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1. Introduction

In a frictionless market Black and Scholes (1973) and Merton (1973) relied on an
ingenious no-arbitrage argument to price an option on a stock when the interest
rate is constant and the stock price follows a geometric Brownian process. They
presented a self-financing, dynamic trading policy between the bond and stock
accounts which replicates the payoff of the option. They then argued that absence
of arbitrage dictates that the option price is equal to the cost of setting up the
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replicating portfolio. The appeal of the argument lies in its reliance on the absence
of arbitrage alone and is independent of other aspects of the equilibrium, such
as a particular asset pricing model.

The Achilles’ heel of the argument is that the frictionless market assump-
tion must be taken literally. The dynamic replication policy incurs an infinite
volume of transactions over any finite trading interval, given the fact that the
Brownian process which drives the stock price has infinite variation. In a market
with proportional transaction costs, the dynamic replication policy incurs infinite
transaction costs over any finite trading interval and cannot be self-financing, no
matter how small the finite transaction costs rate is.

Merton (1990, Chapter 14) maintained the goal of a dynamic trading policy as
that of replicating the option payoff and modeled the path of the stock price as a
two-period binomial process. The initial cost of the replication policy is finite and
serves as an upper bound to the write price of a call which is arbitrage-free. Shen
(1990) and Boyle and Vorst (1992) extended Merton’s model to a multiperiod
binomial process for the stock price and provided numerical solutions to the initial
cost of the replicating portfolio. As the number of periods increases within the
given lifetime of a call option, the initial cost of the replicating portfolio tends
to infinity.

Bensaid et al. (1992) and Edirisinghe et al. (1993) noted that a tighter upper
bound on the write price of a call option is obtained by replacing the goal of
replicating the payoff of the option with the goal of dominating the payoff. For
example, the payoff of a share of stock dominates the payoff of a call option and,
therefore, the cost of initially buying one share provides an upper bound to the
cost of a minimum-cost dominating policy as the number of periods increases
within the given lifetime of the option.

Davis and Clark (1993) conjectured and Soner et al. (1995) proved that the
cost of initially buying one share of stock is indeed the cost of the cheapest
dominating policy in the presence of finite proportional transaction costs, and
concluded that this bound is of little economic interest.

Leland (1985) introduced a class of imperfectly replicating policies in the
presence of proportional transaction costs. He calculated the total cost, including
transaction costs, of an imperfectly replicating policy and the “tracking error”,
that is the standard deviation of the difference between the payoff of the option
and the payoff of the imperfectly replicating policy. Imperfectly replicating poli-
cies were further studied by Figlewski (1989), Flesaker and Hughston (1994),
Grannan and Swindle (1996), Henrotte (1993), Hoggard et al. (1994) and Toft
(1996). Avellaneda and Paras (1994) extended the notion of imperfectly replicat-
ing policies to that of imperfectly dominating policies.

An alternative approach, initiated by Hodges and Neuberger (1989) and de-
veloped further by Davis et al. (1993), is to consider an investor endowed with
bonds, stocks and an option and to derive the investor's optimal trading policy
in the stock and bond accounts which maximizes the investor's expected utility
in the presence of proportional transaction costs. The optimal trading policy is
solved numerically for the case of exponential utility by approximating the stock
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price process by a multiperiod binomial process. One may then compute the
investor’s reservation purchase price and reservation write price of the option.

The setup in our paper is similar to that of the above two papers in that
we consider an investor’'s intertemporal consumption and investment problem in
the presence of proportional transaction costs with and without the opportunity
to write a call option. The bond is riskless and the stock price is a geometric
Brownian Motion. The investors’ preferences are modeled by an increasing and
concave utility function. Unlike the above two papers, our goal is to derive in
closed form an upper bound to the reservation write price of a call option, thereby
bypassing the need for a numerical solution. Indeed we derive such a bound in
closed form as a function of the initial conditions and the model parameters.

