CHAPTER 1I

LOCAL FIELDS

1. Absolute Values

Let k be a field. An absolute value on k is a map x — |z| from k into the nonnegative
real numbers that satisfies the following three conditions:

(i) |x| = 0 if and only if x = 0,
(ii) |zy| = |z||y| for all z and y in k,
(iii) |z +y| < |z| + |y| for all x and y in k.
The first results about a field with an absolute value are immediate consequences of the

definition, and we organize them as a series of remarks.
Every field k has at least one absolute value which we denote here by | |o. This is

defined by

0 ifx=0,

b={ |

1 ifz#0.
The absolute value | |g is called the trivial or improper absolute value. Any other
absolute values on k£ will be called nontrivial or proper. When working in a field k£ the
trivial absolute value is usually not considered. However, there is at least one situation
in which the trivial absolute value may appear quite naturally. Suppose that K is an
extension of k and | | is an absolute value on K. Then | | restricted to k is obviously
an absolute value on k. It may happen that | | is a nontrivial absolute value on K, but
the restriction | | to k is trivial.

Let k£* denote the multiplicative group of nonzero elements in k. If | | is an absolute
value on k then the restriction of | | to k* is a homomorphism from the multiplicative
group k* into the multiplicative group of positive real numbers. It follows that |15 =1
and more generally, if ¢ is an nth root of unity in £* then || = 1. We also get

| —x|=|z| forallzck, and |z7% =|z|"" forall xzc k™.

If x is in £* and |z| # 1 then z must have infinite order in the multiplicative group k*.

This shows that the only absolute value on a finite field is the trivial absolute value.
When verifying that a function | | : k — [0, 00) is an absolute value, it is sometimes

useful to be able to check an inequality that is weaker than the triangle inequality.
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LEMMA 1.1. Assume that k is a field and | | : k — [0, 00) satisfies the three conditions
(i) |x| =0 if and only if z =0,
(ii) |zy| = |z||ly| for all x and y in k,
(iv) |z + y| < 2max{|z|, |y|} for all x and y in k.
Then | | satisfies the triangle inequality (iii) in the definition of an absolute value, and

therefore | | is an absolute value on k.

PROOF. If M = 2™ for some positive integer m, then it follows easily from (iv), by
induction on m, that

(1.1) |x1 +xo + -+ -+ xpr| < 2" max{|xy|, |22, ..., |z}
for all z1,22,...,za in k. If N is a positive integer and 2~! < N < 2™, then by
selecting zy11 = 2n42 =+ =xp = 01in (1.1), we find that
(1.2) |21 + 22 + -+ on| < 27 max{|x1], |22, ..., |zN]}

' g2Nmax{|a;1|,|x2\,...,|xN|}
for all x1,x9,...,xn in k. In particular, if z; = 2o = --- = xy = 1, then it follows that
(1.3) IN| < 2N.

Now let z and y be elements of k, and let L be a positive integer. Then using (1.2) and
(1.3) we get

o+ y" =@+ y)"

L
§2(L+l)max{‘(l)‘|x|l|y|L_l:OSZSL}

L
§4(L—|—1)max{<l)|x\l\y|L_l:OSZSL}

L

<y (7 ) el

= 4L+ 1) (|z] + [y)) ",

and therefore

(1.4) @+ y| < (4L + 1)) (2] + Jy).
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The triangle inequality (iii) follows now by letting L — oo in (1.4).

If | | is an absolute value on k then the map (x,y) — |z — y| from k X k into [0, c0) is
a metric, and therefore the absolute value induces a metric topology in k. The distance
from = to y is | — y|. Let Aj denote the set of absolute values on k. We say that two
absolute values in Ay are equivalent if they induce the same metric topology. It is easy
to verify that this is in fact an equivalence relation in Ag. The trivial absolute value
| |o clearly induces the discrete topology in k, and it is the unique absolute value in its
equivalence class. We will show that an equivalence class determined by a nontrivial
absolute value contains many distinct, nontrivial absolute values. An equivalence class
determined by a nontrivial absolute value in Ay is called a place of k. Equivalent
absolute values on k can be characterized in a simple way.

THEOREM 1.2. Let| |1 and| |2 be absolute values on k. Then the following assertions
are equivalent:

(1) | |1 and | |2 induce the same metric topology in k,
(2) {xek:|jzh <1l}={zxeck:|x|]s <1},
(3) there exists a positive number 0 such that |z|§ = |z|s for all z in k.

PROOF. Assume that (1) holds and let
Ui={zek:|z|; <1}, for j=1,2.

If x belongs to Uy then {2"}2°, is a sequence that converges to 0 in k. As Us is an
open neighborhood of 0 we must have 2 in U, for some sufficiently large integer N.
But |2V |2 < 1 implies that |2 < 1, and therefore |z|s < 1. It follows that U; C Us,
and by symmetry Us C U;. Thus condition (2) is satisfied.

Now assume that (2) holds. If either | |; or | |2 is trivial then (3) follows immediately.
Therefore we may assume that both | |; and | |2 are nontrivial. Let y in k satisfy
ly|l1 # 0 and |y|; # 1. By replacing y with y~! if necessary, we may further assume that
0 < |yl1 < 1. From (2) we have 0 < |y|2 < 1. Hence

_ log |yl
log [yl

is a positive real number. We claim that |z|{ = |z|, for all z in k. If this claim is false
then by replacing = with £=! if necessary, there exists a point = in k with

[]7 <[]
Now select a rational number r/s such that

0
2|f < |yl2 = |yl < |xlo.
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This choice is possible because the image of the map r/s — \y|;/s is dense in (0, 00).
Then we have
2*17 < ly"IY = 1y |2 < |2°|2,

and it follows that
%y~ "1 <1, and 1<]|zy "|s.

This contradicts (2) and so verifies our claim. Thus (3) is satisfied.
Assume that (3) holds. Then the set of all open balls in the | |;-topology is equal to
the set of all open balls in the | |-topology. The assertion (1) follows.

Let | | be an absolute value on k, and let 0 < 6 < 1. It is obvious that  — |z
satisfies the conditions (i) and (ii) in the hypotheses of Lemma 1.1. Also, condition (iv)
holds because

2+ yl” < (J2 + )" < 27 max {|z|’, |y|’}.

It follows then from Lemma 1.1 that | | is an absolute value on k. By Theorem 1.2, for
each value of § with 0 < 6 < 1, the absolute value | | is equivalent to | |. If we further
assume that | | is nontrivial, then |z| # 1 for some point z in k£*, and we conclude
that | |? and | | are equivalent but not equal. In particular, this shows that the place
determined by | | in Ay contains many distinct but equivalent absolute values.

Let | | be an absolute value on k. Then define

O(| |)={0>0:2z— |z|% is an absolute value in A}
It follows from the definition of an absolute value that O(] |) is a closed, nonempty
subset of (0,00). By our previous remarks, if 7 is in O(| |) then 07 is in O(| |) for all 6
such that 0 < # < 1. This shows that either O(] |) = (0, 00), or ©(] |) = (0, 7] for some
real number 7 > 1. We define a second function on absolute values in Ay by setting

O(| |) =sup{|lz+1]: 2 € k and |z| < 1}.

Obviously we have 1 < ®(| |) < 2. Also, the inequality
(1.5) |z +y| < (] ) max{]x], |y[}
holds for all z and y in k. To verify (1.5) assume that 0 < |z| < |y|. Then we have

@+ yl = |(zy™ + Dyl = ey ™" + 1yl < (| DIyl = @(| |) max{|z], [y[}.

Note that if ®(] |) = 1 then (1.5) is stronger than the triangle inequality (iii) in the
definition of an absolute value.
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THEOREM 1.3. Let | | be an absolute value on k. Then the following assertions are
equivalent:

(1) ©(] [) = (0,00),
(2) |z +y| < max{|z|,|y|} for all x and y in k,
3) & [) =1.

Moreover, if 1 < ®(| |) <2, then O(| |) = (0, 7] for some real number T > 1, and

(1.6) B )7 =2.

PROOF. Assume that O(| |) = (0,00). Then the map = — |z|™ is an absolute value
for all positive integers n. It follows that

@ +y| < {Jaf* + [y}

for all x and y in k. We let n — oo and conclude that
|z +y| < max{]z], [y]}.

