ASYMPTOTIC LIMIT TO A SHOCK FOR BGK MODELS USING
RELATIVE ENTROPY METHOD

YOUNG-SAM KWON AND ALEXIS F. VASSEUR

ABSTRACT. We consider the hydrodynamical limit of a kinetic BGK model in
one space dimension, to a scalar conservation law with a strict convex flux.
In this paper, we provide sharp estimates for the asymptotic limit to shocks,
where layers, called Knudsen layers, may appear. The used method is based
on the relative entropy. It follows a previous work of Choi and Vasseur [11]
where similar sharp estimates were obtained for the inviscid limit of a viscous
conservation laws to a shock.
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1. INTRODUCTION

We consider the following BGK model in one dimensional spaces R, first intro-
duced by Perthame and Tadmor [24], which is based on the “transport-collapse”
method of Brenier [6, 7]

Mf —
o.f +a(w) -0, = L] 1)
where the flux A”(v) := da/(v) > ¢ for some constant ¢ > 0, the local density of
particle is defined by

v~ [ e, &)
R
and the Maxwellian M f is defined as follows

lio<v<uy, ifv 20,
Mf = _1{u§1}§0}a ifv< 0,
0, otherwise.
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2 YOUNG-SAM KWON AND ALEXIS F. VASSEUR

The existence of global unique weak solutions of (1) and the hydrodynamic limit

of the BGK model, as ¢ — 0 is proved in [24]. When & converges to 0, the function
U converges to a solution of the scalar conservation laws:
oU + 0, A(U) = 0. (3)

In this paper, we are interested in getting sharp estimates for the asymptotic limit
close to a shock. Let us consider the shock solutions of the scalar conservation laws
(3) with the initial data

Crifz <0,
So(x) = : (4)
Crifx > 0.

with two constants Cp, > Cgr. Then, the Rankine-Hugoniot condition ensures that
the function 1) ()
) A(CL) — A(Cgr

So(x — ot th =—— 5

o(x — ot) wi o c, Ch (5)

is a solution to the equation (3). Notice that the condition C > Cg implies that

they verify the entropy conditions, that is:

om(U) +9,G(U) <0, t>0, zeR,

for any convex functions 7, and G’ = 1’ A’. Hydrodynamic limit to a shock may
exhibit the formation of layer, called Knudsen layer, which have a typical length of
€. An easy dimensional analysis shows that, because of those layers, we may have
in general
IU(E) = S(- = at)|z2 > Ce,

which means that the L? stability for two solutions U, S does not hold.We are
interested in large perturbation (that is for any initial value without smallness
condition with respect to €). In this case, the layer study is not adequate, since it
may not converge due to the large amount of energy at the scale £ (see [11]). We
show however, that even in this case, the error cannot be bigger than elog(1/e).
The main result is as follows.

Theorem 1.1. Let C, > Cg, L > 0 with L > sup(|CL|,|Cr|), and T > 0 be any
number. Then there exists a > 0, C' > 0, and €g > 0, such that if U is defined in
(2) by the solution f of the equation (1) with the initial value fo € L*(R x [~L, L])
verifying 0 < sgn(v) fo(x,v) <1 and [ fodv = Uy with

(Uo—So) € L*(R)  and  8ufollpr@wx|-1,2)) < CL — Cr +a,
we have the following result:

e For any 0 < e < g, there exists a Lipschitz curve X € L*°(0,T) such that
X(0)=0 and for any 0 <t < T:

1U(t) = SO < Vo — Soll2sz
. (6)
wéwﬁwm—%w®+&mwm,

where S(t,x) := So(x — X (t)), and Sy is defined by (4).
e Moreover, this curve satisfies
IX(t)| <C  and (7)
X(t) = ot? < C2(|[Uo = Soll3ee)

(8)
+| /R2vf0(v)dv - UOQH%Q(R) + Elog(l/s)).
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Remark 1. In Theorem 1.1, the given constant ey depends on «, Cr,Cr, ||AllL
and C depends on o, CL,CRr, ||Al|lL~ and T.