We motivate our paper by considering in Sect. 2 a simple one-period model,
where the end of the period coincides with the expiration date of the option.
We modify the stochastic dominance arguments of Perrakis and Ryan (1984),
Levy (1985) and Ritchken (1985) to account for proportional transaction costs
and derive bounds on the reservation purchase price and reservation write price
of a call option which apply to any concave utility function. We then explain
why the stochastic dominance argument breaks down when intermediate trading
is allowed. The seemingly innocuous generalization of the model to allow for
intermediate trading makes the problem far more difficult.

In Sect.3 we set up the model with intermediate trading and state some
preliminary technical results. The main result is derived and stated in Sect.4 as
Theorem 4.1.

2. Bounds on option prices in a single-period model

We consider an economy with two securities, a riskless bond and a risky stock. We
denote byB andS the bond and the stock prices, respectively, at the beginning
of the (single) period and bt andS; the prices at the end of the period which

is assumed to have lengih

Trading in the bond and the stock accounts occurs only at the beginning and
end of the period and is subject to transaction costs. Specifigaltigllars of
the bond may be converted into one dollar of the stock; and, one dollar of the
stock may be converted inte dollars of the bond. We assume that the constants
«a and g satisfy O< a < 1 < 5.

The important simplifying assumption is that no trading may occur at inter-
mediate times. This assumption is relaxed in the next section and the implications
are fully explored therein.

The investor’s pre-trade endowment consistsgadollars in the bond account
andyp dollars in the stock account. The investor trades at the beginning of the
period incurring transaction costs and attains a post-trade endowmenbdérs
in the bond account ang dollars in the stock account.

We assume that > 2 that is the investor invests in at Iea§tshares of the
stock. At the end of the period, the investor converts the stock account into the
bond account and consumetSy) = xRe +yZ, whereRe = &
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We assume that the investor’'s expected utility is the expectatiorfodr)),
whereu : R — R is increasing and concave. In the absence of the opportunity to
invest in an option, the investor choosesy) to maximize the expected utility.

Given ,y), we now present the investor with the opportunity to write one
cash-settled, European-style call option with expiration at the end of the period
and strike priceK. Let C denote the post-transaction-cost price at which the
investor may write the call: if the investor writes the call, the bond account
increases b dollars at the beginning with the period and decreaseSpyK]*
dollars at the end of the period.

To provide an upper bound to the reservation write price of a call, we adopt
the stochastic dominance arguments of Perrakis and Ryan (1984), Levy (1985)
and Ritchken (1985), modified to account for transaction costs.

Consider the zero-net-cost portfolio which consists of a short position in one
call and a long position ir?,% shares of stock. The net payoff in the bond account
at the end of the period i3(Sr), wherez(Sr) = 0‘%* —[Sr — K]*. Note that
2(Sr) = 0 asSr < S whereS is defined byeS —Sr+K =0.

The investor has post-trade endowmenty) and contemplates whether to
write the call. If the investor writes the call and invests the proceeds in the stock,
the expected utility is

E[u(c(Sr) +2(Sr)] > E[u(c(Sr))] + E[2(Sr)u’(c(Sr) + 2(Sr))]
(by the concavity olu)
> E[u(c(Sr))] + E[2(Sr)u’(c(S) + 2(S))]
(sincez(Sr) = 0 andu’(c(sr) +2(Sr)) = u'(c(8) + 2(8)) asSr < §)
> E[u(c(Sr)] + U'(c(S) + 2(S))E[2(S1)]

and exceeds the expected utility from refraining to write the call, unless
E[z(Sr)] <O, i.e.

(a/B)CE[Sr/S] - E[[Sr — K]*] <O.
Therefore, _
C < BE[[Sr — K]']/aE[S/S] = C1 (2.1)

andC; is an upper bound to the reservation write price of a call option.

We consider next a different zero-net-cost portfolio which consists of a short
position in one call and a long position @ dollars in the bond. Proceeding
as before, we conclude that the expected utility in writing the call exceeds the
expected utility in not writing the call, unless

C < E[ISr —KI'I/Re = C,. (22)

We combine equations (2.1) and (2.2) and conclude Ghist an upper bound to
the reservation write price of a call option, where
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~ ) _ B/a
C=E Sr—K+m|n[ 1| 2.3
1S —KI'Imin |REY gre—eg (23)
To derive a lower bound to the reservation purchase price of a call option,
let C denote the post-transaction-cost price at which the investor may purchase
the call. Consider the zero-net-cost portfolio which consists of

(a) along position in one call;
(b) a short position in A3 shares of stock; and
(c) investment of ¢Sr/5) — C dollars in the bond account.

