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Abstract

In this paper we consider bounded weak solutions u of scalar con-
servation laws, not necessarily of class BV, defined in a subset Q C
R xRR. We define a strong notion of trace at the boundary of 2 reached
by L' convergence for a large class of functionals of u, G(u). Those
functionals G depend on the flux function of the conservation law and
on the boundary of 2. The result holds for general flux function and
general subset.
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1 Introduction

In this article we consider an open subset  C Rt x R with C? boundary
and functions u € L*(2), solutions to the scalar conservation law:

Bpu+ 0y A(u) =0, (tx) € Q, (1)

where the flux function is assumed to be regular, A € C%(R). As usual, we
deal only with entropy solutions, namely those that fulfill in the sense of
distributions

on(u) + 0, H(u) <0, (t,z) e, (2)



for every convex function 7 and related entropy flux defined by
H =AY, (3)

The initial value problem in the half space RT x R is well known since
the works of Kruzkov [10], where the existence and uniqueness is obtained
whenever the initial value is reached strongly in L{. (R). Hence, the function
u could be, for instance, the restriction to €2 of such a solution of Kruzkov.
But it could be a solution of the conservation law with boundary values
on 0f), or other. We investigate in this paper the behavior of the function
u on the boundary of €. Our aim is to show the existence of trace of
some quantities depending on u reached in a strong topology (i.e. without
oscillations).

The question of strong traces arose initially in the context of limit of
hyperbolic relaxation towards a scalar conservation law in the case ) =
(0,4+00) x R, that is the trace at ¢ = 0 (see for instance Natalini [13],
Tzavaras [16]). The question was whether the limit obtained is the one
defined by Kruzkov since the strong continuity at ¢ = 0 is not naturally
preserved at the limit. To avoid any misunderstanding, let us recall that the
uniqueness is well known to hold if we incorporate the initial value in the
inequality (2) in the following way:

/OOO/_OO(@QZ)(t,x)n(u(t,x)) + 0, ¢(t, x)H (u(t,x))) dedt
+ [ ot0.2)muo(a)) do >0,

for any non negative test function ¢ € D(]0, c0) xRR). However this condition
gives that n(u(t,-)) converges to n(up) when ¢ goes to 0 (at least weakly),
which implies the strong convergence of u(t,-) at ¢ = 0. Hence, putting the
initial value in the entropy inequality is exactly equivalent to assuming the
existence of a strong trace at ¢ = 0 (i.e. reached by a strong topology). Now,
if we don’t have either of those assumptions but only the weak form:

lim [ (u(t,x) —up(x))p(x)dx =0,
t—0 Jr
for every test function ¢, the question is: does this solution have a strong
trace at t = 0, and so is it the unique Kruzkov solution 7
The first result of this kind has been proven in [17] for the system of
isentropic gas with v = 3 which has a lot of similarities with the scalar case.
It involves the introduction of blow-up techniques and the use of the theory



of kinetic formulation of conservation laws introduced by Lions, Perthame,
and Tadmor in [11, 12] which allows using the so-called averaging lemmas ([1,
7,9, 15]). This blow-up method is inherited from techniques widely used for
parabolic equations (see for instance [8]). Up to our knowledge this is the
first time that it has been used in the context of hyperbolic conservation laws.
The method has been generalized, in [18], in the case of trace for arbitrary
domain €2 of the multidimensional scalar conservation laws involving a ”non
degenerate” flux function verifying:

LH{E|T+CA () =0})=0, for every (7,&) # (0,0). (4)

where £ is the Lebesgue measure. This can be seen as a non-degeneracy
property since it avoids flux functions whose restriction to an open subset is
linear. This assumption permits to use the averaging lemmas in this case.
Let us cite also the result of Chen and Rascle [4] where the strong trace at t =
0 is proven for the mono-dimensional case using compensated compactness
techniques with a slightly different hypothesis of non-degenerate flux. Those
results can be seen as a regularization effect at the boundary induced by the
non-degeneracy of A. The case of trace at ¢ = 0 has been solved recently by
Panov [14] for general flux. He shows that any solution verifying (1) (2) in
(0, 00) xR? has a trace reached by the strong topology at ¢t = 0. The method
involves the blow-up method with refined techniques of H-measures. Let us
also mention that those blow-up methods in the framework of a kinetic
formulation of conservation laws have been used later in different context
with tools coming from geometrical measure theory (see for instance the
result of De Lellis, Otto and Westdickenberg [6]). For a complete review of
this kind of results, we refer to the book of Dafermos [5].

In this paper we want to generalize the trace results in the case of general
domain €2 and general flux. The situation is significantly different that the
case of the trace at ¢ = 0. Notice that in the characteristic case, we can have
situations where no trace can be defined. A trivial example is obtained with
equation (1) with A = 0 and Q = Rx (0, c0). The function u(t, x) = sin(1/z)
is clearly solution and has no trace (even in a weak sense) at x = 0. The
aim is to find a large class of functional of u for which we can define a trace
reached by a strong topology. Those functionals depend on the flux A and
the boundary 9. Recently in [2], Biirger, Frid and Karlsen have used the
strong trace result [18] with “non degenerate” flux verifying (4) to study the
Initial Boundary Problem with zero-flux condition at the boundary. One of
the motivation of our paper is to be able to extend this kind of result to the
case of general flux functions.