Our method is based on the method developed in Leger and Vasseur [20, 21].
Note that the estimate is uniform with respect to €. So, for € = 0, we recover the
result of [20], which is a contraction property for shocks of conservation laws in L2,
up to shift. The result cannot be true without shift (see [20]).

The relative entropy method introduced by Dafermos [12] and Diperna [14] pro-
vides an efficient tool to study the stability and asymptotic limits among thermo-
mechanical theories, which is related to the second law of thermodynamics. They
showed, in particular, that if U is a Lipschitzian solution of a suitable conservation
law on a lapse of time [0,7], then for any bounded weak entropic solution U it
holds:

/\U(t) —U@®))?dx < C/ |U(0) — T(0) du, (9)
R R

for a constant C' depending on U and T. Since Dafermos [12] and Diperna [14]’s
works, there have been many recent progress as applications of the relative entropy
method. For incompressible limits, see Bardos, Golse, Levermore [2, 3], Lions and
Masmoudi [22], Saint Raymond et al. [18, 26, 27, 28] have studied incompressible
limit problems. With the relative entropy idea, some authors, for example, Feireisl,
Novotny [15], Masmoudi [25], have studied inviscid incompressible limit problems
for the multidimensional compressible Navier-Stokes systems. There are also many
recent results of the weak-uniqueness for the compressible Navier Stokes equations

together with using relative entropy by Germain [17], Feireisl, Novotny [16]. For the
relaxation there is an application for compressible models by Lattanzio, Tzavaras
[19, 29] and we can also see Berthelin, Tzavaras, Vasseur [1, 5] as some applica-

tions of hydrodynamical limit problems. However, in all those cases, the method
works as long as the limit solution has a good regularity such that the solution is
Lipschitz. This is due to the fact that strong stability as (9) is not true when U
has a discontinuity. It has been proven in [20, 21], however, that some shocks are
strongly stable up to a shift (see also related works from Chen and Frid [8, 9] and
Chen, Frid and Li [10]). Choi and Vasseur [11] have recently used this stability
property to study sharp estimates for the inviscid limit of viscous scalar conserva-
tion laws to a shock. This paper is dedicated to the application of those ideas to
study sharp estimates of hydrodynamical limits to shocks. This result shows a rate
of convergence slightly worse than e (to the log), for the hydrodynamic limit to a
shock, measured via the L? norm (squared).

The outline of this article is as follows: In section 2, we recall some known
properties of the solutions of equation (1). In Section 3 we introduce the relative
entropy and some properties used in Leger [20]. In Section 4, we derive some
estimates for the hyperbolic part of the relative entropy. The section 5 is devoted
to estimate the dissipation terms. Finally, in section 6, we give the proof of Theorem
1.1 together with combining the estimates in section 4, 5.

2. PROPERTIES OF SOLUTIONS OF THE BGK EQUATION

We recall the following lemma which can be found as Theorem 3.6.1 in Perthame

[23]-

Lemma 2.1. Let fo € L*°(R x [-L, L]) verify 0 < sgn(v) fo(z,v) < 1 for almost
every z,v, and a € LS (R), then there exists a unique solution to (1). Moreover,
it satisfies:

|f(t,9r:,v)| = sgn (U)f(tam,v) <1,
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and for every h >0, U(t,z) = [ f(t,x,v) dv verifies |U(t,z)| < L for almost every
t,x, and
(U, +h)=U® )@ < [1fol-+h,v) = folv) || L1 ge).-
This provides the following proposition.

Proposition 2.1. Let ug € L*(R) and U be the local density of a solution of f in
(1) such that ||0z follrr is bounded. Then, for allt > 0,h € R, we have

[U(+h,t) = UG Ol @) < hll0zfollzr (10)
Especially, U(t) is bounded in BV for every t > 0.
From the proposition 2.1, we can show the following lemma 2.2.