Denote byz(Sr) the net payoff in the bond account at the end of the period,
wherez(S;) =[St — K]' - Sr + {a% — C}RF. Repeating the earlier argument,

we conclude that the expected utility in purchasing the call exceeds the expected
utility in refraining from purchasing the call, unle§&§z(Sr)] < 0, which yields

C as a lower bound to the reservation purchase price of a call, where

E[S —KI'] _E[SH | aS
Re Re B

It is easily shown thaC §_5. In equilibrium, transaction prices of a call
option must lie in the regiord, C]. For, if a transaction occurs at a pri€e< C,
then the writer is acting suboptimally as the writer could have found a willing
buyer of the call at a price as high & Likewise, if a transaction occurs at a
priceC > C, then the buyer of the call is acting suboptimally as the buyer could
have found a willing writer of the call at a price as low @s

The stochastic dominance bounds are appealing in that they apply for any
increasing and concave utility function. It turns out, however, that the derivation
of these bounds breaks down when intermediate trading is permitted in the open
interval (QT).

Let us reconsider the stochastic dominance argument for the reservation write
price of a call. The plausible assumption was made that the investor's endowment
satisfies the conditiogy > % Without intermediate trading, the consumption at
the end of the period is(Sr) and has two crucial properties:

C= (24)

() it is monotone increasing iSr with slope greater than one; and
(2) givenSy, c(Sr) is independent of the stock price path over (Q T).

The first property is crucial in the proof in that it implies thdSr) + z(Sy) is
increasing inSy and thereforel’(c(Sr) + z(Sy)) is decreasing itSr. The second
property is crucial in the step which allowed us to také&(Sr) +z(Sr)) outside

the expectation: it is a function of the price patlr, u’(c(wr)+2(Sr)) | Sris a
random variable and cannot be taken outside the expectation. Another problem is
that, in the presence of intermediate tradio@,r) + z(Sr) is not even bounded
from below and expected utility is undefined for utility functions which are
only defined for consumption bounded from below. Similar problems arise in
attempting to generalize the stochastic dominance argument in the derivation of
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a lower bound to the reservation purchase price when intermediate trading is
allowed.

In the next section we address the problem of the derivation of bounds when
intermediate trading is allowed. It turns out that the seemingly innocuous gener-
alization of intermediate trading results in considerable weakening of the bounds.

3. The continuous time model

We consider an economy with two securities, a bond with [gi¢t¢ and a stock
with price S(t) at datet > 0. Prices are denominated in units of a consumption
good, say dollars.

The bond pays no coupons, is default free and has price dynamics

B, = €" By, t>0 (31)

wherer is the constant rate of interest

We denote byW(t) a one-dimensional standard Brownian motion which
generates the filtrationf on a fixed, complete probability spac,(7 , P). The
stock price is the diffusion process

2
S:S)exp{<u—02>t+awt}, (3.2)

where themean rate of return: and thevolatility o are constants such that> r
ando # 0.

The investor holds; dollars of the bond ang; dollars of the stock at date
and consumes at the ratedollars out of the bond account. We consider a pair of
right-continuous with left limits (CADLAG), non-decreasing procesdasNi)
such thatL; represents the cumulative dollar amount transferred into the stock
account andvl; the cumulative dollar amount transferred out of the stock account.
By convention,Lo=My=0. The stock account process, starting wighr y, is

t t
Y :y+/ uyfdr+/ oY, AW, + Ly — M. (3.3)
0 0

Transfers between the stock and the bond accounts moportional transac-
tion costs In particular, the cumulative transfey into the stock account reduces
the bond account bygL; and the cumulative transfé; out of the stock account
increases the bond account &, where 0< oo < 1 < (5.