To define traces on the boundary, we use the framework of "regular de-
formable boundary” (see for instance Chen and Frid in [3], where they con-
sider only Lipschitz boundaries). Indeed for any domain 2 with C2 boundary,
There exists at least one 9€) regular deformation, where, for K open subset
of 99, we call K regular deformation every function ¢ : [0,1] x K — Q, C!
diffeomeomorphism over its image which verifies ¥(0,-) = Ik, where I is
the identity map over K.

Let us denote v the unit outward normal field of 0f2, and v, the unit
outward normal field of the approximated boundary ¥ ({s} x 9€2). Notice
that v, converges strongly to v when s goes to 0.

More precisely, we want to study the behavior of u((s,-)) when s goes
to zero for such 0f regular deformation. Our main theorem is the following:

Theorem 1.1 Let Q C R? be a regular open set with C? boundary and the
fluz function A lie in C%(R). For any function n € WYH(R) we consider
H, = (n,H) with the flur H verifying (3). Consider any function u €
L>®(Q) which verifies (1)and(2) in Q. Then, for any n € WHL(R), there
exists [Hy(u)]™ € [L®°(00)]? such that, for every OQ regular deformation v
and every compact set K CC 0€):

esslién |Hy, (u(p(s, 2))) - vs(2) — Hy(u)(2) - v(2)|d2 = 0. (5)
S— K

In particular, for any n the trace H,(u)™ - v is unique and for any function
F € C°(R), F(H,(u) - vs) has also a trace and:

[F(ﬁn(u) . VS)]T =F ([Hn(u)]T . V) .

This theorem means that for any entropy function 7 (convex or not) the
related flux of entropy through the boundary has a trace which is reached
in a strong topology. It is well known (see for instance Chen and Frid [3])
that this quantity has a weak trace (i.e. reached by a weak topology). All
the interest of the result lies in the fact that the trace is reached strongly in
Llloc. As mentioned above we cannot expect to have a trace for w itself, in
opposition to the ”non-degenerated flux” case or the case of trace at ¢t = 0.
Hence the result can be roughly summarized in the following way: For all
the quantity of the form H (u) - v, for which a trace is known to exist weakly

for any solution u, the trace is indeed reached strongly.

2 Reformulation of the problem

First we split the boundary into a countable quantity of subsets on which
we can consider a local map. Indeed, for each 2 = (f,%) € 99, there exists



r; > 0, a C?> mapping v; : R — R and an isometry for the Euclidean norm
R; : R? — R? such that: upon rotating, relabeling and translating the
coordinate axes (yo,y1) = R:(t, x) if necessary,

R:(2) =0,

RN =12, 7:[%= {y € —rz,7: [ | yo > 7:(y1)}-
We have:

o c | RN —rsrs?).
2e00

Since OQ N [-n,n]? is a compact subset for every integer n, there exists a
finite set I,, such that:

@2n[-n.n?) c |J R =7z,
aeln
So, I = UI,, is a countable set such that:
090 = | JTa,
ael

where I'y, is defined by:

Fo =Ry €l = rarral* | 0 = 7a(y1)}).

In order to simplify the notation we write « instead of Z, in the indices, and
we denote in the same way

Qo ={y €]l —Taral® | Yo > Yaly1)}-

From now on we work in 2, and in the new y coordinates. We denote
Aa(§) = Ra(§, A(E)) and Ha(§) = Ra(n(§), H(E)). We define uq : Qg — R
by ua(y) = u(R; (y)). In the y coordinates, (1) and (2) correspond in
to:

divyAq(ua) =0 (6)

divyHq(uq) < 0. (7)

We now introduce the kinetic formulation due to Lions, Perthame, and
Tadmor. In order to do so we set L = ||ul[f~(q) and introduce a new
variable £ €] — L, L[ and denote for every v €] — L, L[:

X(v,8) = lyo<e<oy if ©>0

5



Then we introduce new functions called microscopic functions which depend
on £ and on a variable z which can lie on €2, on I'y, or on a local space as
we will see later. We will especially consider the following ones:

Definition 2.1 Let N be an integer, O be an open set of RV, I =l]a,b]| for
—L <a<b< L, and the microscopic function f € L*(O x I) be such that
0 <sgn(§)f(z,£) <1 for almost every (z,§). We say that f is a x-function
if there exists u € L (O) such that for almost every z € O and £ € 1:

Notice that, if 0 € I and f is a x-function then we can choose u by the
formula u(z) = [; f(2,€) d§.