Lemma 2.2. Let ||0; follr < CL—Cr+a, and U be the local density of a solution
of f in (1). Then, for allt € (0,T), the following inequality holds:

/jo (0,U(t))+dx < a. (11)

Proof. Let a < b. Integrating U for space variable gives, for ¢ € (0,T),

b b
Ut at) — U(t,b—) = 7/ 0,Udx < / (0.U)_|dx,
which implies
CL—Cp< / (0.0)_|dx,

— 00

where a — —o0, b — oo. This, together with proposition 2.1, proves (11)

/ I(GxU)_|dx+/ I(axU)+\dx:/ (0, U)|dx
<0z follzr <Cr —Cr+a.

Hence

/|(8mU)+|dac <o

3. RELATIVE ENTROPY AND SOME PROPERTIES

In this section we introduce a special drift function X (¢),t € (0,7), defined
in Leger [20] and the evolution form of the relative entropy. To begin with we
need some notations and properties provided in Leger [20]. Fix any strictly convex
function n € C?, we first define the normalized relative entropy flux g(-,-) by

_ Flz,y)
Ao = Saly)
where the associated relative entropy functional n(-|-) is given by

n(xly) = n(z) = n(y) —n' W)z —y)
and the flux of the relative entropy F(:,-) is defined by
F(a,y) == G(x) = Gly) = n'(y)(A(z) — A(y)). (12)
Note that for any fixed y and any weak entropic solution of (3), we have
O (uly) + 0xF (u,y) < 0.

Hence, g can be seen as a typical velocity associated to the relative entropy 7(-,y).
Using the strict convexity of the function 1, Leger showed in [20] the following
lemma.
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Lemma 3.1. Let z,y € [—-L, L] for any L > 0. There exists a constant A > 0,
such that we have

o & <7'(x) <A,

o ox(z—y)? <nlely) < $A(x —y)?,
o |F(z,y)| < A(z —y)?,

® 0<(9z9)(z,y) <A,

o & < (0y9)(xy).

In the spirit of Leger [20], we consider the solution of the following differential
equation in order to define the shift function X

X(t) = g(U(t, X (1)), <25x)
X(0)=0 '

The existence and uniqueness of X comes from the Cauchy-Lipschitz theorem.

(13)

First, X is Lipschitz, since we have from Lemma 3.1
R xy, @)
‘X(t)| = CrL+Cr
W(U(t,X(t))’T)

where we used the fact ||U(t)||p~ < L for t > 0.

< 2A2 (14)

The idea of the proof is to study the evolution of the relative entropy of the
solution with respect to the shock, outside of a small region centered at X (¢) (this
small region corresponds to the layer localization):

/X(t)—as (n(U(t,x)|CL) N /LL W (W) f(t, 2, v)dv — n(U(t,I))>dx

+/XO(‘;)+55 (W(U(tw)\CR) + /LL ' () f(t, @, v)dv — n(U(t’x)))dX'

(15)
Note that, since U is bounded, for any n > 0

/ (Ut 2)|S(t 2)dx < Cl{lz - X(8)| < Cn}| < Cn. (16)
{lz—=X(t)|<Cn}

for any n > 0. From now on we will take a reasonable § > 0 and it will be fixed in
(25) later.