This shows that (1) implies (2).
It is trivial that (2) implies (3).
Assume that ®(| |) = 1. In view of (1.5) we find that (2) is satisfied. Then we get

0
jz +y|” < (max{|z], [y[})
= max{|z|”, [y|"}
< Jaf” + [yl”
for all  and y in k and for all positive #. This shows that the map z — |z|’ is an
absolute value on k for all positive 0, and so verifies that O(| |) = (0,00). We have
shown that (3) implies (1).
Assume that 1 < ®(| |) < 2. By our previous remarks we have ©(| |) = (0, 7] for
some real number 7 > 1. Because | |7 is an absolute value, we find that

e )" =2(] )
=sup{lr+1|" sz € k and |z|” <1}
< 2.

If in fact ®(| |)™ < 2, then there exists § > 7 such that

(] ) = a(] )’ < 2.
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It follows from (1.5) that
(1.7) & +y|” < 2max{|z|’, |y|*}

for all z and y in k. From Lemma 1.1 and (1.7) we conclude that x — |x|’ is an absolute
value on k. As 6 > 7, this contradicts the definition of ©(| |). We have shown that if
1 < ®(||) <2, then (1.6) holds.

We are now in position to distinguish between different types of absolute values. If
| | is an absolute value on k then by Theorem 1.3, ®(| |) = 1 if and only if the absolute
value satisfies the inequality

(1.8) |z + y| < max{|z|, [y}

for all x and y in k. An absolute value that satisfies (1.8) is said to be a non-archimedean
absolute value or to be an ultrametric absolute value. Then (1.8) is called the strong
triangle inequality or the wltrametric inequality. If | | is a non-archimedean absolute
value then the equivalence class it represents in Aj is the set

{1°:0<6 < oo}

Each absolute value in this equivalence class is also non-archimedean and so we may
refer to it as a non-archimedean equivalence class. We note that the trivial absolute
value | |p is non-archimedean and it is the only absolute value in its equivalence class.

If 1 < ®(] |) < 2 then by Theorem 1.3 we know that (1.8) does not hold, but | |
does satisfy the ordinary triangle inequality (iii) in the definition of an absolute value.
In this case we say that | | is an archimedean absolute value. The equivalence class it
represents is

log 2
log ©(| |)’
Obviously all the absolute values in this equivalence class are archimedean and so we
may refer to it as an archimedean equivalence class.

If the absolute value | | is nontrivial then the equivalence class it represents is a place
of k, and we may speak of non-archimedean places or archimedean places.

We now establish a basic result due to K. Mahler that demonstrates how inequivalent
absolute values behave independently. We require the following lemma.

LEMMA 1.4. Let k be a field and let {| |, : 1 < n < N} be a finite collection of
mequivalent, nontrivial, absolute values on k. Then there exists a point o in k such that
laly > 1, and |a|, <1 for2 <n < N.

{{1°:0<6 <7}, whereT=

PROOF. Suppose that N = 2. As | |; and | |2 are inequivalent, by Theorem 1.2 there
exists ( in k with
1Bl <1 and 1< |8,
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and there exists v in k£ with
1<|yp and |vy|2 <1

In this case we take oy = y3~ L.
We continue now using induction on N. By the inductive hypothesis there exists
in k with
Bl1 >1 and |B|, <1lfor2<n<N -1,

and v in k£ with
1<|yy and |vy|ny <1

There are three cases to consider:
(i) if |B|n < 1 we take a = (3,
(ii) if | 3|y = 1 we take a = B!y with a large positive integer I,
(iii) if |8|n > 1 we take o = Bly(1 + B!)~! with a large positive integer I.

In each case it is easy to check that « satisfies the requirements of the lemma when [ is
sufficiently large.

THEOREM 1.5 (THE WEAK APPROXIMATION THEOREM). Let k be a field, let {| |, :
1 <n < N} be a finite collection of inequivalent, nontrivial, absolute values on k and
{zn : 1 <n < N} a collection of points in k. Then for every e > 0 there exists a point
y in k such that
|z —yln <€ foreachn=1,2,... N.

PROOF. For each integer n with 1 < n < N we apply Lemma 1.4 but with | |,, in
place of | |;. In this way we determine a collection of points ay,aq,...,ay in k such
that

lam|n > 1if m=mn, and ||, < 1if m # n.

Then we find that

a
lim ©“— =1 in the | |,-metric if m =n,
l—oo 1 + Oélm
and
ol
lim T — =0 in the | |,-metric if m # n.
l—oo 1 -+ Oégn

It follows that for each n, 1 <n < N, we have

l

, e : .
lim g ——L =, inthe | |,-metric.
|—o0 1+ an,

m=1
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Hence we may take

N Tk
v= 3 P
m:11+am

with [ a sufficiently large positive integer that depends on e.

Given a field £ it is an interesting problem to determine all the nontrivial absolute
values on k. The following result is useful when the field % is the field of fractions of an
integral domain.

LEMMA 1.6. Let R be in integral domain and let k be its field of fractions. Assume
that x — ||z|| is a map from R to [0,00) that satisfies the three conditions

(1) ||z|| =0 if and only if x =0,

(2) llzyll = [lzlllyll for all x and y in R,

3) llz+yll < llzll + llyll for all z and y in R.
Then there exists a unique absolute value | | : k — [0,00) such that |x| = ||z|| for all x
in R. If || || on R satisfies the strong triangle inequality

(4) [l +yll < max{fjz[l, [[y[[} for all x and y in R,

then | | on k is a non-archimedean absolute value. Moreover, if a and b # 0 are in R,
and a/b is a point in k, then these maps satisfy the identity

el

el

a

(1.9) .

PROOF. Suppose that a/b = ¢/d in k. That is, a, b # 0, ¢ and d # 0 belong to R
and ad = be. It follows that ||a||||d|| = ||b||||c|| and

lall_ liel
ol il
in [0,00). Therefore we define a map | | : k — [0,00) by
,9‘ _ llall
bl |l

Our previous remarks show that this is well defined. Using (1), (2) and (3) it is easy to
verify that | | on k satisfies the corresponding conditions required of an absolute value.
For example, if a, b # 0, ¢ and d # 0 belong to R, then

‘g_'_g’_ ’ad-l—bc‘ _|lad + be|
b dl N

bd [bd]
< lladll + llbe]l _ Jlall  llell _ ‘2‘ el
1bd] ol lldll 1ol 1d
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If (4) holds this calculation becomes

’a c ‘ad+bc llad + bel|

b dl | bd |od)|
max { |lad]], [[bel|} lall el a
< =max-s s o ¢ = max ‘—
Ibd] (LI El \ b

and we conclude that the absolute value | | is non-archimedean.
We note that (2) implies that ||y|| = ||1y|| = ||1]|||y|| and therefore ||1]| = 1. Now if a
belongs to R then

IH:

a
1

el
= = lall,

la| =
1]

and this shows that | | on k is an extension of || || on R. If | |; and | |2 are both absolute
values on k that extend the map || || on R, then we have

)g‘ _laly _ lall _ fal2 _ ‘g‘ .
bl bl ol [blz Tol2

This shows that in fact | |; and | |2 are equal on k. Thus the absolute value defined by
(1.9) is the unique extension of || || on R.

Exercises

1.1 Let | | be an absolute value on the field k. Prove that | | is non-archimedean if and

only if [nlx| < 1 for all integers n, where 1; is the multiplicative identity element in
k.

1.2 Let k£ be a field of positive characteristic. Prove that every absolute value on k is
non-archimedean.

1.3 Assume that | |; and | |2 are nontrivial absolute values on a field k that satisfy the
condition

(1.10) {rek:|zh <1} C{xek:|z]y <1}

Prove that | |; and | |2 are equivalent.

1.4 Assume that | | is an absolute value on a field k, and let
O |) ={0 > 0: 2 — |z|° is an absolute value in A;}.

Prove that ©(] |) is a closed subset of (0, c0).
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1.5 Assume that | | is a non-archimedean absolute value on a field k, z1,z9,...,xN are
point in k, and
1 +x2+ - +aony =0.

Prove that there exist integers m and n such that 1 < m < n < N such that

|Tm| = |xn| = max{|z1], |x2], ..., |zN]}
1.6 Let k be a field with a nontrivial absolute value | |. Prove that each polynomial
f in klx1,2o,...,zN] defines a continuous function f : kY — kV, where k" has

the product topology. Then prove that  — z~! defines a continuous function from
k* onto k*. Formulate a result about the continuity of a rational function F' in

k(xl,l'z,...,il?N).

