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A b s t r a c t  

T h i s  pape r  c o n s i d e r s  an i n f i n i t e  h o r i z o n  i n v e s t -  
ment-consumption model i n  which a s i n g l e  agen t  consumes 
and d i s t r i b u t e s  h i s  wea l th  i n  two a s s e t s ,  a bond and a 
s t o c k .  The problem of maximizat ion of  t h e  t o t a l  
u t i l i t y  from consumption i s  t r e a t e d .  S t a t e  (amount 
a l l o c a t e d  i n  a s s e t s )  and c o n t r o l  (consumption,  r a t e s  of  
t r a d i n g )  c o n s t r a i n t s  a r e  p r e s e n t .  It i s  shown t h a t  t h e  
v a l u e  f u n c t i o n  is  t h e  un ique  v i s c o s i t y  s o l u t i o n  of a 
system of  v a r i a t i o n a l  i n e q u a l i t i e s  w i t h  g r a d i e n t  con- 
s t r a i n t s .  

1. INTRODUCTION 
I n  t h i s  pape r  we examine a g e n e r a l  i nves tmen t  and 

consumption d e c i s i o n  problem f o r  a s i n g l e  a g e n t .  
i n v e s t o r  consumes a t  a nonnega t ive  r a t e  and h e  d i s t r i b -  
u t e s  h i s  c u r r e n t  w e a l t h  between two a s s e t s  con t inuous ly  
i n  time. One a s s e t  i s  a bond, i . e .  a r i s k l e s s  s e c u r i t y  
w i t h  i n s t a n t a n e o u s  r a t e  o f  r e t u r n  r. The o t h e r  a s s e t  
i s  a s t o c k ,  which r a t e  of  r e t u r n  

t i m e  Markov c h a i n .  I n  o u r  v e r s i o n  of  t h e  model t h e  
i n v e s t o r  cannot borrow money t o  f i n a n c e  h i s  i nves tmen t  
i n  bond and h e  cannot shor t - se l l  t h e  s t o c k .  I n  o t h e r  
words, t h e  amount of  money a l l o c a t e d  i n  bond and s t o c k  
must s t a y  nonnega t ive .  

The 

z t  i s  a con t inuous  

When t h e  i n v e s t o r  makes a t r a n s a c t i o n ,  he pays  
t r a n s a c t i o n  f e e s  which a r e  assumed t o  be p r o p o r t i o n a l  
t o  t h e  amount t r a n s a c t e d .  The c o n t r o l  o b j e c t i v e  i s  t o  
maximize, i n  an i n f i n i t e  h o r i z o n ,  t h e  expec ted  d i s -  
counted u t i l i t y  which comes o n l y  from consumption. 
t o  t h e  p re sence  of  t h e  t r a n s a c t i o n  f e e s ,  t h i s  i s  a 
s i n g u l a r  c o n t r o l  problem. 

Due 

11. The F i n a n c i a l  Model w i t h  T r a n s a c t i o n  Fees 

We c o n s i d e r  a market w i t h  two a s s e t s :  a bond and 
a stock.  The p r i c e  Po of t h e  bond i s  g iven  by 

dP: = rP:dt 

P; = PO’ 

where r 0 .  The p r i c e  P o f  t h e  s t o c k  s a t i s f i e s  

dP = z ( t ) P t d t  

P = p. 
(2) 

0 

The r a t e  of r e t u r n  z is  a f i n i t e  s t a t e  continuous 
t ime Markov chain d e f i n e d  on some u n d e r l y i n g  p r o b a b i l -  
i t y  s p a c e  (Q,F,P)  w i t h  jumping r a t e  qzz ,  from 

s t a t e  z t o  s t a t e  z ’ .  The s t a t e  space  i s  denoted by 
2 .  The a s s o c i a t e d  g e n e r a t o r  L of  t h e  Markov c h a i n  
h a s  t h e  form 

Le t  K = maxz. A n a t u r a l  assumption is K 5 r .  The 

amount of  w e a l t h  xt  and y t ,  i n v e s t e d  a t  t ime t i n  

bond and s t o c k  r e s p e c t i v e l y ,  a r e  t h e  s t a t e  v a r i a b l e s  
and they  e v o l v e  ( s e e  1171)  acco rd ing  t o  t h e  e q u a t i o n s  