For the rigorous proof, we define the evolution of the following quantity
o0 2
H) = [ [esto = X(0)/2)] (Uit t0)
oo

(17)
—I—/ n' (v) f(t,z,v)dv —n(U(t, x)))dx

— 00

for any fixed § > 0 and X € C'([0,7]) where an increasing function ¢; is defined

by
0 if z<0,
%(x)_{ 1 if 2> 6.
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From now on we drop the § from the notation of ¢5. Thus, the derivative of H?(t)
implies the following lemma

Lemma 3.2. The function Ho(t), defined in (17), satisfies the following on (0,T)

dH(t)

(t)

. X( Do (ZEO) [k onics) - F.00)]as

X(t)—be € €

dt
Lo
/ 6/, 2 ~z+ Xt )¢/<_I+X(t))(Mf(U)—f(v))‘I’(t,a:,v)dvdx
/

€ g
X(t) poo
Ll
)

1
B /X(t)+6€ §¢<aj —j((t))¢,(x - X@)) [X(t)n(U|CR) — F(U, C’R)]dx

X (t €

%X(t))z(Mf(v) — f(v))n/ (v)dvdx

B /x)::% /Z o O gr (2= 2D) (a1 £(0) ~ f(0)@ (2. v)avelx

€
+/ / f¢(
X(t)J—o0 €

=L+ Lo+ L3+ Ry + Ry + R3

OV a1 £(0) - £y ()avax

where ® is defined as follows

O(t,z,v) = =X (6)n'(v) — av) (' (v) = 7' (S)).

Proof. Let us first denote h by
o) =n(U1S) + [ @)f)dv = V).

Since the function S is constant on both the set {z < X (¢)} and the set {z > X (t)},
we have for U = [ f(v) dv and = # X (t)

m= [ w@n@a - S
:/_‘:M) M dv—a/ 7 (9))f(0)dv

=-9,F(U,S) + /jo n’(v)wdv

€

+0; /_Oo a(v)(n'(v) =0/ () (M f(v) = f(v))dv.
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Now, we spit H? into two parts depending on the sign of z — X (¢)

= [ (= Paas

oo €

O o2 s

oo €

5 5
= He,l(t) + He,r(t)'
We differentiate Hgl(t) with respect to time to find

%Hf,l(ﬂ =
/_O:o %QS(_;U —;X(t)>¢/(_$ tX(t))X(t)h(t,x)dX
+ [ o(FEE) e

/x 2o (2 AW o (22X [k (nwicy) - F.Cu)]da

E S 3

g -+ X( ))Qy(*x + X(t))X(t)(f(U) _ Mf(’y))?]/(’u)dVdX

e

L
Xx® / 1:+X())¢,(f:c+X(t))

e

xa(v) (1 (v) = /() (M f(v) — f(v))dvdx

i /—):t) /_O; %qb(ﬂ)”l(“)(]”f(v) — f(v))dvdx.

We obtain the result for H? () in the same way. O

4. HYPERBOLIC TERM

This section is devoting to prove that the hyperbolic part L + R; in the equality
(18) is strictly negative. Applying the key proposition 2.1 and lemma 2.2, we are
able to show the main proposition for this section.

Proposition 4.1. Let Ly and Ry be as in Lemma 3.2. Then, there exists a constant
0 > 0 such that, for any €, satisfying

6 <0,
we have
X(t)+56 _ X _ X
Li+ Ry S—Q/ ¢(|x (t)|)¢,(|a: (t)|>U(U|S)dX
€ JX(t)—de € €

Proof. Let us start with proving that L is strictly negative. The proof of R; is
similar. With the definition of X (t), we write Ly as

Ll/xm 2(;5(x+X(t))¢’(x+X(t))‘7i(UCL)'G(t,x)daj

X(t)—de € € €
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where G(t,z) = {g(U(t,X(t)), %) - g(U(t,x),CL)}. Using Lemma 2.2 we
find
X(t)

Ut, X)) —U(t,z) = / (0:U)(t,y)dy < / (0:U)+(t,y)dy < a.  (20)

x x

X(t)

We next observe that G(t,z),t € (0,T),z € R, is strictly negative. To do this, we

rewrite the function G as
Cp+C Cr+C
Glt,w) = g (Ut X (1), =2 01) = g (Ut @), =21

+9(Ut,2), M) — g(U(t,2),CL).