2. Completions

Let k be a field and | | an absolute value on k. We say that k is complete if k is
a complete metric space with respect to the metric topology induced by | |. That is,
k is complete if every Cauchy sequence in k converges to a point in k. We note that
completeness is a property of the metric topology; it does not depend on the particular
absolute value in the place determined by | |. If | |3 and | |2 are equivalent absolute
values on k, then k is complete with respect to | |; if and only if it is complete with
respect to | |o.

Let k be a field with an absolute value | |, and [ a field with an absolute value
| ;. A map o : k — [ is an isometric isomorphism if o is an isomorphism of k£ onto
I and |z|x = |o(x)|; for all x in k. In this case it is obvious that o= : [ — k is
also an isometric isomorphism and we say that the pair (k,| |x) and the pair (I,]| |;)
are isometrically isomorphic. A map o : k — [ is an isometric embedding if o is an
isomorphism of k onto a subfield of [ and |z|; = |o(z)]; for all x in k.

A pair (K, | |k), consisting of a field K and an absolute value | |k, is a completion
of the pair (k,| |x) if

(i) K is complete with respect to the metric topology induced by | |k, and
(ii) there exists an isometric embedding o of k onto a dense subfield of K.

Completions always exist and are unique up to an isometric isomorphism. The precise
result is as follows.

THEOREM 2.1. Let (k,| |x) be a pair consisting of a field k and an absolute value | |.
Then there exists a pair (K, | |k) that is a completion of (k,| |x). Moreover, if (K,| |k)
and (L,| |1) are both completions of (k,| |x), if ox : k — K and oy, : k — L are the
corresponding isometric embeddings, then there exists a unique isometric isomorphism
7: K — L such that Toog = oy,.
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SKETCH OF THE PROOF. Let C(k) be the set of all maps a : {1,2,...} — k such
that {a(n)}>2; is a Cauchy sequence in k. Then C(k) is obviously a commutative ring
with respect to the operations

{a+b}(n)=a(n)+b(n) and {ab}(n)= a(n)b(n).

Let M (k) C C(k) be the subset of Cauchy sequences that converge to 0 in k. Then
M (k) is a maximal ideal and therefore the quotient ring

K = C(k)/M(k)

is a field.
Next we define an absolute value | |k on K. If {a(n)}52, is a Cauchy sequence then
the inequality

—la(m) = a(n)x < la(m)|x — la(n)|x < la(m) — a(n)[x

shows that {|a(n)|x}>2; is a Cauchy sequence in [0,00). If {b(n)}>%, represents the
same coset in K as {a(n)}52, then

lim |a(n) —b(n)|x =0
and therefore
lim |a(n)|x = lim [b(n)|k.

n—oo

This shows that the map
{a(m)}2 — Ha(n)}palx = Tim_a(n)]x,

from C(k) into [0,00), is well defined on the field K. It follows easily that | |k is an
absolute value on K.

If « belongs to k let o(a) : {1,2,...} — k be the constant sequence defined by
o(a)(n) = a for all n =1,2,.... Obviously this sequence is Cauchy and so determines
a coset in K. The map o : k£ — K is an embedding, an isometry with respect to the
metrics induced by | | and | |k, and its image is dense in K. Thus the pair (K, | |x)
satisfies the requirements of a completion.

Finally, let o : kK — K and op : kK — L be isometric embeddings. Then define
70k (k) — op(k) by 7(z) = o oo (). Tt follows that 771 (y) = ox 00 (y), and it
can be shown that 7 and 7! are both continuous. Because o (k) and o (k) are dense
in K and L, respectively, both 7 and 7~! have unique extensions to continuous maps

7:K—L and 7':L— K.
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Continuity can now be used to show that the extended maps are isometric isomorphisms.

In the notation of Theorem 2.1, k is isomorphic to its image o(k) in the completion
K. Thus we may identify k and o(k) and so regard k as a dense subfield of K. Then it
is obvious that | | on K is an extension of | | on the dense subfield &, and therefore
O(| |[x) = @(| |k)- In particular, | |, and | |k are either both archimedean, or they are
both non-archimedean.

Let | |s denote the usual archimedean absolute value on the fields R and C. Then
(R,| |oo) and (C,| |s) are both complete. It is a result of Ostrowski [6] (see also,
[8], Chapter 1, Theorem S) that these are essentially the only examples of complete
archimedean fields.

THEOREM 2.2. Let K be a field that is complete with respect to an archimedean
absolute value | | k. Then there exists 6, 0 < 6 < 1, such that (K,| |k) is isometrically
isomorphic to either (R,| |2.) or (C,] 1%.).

For the remainder of this section we assume that k is a field with a nontrivial, non-
archimedean absolute value | |. We write K for a completion of k£ and then we continue
to use | | for the extended absolute value on K. We also identify k£ with its image in
K and so speak of k as a dense subfield of K. Because | | satisfies the strong triangle
inequality (1.8), some aspects of elementary analysis in K are simpler than in the case
of an archimedean absolute value. Suppose, for example, that o and 3 are in K and
la| < |B]. Then we have

18] = e+ 8 — a
< max{|a + G|, [a}

= |a+ f| (since the maximum cannot occur at |a|)
< max{|a/, | 5]}
=181,
and therefore
ja+ 6| = [8l.

More generally, if a1, aq,...ay are in K, if |ay,| < |ay| for 1 < n < N, then
(2.1) o +ag + -+ + an| = |an].

We often refer to (2.1) as the case of equality in the strong triangle inequality. Of
course the hypothesis |a,,| < |an| is a sufficient condition for (2.1) to hold, but it is not
a necessary condition. If aq,as,... is an infinite series in K then the strong triangle
inequality implies that

N
(2.2) lim Z oy exists if and only if  lim ay = 0.
n=1

N—o0 N—oo
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Next we define
Or ={a€k:|a <1}, Og ={a € K :|o| <1},

Up={a€k:|al=1}, Uk ={a € K :|a| =1},
M ={a€k:|al <1}, Mg ={a €K :|a| < 1}.

Because | | is non-archimedean, it is easy to check that the closed unit ball Oy is an
integral domain. Then Uy is exactly the multiplicative group of invertible elements
in O, and M}, is the unique maximal ideal in Oj. Plainly these sets depend on the
equivalence class determined by | | and not on the particular choice of absolute value
in the equivalence class. As M}, is a maximal ideal, the quotient ring Oy /M, is a field,
called the residue class field of k. As the ring Oy has a unique maximal ideal My, it is
an example of a local ring. Of course these remarks also apply to the sets Ok, Ux and
My .

An element « in Oy obviously determines a coset a + Mj, in the residue class field
Or. /M. When « in Oy, is regarded as an element of Ok it determines a coset a + Mg
in the residue class field Ox /Mg. Thus there is a map

Y : Op/My — Og /My given by ¢{a+ My} = o+ Mg,
and it is trivial to check that it is well defined and an isomorphism of Oy /M onto a

subfield of Ok /M. In fact, we will show that this map is surjective.

LEMMA 2.3. The map ¢ : Oy /My — Ok /Mg is an isomorphism of Oy /My onto
Ok /Mg

PROOF. Let §+ Mg be a coset in O /M. Because k is dense in K there exists «
in k such that |« — ] < 1. Then |a| < max{|a — 3|,|5]|} < 1, and it follows that « is
in O and o — (8 is in M. That is,

Yo+ My} =a+ Mg =6+ Mg,

and the lemma follows.

As | | is a homomorphism from the multiplicative group £* into the multiplicative
group (0, 00) of positive real numbers, its image

B ={la| : € £*}

is a nontrivial subgroup. This subgroup is called the multiplicative value group of (k, | |).
We recall that a nontrivial subgroup G C (0, 00) is either discrete or dense in (0, 00), and
G is a discrete, nontrivial subgroup if and only if it is an infinite cyclic subgroup. That
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is, G is a discrete, nontrivial subgroup if and only if it has the form G = {t" : n € Z}
for some real number ¢, 0 < t < 1. We say that | | is a discrete absolute value on k if
its value group is a discrete, nontrivial subgroup of (0, 00). It is clear that | | is discrete
if and only if all the absolute values in the equivalence class it determines are discrete.
Also, if | | is a discrete absolute value on k then its extension to the completion K is
also discrete and has the same multiplicative value group. We note that a nontrivial
absolute value on k, or on its completion K, does not induce the discrete topology in
either k or K. Only the trivial absolute value induces the discrete topology. A discrete
absolute value has a discrete multiplicative value group, but it does not induce the
discrete topology in k or K.

