jo . Jo
We get first

1 00 1 1 [eS) oo
B= f/ 7 pn (7, t)/ $2pn(s,t) ds dr + f/ 72 py (1, t)/ $pn(s,t) ds dr
2/ 0 2y 1
L[ ar L[, < 2 2 2
< ) 7°pn(r,) 8”pn(s,t) ds dr+§ 7pn(r,1) 8°pn(s,t) dsdr < [|r”pn(r, t)”Ll(Q)'
1 0 1 1
Now using Holder inequality, we bound A as follows

1 o]
/ / 52 on (s, ) K (r,8)r2py (1, t) ds dr
0o Jo
ym1

<(Awﬂ%vww“dﬁ"(K(Amﬁ%@me@dﬁwmji

By convexity, the first integral in the right-hand side is bounded by ||pn (-, )| 21 (0)-
For the second one, we note that the kernel K is homogeneous of degree —1
and satisfies, for v > 1

> 1
/ |K(1,s)] s"7ds < o0,
0

so we can apply an inequality of Hardy-Littlewood-Polya (see [16] p. 271)

(/01 (/OOO $2pn(s, ) K (r, 5) ds>v dr>i <C </0°O 20 (s, 1) ds> e </0°° s2p7(s,1) ds>i .

Finally, using (2.15), we get
Enl(t) < C (14 [lpn(r, )22 (o)) -

We conclude from the previous estimates that

1
/ s2pY ds —/ s2pplog py ds — 1 — </ s*pY ds) ] .
0 0 0

As the log is subdominant and v > 1, we end with the lower bound

thWH—mﬂMﬂﬁM>C

/ [(pn) — pu®(pn)] ridr > C’/ s%p) ds — C. (2.21)
Q 0

Plugging (2.21) into (2.16) and taking (1.4) into account gives immediately the
inequalities (2.17), (2.18) and (2.19) by inspection. O

We have the following “spherical” version of the Bresch-Desjardins entropy
estimate (see [1])
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Lemma 2.3. There exists a constant C independent on n such that, for any t €
[0, 7]

1

5/ Pn (Un+2:ul(¢(pn))r)2 2d’l"—|—/ IL,r dr—/pn nT dr
Q

+2u1 /t P'(p,)¥ (p ,,)M r2dr dT—Q,ul/ /Q\I' .12

+2u1/ / *+ 402 Updr dr < C, (2.22)

with ¥, := U(py,).
2. If % fQ po (Vo + 21 (P(p ))T) r2dr < oo, the following estimates hold

VP & (pu)llLoe0.1:02(02)) < C, (2.23)
[ N%(Pn)/’:f2 (pn)rllL201:c2(0)) < C, (2.24)
v/t (Pn) nll 20, 7522(0)) < C- (2.25)

Proof. 1. In the proof of this estimate, we omit the explicit n dependence.
First multiplying the first equation (2.1) by ¢’ and derivating with respect
to r, we get

bri + Vorr + Vrfr + {paﬁ' rig (TQU)T] =0.

T

Multiplying by r2p¢,, using the continuity equation and integrating in €, we get
1d 1
—— [ pgZr? dr —I—/ poZv.ridr —|—/ O'p— (7“211) U,r2dr = 0. (2.26)
2dt Q Q Q T2 r r

From the second equation (2.1), we have

p(thrvv,,){()\JrQu)l (r? v)] f4ur +P.+pf =0,

T

which rewrites, by using (1.3)
1 1
p(vt—&-uvr) 2#1 |:\Ij'r (7"2’U> :| +2u1\11rvr—2/11 |:(p\:[// _ \Il) 7“72 (T%)r} +Pr+[)f =0.
Multiplying by p~'¥,r2 and integrating, we obtain