Z E Z  

dyt = z ( t ) y t d t  + dMt - dNt 

xo = x ,yo  = y,z(O) = z . 
( 3 )  

The numbers A and LI r e p r e s e n t  t h e  p r o p o r t i o n a l  
t r a n s a c t i o n  f e e s ;  t h e y  a r e  assumed t o  b e  nonnega t ive  
and one of  them must a lways be p o s i t i v e .  For s impl i c -  
i t y  w e  assume h e r e  t h a t  a l l  f i n a n c i a l  cha rges  a r e  p a i d  
from t h e  h o l d i n g s  i n  bond. The i n v e s t o r  cannot  borrow 
money o r  s h o r t  s e l l  t h e  s t o c k .  The c o n t r o l  p r o c e s s e s  
a r e  t h e  consumption ra te  C t  and t h e  p r o c e s s e s  

and N t  which r e p r e s e n t  the  cwmctative purchases and 

sa les  o f  s tock r e s p e c t i v e l y .  The c o n t r o l s  (Ct,Mt,Nt) 

a r e  a h i s s i b l e  i f :  

Mt 

( i )  C t  i s  F -measurable  where F = 

u ( z s : O ~ s i t )  and C t  5 0 a . e .  t 2 0 .  

( i i )  M t , N t  a r e  F -measurable ,  r i g h t  con t inuous  

( i i i )  xt  L 0 ,  yt  0 a . e .  t 2 0 ,  where x 
and nondec reas ing  p r o c e s s e s .  

a r e  t h e  t r a j e c t o r i e s  g iven  by t h e  s t a t e  e q u a t i o n  ( 3 )  
u s i n g  t h e  c o n t r o l s  (Ct,Mt,Nt). 

We d e n o t e  by A t h e  s e t  of a d m i s s i b l e  c o n t r o l s .  

from consumption i s  g iven  by 

t ’ Y t  

The t o t a l  expec ted  d i scoun ted  u t i l i t y  J coming 

J(x,y,z,C,M.N) = E 1 e-’tU(Ct)dt 
r -m  

’0 

wi th  (C,M,N) E A and z ( 0 )  = z ,  where t h e  u t i l i t y  
f u n c t i o n  U: [O,+-)+[O,+-) i s  assume t o  have t h e  
f o l l o w i n g  p r o p e r t i e s :  

U i s  s t r i c t l y  i n c r e a s i n g ,  bounded, concave,  C1 

f u n c t i o n  and 

U ( 0 )  = 0 ,  limU’(c)= + m ,  l i m  U’(c) = 0. 
C 4  C++m 

The d i s c o u n t  f a c t o r  B > 0 we igh t s  consumption now 
v e r s u s  consumption l a t e r ,  l a r g e  5 deno t ing  i n s t a n t  
g r a t i f i c a t i o n .  Note t h a t  t h e  c o n t r o l s  M and N a r e  
a c t i n g  i m p l i c i t l y  th rough  t h e  c o n s t r a i n t  ( i i i ) .  

The va lue  f u n c t i o n  U i s  g iven  by 

u ( x , y , z )  = sup E / e-’U(Ct)dt. 
A j0 

Our g o a l  is  t o  d e r i v e  t h e  Bellman e q u a t i o n  
a s s o c i a t e d  w i t h  t h i s  s i n g u l a r  c o n t r o l  problem and t o  
c h a r a c t e r i z e  u a s  i t s  unique s o l u t i o n .  It  t u r n s  
o u t  t h a t  t h e  Bellman e q u a t i o n  h e r e  is  a sys t em o f  
v a r i a t i o n a l  i n e q u a l i t i e s .  

some economic t h e o r i e s .  I n  [ Z ] ,  [3] C o n s t a n t i n i d e s  
assumes t h a t  t h e  t r a n s a c t i o n  c o s t s  d e p l e t e  on ly  t h e  
r i s k l e s s  a s s e t  and t h a t  t h e  s t o c k  p r i c e  i s  a log-  
a r i t h m i c  Brownian motion.  H e  shows t h a t  i f  an op t ima l  
p o l i c y  e x i s t s ,  i t  i s  c h a r a c t e r i z e d  by two r e f l e c t i n g  
b a r r i e r s  l , x  w i t h  - X 5 7, such t h a t  t h e  i n v e s t o r  
does n o t  t r a d e  a s  l o n g  a s  t h e  r a t i o  