Lions, Perthame, and Tadmor have shown in [11] the following theorem:

Theorem 2.1 A functionu € L>®(Q,) with |u| < L is solution of (6)and(7)
in Qq if and only if there exists a nonnegative measure m € M™T(Qyx] —

L, L) such that the related x-function f defined by f(y,-) = x(u(y),-) for
almost every (y,§) € (Qax] — L, L]) verifies:

a(§).Vy f = gm (8)

in Qax] — L, L[ with a(§) = Ay'(§) = (a°(¢),a' (€))-

In addition, this structure of y-function can be used to characterize strong
convergence.

Lemma 2.1 Let O be an open set of RN, I =]a,b] be an interval such
that —L < a < b < L, and f, € L*(O x I) be a sequence of x-functions
converging weakly to f € L®(O x I). We denote un(-) = [; fu(-,€) d§ and
u(-) = [; f(-,€) d&. Then for almost every z € O, the function f(z,-) lies in
BV (I). Moreover, the three following propositions are equivalent:

o f,. converges strongly to f in L{ (O x I),

loc

® u, converges strongly to u in L%OC(O);

e f is a x-function.

Proof of Lemma 2.1: Since f, is a x-function we have

aﬁfn = 5(5) - 5(5 - Un) in [I. (9)



So at the limit 0z f € L>°(M(I)), which means that for almost every z € O,
f(z,-) lies in BV (I).

Now, if f, converges strongly, the same holds for w,. If u, converges
strongly, then its young measure 6(§ — u,,) converges to §(§ — u). Hence:

Oef =5(6) —6(€—u) in L

This ensures that f is a x-function. Finally, if f is a x-function, in particular,
sgn(€)f = % so Hf"HLlQDC(OXI) converges to ||f||leoc(OX[). This provides the
(O x I) and then in Li (O x I). O

strong convergence of f, in L? ioc

loc

For every fixed «, we will consider the set ,, and the y-function f
associated to wu,. Since I'y is parametrized by y;, for every I'y, regular
deformation ¢ and every y; €] — 14, rqo| we set:

d(s,y1) = ¥(s, Ry (Yalyr) 1)),

flb(s’yhg) = f(¢(svyl)a§)'

To simplify the notations we keep denoting vs; and v the normal vectors as
functions of y;.
The next sections are dedicated to the proof of the following theorem:

Theorem 2.2 For every fixred o, There exists a unique trace function (a -
v)fT € L®(] —rqa,ra[x] — L, L]) (which does not depend on the deformation
1Y) such that:

esssggn(a vs) f(s, ) = (a-v)fT in LY] = ra,7a[x] — L, L]).

We finish this section showing that this theorem implies the main The-
orem 1.1.

Proof of Theorem 1.1 using Theorem 2.2: Let us consider the -
function f associated to the solution u to (1) (2) through Theorem 2.1.
From the definition of Fn and the structure of y-functions we have for
almost every (t,z) €

L

T, (ult, z)) = / (el (b, ) .
Hence, for RoZ = (Ya(y1),y1)), we have:

o L

Ho(u(th(5, 2))) - va(2) = / 7 (€)(alE) - va(yn)) Fuls, w1, €) dE.

—L



Let us define for Ry 2 = (7a(y

1),y
Hyfu)" / ) (31,€) dE.
So we have:

L T 2) 1 0) = T 2) - ()] 2
(10
< [ [ W@ v o) = @(©) -

where the constant C' depends on the Jacobian of the transformation. The-
orem 2.2 show that (a-vs) fy(s) — (a-v)f7 converges strongly in L' to 0. So,
up to a subsequence s, — 0, it converges to 0 almost everywhere. Notice
that
7' (@) - vs) fu(s) — (a(§) - v) 7] < 200 (§)|llall L

where the righthand side is integrable (n € WH1(R)) and does not depend
on s,. So from Lebesgue’s Theorem, the righthand side of (10) converges
to 0 when s, — 0. By uniqueness of the limit, the left hand side of (10)
converges to 0 when s — 0. This holds for every . Finally for every
compact set K CC 99, {I's} is a covering of K with open sets of 9 so

there exists a finite set Iy such that K C UaE Io T, and so

which ends the proof. O

3 Construction of the weak trace

From now on we fix «, and the associated €2, and y-function f associated
to uq. In this section we will first show that (a - v,) fy, has a (at least weak)
trace at s = 0 which does not depend on the deformation 1, namely:

Proposition 3.1 Let f be a solution of (8) in Qux] — L, L[. Then there
exists fT € L>®(] — ro,ra|[X|—L, L[) such that for all T, regular deformation

W:
esssl%n(a ’ ’/S)fill(sv K ) =(a-v)f" in Hil(] - TOMTQ[X] - LvLD

Moreover (a-v)f7 is uniquely defined.



This shows the existence of a weak trace on T, of (a - vs)f which does not
depend on the way chosen to reach the boundary. This result is an extension
to proposition 1 in [18]. We give the proof for the sake of completeness.