2
Then, thanks to Lemma 3.1 and the inequality (20), we get

Glta) < g(Ulta) + 0. EEORY g (e, ST )

2 2
Cp+C
+g(U(ta$)7 L 2 R) —g(U(t,.I‘),CL)
CpL—Cg
< _— < —
<ah T 0/2<0

for @ > 0 small enough. Note that the smallness of o depends only on the shock
CL,CR, the flux A, and the L* norm of U which is controlled by the BV norm of
Up. Since ¢(+), ¢'(-) and n(:]-) > 0, we get

L X (t) 1¢<_x+X(t)>qb/(_xtX(t))n(UWL)dx.

X (t)—de € €

Similarly, we also obtain that

X (t)+de T — T —
Ry < -0 ! < X(t)> qﬁ’( X<t))77(U|CR)dX.
X (t) 9 9 9

Consequently, combining the two last inequalities gives the desired result. O

5. DISSIPATION TERM

In this section we are going to estimate the dissipation term, Lo + L3 4+ R + Rs.
The main purpose of this section is to show the proof of the following proposition.

Proposition 5.1. Let L;, R;,i = 1,2, be as in Lemma 3.2. Then, there exists
constants C > 0,C* > 0 such that the following inequality holds:

[d)/(‘x_gﬂ)rx{aﬁ’—C%m}dx. (21)

X (t)+de

C
Ly + L3+ Ry + R3 < —/
€ JX(t)—se

Proof. Let us first control the estimates Lo+ Ls. We use the following representation

of Mf — f from Brenier [6] (see also [23]): there exists a nonnegative bounded
function, supported in RT x R x [—L, L] such that

Indeed, the function m is defined by

m(v):/_ULMf—fdv.
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Since f and M f have the same mass, m(L) = 0 holds. We can check that m is
nondecreasing on [—L, [ f dv] and non increasing on [[ f dv, L], ensuring the non
negativity of m. Finally, since f and M f are bounded by 1,

We estimate Lo + L3 as follows:

Lo+ L3y :=
20 I+X() o~ X(1)
/X@ 56/, Z )¢’( )(Mf(v%f( )®(t, 2, v)dvdx
/Xw/m (FEEE O P w) — s @)avas
where

o(t,2,0) = X ()7 (v) — a(v)(n'(v) —1/'(5)).
Integrating by parts in v and using (22), we find to get

Ly + L3

/X(t) /_L : g;+X( )>¢,(—x+X(t))((X(t)+a(v))n”(v)

X (t)—8e €

+a/ (0) (0 (v) = ' (5)) ) m{, v)dvdx

/ t)/ erX( )>] " (v)m(z,v)dvdx

. (/;fff; e (=
X(®) —r 2
_/X(t)_(;eei\[(b(tX(t))} dx) m(z,v)dv

412C (X |z — X (t)]\12
< { [EE———_ e d
NG R

for C* = 1/(CA).
Similarly, we get the estimate for Ry + Rs.

X (t)+de

[¢,<x—X(t)

2
Ry + R3 < ;/ . )} X{¢/_c*¢>0}dx.

X(t)

Combining the two last inequalities, we obtain the result.

O
6. PROOF OF THEOREM1.1
From Lemma 3.2, Proposition 4.1, and Proposition (5.1), we get
dHO(t)  C (Xt z— X(t)[\12
dt X (£)—5¢ 3
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Applying the change of variables z = (z — X (t)) /e, and changing 6 by inf(6, C*) if
necessary, we find:

dHS(t) _ C [XO+oe x—X(t
dt() < /x@ [(¢,)2X{¢_0¢>0}} (I : ()I) dx

(24)
< C/ 2)X {4/ —0¢>0} (2)dz.

To get good estimate, we take a specific ¢s. For any § > 1/6, we now fix the
function ¢s in the following explicit way.

fel—09 for x €[0,1/0)
_ s ’ ’ 25
s () { @0 for z e [1/6,0). .