[&,TI 
r e g i o n  of no t r a n s a c t i o n s  [&,XI, whenever t h i s  r a t i o  
l i e s  o u t s i d e  t h i s  i n t e r v a l .  
was g e n e r a l i z e d  by Davis  and Norman [51 . 

i- 

T r a n s a c t i o n  c o s t s  are a n  e s s e n t i a l  f e a t u r e  of  

y t / x  l i e s  i n  

and t r a n s a c t s  t o  t h e  c l o s e s t  boundary of t h e  

C o n s t a n t i n i d e s ’ s  work 
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D i f f e r e n t  c r i t e r i a  were used by Taksar ,  Klass and 
Assaf I161 and, under  more g e n e r a l  assumptions by 
Fleming, Grossman, V i l a  and Zar iphopoulou  [6] .  

a r e  d i scussed  i n  Leland  [ I l l ,  Mukherjee and Zabel  [141, 
Brennan [l] , Goldsmith [ 8 ] ,  Levy [12] and Mayshar 1131. 
F i n a l l y ,  Kandel and Ross [lo] i n t r o d u c e  quas i - f ixed  
t r a n s a c t i o n  c o s t s .  

We now - c n s i d e r  a s i m i l a r  c o n t r o l  problem i n  which 
the c o n t r o l s ,  which r e p r e s e n t  t h e  r a t e s  of t r a d i n g ,  a r e  
assumed t o  be a b s o l u t e l y  cont inuous p rocesses .  More 
p r e c i s e l y ,  w e  cons ide r  a market which o f f e r s  a bond and 
a s t o c k  wi th  p r i c e s  evo lv ing  acco rd ing  t o  e q u a t i o n s  
(1) and (2)  r e s p e c t i v e l y .  The s t a t e  v a r i a b l e s  x t  and 

y t ,  which are t h e  amount of money i n v e s t e d  i n  bond and 

s t o c k ,  obey t h e  s t a t e  e q u a t i o n s  

S ing le -pe r iod  models w i t h  f i x e d  t r a n s a c t i o n  c o s t s  

dx = ( r x  -2  ) d t  - (l+h)m d t  + ( l - u ) n t d t  
t t  

dy, = z ( t ) y  d t  + mtdt - n t d t  

x = xty0 = y,z(O) = z . 
(4)  

0 

The c o n t r o l s  of t h e  i n v e s t o r  a r e  t h e  consumption rate 
Ct and t h e  rates of trading mt and n t .  The set  o f  

admiss ib l e  c o n t r o l s  4. c o n s i s t s  of c o n t r o l s  (c,m,n) 

such t h a t  
( i )  Ct is  F -measurable where F = o ( z  :OLsLt),  

C .O a . e .  tFO. t- 
( i i )  mt,nt  are F -measurable r i g h t  con t inuous  and 

( i i i )  Ozmt,ntLL a . e .  t 20  f o r  some p o s i t i v e  c o n s t a n t  
nonnegat ive  p rocesses .  

L .  

s o l u t i o n s  of (4 )  u s ing  t h e  c o n t r o l s  (C,m,n).  

( i v )  x g 0 ,  y t O  a . e .  t o ,  where xtyt  a r e  t h e  

The c o n t r o l  o b j e c t i v e  i s  t o  maximize t h e  expec ted  
d i scoun ted  u t i l i t y  from consumption ove r  t h e  set  of 
admiss ib l e  c o n t r o l s .  For each f i x e d  L 0, t he  v a l u e  
f u n c t i o n  i s  g iven  by 

U L ( x , y , z )  = sup E j re-’ tLJ(Ct)dt ,  

4. 
where U i s  t h e  u s u a l  u t i l i t y  f u n c t i o n  and B > 0 i s  
t h e  d i scoun t  f a c t o r .  