LEMMA 2.4. A nontrivial, non-archimedean absolute value on k is discrete if and
only if My, is a principal, mazximal ideal in the ring Oy.

PROOF. It is evident from the definition of a discrete absolute value and from the
definition of My, that | | is discrete if and only if

sup{|a| : a € M} < 1.
Assume that M} is principal and so generated by an element 7. That is,

My = (m) = {6 : 8 € Ok}.

Then we have
sup{|a| : « € My} = sup{|fn|: B € O} = |7,

and |7| < 1 because 7 is in M. This shows that the multiplicative value group of | | is
discrete.
Now assume that | | is discrete and so the multiplicative value group has the form

{t":ne€Z} forsomet, 0 <t<1.

Let 7 in M, satisfy || = t. If o belongs to My, let 3 = ar~!. Then |3| = |af|7|7t <1
and therefore 3 is an element of Oy. Because o = fm this shows that M C (7). As
My, is a maximal ideal we have My, = (7). We have shown that My is principal and this
completes the proof.

The proof of Lemma 2.4 provides the following characterization of the elements that
generate the maximal ideal M.

COROLLARY 2.5. Let | | be a discrete absolute value on k and let m be an element of
the mazximal ideal My. Then the following assertions are equivalent:

(1) My = (m) = {0 : B € O},

(2) sup{|a|: a € My} = x|,

(3) the multiplicative value group of (k,| |) is {|n|" : n € Z}.
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An element 7 in M}, that satisfies one, and therefore all, of the three conditions in the
statement of Corollary 2.5 is called a prime element of k. Obviously a prime element of
k is also a prime element in the completion K.

We can use prime elements in the complete field K to make certain infinite series
expansions. Let Rx C Ok be a complete set of distinct coset representatives for the
residue class field Ok /Mg and let m in Mg be a prime element. For each infinite
sequence {a(n)}>2, of points in Ry the infinite series

00 N
7;) a(n)t™ = 1\;@00 7;) a(n)m™

plainly converges by (2.2) to a point in Og. We will show that every point in Ok has
an expansion of this sort.

THEOREM 2.6. Let o be a point in O . Then there exists a unique sequence

a(0),a(l),a(2),...

of points in Rx such that

(2.3) a= Z a(n)m".
n=0

PROOF. There is a unique point a(0) in Rx so that |a — a(0)| < 1. Hence we can
write

a=a(0)+b(1)m, with b(1) € Ok.
Then there is a unique point a(1) in R so that |b(1) — a(1)| < 1. Therefore we get
a=a(0) +a(l)m +b(2)r?, with b(2) € Ok-.

Continuing in this manner we determine two infinite sequences {a(n)}52, and {b(n)}52,
such that each term a(n) is in Rk, each term b(n) is in Ok, and

a=a(0)+a()m +a(2)7® + a(3)7 + - +a(N — a1 4 o(N)xV

foreach N =1,2,3,.... As
lim |b(N)7™| =0,

N—o0

we find that (2.3) is satisfied.
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Assume that {a’(n)}>2, is another sequence of points in Ry satisfying (2.3). Then
we have

(2.4) 0= Z {a(n) —d'(n)}n".

For each nonnegative integer n, either a(n) —a’(n) = 0 or |a(n) —a’(n)| = 1. It follows,
using (2.4) and the case of equality in the strong triangle inequality, that a(n)—a’(n) = 0
for all n. Thus the expansion (2.3) is unique.

In applications of Theorem 2.6 it is often useful to assume that the coset Mg is
represented in Rx by 0. Then 0 is represented by the series in which a(n) = 0 for each

n. Also, if (2.3) is the expansion of @ in Ok, if a(0) = a(l) =a(2) =...a(N —-1) =0
and a(N) # 0, then by the case of equality in the strong triangle inequality we have
la| = |7|V. More generally, we get a similar expansion at each point of K.

COROLLARY 2.7. Let a be a point in K* with |a| = |w|F for some L in 7. Assume
that the coset My 1is represented in Ry by 0. Then there exists a unique sequence
{a(n)}o2 ;. of points in Ri such that

o0

(2.5) a= Z a(n)m™ and a(L) # 0.

n=L

PROOF. Apply the theorem to am~, then use the case of equality in the strong
triangle inequality.

Exercises
2.1 Prove the equivalence asserted in (2.2).

2.2 Prove that a nontrivial subgroup G C (0, 00) is either discrete or dense in (0, c0), and
(G is a discrete, nontrivial subgroup if and only if it is an infinite cyclic subgroup.

2.3 Let k be a field, and let {| |, : 1 < n < N} be a finite collection of inequivalent,
nontrivial, absolute values on k. Assume that (K,,| |,) is a completion of (k,| |,)
for each 1 <n < N. Write

N
J =[] &n.
n=1

and give J the product topology. Let 6 : kK — J be the diagonal map that sends a
point « in k to the point (o, a,...,«) in J. Prove that the image 6(k) is dense in J.

2.4 Let L be a field with an absolute value | |, assume that L is complete and let k C L
be a subfield. Write K’ for the closure of k in L. Prove that K’ is a subfield of L,
and show that (K’,| |) is a completion of (k, | |).
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3. Hensel’s Lemma

In this section we assume that K is a field with a nontrivial, non-archimedean absolute
value | | and we assume that (K| |) is complete. We continue to write

Ox ={a €K :|a| <1}.

If k is a dense subfield of K then obviously (K, | |) is a completion of (k,| |). However,
the dense subfield k£ would play no role in the results of this section. Therefore we begin
more simply with the pair (K, | |) and the integral domain O. In this setting one form
of Hensel’s lemma provides information about roots of certain polynomials in O [x].

THEOREM 3.1 (HENSEL’'S LEMMA). Let f(z) be a polynomial in Ok [x] with positive
degree. Assume that &1 in Ok satisfies

(3.1) [FEDI < (€.
Then there exists a unique point o in the closed ball

_ : £ (&)
(3:2) B(f.6) ={re Ok lr—al < 55}

such that f(a) = 0. Moreover, we have f'(a) # 0, so that « is a simple zero of f.

This result asserts the existence of a root o for the polynomial f. However, the proof
also provides a useful numerical method for calculating «.

For f in Ok (x) we define
(3.3) Dy ={z € Ok : |[f(2)] < |f'(2)]*},
and we assume that Dy is not empty. Next we define a map ¢ : Dy — K by

x
L 1)
f'(x)
Clearly ) is the restriction to Dy of a rational function having no poles in Dy. Thus
Y : Dy — K is certainly continuous.

(3.4) P(x) =

LEMMA 3.2. Let f be a polynomial in O x| with positive degree such that the set
Dy defined by (3.3) is not empty. Let 1) be the rational function defined by (3.4). Then
the image ¥(Dy) is contained in D¢. Moreover, if 3 belongs to Dy then

f(B)
f"(B)

(35 1@ < |52 <150
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and
(3.6) ()] =1 (B)]-

PROOF. Write

z) = ni:o“nxna )= fi(z) = i:lan <T)x”—1

and
al n
(@)= nom g —2.3,...,N.
fm(x) n:maN<m>x or m 3

Because f is in Og[x] and | | is non-archimedean, each of the polynomials f,,, belongs
to Ok |[x] and therefore

(3.7) sup{|fm(z)| : x € O} < 1.
Let z and y be independent indeterminants. Using the binomial expansion we find that
N
f@)=> an(y+ (z—y))
n=0
N N n
(3.8) = { > an( )y”m}(w —y)"
m=0 n=m m
N
= f) + f'(y Z

Let 3 be a point in Dy. We apply (3.8) with = ¢(f) and y = 8. Using (3.4) we obtain
the identity

F@(B)) = FB) + [(B) (@ (B) = B) + > fn(B)(¥(8) = 5)"

N
= > fa(B)((8) - B)".
m=2
Then using the strong triangle inequality we find that

£ ((8))] < max {[fm(8)(¥(8) - B8)"]:2<m <N}
ﬂ@m
f(B)
PG ’2
f'(8)
<|f(B),

§max{ :2§m§N}
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and this establishes (3.5).
Now let g(z) = f’(x), so that g is a polynomial in Ok [x] and write

(3.9) 9(x) =go(y) + D> gm)(x —y)™.