The bond account process, starting with= X, is

t
X = X +/ {rx; — ¢, }d7 — BL¢ + aM; . (3.4)
0

The integral represents the accumulation of interest and the drain due to con-
sumption. The last two terms represent the cumulative transfers between the stock
and bond accounts, net of transaction costs.
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A policy is a.Z-progressively measurable triple; (L;, M;). We restrict our
attention to the set of admissible policieg such that, a.s. for > 0,

t
¢ > 0, E/ c.dr <oo, and wi=x+ (g))’t >0 (35)
0

where we adopt the notation

az ifz>0
<O‘) = (3.6)
B 8z if z<O.

We refer tow; as thenet worth It represents the investor's bond holdings, if
the investor were to transfer the holdings from the stock account into the bond
account, incurring in the process the transaction costs.

The investor has von Neumann-Morgenstern preferences

E UJ"O e*PtU(ct)dt} over the consumption streafit;,t > 0}, wherep is the
subjective discount ratend thefelicity function U : R — R3 is assumed to
have the following properties:

i) U e C([0, +00)) N C((0, +00)) is increasing and concave.
i) There exist\; and )\, positive constants angl, with 0 < v < 1, such that
AcT < U(c) < X\

iii) The function % is non-decreasing.

Examples of felicity functions that satisfy the above assumptions are, among
others,

i) the CRRA (constant relative risk aversion) utility functiah(c) = 5¢7, with
0<~vy<1, and
i) concave functions of the forn (c) = f(c)c” with 0 < v < 1 andf nonde-
creasing such that; < f(c) < Ax.
Given the initial endowmentx(y) in D = {(x,y) eR?:x+ (g) y > O},
we define thevalue function Vas
V)= s £ [Teru@to=xyozy]. @)
(c,L,M)e. 2 0

To guarantee that the value function is well defined, we assume either as in
Davis and Norman (1990) that

Y(p —r)?
>y + et

or as in Shreve and Soner (1994) that

p >ty +72%(u—r1)?/20%(1—7)?, (3.9)

(3.8)



352 G.M. Constantinides, T. Zariphopoulou

without an associated upper boundionr . Either set of conditions (3.8) and (3.9)
yield that the value function correspondingdo= 3 = 1 andU (c) = v~ 1\,c”
is finite and, therefore, all functions with € o < 1 < 3 are finite. We also
assume thap > p.

A straightforward argument along the lines of Constantinides (1979) shows
that the value function is increasing and jointly concavexnyj. It can also
be shown that it is uniformly continuous d» (see Tourin and Zariphopoulou
1994). Furthermore, the value function is expected to solve the Hamilton-Jacobi-
Bellman equation (HJB) associated with the stochastic control problem (3.7). The
HJB equation turns out to be the following Variational Inequality with gradient
constraints

min | 4V,— — —,—a—+—| =0 (310)
where the differential operatd¥’ is

0?V oV oV oV
267)/2 _ “yaT _ rX87 _ T&)X{ — c& +U(c)}. (311)

LNV =pV — 0%y

In the special case of power utility functions, Davis and Norman (1990)
obtained a closed form expression for the value function employing the special
homogeneity of the problem. They also showed that the optimal policy confines
the investor's portfolio to a certain wedge-shaped region in the wealth plane
and they provided an algorithm and numerical computations for the optimal
investment rules. The same class of utility functions was later further explored
by Shreve and Soner (1994) who relaxed some of the technical assumptions
on the market parameters of Davis and Norman (1990) related to the finiteness
of the value function and the nature of the optimal policies. Shreve and Soner
(1994) also provided results related to the regularity of the value function and
the location of the exercise boundaries.