Proof of Proposition 3.1: Since || fy(s,-, )|z < 1, by weak compactness
and Sobolev imbedding, for every regular deformation v and every sequence
s™ which tends to 0 there exists a subsequence n;, and a function g, €
L>®(] = rq,7a[x] — L, L[) such that

—1 oo
Fu(s™,-)0) HNLEWs
Let us now show that (a - V)g; does not depend on %, on the sequence s"
and s™. In order to do so, let us first consider the entropy flux associated
with entropy 7:

95 when n, — +oc. (11)

L
() = [ a0 (©F (0. de. (12)

—L

Multiplying (8) by n/(£) and integrating it with respect to £ we find:

o L
div, M, = — / f(mly.de) € M( = raral?)

We can now use the following Theorem proved by Chen and Frid in [3]:

Theorem 3.1 Let Q be an open set with regular boundary 9 and F €
[L®()]? be such that div, F is a bounded measure. Then there exists F.v €
L>°(09Q) such that for every v 0 regular deformation:

essli(r)nF(w(s, )).vs(:) = Fv in L*(09Q) w,

where vs is a unit outward normal field of ({s} x 0Q).

This theorem insures that there exists F;.V € L*®(] — rq,7a[) which does
not depend on ¥ such that

TF (] D'(l=ragral)

H’](w(sv'»"/s(') FT.I/

N2 (13)

s—0

for every regular deformation . The function vs; converges strongly in
LY(] — ra,74[) to v, unit outward normal field of I'y. So, using (12) and
(11), (13) leads to:

Ta L Ta
/_ /_L w(y1)n' (§)a(€)-v(y1)gg(y1, ) dfdylz/ Hyv(y)e(y) dys

—Tra

9



for every test functions ¢ € D(] —rq,7a[). The right-hand side of this
equation is independent of v, sequence s” and subsequence s™ so (a.u)gfp
does not depend on those quantities too. The result is obtained from the
uniqueness of the limit. O

To prove Therorem 2.2, we just need to prove that (a-v)f7 is reached
strongly by L' convergence. We will first prove it for the range of ¢ where
a(€) is constant on an interval (section 4), and then on range of £ such that
a(&) is strictly nonlinear on an interval (section 5). We will then show that
the general case can be reduced to those in the last section.

In the two next sections, we will begin to show that the convergence
holds strongly for the special I, deformation vy defined by:

Yo(s,y1) = (5 +Ya(y1) v1)s (14)

and then show that this holds for any deformation . In order to simplify
the notations, we will denote:

F(s,91,6) = fio(s,y1,€) = f(Wo(s,91),€), (15)

when we work with this special I’y deformation (14). Notice that (s, y1) €

O, if and only if y; € | — 1o, 7] and 0 < s < r,. From (8) we find that f is
a solution of:

&O(yl,f)ﬁsf—l— a1(£)6y1f= 057”71, (16)

and
a(y1,€) = a’(€) —a(y1)-a'(€) (17)
= A)a(§)v(y1) (18)

with a A(y1) # 0 and m(s,y1,§) = m(%;o(&yl)ag)

4 Degenerated range

In this section we consider any interval I in £ such that a is constant on I,
namely, there exists ag € R? with:

a(§) = ag el (19)

This section is devoted to the proof of the following proposition:

10



Proposition 4.1 Consider an interval I verifying (19). Then for any de-
formation :

lim /I / a(€) - valn) Fu(591.€) — al€) - v{y2) f7 (1.€)] dyn d€ = 0.

s—0

This means that for those values of £, the trace is reached strongly in L'.

Proof. We first fix the particular I', deformation (14) and use the notation
(15). We split the proof into four parts.

(i) points of the boundary for which ag - v(-) = 0. Let us denote & the
measurable subset of | =74, rq [ consisting of points y; such that ag-v(y1) = 0.
Since the boundary is regular, for every y; € &1, we have ag - vs(y1) which
converges to 0 when s converges to 0. Notice that |ag - vs(y1)f| < |ag|, so by
dominated convergence theorem we have:

lim//
s—0 1J&

(ii) points of the boundary for which ag-v(-) # 0. Since the boundary is
regular, for any y{ such that ag-v(y?) # 0, there exists a interval chl) centered

ao - Vs(y1) f(s,91,€) —ao - v(y1) f7(y1,6)| dy1 d€ = 0.

on 3 such that for every y; € I either ag - v(y1) > 0 or ag - v(y1) < 0.
We can assume without loss of generality that ag - v(y1) > € on Lo for an
e > 0. For any non negative regular function p € D(I) we define for s small
enough and y; € Iy?:

wp(s, 1) = / F(s@(y1), g1 + sa', €) p(€) d,
I

where @’ is defined by (17). Notice that for s small enough (sa’(y1), y1 +sa')
lies in ]0, 7o) X] — 7o, 7o[ and so the function u, is well defined. The functions
a° and a' do not depend on ¢ since a(¢) = ag. Hence, integrating (16) along
the characteristic lines gives:

%JZ(S(}O(%), y1 + sa', §) = dem(sa’ (y1), y1 + sa', €).

Multiplying by p(§) and integrating with respect to £ we find:

Dty (5 1) = /I §(E)in(sa (1), 1 + sab) de.