1 )\ )\
/(vt—l—vvr)\I/TrQ dr—2,u1/ {\1'2 (7“211) } —TTer—i—Qul/ [(\II p\I/) (7“211) } =L r2dr
Q ol T 1. p Q r P

w2 U, P,
+2u1/ =T yridr —|—/ T 24 —/ 0., r’dr = 0. (2.27)
Q P Q P Q

Multiplying (2.26) by 2u1 and adding the result to (2.27), we get

1 d 1
/(vt + vv,) U 72 dr + 2 7 2p¢$r2dr — 2#1/ v [2 (Tzv)r] 2T 24y
Q Q r r
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1 v, 1
+2u1/ [(\Il —p¥')— (r?v) } L r2dr + 2u1/ [\IJ’ - (r?v) } U,r2dr
Q r r . P Q r r i,

2
+/ Pl 2qy —/ U, r2dr = 0.
Q P Q
Checking the identity
1

1 v, v,
2u1/ 1\ {2 (r%)r] L r2dr = Qﬂl/ [(\Il —p¥)— (7"211)71 —= r2dr
Q r r P Q r P

r2

1
—|—2,u1/ [\Il’ - (rzv) ] U,.r2dr,
Q r " r

one gets finally

d 2
/(vt + vv,)W,r? dr + &—/ 2p2r%dr —|—/ Pl 2, —/ U, ®, r2dr = 0.
Q 2 dt Jg Q p Q (2.28)
The first integral in (2.28) rewrites

d
/(Ut—l-UUT)\IJT’I“Z dr = —/ ’U\I/TTQdT—/’U(\I/t)r’l“QdT—l-/U’UT\I/TT2d7“ =: A,
Q dt Jo Q Q
(2.29)

where A rewrites

d 1 2
A= —/ ’U\I/TTQdT—/ = (7"211) p\I//TQdT—/ (TQU)TU[)T\I//dT‘—‘r/ v, U pridr
dt Jo o lr? " Q Q
=: Uy +Us + U3+ Uy. (230)
Computing the term Us, we obtain

Us = —/ v, W' pridr + 2/ (rv?), ¥ dr,
Q Q

so we get

2
A= i/ v\Ilrrzdrf/ 1 (r*v) | (p¥ — ) Tzd?"f/ (r*v? 4203 W dr. (2.31)
dt Q Q r2 r Q

Plugging into (2.29), we have

1 2
/(vt +v0,) U, dr = i/ oW, r2dr — / [ (r?v) } (pU' — W) r2dr
Q dt Jo Q r

2
- / (r?v2 + 20*)V dr. (2.32)
Q
From (2.20) we have

d L5 1 2 [(Tzv)r]Q 2
— = +1II — = pd = — +2u) ———— —4
. <2 pvU 5 p )7“ dr / [()\ ,u) 2 M(TU )T dr,

SO

4 [, 2 / 1(2)2(\1/' \11)2d+d/H2d d/qﬂd
— —ridr — (v —U)ridr+— redr—— redr
dt Qp2 H o) 7"2 r P dt Q dt Qp
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2
1
= —2;“/ [ 3 (TQ’U)T:| T r2dr+4u1/(rvz)T\II dr. (2.33)
QL” Q
Now plugging (2.32) into (2.28) gives

1 2
i/ vW,r2dr —/ [ (r*v) } (p¥’ — W) r?dr — / (r?v? + 20%)V dr
dt Q Q 7'2 r Q

d 2
+B 2 9pe2r2gy +/ Pl 2y —/ U,.®,72dr = 0. (2.34)
2 dt Joe Q P Q

Multiplying this relation by 2u; gives

d 2
— [Zufpd)f + Qulv\llr) r2dr + 2 / Pl 2, 2411 / U,.&,.r2dr
dt Jo Q p Q

1 2
*QM/ {2 (r*v) } (p¥' — W) r?dr = —2u, / (r*v? +20%)W dr,  (2.35)
alr " Q

where the integrand in the last integral is positive. Finally, adding (2.35) to (2.33),
integrating in time and restoring the n dependence gives (2.22).
2. Observing that after Poisson equation

/\Dr¢>rr2dr:/p\ll r2dr,
Q Q

and using (1.5) together with (2.16) into (2.22), we get immediately the inequalities
(2.23), (2.24) and (2.25) by inspection. O

Lemma 2.4. The sequence {p) }nen is bounded in L°/3(0,T; £L5/3(Q)).