111. P r e l i m i n a r i e s  

P r o p o s i t i o n  2.1: The v a l u e  f u n c t i o n s  U and uL are 
i n c r e a s i n g ,  concave and uniformly con t inuous  f u n c t i o n s  
on fi = [0,+=1 x io,+). 

t i on :  
D e f i n i t i o n  2.1: We c o n s i d e r  a n o n l i n e a r  p a r t i a l  d i f -  
f e r e n t i a l  equa t ion  of  t h e  form 

I n  t h e  s e q u e l  w e  w i l l  need t h e  fo l lowing  d e f i n i -  

F(X,z,u(X,z) ,  Du(X,z)) = 0 ( 5 )  

where z E Z ,  X = (x ,y )  w i th  (x,y)  E 5, Du(x,z) 
= ( a u ( x , z ) ,  au(x,z)) and F:zxZxRxR2 + R  i s  continuous,  

f o r  each Z E Z .  A cont inuous f u n c t i o n  u:$xZ+R is a 
c o n s t r a i n e d  v i s c o s i t y  s o l u t i o n  of (5) i f  

U is a v i s c o s i t y  s u b s o l u t i o n  of (5)  on 5 , 
i .e.  f o r  each Z E Z  

ax ay 

i )  

P (X ,z ,u (X ,z ) , r )  I 0 

X = (x,Y)E; and r ~ D ; ~ , ~ ) u ( X , z )  

where 

i i )  U is a v i s c o s i t y  s u p e r s o l u t i o n  of (5) i n  
Q ,  i .e .  f o r  each Z E Z  

I V .  R e s u l t s  
I n  t h e  s e q u e l ,  we c h a r a c t e r i z e  t h e  v a l u e  f u n c t i o n  

U as t h e  unique c o n s t r a i n e d  v i s c o s i t y  s o l u t i o n  of t h e  
a s s o c i a t e d  Bellman equa t ion .  Some r e s u l t s  about  

uL a r e  f i r s t  s t a t e d .  
Theorem 3.1:  The v a l u e  f u n c t i o n  uL is a c o n s t r a i n e d  
v i s c o s i t y  s o l u t i o n  of  

(XrY)EEr Z E Z  

The proof  fo l lows  a long  t h e  r e s u l t s  of Fleming, S e t h i ,  
and Soner [ 7 ] .  It i s  e s s e n t i a l l y  based on t h e  dynamic 
programming p r i n c i p l e  and Dynkin’s formula.  
Theorem 3.2: The v a l u e  f u n c t i o n  uL i s  t h e  unique 
c o n s t r a i n e d  v i s c o s i t y  s o l u t i o n  of  (6) i n  t h e  c l a s s  of 
bounded and uni formly  con t inuous  f u n c t i o n s .  
P roof :  W e  show t h a t  if U and v -are r e s p e c t i v e l y  
a v i s c o s i t y  s u b s o l u t i o n  of  (6) on fi and a -v i scos i ty  
s u p e r s o l u t i o n  of (6) i n  Q ,  t hen  u<v on 61- We a rgue  
by c o n t r a d i c t i o n ,  i .e .  w e  assume t h a t  

__ 

(7) 

which i m p l i e s  t h a t  f o r  s u f f i c i e n t l y  small e > 0 

(8) 
2 max s u p  [u (x , z )  - V ( X , Z )  - elx[ 1 > 0 .  

Z E Z  XES2 

We can f i n d  p o i n t s  Z ~ E Z  and FEE such t h a t  

I n  t h e  s e q u e l  we omit  z . Next, f o r  E > 0 we 
c o n s i d e r  t h e  a u x i l i a r y  f u n c t i o i  $:Ex61 +lR given by 

We show t h a t  i f  i t s  maximum i s  ach ieved  a t  (X Y ) t hen  

Y E Q  and 
0’ 0 

0 

\ Y o  - xol 5 R E .  (9)  

W e  now cons ide r  t h e  f u n c t i o n s  

- 
We observe t h a t  

v - $ h a s  a minimum a t  Y E R .  

of  v i s c o s i t y  s o l u t i o n  andous ing  (9) we  g e t  

B[U(X,z)-v(X,z)-O/X( 1 <BO, XE; and 

Sending 0 + 0 ,  c o n t r a d i c t s  ( 8 ) .  