11



We obtain that for any s; < s9 small enough:

/1 [up(s1,91) — up(s2,91)| dy1
v

< /1 [ [t +sa @) asa
< Clm|(Lpx]0, s2] x I).

Since the intersection of the sets Iy?x]O,sﬂ x I for ss > 0 is empty, the

last term converges to 0 when sy tends to 0. This provides that wu,(s,-) is

a Cauchy family indexed by s in Ll(Iy(l)). Thus w,(s,-) converges strongly

in Ll(Iy?) to its limit which is [; f7(-,€)p(&) d€. Then for any ¢ > 0, there
exists a p. non-negative regular function such that

/I|pg<s>—1|dsge.

Then (since |f] < 1):

/I\y(l)
<),
Iy(l)

—|—2‘Iy(1)|8.

/ F(s@(y1), 1 + sab, €) dé — / 0, €) d&] dy,
I I

/] F(sa%(y1), 1 + sa, €)po(€) dé — /I I )p-() df‘ dn

This can be bounded by 3|Iy(1)]5 for s small enough. This gives that

/1 F(sa(y1), 1 + sa, €) de

converges strongly in Ll(Iy?) to [; f7(y1,€) dé. We conclude that f(s, )
converges strongly to f7 in Ll(Iy(l) x I) using Lemma 2.1.

(i1i) General case. For every € > 0, there exists O, open set containing

&1 such that:
L(O:N\ &) <e,

where £ denotes the Lebesgue’s measure. The set [—rq, 7o]NO¢ is a compact

set covered by the open set Iy? for y) € O¢. So there is a finite set of yi,
i =1,--, N such that:

[—Ta,Ta) NOS C Uﬁ\illyi.

12



From (i) and (i), there exists sy small enough such that for s < sq:

/I /glUOg

But since:

ao - vs(y1) f(8,y1.€) —ao - v(y1) £ (y1, )| dyr d€ < e.

lag - vs(y1) f(s,51,€) — a0 - v(y1) f7(y1,€)| < 2]aol,

we also have :

[

Hence, for every & > 0, there exists sg such that for every s < sg we have:
Ta
/I[ra

This shows the proposition for this special deformation function .

a0 () (5,1, €) = a0 v(yn) £ (1, )| dyn d€ < 2aol 1.

a0+ () (s, 1:€) = a0 - (1) £ (1 )| dyn d€ < (1 +2laol| e

(iv) General deformation. In this part we want to show that the proposi-
tion is true for any deformation. For this we need the following lemma. We
state it in a general framework since we will use it also in the next section.

Lemma 4.1 Let I =|a,b[ be an interval such that —L < a < b < L, and
g € L>®(]0,1[x] =4, 7a[xI) be a x-function. We consider 3 € C°(]0,1[x] —
Ta,Ta|XI) and denote By = ((0,-,-). We assume that there exists og™ €
L>®(] — ra,1a[xI) such that B(s)g(s) converges weakly to Bog™. Then the
following two propositions are equivalent:

e (3(s)g(s) converges strongly to Bog™ in Li (] —Ta,ra[*xI) when s — 0,

loc

o For almost every (y1,€) €] — ra,Ta[xI, Bo(y1,£)g" (y1,§) is equal to
sign(&)Bo(y1,§) or 0.

Proof of Lemma 4.1: Assume that 3(s)g(s) converges strongly to Gpg” in
Ll (J=7ra,7ro[xI) when s — 0. Then, there exists a sequence s,, converging
to 0 such that B(sn, y1,£)g(Sn, y1,&) converges to Bo(y1,£)g” (y1, &) for almost
every (y1,€) €] — ra,ra[xI. Let us fix such a point (y1,£). If Bo(y1,§) is
different from 0 then, since (3 is continuous, g(sn, y1, &) converges to ¢ (y1, ).
But g is a x-function, so for every n, sign(£)g(sn,y1,€) is equal to 1 or 0.
So its limit is 1 or 0. This shows that for almost every (y1,§) €] — ro, ra[x1

we have By(y1,£)g” (y1,§) is equal to sign(&)Bo(y1,&) or 0.

13



Conversely, assume that for almost every (y1,&) in | —rq, 7o [x I, we have

B0y, €)g7™ (11, €) equal to sign(€)do(y1,€) or 0. Since g is a y-function, we
have:

// ) 18(s,y1,€)g(s, y1, )| dyn dé
IJra
/I/ a |/f (5’ G é)|2Sign(é)9(Sa Y1, 5) dyy d€.

But f is continuous, so for every (y1,€) in | — ro,7a[X1, B(s,y1,&)sign(§)
converges to [Go(y1,&)sign(€). Since [(s)g(s) converges weakly to Fyg” we
have that:

s—0

lim/]/ aW(S,y1a£)|2sign(§)g(8,yl,§)dyl d¢
:/1/ " Bo(ys, €) Psign(€)g™ (y1, €) duy de.