In the case of general utility functions that we study herein, the value function
is not necessarily smooth and, therefore, it might not satisfy the HIB equation
in the classical (strong) sense. It turns out that the appropriate class of weak so-
lutions are the so-called (constrained§cosity solutionsand this is the class of
solutions we will be using throughout the paper. (See Appendix A for their defi-
nition.) The characterization &f as a constrained solution is natural because of
the presence of state constraints given by (3.5). In models with transaction costs,
this class of solutions was first employed by Zariphopoulou (1992) and, subse-
guently, among others by Davis et al. (1993), Tourin and Zariphopoulou (1994),
Shreve and Soner (1994), and Barles and Soner (1995). The following theorem
is proved in Tourin and Zariphopoulou (1994) and Shreve and Soner(1994):

Theorem 3.1. The value function V is the unique constrained viscosity solution
of (3.10) on D, in the class of uniformly continuous, concave and increasing
functions.
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For the special case of power utility function, Davis and Norman (1990)
and Shreve and Soner (1994) showed that the state space depletes into three
regions, namely the/7 region (no transactions), the? region (buy stock
shares) and th&” region (sell stock shares). The homogeneity properties of the
utility function yield that the boundaries of the.7" with the.% and the.”
regions are straight lines that pass through the origin (see Fig. 1); moreover, for
a big set of parameters, the wedgk” is a subset of the first quadrant, i.e.
A7 c {(x,y) : x > 0,y > 0}. For the case of more general utilities that
we examine herein, there are no analytic results to date for the location and the
regularity of the transaction boundaries. On the other hand, numerical results
obtained first by Tourin and Zariphopoulou (1994) and more recently by Pichler
(1996), indicate that the/ 7 is a wedge-shaped region, located between the
.72 and.¥ regions, which, for a wide range of parameters, belongs to the first
guadrant as well.

To make the analysis in this paper more tractable, we are going to make the
following assumption (see Fig. 2).

Assumption 3.1. An optimal policy exists such that thé7 C {(x,y) : Ax <
y < Bx,x > 0} for some constants A and B with>AOQ.

In the next section, it will be apparent how this assumption is used when
we construct the candidate price bound. For a general overview of existence of
optimal policies in (singular) stochastic control problems with constraints, we
refer the reader to Kurtz (1991) and Zhu (1991).

We now introduce a third asset, a cash settled European-style contingent
claim with expiration at datd and payoffg(Sr) at expiration. If the investor
writes the claim at daté with 0 <t < T, the bond account is credited with an
amount, sayC dollars, which represents the price of the claim, and is debited
g(Sr) dollars at the expiration dafe. To keep the problem tractable we assume
that the investor may not trade the claim in the open intervarl 0O
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Let x; andy; be the initial endowment at timeafter the bond account has
been credited with the proceeds from writing the claim. Once the claim is written,
the writer's objective is to maximize his expected utility from consumption, as
before with the extra obligation to surrender to the buy&;) dollars at timeT .

If V is defined in (3.7) an& is given by (3.2), the utility payoff of the writer is

T
E [/ e U (cs)ds+ e PTIV (xr — g(Sr),yr) [ % =X, %t =¥, S = S] :
t
The value function of the writer is

T
J(x,y,S,t) = supE{/ e "YU (c5)ds (3.12)
A t

+e_p(T_t)V (XT - Q(ST)aYT) | X=X, =Y, S = S:l

where. 4 is the set of admissible policies defined below.
We assume that the payagffsatisfies the following:

9(S)

g :[0,+00) — [0,+00) is convex, ¢g(0)=0 and S =1 (3.13)

lim
S—oo
It immediately follows that 0< ¢(S) < S and 0< gs < 1.

To motivate the definition of 4;, we state a proposition which follows
directly from the results of Soner et al. (1995) as generalized by Leventhal and
Skorohod (1997):

Proposition 3.1. Let S, % and y be given by (3.2), (3.4) and (3.3). Then, in order
to have att=T

i + (g) yr > g(S) ae. (3.14)

the following constraint must hold forall§ <t < T
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X + (g) (yt - i) >0 ae. (3.15)

Thus the cheapest (super) replicating strategy is the trivial one, to hold one share
of the stock.