Again we find that each polynomial g, belongs to O [x] and therefore

sup{|gm(z)| : z € O} < 1.

Let 8 be a point in Dy. We apply (3.9) with 2 = () and y = § and find that
| (0(8)) = £(B)] = |9(¥(B)) — 9(B)]
N-1
= > @) - 9"

gmax{\w(ﬁ)—mm 01 ngN—l}
f(ﬂ)‘

f(B)

<[f'(B)]-

By the case of equality in the strong triangle inequality we have

[F'(w(B)] = 11'(B)]
and this verifies (3.6). Combining (3.5) and (3.6) leads to the inequality

2

[F@@))] <1FB) <IfBF = [ (@®)],

and this shows that ¢ : Dy — Dy.

PRrROOF OF THEOREM 3.1. By hypothesis the set D contains the point ;. We define
a sequence of points &1,&2,&s, ... by iterating the map v defined in (3.4). That is, for
n=1,2,3,... we set

€n+1 = w(gn)

By Lemma 3.2 each point in the sequence &;,&2,£3... belongs to Dy. Using (3.5) we
have

(3.10) [FEDI > [f( &) > [f(E&)] > -
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From (3.6) we conclude that

(3.11) [f'@&) =[] =[f(&)] =

We will also show that

—1

(312 7)) < u’<&>ﬁ{%}

for each integer n = 1,2,.... If n = 1 then (3.12) is trivial. Assume that (3.12) holds
for some positive integer n. Using (3.5) and the inductive hypothesis (3.12) we get

f(&n)
f'(&n)

SIS (If’(£1)|2{ &ﬂfj))f?} )

n

e { 7(&) } |

2

[f(Enra)l <

(€)1
as required. It follows now from the hypothesis (3.1) and (3.12) that
(3.13) Tim [£(6.)] = 0.

From (3.11) we obtain the identity

) | 1)
(314) |§n+1 §n| - f/(én) |f/(§1)"
and therefore
(3.15) nh—>r20 (€1 —&n| = 0.

If follows from (3.15) and the strong triangle inequality that {&,}°° is a Cauchy se-
quence in the closed set Ok . Hence there exists a point a in Ok such that

(3.16) lim &, = a.

n—oo

As the polynomial map f: Ox — Oy is continuous, (3.13) and (3.16) imply that

f(a) =0,
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Of course the derivative of f is also continuous and so (3.11) and (3.16) imply that

(3.17) /()] = If" ()] > 0.

This shows that « is a simple zero of f.
Let the integer m be so large that

| f(&1)]
|f(E0)]

|0‘ - £m| <
Then using (3.10) and (3.14) we get

|Oé—§1| = |a_€m+€m_§m71+€mfl_6m72+"‘+€2_£1|
< max {|a — &y |, max{|§41 — &1 <1< m—1}}

(3.18) <max{|a Eml, ma {"f((gl))" : lglgm—l}}
< Lf(&)]
|f’(§1)|
Now suppose that v is a point in O such that
|f(&1)]

v # a, h—&léyf,@l)‘ and  f(v) =0.

From the identity (3.8) we have

(3.19) 0=f(y) = fl@) =Y fml@)(y—a)™

But for 2 <m < N we get

| fm(@)(y — )| < |y — af?

< max{|y — &, [§1 — af}|y — o
< &) .

S el
<|f(&)|ly — o
= |fi(a)(y — )],

where we have used (3.17) at the last step. By the case of equality in the strong triangle
inequality, the identity (3.19) and the strict inequality (3.20) are impossible. We have

(3.20)
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shown that « is the unique zero of f in the closed ball B(f,&;) defined by (3.2). This
completes the proof of Hensel’s lemma.

In Chapter 3, section 3, we will state and prove a more algebraic form of Hensel’s
lemma.

Exercises

3.1 Assume that K is a field with a nontrivial, non-archimedean absolute value | |, and
assume that (K| |) is complete. Let

N-1

f(x) = apz + a1z 4+ -cay_1z +an

be a polynomial in Og[z] of positive degree. Assume that there exists a point a in
Og such that

|f ()| < [ Disc(f)I%,

where Disc(f) is the discriminant of f. Prove that f has a root in Og.

4. Local Fields

Let K be a field with an absolute value | |. If | | is the trivial absolute value then
it induces the discrete topology in K, and so K is locally compact. For the remainder
of this section we assume that | | is nontrivial, and so the metric topology induced in
K is not discrete. We say that K is a local field if the metric topology induced by | |
in K is locally compact and not discrete. Clearly a local field is also complete because
a locally compact metric space is complete. As R and C are both locally compact, it
follows from Theorem 2.2 that every archimedean local field is isometrically isomorphic
to either (R,| |2.) or (C,]| |2,) for some #, 0 < § < 1. As the archimedean local fields
are determined (and familiar), our objective in this section is to characterize the non-
archimedean local fields.

THEOREM 4.1. Let K be a field and | | a nontrivial, non-archimedean absolute value
on K. Then the following conditions are equivalent:

(1) K is complete, | | is discrete, and the residue class field Ox /My is finite,
(2) Ok is compact,
(3) K is locally compact.

PROOF. Assume that (1) holds and let {a;};°, be a sequence in Og. As in the
statement of Corollary 2.7, let Rx be a complete set of distinct coset representatives
for the finite residue class field Ox /Mg and let m in Mk be a prime element. Then
each point «; has a unique expansion

o = Z a(l,n)x™, with a(l,n) € Rk.
n=0
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We now define a nested sequence of infinite subsets
{1,2,3,...} 28 28 25 D...

as follows. Because Ry is finite there exists b(0) in Rx such that a(l,0) = b(0) for all
integers [ in an infinite subset Sy C {1,2,3,...}. Then the finiteness of Rx implies that
there exists b(1) in Rx such that a(l,1) = b(1) for all integers [ in an infinite subset
S; € Sp. Again the finiteness of Ry implies that there exists b(2) in Rx such that
a(l,2) = b(2) for all integers [ in an infinite subset Sy C S;. Continuing in this manner
we determine a sequence of points {b(n)}°%, in Rk such that for every nonnegative
integer N we have

a(l,n) =b(n) forn=0,1,2,...,N, andl € Sy.
As K is complete the point
B=> bn)r"
n=0

belongs to Ok. Let Ly < L1 < Ly < ... be an increasing sequence of positive integers
such that Ly is in Sy for each nonnegative integer N. Then we have

> a(Ly,n)r™ => b(n)r"

for each nonnegative integer N. It follows that
oLy — Bl =1 a(Ly,n)x™ = b(n)r"|
n=0 n=0

=1 > {a(Ly,n) —b(n)}"]

n=N+1
< max{|7|" : N+1<n}
= .

This shows that an arbitrary sequence in O has a convergent subsequence. Hence Ok

is compact.
Assume that (2) holds. Every closed ball in K with positive radius has the form

Bg(8,7) ={a e K:la—f] <]}
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for some 3 in K and v in K*. The map x — ~vx + (3 is obviously continuous and maps
Ogk onto Bi(3,7). Thus Bk (f3,7) is compact. As every closed ball of positive radius
in K is compact, it follows that K is locally compact.

Assume that (3) holds. Then K is complete and every closed ball of positive radius
is compact. In particular the set Ok is compact. Now suppose that

(4.1) sup{|a| : € Mg} = 1.
Let {ay,}52, be a sequence of points in Mg such that

0<oq| <lag] <las| <..., and lim |a,|=1.
n—oo
By the compactness of Ok the sequence {a, }2° ; must have a convergent subsequence.
By the case of equality in the strong triangle inequality we have

| — an | = max{[au ], |om|} > |oa] >0

whenever m # n. This shows that {a,}72; has no Cauchy subsequence and therefore
no convergent subsequence. Hence the assumption (4.1) is false and so | | is a discrete
absolute value. Finally, we suppose that Rg is a complete set of distinct coset repre-
sentatives for the residue class field O /M. If Rk is infinite then by the compactness
of Ok it must have a limit point in Ok. But if ¢ and b are distinct elements of Ry
then |a — b| = 1. The contradiction shows that R is finite and therefore O /Mg is a
finite field.