We use the computation:

5
/0 (85(2))°X 0, 5005} dx = Cy - €%, (26)

For the proof of (I), we integrate the estimate of Proposition 5.1 between 0 and
t € (0,T) such that, for any ¢,d with % < § and €0 < 0, where 0 is the constant
from Proposition 5.1, it follows that

/{w—X(t)|265} (Ut 2)I5(, @) dx+// f(t,z,v)dv —n(U(t, x))dx

t

< H(0) + din(s)ds
o dt

/ (Up|So)dx + // v) folz,v)dv — n(Up(z))dx + CTe™?

where we have used (24), (26) and the following fact

oo

/ T @)tz )y — (Ut ) = [ @mea=o.

— 0o — 00

By taking eq := 02, we have for any € < 8 < ¢,

/ n(U(t,x)|S(t, x) dx+// flt,z,0)dv —n(U(t, x))dx
{lz—X(t)|25/6}

/ (Uo|So) dx+// v) fo(x,v)dv — n(Uy(z))dx + CTe P/5.

(27)
Observe that

/n(U\S)dx:/ n(U|S)dx+/ nUIS)dx.  (28)
R {lo—X (t)|>Ca} {lo—X (1) <Ca}

Consequently, using the inequlaities (16), (27), (28) and taking 8 = elog(1/¢), we
get, for any ¢ € (0,7,

/ (U1S) dx+// £t 2, 0)dv — n(U (¢, 2))dx

/ (Up)So) dx+// v) fo(z,v)dv — n(Up(z))dx + Celog(1/e)

(29)
for any ¢ < gy ,which proves (6) by taking n(v) =
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We now prove (8). Let us define the function ¢ by

0if 2] > 2,
P(x) = 1if |z| <1
2 |z]if 1 < |z| < 2.

Let s € (0,t) and R > 0. Multiplying Ug(s,z) := ’(/J(Lg(é)) to the equation (1)
and integrating in x, we get
d

0=-— s Up- de+/8 \I/R ( )d:v+/8t(\I!R)de

T / Vs -0, / a<v><Mf<v> — f(v))dvdx

/1/) 2= XG)) (s, 2)da

+ % /w’(””_T‘f((S)) (AW (s,2) = X(5)U(s,) ) da
(n)
-+ [ awrre) - seavas.

(I11)

By using the above observation, we have

ﬁ (A(CL) - ACr) = (€1 - CR)IX(9))
1

= (A(CL) = A(CR) = (C1 - CR)X(s) = (I1) + (1) + (I1D)).
Cr—Cgr
Then we integrate the above equation in time on [0, ] to get:

ot = X (1) < C(t- max |A(CL) = A(Cr) = (Co — Cr)X(s) = (IT)|

(- X(s)) =

s€(0,t)
() (30)
+| / Jds| + - max |(111)).

s€(0,t)

From the result of Choi and Vasseur [11], we already know the following results:
C

(117 < - [ nU)IS(s)ds, (1)

R Jr

and
t 2
| [was| <cr( [ nwlsends + [ awilsods).  2)
0 R R

Before we prove the estimate of (I11), we first need to control
// v) fo(v)dv — A(Up dX—// v)pudvdx
(33)
<2C’// ,udvdX—C// 20 fo(v)dv — Ugdx
RJ—-c0

where p is the nonnegative measure such that

Mf_fozavﬂ
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Following (29), it is easily seen to show

\”f JJ/¢ 5-/<>wﬁ<>f<mm4
<* /‘U0—5'0| dx + elog - +// )dV—A(Uo)dx>,

Finally, by using (29), we combine (31), (32) and (34) with (30) to get, for any

(34)

te(0,7),
ot = X
<c(5+1m +R) ( / U= S + elog( ) &

C -~ / / (0)dv — A(Up)dx.

Since the above estimate holds for any 0 < R < oo, the inequality (33) and (35)

provide the estimate (8) by taking R := /3.
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