We define the set#, of admissible policies of the investor who has written a
contingent claim, as the set 6k-progressively measurable processgsL¢, M;),
with Ly and M; being CADLAG which also satisfy, a.s. for @ t < T, the
conditions

t
¢ >0, E/ c.dr < oo, and wp =x + (O‘> (yt -~ §) >0. (3.16)
0 B a

We also define the set of admissible polic{es L;, M;;t > T} of the investor
who has written a claim by, as given in (3.5). Note that fdr> T, the option
has expired and settled and the investor’'s problem is indistinguishable from that
of an investor who has not written the claim. Thus it is natural to define the
set of admissible policies far > T as. 4. The set 4, is a subset of 4 for
0 <t < T in the sense that the second restriction ensures that the investor will
have non-negative net worth upon closing up the short position in the call option
and, therefore, that it is feasible to write a call option in the first place. The
results of Soner et al. (1995) (fgfS) = (S — K)*) and Leventhal and Skorohod
(1997) (for generad) state that the set of policies in%; is not overly restrictive
given the goal of ensuring that it is feasible to write the claim option.

The value functionl (x,y, S, t) is given by (3.12) and is defined for

(x,y,S) € D1 = {(X7y,8) DX+ (%) (y-2)=0.8=> 0}.
A generalization of Theorem 4 in Tourin and Zariphopoulou (1994) yields
the following result. The proof is not presented here due to the tedious albeit

standard arguments.

Theorem 3.2. The value function is a constrained viscosity solution @x[D, T)
of the Variational Inequality

min [/J _ ;%5,587;]( SR R [ (317)

with
J(X,y,S,T) :V(X _g(S)7y) (318)
where the operatot# is given in (3.11) and the operatdf’ is
— 9 1 0%J 0°J 0J
LI = — +=0°SP = +0? —. .
J 8t+205682+0y86y88+u888 (3.19)

Moreover, J is the unique constrained viscosity solution of (3.17) in the class of
uniformly continuous and concave functions, with respect to the state variables

(x,y,9).
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Consider now the writer with endowmen, /) € D at timet before writing
the claim. If the writer chooses to write the claim at price the endowment
becomesX + C,y) and by Proposition 3.1, the pric@ must be such thatx(+
C,y,S) € D;. In the case okero-transaction costghe functionC = C(S,t)
is determined as the price that makes the wiittelifferent between writing the
claim or refraining from writing it, i.e.

V(x,y) =J(x +C(S,t),y,S,t).

In the special casg(S) = (S — K)*, one can show thaE (S, t) is the Black
and Scholes price which is of course independent of the current portfolio holdings
(x,y) and the utility function. Moreover, because of the absence of transaction
costs, perfect replication is possible and the constraints (3.16) are not binding.
In the case ohon-zero transaction costshe above equalitys not feasible
for all (x,y,S) € Dy, if C is allowed to dependnly on (S,t). This motivates
the following definitions.

Definition 3.1. The reservation write price (X,y, S,t), for initial endowment
(X,y), is defined as the minimum value at which the investor is willing to write
the claim. Therefore, C satisfies for + C(x,y, S,t),y,S) € D;

V(x,y) =J(x+C(x,y,S,1),y,S,1). (3.20)

Definition 3.2. The write priceC(S,t) is defined as the maximum of reservation
write prices across all admissible statés y, S). ThereforeC satisfies

V(x,y) < J(x +C(S,1),y,S,1). (3.21)

Inequality (3.21) guarantees that the writer will be willing to write the option
at any price higher tha@ (S, t), independently of his current portfolio position.

Our goal is to derive an upper bourdd= h(S,t) for the write price; the
upper bound will satisfy (3.21) oB;. The construction and characterization of
the upper bound is worked out in the next section.

4. Bounds on prices of contingent claims

In this section we derivanalytic bounds for the write price of a European-type
contingent claim. The underlying idea is to construct suitable subsolutions of
the Bellman equations (3.10) and (3.17) in order to use a comparison result to
establish inequality (3.21). The main difficulty stems from the fact that the value
functionsV andJ are defined on different domains and that there are no explicit
solutions of the two associated free-boundary problems (3.7) and (3.12).

We start with a formal discussion in order to motivate the construction of the
analytic bound. To ease the presentation, we recall that the value funtions

andJ solve, respectively, (3.10) iD = {(x,y) X+ (g) y > O,} and (3.17)
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in D; x [0,T], where D; = {(x,y,S) TX+ (g) (y — 2) >0, S> 0}. The
domainsD andD; are illustrated in Figs. 2 and 3.