Theorem 3.3: The v a l u e  f u n c t i o n  U is  a c o n s t r a i n e d  
v i s c o s i t y  s o l u t i o n  of  

U - 4 h a s  a maximum a t  X O ~ c  and 

Applying t h e  d e f i n i t i o n  

2 2  
2 C L  

zcz.  

W e  now s ta te  t h e  mafn theorems.  
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min[( l+X)u -uy, - ( l -u)u +uy, Ou-rxu -zyu 
X Y  

- max [-cu +U(c)l - Cu(z)l = 0 (10) 
c>o 

The proof  is  based  on t h e  Dynamic Programming 
P r i n c i p l e  and t h e  g e n e r a l i z e d  Dynkin 's  formula.  The 
p resence  of  s i n g u l a r  c o n t r o l s  and t h e  f a c t  t h a t  t h e  
Bellman e q u a t i o n  i s  a c t u a l l y  a V a r i a t i o n a l  I n e q u a l i t y  
make t h e  proof  r a t h e r  t e c h n i c a l .  
Theorem 3.4: The v a l u e  f u n c t i o n  U is  t h e  unique 
c o n s t r a i n e d  v i s c o s i t y  s o l u t i o n  of (10) i n  t h e  c l a s s  of  
bounded and un i fo rmly  con t inuous  f u n c t i o n s .  
Proof:  W e  a r e  go ing  t o  show t h a t  i f  U-and U a r e  
r e s p e c t i v e l y  a s u b s o l u t i o n  of  (10) on R Cnd a supe r -  
s o l u t i o n  of  (10) i n  $2, t hen  U 5 on R .  W e  follow 
t h e  s t r a t e g y  of I s h i i  [ 9 ] .  L e t  $ : S I  + R be  d e f i n e d  by 
$(x,y)  = C1x + C2y + k ,  where C1, C2 and k a r e  

p o s i t i v e  c o n s t a n t s  s a t i s f y i n g  (l-v)Cl< C2 c ( l+X)C,  

and Bk > r C l  + KC + max [-cC1 + U ( c ) ] .  Le t  

X = (x ,y )  E R, P = (p,q)eRXR and H:?&X%xRxR +lR g iven  

crp 
- 

2 
by 

H(X,z,v,P)=min[(l+h)p-q, - ( l -p)p+q,  Bu-rxp-zyq- 

- max [-cp+U(c)l - Lu(z)l. 
C O  

- - - 
L e t  U, = @U + ( 1 - O ) O  for O ~ ( 0 , l ) .  Then t h e r e  

e x i s t s  a p o s i t i v e  c o n s t a n t  M such t h a t  

H(X,z,U,,VUe) ZM(1-9)  > 0 

We n e x t  show t h a t  Ue > . U .  
we assume t h a t  f o r  s u f f i c i e n t l y  s m a l l  R > 0 ,  

X E ~ ,  ZEZ.  

We work a s  i n  Theorem 3 . 1 ,  

(11) 
2 

max s u p [ u ( ~ , z )  - U (x,z) - e I x /  1 0 .  e 
ZEZ XEQ 

_ _  
We can f i n d  p o i n t s  z E Z  and X ~ s 2  such t h a t  

0 

Y -x 
where P = - - 4 ( 1 , 1 ) ) .  

E E E  

Le t  Y = (xo,y0)  and PE = (p,,q,). We now look  a t  

d i f f e r e n t  c a s e s  depending on t h e  form o f  

H(Y , Z  ,U (Y z 1 ,  P E ) .  I f  H(Y ,z U ( Y  ,z ) ,  PE) 

0 

0 0 a (Po o o ' e  o o 
= 6U - rxopE - zoyoqE - max[-cp + U(c)]-fU (Y z ) e 0 '  o a 

c', E 

we work a s  i n  Theorem 3.2 and w e  c o n t r a d i c t  ( 3 . 6 ) .  
t h e  o t h e r  c a s e s  (14) y i e l d s  

I n  

f o r  some Cl > 0 .  Sending BJ.0 and u s i n g  (13) we 

a g a i n  c o n t r a d i c t  (11). F i n a l l y  we send  5+1. 
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