From the hypothesis:

Besign(&)g™ = B3lg™ >
Indeed, the equality is trivial at the points where Gy(y1,£) = 0. And if
Bo(y1, &) # 0, then the hypothesis gives that g™ (y1,£)is equal to sign(§) or 0

at this point. The equality is verified for both cases. Altogether, this shows
that:

lim /1 / 18(s, 1, )95y, ) duyn dé — /I / Bolys, )97 (1, ©)[2 dys de.

s—0

Hence 3(s)g(s) converges weakly in L? to Bog” and ||3(s)g(s)| 2 converges
to [|Bog™|| 2. Hence the convergence holds strongly. O

Let us apply this lemma with g = f , B =a-vs. This gives the following
proposition:

Proposition 4.2 Consider an interval I on which a is constant. Then for

almost every | — ro,ro[xI, (a-v(y1))f7(y1,§) is equal to sign(§)(a - v(y1))
or 0.

Now for any regular deformation 1, (a - vs)fy(s) converges weakly to (a -
v)fT from Proposition 3.1. Then Proposition 4.2 and Lemma 4.1 gives
Proposition 4.1. O

14



5 The fully non-linear range

In this section we consider any interval I such that a verifies the non linear
non-degeneracy:

L{&C-a(§) =0}) =0,  VCH#0. (20)

We show in this section that f7(yi,-) is a x-function for almost every
Y1 € | —rayral, &€ € I. From Lemma 2.1, this will ensure that f71; is
reached by L] = convergence for any deformation 1. We fix the particular
Iy deformation on Q, defined by (14). The proof is the same as in [18].
We give it for the sake of completeness. Before introducing the notion of
rescaled solution, let us state two lemmas. For the sake of completeness

their proof are provided in the appendix.

Lemma 5.1 There exists a sequence 6, which converges to 0 and a set
E C | —ra,ral with L(] —71a,ra[\ E) = 0 such that for every y; € € and
every R >0

lim —1i0(]0, RS [x (y1] — Ron, RSn[) x T) = 0.

n—00 (5

Lemma 5.2 There exists a subsequence still denoted 6, and a subset £ of
| = 7a,ral such that &' C €, L(] —ra,ra[ \ E') = 0, and for every y; € &'
and every R > 0:

lim // |f7(y1, ) — fT(y1 + 0ny,, )| dy, d§ = 0,

6n,—0

1m{//‘ 1@ (51, €) — @ (y1 + 6uy,. )| dy, dE =0
]—R,R[

0n—0 J7
We are now able to introduce the localization method. We denote
Q0 =10,7r0/0] X ]| —Ta/0,7a/d].

We want to show that for every y; € &', f7(y1,-) is a x-function. From now
on we fix such a y; € £'. Then, we rescale the f function by introducing a
new function fg which depends on new variables (s, Y, ) € Q5 and which is
defined by: a

fs(s,9,,€) = F(6s,51 + 8y, §)- (21)
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This function depends obviously on y; but, since it is fixed all along this
section, we skip it in the notation. Function f5 is still a y-function and we
can notice that:

ftS(anlvé) :fT(y1+5ylvé-) (22)
Hence we expect to gain some knowledge on f7(y1,-) itself by studying the
limit of fs when § — 0. We define in the same way:

ag(y,, &) = a’(y1 + 0y, &),

and we get from (16):
dg(y,,£)0sfs + a' (€)0y, f5 = ems, (23)

where 7 is the nonnegative measure defined for every real R} < R}, L; <
Lo by:

~ i i o 1 ~ . i ) 7
m5(0<1;[<1[ 1, Ro] x [L1, L)) = 5m(0<1}<1[yz+531,yz+532]><[L17L2])‘ (24)

We now pass to the limit when ¢ goes to 0 in the scaling.

Proposition 5.1 There exists a sequence 6, which goes to 0, and a x-

function fao € L>®(R*T x R x I) such that fs, converges strongly to foo in
LL (RT xR x I) and:

ao(yla §)8§f00 + al(f)'aglfoo = 0. (25)

Notice that a°(y1, &) does not depend on the local variable y. In fact, we have
a%(y1, &) = My1)a(€).v(y1) where g is the fixed point of the localization.

Proof of Proposition 5.1: We consider the sequence 6,, of Lemma 5.2. By
weak compactness, there exists a function foo € L® (RTxRxI) such that, up
to extraction, f5 converges weakly in L% to foo. Thanks to Lemma 5.1,
mgs, converges to 0 in the sense of measure. Thanks to Lemma 5.2, dgn
converges strongly in LL (R x I) to @°(y1, ), so passing to the limit in (23)
gives (25). The strong convergence is an application of averaging lemmas.
Here we use the following one which is a particular case of the version of
Perthame and Souganidis (see [15]):

Theorem 5.1 Let N be an integer, fn bounded in L= (RN*1) and {h},h2}

be relatively compact in [LP(RN+1)] with 1 < p < 400 solutions of the
transport equation:

a(€).Vyfn = 0c(Vy.hy) + Vy.h2,
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where a € [CQ(R)]N veriﬁes the non-degeneracy condition (20). Let ¢ €

D(R), then the average un fR &) fnly, &) dE is relatively compact in
LP(RY).