Proof. After (2.19) and (2.24), p3/? is bounded in L2(0, T; H(2,,)) and then p7 is
bounded in L?(0, T £3(£2,,)). As, after (2.19), p is also bounded in L> (0, T; £1(£2,,)),
using Holder inequality p is also bounded in L%/3(0,T; £%/3(Q,,)), and then (see
(2.13) and (2.14)) in L%3(0,T; £5/3()). O

Lemma 2.5. If po(1 + vg)log(l + vg) S L‘,l(Q)), then the sequence {pnv% log(1 +
v2) bnen is bounded in L>°(0,T; L1(12)).

Proof. Recalling the identity

d
— pnF r2dr :/ pn(Fy +vF,) ridr,
dt Jo, o

and choosing F = % (1 +v2)log(1 + v2), we get

d 1

pr 3 pn(1402) log(14-02) r2dr = / On (14 log(L 4+ 02)) pn [(vn)e + vn(vi)r] 72dr.
Qp Qp

Then multiplying the momentum equation by v, (1 +log(1 + v%)) r2 and integrat-

ing by parts, we have

d 1
G| 5 o tos(1+ 02 i = - / o (14 log(1 + 02)) (P(pn)), 2dr
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1 n
+/ vy (1+1og(1+v2) [()\n + 2,un)r—2 (rzvn)r] r2d1“+/ 4, (1+log (1402 (ftn) UT r2dr
Q v Q

n n

7/ 4Gy (1 4+ 1og(1 + v2) pp (®y,), 72dr.
228

Using energy estimates and (1.3), we get

d 1 1

2
— = pn(1+ vi) log(1 + vi) r2dr + m/ Pn | =5 (r2vn)r r2dr
dt Qn 2 Qn T

< —/ vp (14+-log(14+v2)) (P(pn))r r2dr—/ 471G, (14+-1og(1402) pr (8, r2dr =: T+
Qn Qp
(2.36)
Using (1.2) and Cauchy-Schwarz, the first contribution in the right-hand side of
(2.36) is bounded as follows

2
1 1
|| = g/ un[(r2vn)r}2d7’+fm/ Hn |:2 (T2”n)r} rdr
Q 27 Ja, r

n

/ vn (1 +log(1 +v2)) P, r2dr
Qn

2
+C’/ (1 +log(1+v2)) (Plon) r2dr,
Q”L

and the last integral is bounded by

2—n
2

2
2 % _gPQ 2-n
(/ Pn [log(l + Ui)] g r2dr> X / P Tn r2dr ,
Qn Qn 220

for any 0 < n < 2.

One checks that the first integral is bounded after previous estimates, and
the second one is also bounded provided that 2y — 1 < % i.e. v < 3. When v > 3,
the same result holds if condition (1.6) is satisfied. So for any v > 1

11 <C. (2.37)
For the second contribution in (2.36), one has

,
[J] < C/ | (14 log(1 +v2)) pa(r, 7)/ pn(s,7) s%ds dr < C’/ pnv2dr,
Qp 0 Q

n

so using (1.3)
|J] < / v dr. (2.38)
Q

n

Plugging (2.37) and (2.38) in (2.36), integrating on (0,t¢) and using (2.16), we find
that

1
/ 5 pn(1+02)log(1 4 v2) r2dr < C,
Qp

which ends the proof, by taking (2.13) and (2.14) into account. O
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2.2. Proof of Theorem 2.1

Following verbatim the strategy of [18], the proof of Theorem 2.1 is achieved in
the same way as in [13] by showing first the convergence of the density and the
pressure, then improving the convergence of p,v2, proving the convergence of
the momentum, showing the strong convergence of ,/p;, (r?v,,), and finally the
convergence of diffusion terms.