The goal is to construct a functidm = h(S, t), independentof (x,y), such
that, for k +h,y,S) € Dy

V(x,y) < J(x +h(S,1),y,S,t) (4.2)

Using the suboptimality inequality

h(S, 1)
J(X +h(S,1),y,S,1) 2J(x,y+ 5 ,s,t) (4.2)

and a simple transformation, we observe that (4.1) follows if we finth anch
that

Vv (x,y — %) <I(x,y,S,1) (4.3)

for (x,y,S) € Dj.

We start with a formal construction of a candidate solution and then we
establish its existence and validity. The underlying idea in the choice of the
candidate bound is first to find a price that satisfies (4.3) in the castlya)
0D4, i.e. when the writer holds thminimal allowed positiorwhich amounts to
the value of one stock share, taking into account the transaction costs. We then
need to show that this price works for all wealth levels greater than the minimal
one.

To this end, we start with the following lemma which gives us information

about the value functiod on 9D; = {(x,y,S) TX+ (g) (y—2)=0,S> O}.

Lemma 4.1. For (X,y, S) € 0Dy, the value function J is given by

J(x,y,S,t)=E [e—f’”—ﬂv (—g(ST), if) ‘ S = s] . (4.4)

Proof. The proof follows directly from the fact that the only admissible policy
for the boundary pointx(y, S) is to move instantaneously at tinheo the point
(o, 2, S) and remain there until time.

The next result will give us the main ingredient for the construction of the
candidate solution.

Lemma 4.2. If h; = h(S, t) is such that

v(Zs-T) e e v a0 S =S @9

with 0 < h; < gs andp > p, then (4.3) holds fofx,y, S) € 9D;.
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oD, y
z+ay=>S

Rl

h(S,t) ¢
B

(0,0)

Fig. 3.

Proof. We first observe that, by suboptimality, for>"p,

Efe OV (=~ g(sn), %) (S =8| 2E[e V(S - 4(5).0) | S = 5]

Therefore, for X,y,S) € 0D, (4.4) yields

Iy, S.1) > V(ga—?j). (4.6)

We next claim that forX,y, S) € 9D;

v(x,y— @) gv(gs,—hﬁ(z’t)). (4.7)

The above inequality follows easily once we understand the monotonicity of
\% (x,y — %ﬁ) along the sebD;. We refer the reader to Fig. 3 to facilitate the

exposition; we also eliminate thenotation for convenience. To this end, first
observe that by Assumption 3.1 thé7 region is a subset of the first quadrant
(appropriately translated for > 0,y > %) and, by assumption, € % < 2

Therefore,V (x,y - %) is constant along the line segment- ay = S for
x < 0, stays non-decreasing ar gy = gS for 0 < x < x; and remains constant
afterwards. Inequality (4.7) follows from the following relations:

0 V(x,y— h(S’t)) :v(o,g— h(Sﬂ’t)) on{x+ay =S, x <0},

B
.. S h(S S h
(i) V(Qa—%) gV(xha—%— (Z’t)> 0n{x+5y:§8,0§x§
X1},
(i) v (x.y - h(%t)) =v(§s,fh(2’t)) on {x + By = gs, X > xa}.

We next observe that the poin(f;s, 0) and 8 — ¢(S), 0) belong to thez
region (see Fig. 3) because of the standing Assumption 3.1. But since .i’the
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region the value functioV satisfiesgVyx = Vy, there exists a functio® such
that, for Ko, Yo) € .22, V (X0, Yo) = G(Xo + B8Yo). Therefore,

\% (gs, —h(Sﬁ’t)> =G <§S — h(S,t)) (4.8)
and
V(Sr —9(Sr),0) =G(Sr — g(Sr)) (4.9)