First we localize in y, £. For any R > 0 big enough, we consider ®;, ®5 with
values in [0,1] such that ®; € D(RT x R), ®; € D(R), and Supp(®;) C
11/(2R),2R[x] — 2R, 2R][, Supp(®2) C I. Moreover ®1(y) = 1 for y €
J1/R, R[] — R, R[ and ®3(¢) =1 for € €]a + 1/R,b — 1/R][ where I =]a, b|.
Hence for 6 < r,/(2R), we can define on R x R x R:

I3t = @192 fs,

(Where fi = 0if f5 is not defined). On ]1/R R[x] — R, R| x I we have
f& = f5. So, if we denote a,, (€) = (a°(y1,¢),a*(€)) (which depends only on
¢ since y; is fixed), from (23) we get:

a4y, ()-Vsy f3' = Oe(®1Daritg) — D1 Pyms
g, (6)-Vay, P102f5 + 05[(a°(y1,€) — @ (y,. ) FF]
= Ogps+ pas + 0s[(@ (1,) — a3y, ) {1,

where 16, and po s, are measures uniformly bounded with respect to n.
Moreover thanks to Lemma 5.2 a — &5 (y,,&) converges to 0 in LL (RxI).
So it converges to 0 in Lp for every 1 < p < oo since these functlons are
bounded in L*. Since the measures are compactly imbedding in W~1P(RR3)
for 1 < p < 3/2, we can apply Theorem 5.1 with N =2, y = (s,y,) fn = fg,
d(&) = P2(§) and a(§) = ay, (£). It follows that ffffbg(f) d¢ is compact
in LP for 1 < p < 3/2. And so by uniqueness of the limit, ffén(',g) dé
converges strongly to i fOO (-,€)d¢ in L}OC(R2). Lemma 2.1 ensures us that
f5 converges strongly to fo in LIOC(]R2 x I) and that foo is a x-function.O]

We now turn to characterize the limit function fao.

Proposition 5.2 For every y; € & we have the following equality:

fm(oaglvg) = fT(ylaf)
for almost every (y,,§) € R x I.

Notice that this implies that foo((), -,+) does not depend on Y-

Proof of Proposition 5.2: Let us introduce

=/I/R[d2(y1=§)fa(s,ylvé)—d“(yl,f)foo(s,yl,g)]@(yl,g)dyl de
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for every test function ® € C§°(R x I). We have:
1h%(0)] < C(1h% ] 10,1 + 190sh%llmqo,ip):
and from (23) and (25) hJ, is a BV function and:

195k lan < CollFs — Frollzs + Iritalla)
) r3 s ~ ~
Ihg Nz < Colllfs — foollpy +llag — @l ).
Lemma 5.1 and definition (24) ensure that the term ||/, || a converges to
0, Lemma 5.2 that Hdgn - ZLOHL11 converges to 0, and Proposition 5.1 that

|| £, — Fooll r: converges to 0. So hfl," (0) converges to 0 when n converges to

+00. Remembering (22), thanks to Lemma 5.2, fgn(O, -, +) converges strongly
to f7, and so, &gn(-, ) fs,(0,-,-) converges strongly to a(y1,-)f7. Then

@®(y1,€) foo(0,9,,8) = @ (1, ) f7 (41, €)

for almost every (y,,§) € R x I. O

From (25) we deduce that:

foo(ao(yh §)§7 Yy + a1(§)§7 5) = fT(yh g)a

for almost every s > 0. But a%(y1,£&) # 0 (thanks to (20)) for almost every
& so .
foo(ﬁ,gla 5) = fT(yla f)

for almost every (s, Yy ¢) € R? x I, which is constant with respect to (s, gl).

Finally since foo is a x-function for almost every (s, yl), we deduce that
for every y; € &' function f7(y1,-) is a x-function in I. This leads to the
following proposition

Proposition 5.3 Consider an interval I on which a verifies
the non-degeneracy (20). Then f7 is a x-function on | — rq,ro[xI.

6 General case

We say that a function g™ € L*(] — rq,r4[x] — L, L|) is suitable at a point

(y1,€) €] — rayra[X] — L, L[ if at this point (a(§) - v(y1))g™ (v1,&) is equal
to sign(§)a(§) - v(y1) or 0. Notice that y-functions are suitable at almost
every point (y1,&) €] — ro,7a[x] — L, L[. We want to show in the general

18



case that f7 is suitable at almost every point (y1,£). Then we will be able
to conclude thanks to Lemma 4.1. We split the proof into several parts.

(i) Let us consider 4; the set of maximal open intervals such that a’(§) = 0.
Notice that those intervals are disjoints so:

> I <2r.
IcA

Hence A; is at most countable. We want now to construct a countable
covering of intervals of the set {|a’(£) # 0}. notice that

{€la’(€) # 0} = Uiy {¢ | |d'(§)] = 1/n} = UL, By

For each £ € By, there exists an interval Iz such that o’ is far from zero
globally on I¢. Since B, C Ugep,l¢ and B, is compact, there is a finite
number of I covering B,,. Let us denote Az the union of those covering for
all n. This gives a countable covering of intervals of the set {£]a’(£) # 0}.