We only sketch the proof hereafter, only stressing the specific roles played by
gravitation and pressure, and we refer to [18] for complete details.

1) Convergence of the density.

Lemma 2.6. The sequence {py} is bounded in L>°(0,T; LP()) for anyp > 1, and
up to an extracted subsequence

pn — p strongly in C(0,T; L] (), (2.39)
for any q € [1,3).
Proof. From Lemma 2.3, one get sup,¢jo 1) |v/Pnllni(,) < C, so after (2.13), the
sequence {,/p,} is bounded in L>(0,T; £LP(2)) for 8 € [2, 6].
So {p,} is bounded in L>(0, T; £3(Q)) and {p,,v,, } is bounded in L>(0, T; £3/2(Q))
after Lemma 2.2.
Using the continuity equation, {9;\/pn}c, <1 r,<n is bounded in

L=(0, Ty W=H3/2(L N)), for any K > N°S.
As (pn)r = 24/Pn(\/Pn)r, we find that {(p,),} is bounded in L>(0, T’; 53/2(%, N))
for ¢, < % and R, < N.
This implies, after Aubin-Lions lemma that p,, — p strongly in C(0, T} 53/2(%, N)).
Using finally the splitting
C
llon — pHLOO(O,T;E3/2(O,N)) < K lon — P||Loo(o,T;c3(0,%)) +[lpn — pHLOC(O,T;£3/2(%,N))’

we get the property. O

2) Convergence of the pressure and the gravitational force.

As a direct consequence of Lemma 2.4 and 2.6, we have
Lemma 2.7. Fory >1
P(p,) converges strongly to P(p) in L},.((0,T); £,.(Q)),
pn(®,), converges strongly to p®, in L}, .((0,T); Li,.(Q)).

3) Convergence of the momentum.

Lemma 2.8. Up to extracted subsequences
1.
prvn — m strongly in L}, (0,T; £1,.(2)) N L*(0,T; £}, (%)),
forany 1 <8< 3/2.
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\/PrUn — % strongly in L} .(0,T; L3.(Q)),

where % =0 when m = 0.
In particular m = 0 a.e. on {p(r,t) = 0}, and there ezists a function
v(r,t) such that
m(r,t) = p(r,t)v(r,t).

Proof. The second part of the Lemma follows directly from [13] and we omit the
proof.

As {\/pn} is bounded in L>=(0,T; L% N L%(Q)) and {,/pnv,} is bounded in
L*(0,T; £L2(Q)), we get that

{pnvn} is bounded in L>(0,T; LN L3/%()). (2.40)

Using the identity (pnvn)r = 24/0n0n(v/Pr)r + /Prr/Pn(vn), and Lemma
2.5, we see that

1
{(V/Pnvn),}e, <2 R,>n is bounded in L™(0, T} El(?, N)).

In particular the sequence {pnvn}eng%ﬁn%\, is bounded in L?(0, T; W1 (4, N)).
As {pn}tc, <L r,>n is bounded in L>(0,T; L£>*(+£,N)), we see that
1

Ot(pntn)}e <1 p >y is bounded in L?(0,T; W~23/2
EnxE ,Rn/N K

),

so using the Aubin-Lions Lemma
1
Pnn — m strongly in L?(0,T; Eﬁ(g,N)),

for any (8 € [1,3/2). From (2.40), we get also that
pnvn — m strongly in L(0,T; £ (0, N)),
for any ¢ € [1,3/2). O

4) Convergence in the weak formulation.

In order to complete the proof of Theorem 2.1, the last point is to check that
the pair (p,v) is actually a weak solution of (2.10). In other words we must check
that if (p,v) is the limit of the sequence ({p,}, {v,}) obtained in Lemma 2.6 and
2.8, then p and v satisfy relations (1.10) and (1.11).