If (K,| |) is a non-archimedean local field then the residue class field Ox /M is a
finite field and so |Ox/Mk|, the number of elements in Ox/Mf, is a prime power,
say, ¢ = p" where p is a prime number and m is a positive integer. Also, Mg is a
principal, maximal ideal in the ring Ok generated by a prime element m, || < 1, and
the multiplicative value group of (K| |) is the subset

{|m|" :n € Z}.

Of course | |? is an equivalent absolute value for every positive real . Therefore we
can always select an equivalent absolute value | |? in such a way that |7|® = ¢71. We
say that the resulting choice of an absolute value is normalized. Later we will see other
convenient ways to select a normalized absolute value on a local field.

5. Absolute Values on

We will describe all the nontrivial absolute values on the field Q of rational numbers.
First of all there is the usual archimedean absolute value on Q. In situations such as
this, where we need to refer to several different absolute values on Q, we will write | |
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for the usual archimedean absolute value. It is trivial that ®(| |») = 2, and therefore
O(] |oo) = (0,1]. Thus the usual absolute value | | is the unique absolute value in its
place that satisfies |2|o = 2.

Next, for each prime number p there is the usual p-adic absolute value | |,. This is
defined on Q as follows. If  is a nonzero rational number then by the fundamental
theorem of arithmetic we can write

(5.1) B = +ow2(B) gws(B) gws(B) qwz(B) 7

where {w,(83)} is a sequence of integers indexed by the set of prime numbers ¢ and
wq(B) = 0 for all but finitely many ¢. In particular there is no question of convergence
with respect to this product because all but finitely many terms are equal to 1. Then
the usual p-adic absolute value of  is defined by

(5.2) 1Blp = p—wp(ﬁ).

Of course we also have |0|, = 0. In this case we find that ®(| |,) =1, O(] |,) = (0, 00),
and therefore | |, is a non-archimedean absolute value on Q. The usual p-adic absolute
value | |, is the unique absolute value in its place that satisfies |p|, = p~*.

Clearly the multiplicative value group associated to | |, is

{p™ :meZ},
and | |, is a discrete absolute value on Q. Then

{€Q:|8], <1} ={a/becQ:ptb}

is an integral domain, and
(5.3) {BeQ:[8], <1} ={a/be Q:pla, and p1b}

is its unique maximal ideal. If a/b is in Q and p { b then ab is a well defined element
of Z/pZ, where b denotes the inverse of b in Z/pZ. Moreover, it is easy to check that
the map a/b — ab is a surjective homomorphism. As the kernel of this homomorphism
is clearly the maximal ideal (5.3), it follows that the residue class field is isomorphic to
Z/pZ, and {0,1,2,...,p — 1} is a complete set of distinct coset representatives.

Using Theorem 1.2 we find that any two distinct absolute values in the set

(5'4) {‘ |007 ’ |2a | ‘37 ‘ ’57 ’ |77 }

are not equivalent, and so the places they determine are distinct. It is a basic result of
Ostrowski [7] that this accounts for all the nontrivial absolute values on Q.
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THEOREM 5.1. FEvery nontrivial absolute value on Q is equivalent to exactly one of
the absolute values in the set (5.4).

PROOF. Suppose that | | : Q — [0,00) is a nontrivial absolute valued on Q. Let
a > 1 and b > 1 be integers. Write a in the base b, so that

a=dy+ dib+ dob® + - + dpbM,
loga

M =
[logb}

dm €40,1,2,...,0—1} for m=0,1,2,..., M.

where

is a nonnegative integer, and

Then we have

lal < |do| + |dallb] + |d2][b]* + - + [dar [b]™

(5:5) < (M + 1) max{|1],]2],...,[b— 1|} max{1, |p[}.

Next we apply (5.5) with a replaced by a”, we take Nth roots of both sides of (5.5)
and then let N — oo. In this way we establish the inequality
(5.6) la|'°8® < max{1, |b|}°5°.

We now consider two cases. First assume that a can be selected so that 1 < |al.
Then (5.6) implies that 1 < |b| for all integers b > 1. By interchanging a and b in (5.6)
we find that

|a|logb S max{l, |b|}loga — |b|loga S max{l, |a|}logb _ |a|10gb‘

That is, (logb) log |a| = (loga) log |b], or

logla|] loga\
det(log|b[ logb =0

Thus there exists a constant 6 # 0 such that
flogla| =loga and @log|b| = logb.

Obviously @ is positive and it follows that | |? is the usual absolute value on Z. From
Lemma 1.5 we conclude that | |? is the usual absolute value on Q.
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Finally, we assume that |a| < 1 for all integers a > 1. If |a| = 1 for all integers a > 1
then it is clear that | | is trivial. Thus there exists a smallest positive integer p such
that |p| < 1. If p = ab with @ > 1 and b > 1 then |p| = |a||b| < 1, which is impossible.
This shows that p is a prime number. Now let ¢ be an integer such that p t ¢. Then
there exist integers r and s such that 1 = pr + gs. It follows that

1= [pr+gqs| < |p|+|ql-
Replacing g with ¢ we get
(5.7) 1-p| < g™

Letting N — oo in (5.7) shows that |¢| = 1. If @ > 1 is an integer then we can write
a = p™q where m > 0 is an integer and ¢ is an integer such that p t ¢. Then the value
of |a| is given by

(5.8) la| = |p|™]q| = [p|™.

Finally, we select a positive constant @ so that [p|® = p~!. From (5.8) we conclude that
| 19 is equal to the p-adic absolute value on Z. And Lemma 6.1 implies that | |? is the
p-adic absolute value on Q.

In sympathy with the notation used to denote the nontrivial absolute values on Q,
we write Q. for the completion of (Q,]| | ), and at each prime number p we write
Q,, for the completion of (Q,| |,). We often speak of Qo as the completion of Q at
the place oo, or at the infinite place, and speak of QQ, as the completion of Q at the
place p, or at a finite place. In these cases we continue to write | | or | |, for the
absolute value extended to the completion, and we identify Q with its image in each
completion. Of course (Quo,| |oo) is isometrically isomorphic to (R, | |~ ), and we use
Qs as a convenient, alternative notation for R.

For each prime number p the field Q,, is the field of p-adic numbers. The multiplicative
value group is clearly

{p™" :m e},

and therefore | |, is a discrete absolute value on QQ,. We will also use the standard
notation

Zp:{ae@p:‘ahvgl}

for the ring of p-adic integers. The ring Z, is an integral domain, Q, is its field of
fractions, and
M,={a€Z,:|a, <1}

is the unique maximal ideal in Z,. We note that M), is the principal ideal M, = pZ,.
It follows from Lemma 2.3 that Z,/M, is isomorphic to Z/pZ, and {0,1,2,...,p — 1}
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is a complete set of distinct coset representatives for Z,/M,. If a # 0 is a point in Q,,
if |oo|, = |p|L = p~*, then by Corollary 2.7 there exists a unique sequence {a(n)}> ; of
points in {0,1,2,...,p — 1} such that
(5.9) o= Z a(n)p” and a(L) #0.
n=L

Thus the points of Q,; are in bijective correspondence with expansions of the form (5.9).

As an illustration of the use of Hensel’s lemma, we consider the problem of deter-
mining a root in Q7 of the polynomial f(x) = 23 — 2 + 1. Clearly this polynomial has
no roots in Q and, by the case of equality in the strong triangle inequality, a root in Q7
must occur in Z7. If a in Z7 is a root of f then the image of « in the residue class field
7./77 is a root of the congruence x> — z + 1 = 0 mod 7. It is easy to check that the
only root of this congruence is z = 2 mod 7. Therefore a root « in Z7 of the polynomial
f(x) = 23 — 2 + 1 must satisfy

(5.10) o — 2|7 <771

Of course this does not yet establish that such a root exists. However, we have |f'(2)|; =
1, and therefore the inequality (3.1) in the statement of Hensel’s lemma is satisfied with
& = 2. It follows that f(z) = 23 — x + 1 does have a unique root « in the closed ball
(5.10). Moreover, the proof of Hensel’s lemma provides a sequence of rational numbers
that converge rapidly to a. Let ¢(z) be the rational function

_ flz) 2¢3 — 1
pla) =@ fl(x)  322-1°
Then define a sequence of rational numbers & = 2,&5,&3,... by setting

Eny1 = (&) for n=1,23,....