(ii) For any interval I belonging to .4;, Proposition 4.2 ensures that f7 is
suitable at almost every point (y1,£) €] — 7, ro[xI. We want to prove the
same property for any interval I € As. Consider such an interval. Let us
show that a verifies the non-degeneracy condition (20) on /. The vector
valued function a(§) is defined from the real valued flux function A in (1)
through the rotation R, by:

a(f) = Ra(L A,(g))

Since a’(§) # 0 on I, we also have A”(§) # 0 on I and so A’ is one to one
on I. For every ¢ € R? different from 0, let us denote ¢ = R 1¢. We have

a(§) - ¢ =0,
if and only if: B B
¢+ A (€)¢ =0.
If 5 = 0, then ¢; # 0 so:
{&1a()-¢=0}=0.

And if {5 # 0 then a(€)-¢ = 0 if and only if A’(¢) = —(;/(,. Since A’ is one
to one on I, this could occur at most for one value of £. This shows that a
verifies the non-degeneracy condition (20) on I since for any ¢ # 0:

L{E | a(§) - ¢ =0} =0.
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So, from Proposition 5.3, f7 is suitable on | — rq,74[xI. To sum up, we
have shown that for any I € A; U .Ajs, the function f7 is suitable for almost
every yi €] — rq, ro|[x1.

(#ii) Since A; U Az is countable, we have that for almost every y; €] —7q, ral,
f7 is suitable almost everywhere in {y;} X I, for any I € A; U.As. Let us fix
such a y;. From Lemma 2.1, f7(y1,-) is a BV function, so it is continuous
almost everywhere. Let us consider a continuity point £. If a’(€) # 0, then
there exists I € Ag such that £ € I. So from (ii), f7 is suitable at this point
(y1,€). The same conclusion holds if £ € I with I € A;. The last situation
corresponds to a & €] — L, L[ verifying a’(§) = 0 but for which there exists
a sequence &, converging to & and verifying a/(&,) # 0 for every n. But for
all those &,, f7(y1,) is a x-function function on a neighborhood of &, so f™
is suitable at (y1,&,). Since f7(yi,-) is continuous at &, a(-) - v(y1)f" (y1,-)
is also continuous at this point. The limit a(§) - v(y1)f" (y1,£) can only be
sign(&)a(€) - v(y1) or 0. This implies that f7(y1,&) is suitable at (y1,£). We
have shown the property for almost every (y1,&) €] — ro,ra[x] — L, L[.
Theorem 2.2 follows from Lemma 4.1. O

7 Appendix

Proof of Lemma 5.1: For every integer N, we denote

MY (1) = =1 (10, Nox (y1+] — N6, NaJ) x ).

| =

Since Mév is nonnegative, the L' norm of Mgv is :
T

MY (y1) dyr

—Ta

Ta q N§
/ / / /m s,y1 + 21,§) d§ dz1 ds dy
NS ra+N§
< 5/ / // m(s,y1, &) dyr d€ dsdz.

We denote abusively m(ds, dz1,d§) = m(s, z1,&) dsdz; d§ in this computa-
tion as if it was a function. This calculation is still correct since we just
use the Fubini Theorem and a linear change of variable which are valid for

20



measures. The last inequality can be written as:

To

Mév(yl) diy

—Tra

_5/ m(]0, NO[x] — 1o — N&,rq + NO[ x I) dzy
< Nmf] ON(S[ | =ra—NO,ro + NO[ x I).

By monotone convergence, since 600]0, N§[= 0, this converges to 0 when §
>

converges to 0. Finally the L' norm of M gv converges to 0 so there exists a
subsequence d,, and a set Ex C|]—7q, ro| With L(]—74,7o[\En) = 0 such that
for every y1 € En Mé:(yl) converges to 0 when d,, goes to 0. By diagonal
extraction, we can choose d,, such that for every integer N and every y; € &y,
M g (y1) converges to 0. This sequence 6,, with subset & = NyEn verifies
the required condition. O

Proof of Lemma 5.2: For every integer N we denote:

Fy (1) // "(y1,€) — [T (y1 + dny . )l dy, d8.

Since f7 € L®(] — 7o, ra[*xI), the L' norm of this function goes to zero as
n tends to oo so there exists a subsequence still denoted §,, and a subset
EN C & with L(] — 7a,7a[\Ely) = 0 such that for every y1 € &, F{ (y1)
converges to 0 when n tends to infinity. By diagonal extraction we can find
a subsequence such that this holds true for every N. Then this subsequence
and &' = NyE&Y fulfill the required condition for the first limit. We consider
in the same way the term with a° noticing that

@’ (y1,€) — a(y1 + 0ny,, §) = @' (€).[VYa(y1) — VYa(yr + 6y, )]

with Vv, € L®(] — 74, Tal)- O
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