The fact that (p, v) satisfy relation (1.10) is already proved in [18] (see Propo-
sition 3.5).

Let ¢ € C§°(Q x [0,T] with ¢(0,¢t) = 0 and ¢(r,T) = 0 be a test function
such that Supp ¥(-,t) C [0, N].

Multiplying the second equation (2.10) by r2% and integrating on Q x [0, T7,

we have .
/ / <pnvn¢t + anfﬂﬁr + P(pn) <1/1r + 2"/’)) ridr dt
0o Ja r



Vol. 99 (9999) on spherically symmetric motions 15

¢ 20,0\ o
[ [ 2uton) (@i + 257 ) 2

t
0 ont
+/0 /QQGHpn ((vn)rw + vy + . > rdr dt

_/Ot/Q(A(pn) + 0c, P(p,)) ((vn)r + 2:”> (zpr 4 Q;ﬁ) 2 dr di

+ / P0,en R (T7 O)UO,EW,Rn (T7 0)7/’(73 0) T2d’f‘

n

T
[ 1P = @al0) 5 M) + 060 (0).] (60:8) € e, 1)

:‘/ / P ((pn)), ¥ rdr dt, (2.41)
0 Q

for any n such that €, < % and R, > N.
Following verbatim [18] one can pass to the limit n — oo in all of the terms
of the left-hand side in (2.41). Note in particular that
T

lim [P(Pn) - (QN(pn) + Alpn) + 0571/’?1) (Un)r] (enst) € P(enst) dt =0.

n—oo 0

Moreover, after Lemma 2.7, one also gets that the same holds for the gravitational
term in the right hand side

/Ot/gpn (®(pn)), ¥ rdr dtﬂ/ot/ﬂp(q)(p)% W r2dr dt,

when n — oo, which ends the proof of Theorem 2.1 [

3. The constant viscosities case

For constant viscosities, the spherically symmetric version of (1.1) reads

2pv
pu+ (po) + 2= =0,
(3.1)
2v
p(ve + vv,.) = (—P + (A +2p) (vr + r)) - p®,,
in the domain [0,7] x Q = [0,7] x (0, 00) for the density p(r,¢) and the velocity

v(r,t). The gravitational potential is given as previously by (2.2) and (2.3).
We consider Dirichlet boundary condition at the origin

v(0,t) =0, fort >0, (3.2)
and initial conditions
Pl = po(r), polucy =mo(r), on R, (3.3)
We recall that (p,v) is a weak solution of (3.1)(3.2)(3.3) if
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1. p >0 a.e. and for any T > 0 (see (1.8))

p € L>(0,T;L7())
v € L0, T; £

, pv? e L7(0,T; £1(9Q)),
D, - € L¥O0.T5L1(Q),

(
pec (10,71 (£,,) ). pec ([O,T}; (ﬁ&)w (Qo)) :

where Q¢ = [0, 00), and the index w means that the corresponding £P space
is endowed with the weak topology.
2. For any ty > t; > 0 and any test function n € C}(R x Q) (see (1.10) and

(1.11))
/ om r2dr
Q

b2 t2 2n
/ pvn ridr| — / / <pm)t + pv’n, + P (nr + )) r2dr dt
Q t t1 JQ r

to 2
+(A+2u) / / <vrm + 1)277) r2dr dt
t1 Q r

ta
—|—47TG/ / n(r,t)p(r, t)/ p(s,t) s*ds ridr dt = 0. (3.6)
t1 Q

r
0

(3.4)

to to
_/ / (o + pon) r2dr = 0. (3.5)
t1 t1 Q

The following result holds

Theorem 3.1. Suppose that T is an arbitrary positive number and that the initial
data satisfy

0< po € L) N L)), (3.7)
and
mo € L371(Q), " £HQ)). (3.8)
Po

Then for any v > 1, the problem (3.1)(3.2)(3.3) possesses a global weak
solution satisfying (3.4) together with properties (3.5) and (3.6).