We find that
15 5419 45976035767
G=2 L= 86000 ™ 8= 557653800
Using the estimate given in (3.12) we get
_on—1
[f&)lr <772,

and (3.14) implies that

(5.11) nit — Enlr < FED < T2 for n=1,2,3,....

It follows from (5.11) and the strong triangle inequality that
la—&ulr < FE) <72 for n=1,2,3,....

This confirms our remark that the sequence of rational numbers {&,}2° ; converges
rapidly to the root « in Zx.
The collection of absolute values in the set (5.4) satisfies the following basic identity.
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THEOREM 5.2 (THE PrRODUCT FORMULA). If B is a nonzero rational number then

(5.12) Bloo [ 181 =1,
p

where the product on the left of (5.12) runs over all prime numbers p.

PROOF. This is essentially trivial. For if § has the factorization (5.1) then

118l =1p " =181
p p

6. Valuations

Let k be a field. A wvaluation on k is a map x — v(z) from k into the set R U {co}

that satisfies the following three conditions:

(i) v(z) = oo if and only if z = 0,

(ii) v(zy) = v(z) + v(y) for all x and y in k,

(iii) v(z + y) > min{v(x),v(y)} for all x and y in k.
The concept of a valuation and that of a non-archimedean absolute value differ only in
notation. Suppose that v is a valuation on k. Then for every positive real number 6
the map = — exp{—0v(z)} defines a non-archimedean absolute value on k. Suppose
that | | is a non-archimedean absolute value on k. Then for every positive real number
0 the map © — —0log |x| defines a valuation on k. We note, however, that there is no
correspondence of this sort between archimedean absolute values and valuations. When
working with fields that have archimedean places we will generally use absolute values.
In the case of some function fields where we would use only non-archimedean absolute
values, it may be more convenient to use valuations.

In view of these remarks all concepts that apply to non-archimedean absolute values
can also be applied to valuations. For example, if v is a valuation on k then the map
(x,y) — exp{Ov(x—y)} from k x k into [0, 00) is a metric and induces a metric topology
in k. We say that two valuations vy and vy on k are equivalent if they induce the same
metric topology. Then Theorem 1.2 shows that v; and vy are equivalent if and only if

{zx ek :vi(x) >0} ={x €k:va(x)>0}.

If v is a nontrivial valuation on k£ then v : k* — R is a homomorphism from the
multiplicative group £ into the additive group of real numbers. Its image

v(k*) ={v(a):aeck™}
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is a nontrivial subgroup. This subgroup is called the additive value group of (k,v). Then
v is said to be a discrete valuation if its additive value group is a discrete subgroup.
Obviously v is a discrete valuation if and only if there exists a positive constant 6 such
that the equivalent valuation x — fv(z) has additive value group equal to Z.

As an example, suppose that 3 is a nonzero rational number given, as in (5.1), by

B = £2w2B)gus(B)5ws(B)qwe(6)

Then the usual p-adic absolute value of (3 is

1Blp = p ).

If we extend the map w,, : Q* — Z by setting w,(0) = oo, then § — w,(f) is a valuation

on Q.

7. Valuations on k(z)

Let k be a field. In this section we will describe all the nontrivial valuations on the
rational function field k(z), that are trivial on the subfield k, and have Z as additive
value group. That is, we will describe all the surjective maps

v:k(x) = ZU{o0}

such that
(i) v(F) = oo if and only if F' =0 in k(x),
(ii) v(FG) = v(F) + v(G) for all F and G in k(x),
(iii) v(F 4+ G) > min{v(F),v(G)} for all F and G in k(x),
(iv) v(F') = 0 whenever F is a nonzero constant in k(x).

We note that such valuations are nontrivial because their additive value group is Z.
Let Fj C k[x] be the subset of all monic, irreducible polynomials. It turns out that

the collection of all surjective maps satisfying (i), (ii), (iii) and (iv), is conveniently

indexed by the set Fj, U {oo}. If F'# 0 is in k(x) then we have the factorization

J
(7.1) F(x) = quj(x)mj,

where a is a nonzero constant in k, qi1,qo,...,qs are distinct, monic, irreducible poly-
nomials in k[z], and my,ma, ..., m  are nonzero integers. For each monic, irreducible
polynomial p(z) in k[z] we define the map

ordy(z) : k[r] — Z U {co}
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by

m; if p(z) = ¢;(x) for some integer j,

ordp(x) (F ) = . . .

0  if p(z) # ¢;(x) for each integer j.
Of course we set ordp(x)(()) = 00. Then it is easy to check that ordp(x) is surjective and
satisfies the conditions (i), (ii), (iii) and (iv). Thus each map ordy(,) is a valuation on
k(xz) with additive value group Z, and the restriction of this valuation to the subfield
k is trivial. If p; and py are distinct elements of Fj then the corresponding valuations
satisfy

Ordpl(:r) (pl) = Ordpg(oc) (pQ) =1 and Ordpl(m) (pQ) = Ordpg(m) (pl) =0.

It follows using Theorem 1.2 that ord,, (,) and ord,, ) are not equivalent.
There is one further valuation that we denote by

orde : k[z] — Z U {oc0}.

If I # 0is in k(x), write F(x) = f(x)/g(z), where f(z) and g(z) # 0 are relatively
prime polynomials in k[x]. Then we define

ordo (F') = degg — deg f.

Again we find that ord., is surjective and satisfies the conditions (i), (ii), (iii) and (iv).
Clearly ord,, is not equivalent to any valuation ord,,) for p(z) in F.
The following result is an analogue of Theorem 5.1.

THEOREM 7.1. Let v : k(xz) — Z U {co} be a valuation with additive value group 7
and assume that the restriction of v to k is trivial. If v is nonnegative on the polynomial
ring klx|, then there exists a monic irreducible polynomial p(x) in k[z] such that v is
ordy (). If v takes a negative value on k[z], then v is ord.

PROOF. Assume that v is nonnegative on k[x]. If v is identically 0 on k[z|, then v
is identically 0 on k(z). In fact v is nontrivial and so there exists a polynomial p(z)
of minimal degree such that v(p) > 0. Because v is trivial on k we may assume that
p(x) is monic. If p(z) factors in k[x] as p(z) = f(z)g(x), where f and g have positive
degree, then v(p) = v(f) + v(g) > 0, which is impossible. Hence the monic polynomial
p(x) is irreducible. Now suppose that ¢(z) is in k[xz] and is not divisible by p(x). By
the division algorithm there exist nonzero polynomials r(z) and s(z) in k[z] such that

q(x) =p(z)r(z) + s(x) and 0 < degs < degp.
It follows that v(s) = 0, and therefore

0 =v(g —pr) > min{v(q),v(p) + v(r)} > min{v(q),v(p)} = v(q).
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In particular we have v(q) = 0 whenever ¢ is in Fj, and q # p. If F(x) # 0 in k(z) has
the factorization (7.1), then we find that

o(F) = { mjv(p) if p(x) = ¢;(z) for some integer j,

0 if p(x) # ¢, (x) for each integer j.

As the additive value group is Z we must have v(p) = 1. We have shown that v is equal
to ordy(y)-

Now assume that v takes some negative value on k[z]. As before, there exists a monic
polynomial p(z) of minimal degree such that v(p) < 0. Write

M—-1

where 1 < M and v(q) = 0. Then we have
0> v(p) > min{o(x™), v(q)} = Mu(z),

and therefore 0 > v(x). Suppose that f(z) # 0 is an arbitrarily polynomial in k],
deg f = N, and

f(x) = dox™ + dyaN "t +dpa¥ % 4 +dy  where dy # 0.
Then we have
v(dgz™) = Nu(z), and ov(dp,z™")> (N —n)v(z) for n=1,2,...,N.
From the case of equality in the strong triangle inequality we conclude that
(7.2) v(f) = Nu(z) = (deg f)v(z).

More generally, if f(x) and g(z) # 0 are relatively prime polynomials in k[z] then (7.2)
implies that

v(f/g) = (deg f — deg g)v(x).

Because the additive value group is Z we must have v(z) = —1. We have shown that v
is equal to ord..

If F# 0 is in k(z) and has the factorization (7.1), then we have the identity

J
(7.3) orde (F) = — ij degg;.
j=1

This is plainly an analogue of Theorem 5.2. It is usually reformulated as follows, with
a sum over all the absolute values identified in Theorem 7.1.
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THEOREM 7.2. If F is a nonzero element of the field k(x) then

(7.4) ordes (F) + Y ordy)(F)degp =0,
p(z)EFy

where only finitely many terms in the sum are not equal to zero.

In this setting (7.4) is known as the sum formula.
If k = k is algebraically closed then

Fr={(z —a):a € k}.

Thus the valuations on k(x) that are trivial on k& and have Z as additive value group,
are conveniently indexed by the elements of the set k£ U co. In this special case we will
simplify our notation and write ord, (F') rather than ord,_o)(F). If F' # 0 is in k(z)

and k = k is algebraically closed, then the sum formula becomes

(7.5) 0rds (F) + ) ~ordy (F) = 0.

As an -application of (7.5) we prove the ABC-inequality for polynomials. Assume
that k = k is an algebraically closed field of characteristic zero. Then let

(,00($),(,01(£L'), s 790N(x)

be polynomials in k[z] that have no common zero in k. We assume that g, p1,..., 0N
span a vector space of dimension N over k, and satisfy the identity

(7.6) vo(z) +¢1(x) +--- + on(2) = 0.

Then we define the set of common zeros
N

(7.7) Z={ack: []pnla)=0}
n=0

It is obvious that the cardinality of Z is bounded from above by

N
121 <) deg ey

n=0

In this setting the ABC-inequality of Stothers [9] and Mason, (see [2], Lemma, p. 222,
[3], Lemma 2, p. 14, or [4], Lemma, p. 152,) provides a nontrivial lower bound for |Z].
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THEOREM 7.3. Let k = k be an algebraically closed field of characteristic zero. Let
00,1, -+ -, N be polynomials in k[x] that span a vector space of dimension N over k,

and satisfy the linear equation (7.6). Assume that the polynomials have no common zero
in k and let Z be defined by (7.7). Then we have

(7.8) max{deg g : 0 < n < N} < <]2V){|Z| Y

PROOF. Among the polynomials g, p1,...,pn, we may assume that g has the
maximum degree. For each nonnegative integer [ we define the differential operator

1/d)
DWW =2(_—).
! (dx)

Using these operators we define the Wronskian
Wi (z) = det (DY, (2)),

where [ = 1,2,..., N indexes rows and n = 0,1,2,...,m — 1,m + 1,..., N indexes
columns. By hypothesis the polynomials ¢q, ©1, ..., ©m—1; Pm+1,- - -, @N are K-linearly
independent, and therefore the Wronskian W, (x) is not identically zero. Using (7.6)
we find that

(7.9) (=)W (z) = (=1)"Wy(z) for 0<m<n<N.

From the sum formula (7.5) we have

0 =ordoo{Wo} + Z ordo {Wo}

aceK

> ordoo {Wo} + Y orda{Wo}.

aEZ

(7.10)

Next we use the two basic inequalities:

(7.11) ordee{Wo} > Y ordec{en} + (;V)

n=1

and

(7.12) ord, {Wo} > i:l ordy {on} — (];7 ) |
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In fact the inequality (7.12) can be slightly improved. If « is in Z then there exists an
integer m = m(«a) such that ord,{¢;,} = 0. In view of (7.9) we have

ordo {Wo} = ordo {W,, }

> i orda{en} — @7)

n=0
n#m
N
N
= Z ordo{pn}t — (2 )
n=0

It follows now using (7.10), (7.11) and (7.13) that

0> néordoo{son} + (];[) +2 {iord“{%} - (];)}

(7.13)

- gordm{wn} + @f) + {ééorda{%}} - (];[) 2]

Mz

ordec {0} Zordoo{son - (5)t1z1-1,

n=1

and therefore

(7.14) 0 > deg o — (];[){|Z| —1}.

Exercises
7.1 Prove the inequalities (7.11) and (7.12) in the proof of Theorem 7.3.

7.2 Let k = k be an algebraically closed field of characteristic zero. Suppose that A(z),
B(zx), and C(z) are polynomials in the ring k[z] with no common zero, and positive
degrees. Prove that these polynomials cannot satisfy the Fermat equation

A(x)N + B(z)N = C(2)Y, where 3 < N.
7.3 Let k = k be an algebraically closed field of characteristic zero. Suppose that A(x),

B(zx), and C(z) are polynomials in the ring k[z] with no common zero, and positive
degrees. Prove that these polynomials cannot satisfy the generalized Fermat equation

A(,:c)L +B(x)M — C(x)N7 where L—l —|—M_1 —|—N_1 <1
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8. Invariant Measures

Let G be a locally compact abelian group, written additively. That is, G is an abelian
group, G is a topological space, and the map from G x G to G given by (z,y) — = —y
is continuous. We recall that the collection B of Borel sets in GG is the o-algebra
generated by the open sets in G. If F is a Borel set in GG then the translation

r+E={zx+y:yeE}

is also a Borel set for each point x in GG. Moreover, there exists a measure p on the Bg
such that

(i) p(C) < 0 if C' C G is compact,
(ii) 0 < p(F) if E C G is open and not empty,
(iii) u(E) = p(z + E) for all Borel sets E and all points x in G.

Such a measure p is called a Haar measure. Haar measure is unique up to a positive
multiplicative constant. That is, if u; and pe are both Haar measures on the the o-
algebra of Borel subsets of G, then there exists a positive constant A such that u(E) =
A2 (FE) for all Borel sets E.

By an automorphism of G we understand a map n : G — G that is both a group
isomorphism and a topological homeomorphism. It is clear that the collection of all
automorphisms of G is a group with respect to composition of maps. If n is an auto-
morphism, then it follows that the map

E—nE)={n(y) :y€ L}

is a bijective map from Bg onto Bg. If 1 is a Haar measure on B¢, then the composite
map

E — p(n(E))

is also a Haar measure on Bg. By our previous remarks, there exists a positive constant,
which we denote by modg(n), such that

(8.1) 1(n(E)) = modg(n)u(E) for all E in Bg.

Alternatively, (8.1) can be written as

(8.2) /G v (17 (2)) du(z) = moda(n) /G v(z) du(z).

where yg denotes the characteristic function of the Borel set E. Now suppose that
f : G — [0,00] is a Borel measurable function and 7 is an automorphism of G. By
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approximating f from below by nonnegative simple functions, we find that (8.2) leads
to the identity

(8.3) /gf(n“(xn du«t>:1node<n>/;f<x>du(x»

Then it is obvious that (8.3) also holds for functions f : G — C that are integrable with
respect to the Haar measure p. The positive number modg () is called the modulus of
the automorphism 7.
If n and 6 are both automorphisms of the group G, then it follows from the definition
of mod¢g that
modg(nf) = modg(n) modg(0).

Thus the map 7 — modg(n) is a homomorphism from the group of all automorphisms
of GG into the multiplicative group of positive real numbers.

Now let K be a local field, either archimedean or non-archimedean. Then the additive
group of K is a locally compact abelian group, and we may apply the previous discussion
to K. We write Bg for the o-algebra of Borel subsets of K, and we write p for a
Haar measure on Bg. If o belongs to the multiplicative group K*, then the map
r — ax is plainly an automorphism of the additive group of K. Hence we define
modg : K* — (0,00) by

(8.4) p(aE) = modg (a)u(E) for all Borel sets E C K.

Alternatively, (8.4) can be written as

(8.5) /Ja:rw> mmmwﬂﬂmmm»

where f is a nonnegative Borel measureable function on K, or f is a complex valued
integrable function on K.
From our previous remarks it is clear that

mod g (o) = modg (o) mod g (3)

for all & and B in K*. Thus o — modg () defines a homomorphism from K* into the
multiplicative group of positive real numbers. It will be convenient to set modg (0) = 0.
Again the function mody is called the modulus of K. We note that it does not depend
on the initial choice of Haar measure p, but is an intrinsic function defined on every local
field. In particular, if K = R then modg(a) = |a|so, Where | |o is the usual absolute
value on R. If K = C then modc(a) = |a|?,, where | | is the usual absolute value on
C. And if K = Q, then modg, (o) = ||, where | |, is the usual p-adic absolute value
on Q,. Later we will determine modg for other local fields.

Exercises

8.1 Prove the identity modg, (o) = ||, for each prime number p.
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