In the constant viscosities case, extra estimates on the density gradient us-
ing Bresch-Desjardins inequality are no more available and one must rely on the
original Lions-Feireisl method [12] [8] [15] (see [4]).

Following [11], we consider approximate solutions in the spirit of Section 3
and pass to the limit. As in the density dependent case, we only concentrate on
the role of gravitation and pressure, referring to the paper of Jiang and Zhang [11]
for further details.
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3.1. Approximate problem and priori estimates

Adapting the approximating scheme of Hoff [10] to the self-gravitating situation,
we define in Q. = (¢, 00) the mollified data

(p0)e(r) = =7 | (*760) *dej2 (1) +ee™", (3.9)

(mo)(r) i= r(;;j)f [(r %) *je/g] (r), (3.10)

(o0tr) = (29 ) ) (3.11)

and

“ (po)e
where € > 0, j is the standard Friedrich mollifier and x. € C§°(2) is a cut-off such
that

0 if r <eg,
Xe(r) =
1 ifr > 2e.
Then denoting by 4. and 6 g the step functions
0 if r <, 0 ifr<eorr>R,
de(r) = , Oer(r)=
1 ifr>e. 1 ife<r<R,

for a R > 0, one checks that, uniformly in R
{6 ((p0)e —po—ec™) b =0 i £7(0),

{56 ((po)E —po— 66_7'2)} — 0 in £Y(Q),
and .
{de,r ((po)e(vo)e —mo)} — 0 in L7T(9),
when € — 0, for any v > 0.
We consider the approximate problem

2peVe

(pe)t + (pev)r + =0,

P+ w0 = (=PGe) + 20 (0 5 ) ) =t

(3.12)
in the domain [0, 7] X Q. for the density p. and the velocity v.. The approximate
gravitational potential is

O (r,t) = /00 K(r,8)pe(s, t)s%ds, (3.13)

with K is given by (2.3).
We consider Dirichlet boundary condition

ve(0,€) =0, fort >0, (3.14)
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and initial conditions
pe|t:0 = (po)e(r), peve‘t:o = (mo)e(r), on . (3.15)
Then we have

Proposition 3.2. Suppose that € and T are arbitrary positive numbers and that the
initial data satisfy

0< po € LYN))NL(Q)), (3.16)
and
mo € L371(Q), " £HQ)). (3.17)
Po

Then for any v > 1, the exterior problem (3.12)(3.14)(3.15) possesses a weak

solution such that
pe >0, p.€C00,T;L]) (Q)), vee C0,T;L%Q0))NC0,T; Hg(Q)),

loc

and

t
/ (1 pe(ve)? + 11_[(,06)) 2 dr+ 3“2“/ / [r2((ve),)? +02] dr dr < C,
. \2 2 2 o Ja.
(3.18)

where C > 0 does not depend on €.

The proof is a direct consequence of [10]: the gravitational contribution is
bounded a priori due to the core presence, and the subdominent contribution in
the pressure (see (1.2)) is controlled as above by mass conservation.

In order to get precompactness of the sequences {p.}, {v.}, as we have no
more direct information on the gradient of p., we need improved LP(L?) estimates
on pe itself for p, g large enough, which is the matter of the following result.

Lemma 3.3. 1. For any test function ¢ € C$°(Q) with ¢(r) = O(r3) asr — 0,

there exists a constant C independent on € such that

T
/0 /Q(pe)27¢4dr dt < C, (3.19)

2. Let v > 3/2. For any T > 0 and for any test function ¢ € C§° (o) with
¢ >0 and ¢(r) = O(r3) as r — 0, there exists a constant C' independent on
€ such that

T
/ / (p)? 0% dr dt < C, (3.20)
0 Ja.
for any 0 < 0 < ~.

Proof. In the proof of these estimates, we omit the explicit € dependence.
1. Multiplying by ¢ and integrating on (7, 00) the momentum equation

1 1
(pv): + 2 (r2pv2)r +P.=(\+2p) <7"2 (7‘2U)T) —p®r =0, (3.21)
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with @,.(p) = 47;# [l p(s,7) s%ds, we get

¢P = (A +2p) r%(r%m—pv?mat /Oopw ds—/w<P+pv2>¢>s ds

° 2pv? > 1 00
+/ ms) % s+ (0t 2“)/ = (s70), ¢ ds +/ pLo¢ ds. (3.22)
Multiplying this equality by p” and observing after [11] that
2yvp?
(07 + (vp), + —— = (1 = 7vrp,

holds in D/((0,T) x Q) which implies, by multiplying by froo pdv ds, that

([ e) (o [ ) o o [ o)

2 2 >
+[(~y—1)w+ e } / pdv ds +v?p g,

we get

1 e °
¢PpV<A+2u>ﬂ(r2v)r¢p”+(pv s ds) +<vp7 | oo ds)
T t T I
) ¥ fe%e] [e%} 002 2
+{( ~ 1o+ 22 }/ povds—p" [P+ ptiocds gt [T 2L as
T T T

oo 1 oo
+(\ + 2u)p’y/ = (s*v) b ds + p”/ p®.o ds.

Then multiplying by ¢ and integrating on (0,T) x €, we obtain

/ / PP dr dt = (A+2p) / / & 5 (), 60" dr di
L[ty L o o
//w[ —1w+2”’:p]/°°p¢vdsdrdt
Lo [owenef [ o] o
/\+2,u//¢3 / ). bu ds dr dt
e[ pgbstMH//gbs / a3

3 (3.23)
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After [11] one knows that for any > 0

7 T
Z | Jk| < n/ /Q op¥ ot dr dt + C,,. (3.24)
— 0 e

Using (1.2) one gets for a R > 0 such that Supp ¢ C [0, R]

| Jg| < //¢3 /psdsdrdt+b//¢3 /ps ds dr dt < C.

(3.25)
In the same stroke

T oo s
1
< 47TG/ / 3 p”/ po —2/ pla,t) o*da ds dr dt
0 Q. r S €

T T %)
1 1
< ﬂ/ op*7 ¢t dr dt + *||p||c1(9)/ / ¢2/ plo| = ds dr dt
2 Jo Ja. 2n 0 Ja. r s

T
ﬂ/ / $pP ¢* dr dt + C,. (3.26)

After (1.2) the left-hand side of (3.23) can be estimated as follows

T
/ / GPp ¢ dr dt > / / p2o* dr dt — b/ / pI et dr dt.
0 Qe 0 0

As x <nx” 4 C,), we get

T 1 /7 T
/ / dPpY ¢ dr dt > —/ / p ot dr dt — bn/ / p¥ ot dr dt —
0 JQ. ay Jo Ja. 0 Ja.

Plugging this last inequality together with (3.25) and (3.26) into (3.23) and choos-

|Jol

b 1
ing n such that (1 + )77 = — gives (3.19).
2ary

2. The proof follows the same scheme as the previous one.
Let ¢ € C§° () be a test function such that ¢ = 1 on Supp . Multiplying
(3.22) by ¥p? for > 0 and observing after [11] that

2 (2
# =(1- e)vrpga

("), + (v6"), +
holds in D’((0,T) x Q) for any 6 > 0, we get

Pp’ = (A +2p) % (r*0), wp’ + (p% / "~ o ds) - (vp% / "~ pv ds)
T t T T
0 [e'e]
o= vuor L] [T pov syt [T (Protion st [ 20 4y

+(\ +2u) %/ (s?v) ¢5d8+p91/}/ p®s ds.
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Then integrating on (0,7) x Q, we obtain

//¢Pp dr dt = >\+2u// vp? dr dt
+/OT/Q¢(/)9/T p¢vd8> drdt+/ /Qw(vp(’/r pd)vds)r dr dt
Lol 2 s
R L
)\+2u/ / wp/ ). b ds dr dt
/OT/QEWQ/T P¢Sdsdrdt+/0 /ngz)p"/roop%bdsdrdt
0

(3.27)

I
x>
T
N

=

After [11] one knows that for any n > 0

7 T
Z || < n/ /Q Yp 0 dr dt + C,). (3.28)
0

Using (1.2) one gets for a R > 0 such that Supp ¢ C [0, R]

IIs| < a //wp/ps dsdrdt—i—b//i/}p/ ps* ds dr dt < C.

(3.29)
In the same stroke

T ) s
1
47TG/ / (0 Pg/ po 57/ pla,t) a?da ds dr dt
0 Qe r €
n [T 1 T > 1
5/ / ¢p* 7 dr dt+2*||,0||al(9)/ / ?ﬁ/ plo| = ds dr dt
0 JQ n 0o Ja. r s

T
< Q/ / Yt dr dt+ C,. (3.30)
After (1.2) the left-hand side of (3.27) can be estimated as previously

T
/ o Pp? dr dt > //1/)p'*+9drdt—b/ / Y p'tt dr dt.
0 Qe

As x < nx” 4 Cy, we get

T T T
1
//pr‘gdrdt>—//wp7+9drdt—bn//¢p7+‘9drdt—0n.
0 Ja. ay Jo Ja. 0 JQ.

|Io| <
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Plugging this last inequality together with (3.29) and (3.30) into (3.27) and choos-

b 1
ing n such that (1 + 5)77 = % gives (3.20). O

3.2. Proof of Theorem 3.1

As in Section 2, we consider the extension to € the pair (p,v.) defined as

pe(r,t) forr € [e,00),

pulri) = | P00 Jor (3.31)
and

N ve(r,t) for r € [e,00),

Ve(r,t) = (r,) 0 elso [€;00) (3.32)

and we denote by (p., ve) this extension, by simplicity. After the energy inequality,
there exist extracted sequences such that

pe — p weak —*in L>®(0,T; L] (),

loc
pe — p weak in L*7(0,T; E?(:’C(Q)),
ve = v weak —* in L*(0,T;H[,.(Q)),
moreover after energy inequality

p e L0, £7() N L*(0,T: £2(%)),

loc
v,v, € L*(0,T; L2(Q)).

In order to complete the proof of Theorem 3.1, we have finally to prove that the
couple (p, v) satisfies the system (3.1).

Using Lemma 3.3 and proceeding exactly as Jiang and Zhang in [11] one
proves the following properties of the weak limits

1. For any 0 < 6 <+, one has

PP(p) — 7 P(p) + (3A+ 200" v, = w — lim { B+ 2006 (v)r }, (3.33)

2. For any 0 < 6 < 1 such that 3 (1 -6+ V1+60+6%) <~y
p? —p? € L(0,T;L7(0,1)), (3.34)

for any 0 < 0 < 7.
3. The limits p and v satisfy the energy inequality

1 1 2u [*
/ ( v+ H(p)) r? dr + A+ 2u / / [r?(vi + %] drdr <C, (3.35)
Q 0o Jo

2 2 2
P, (ﬁ)

moreover

=

€ L>=(0,T; LY()). (3.36)
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In particular, passing to the limit into (3.12), we find that (p,v) satisfies in
D'((0,T) x Q) the system

2pv
P+ (po), + 22 =0,
— 2pv? 2 _ (3.37)
(pv)s + [pv? + P, + PTU = (A+2p) ((vT + :)) — p®,.

As property (3.34) excludes the concentration of mass at the origin, the end of the
proof is verbatim the same as that of Theorem 1.1 in [11].
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