Combining the above equalities and (4.5) yields

G (és ~h(s,1)) =E[e "TIG(S; — g(Sr) | § = S

It follows easily from the monotonicity properties of the value functién
(see, for example, Tourin and Zariphopoulou 1994) (@&t strictly increasing
and therefore invertible. Hence the functibris well defined and

h(S,t) = gs ~G HE[eMTIG(S —g(Sr) | S =9]). (4.10)

Our goal now is to show that the above function is a candidate upper bound
for the write price. We start with some elementary propertiek.of
Proposition 4.1. The function h satisfies
() 0<h(S,t) < gs, and (i) h < g. (4.12)

Proof. i) The fact thath(S,t) < §S follows from the definition ofh and the
fact thatG is continuous withG(0) = 0 andG > 0. To show thah(S,t) > 0,
we first observe that

hO.)=0 for 0<t<T, and h(S,T)=2—2S+4S)>0. (412)
Q
We next claim that
ph —h — %azszhss — uShy > 0. (4.13)

To this end define
f(S,t) =E[e T VG(Sr — g(Sr)) | & = S]. (4.14)

The Feynman-Kac formula implies thatsolves the terminal-value problem

pf =fi + %Uzszfss + uSk
{ (4.15)
f(S,1) = G(S - ¢4(S)).
Using that
h(S,t) = gs — G Hf(S,1)) (4.16)

yields
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ph —h — %JZSZhSS — uSh
> (G [f+ %Uzszfss"' pSt — pf | + [(GH(F)) pf — G (F{#.17)

where we used that > p > . and the convexity oz —1. Note that the latter
property follows from the fact thaV/ is concave and/(x,y) = G(X + 8y)

for (x,y) € .7. Moreover the fact thaG—%(0) = 0 and the convexity and
monotonicity of G~ yield f(G~(f))’ > G~1(f), which combined with (4.15)
gives (4.13). Inequality (4.11) then follows from classical results from the theory
of linear parabolic differential equations.

ii) It follows from (4.16) that we havehs = % — (G7X(f))fs(S,t). To con-
clude, it suffices to show thaG(*(f))’ > 0 and thatfs(S,t) > 0. The first
inequality follows from the fact tha is nondecreasing. Given thhtsolves the
linear parabolic equation (4.15), to show tfiat> O, it suffices to establish that
fs(S,T) > 0. Sincefy(S, T) = (1 — ¢g5(S))G'(S — ¢(S)), we may conclude easily
using the properties qof.

Proposition 4.2. Let p be a discount factor in (4.10) given by

mo?(1 — BA)}

0 = max +
p Py 1 29A

(4.18)
where m is a constant given in Lemma 4.3 below. Then, if the candidate price
h, as in (4.10) withp as above, satisfies $Sh-h > 0 for S > 0, the function

F : D1 x[0,T] — [0, +o0) given by

- h(S’t)) (4.19)

B

is a viscosity subsolution of the HIB equation (3.17).

FOGY S0 =V (xy

Proof. The main ingredients of the proof are the fact thNasolves (3.10) and
the special choice di.

Below, we first show the above under the assumption that the furi¢tibas
all the necessary derivatives. It should be noted here that the strength as well as
the beauty of viscosity solutions is that they eventually reduce all the calculations
to the ones in the case of smooth solutions. After we show the claim under the
regularity assumptions ovf, we will indicate briefly how it can be relaxed.

First, we observe that i = 0 in (4.10), thenh(S,t) = 0 and hence
F(x,y,0,t) = V(x,y) and the assertion follows immediately. We next consider
the caseS > 0. By inspecting the two (HJB) equations, (3.10) and (3.17), and
using the fact thaV solves (3.10), we see that it suffices to establish

1 1
pF < Fe+ 50252&5 +02SyRy + EgzyZFyy + uSFy (4.20)
+pyFy + H (Fy) + rxFy
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with H(p) = m>a})x{fcp+ U (c)}, only if the point &,y — %) belongs to the /.7~
C

region, i.e. when
hy _ 1, h\? h
w(xv-5) = 37 (-5) wler-5)
h h
o 2eler-2)
+H (Vx (x y — h)) + rxVy (x y — h) . (4.21)
B B

Using the definition of F, inequality (4.20) becomes

ht 122 hss hsz 0'2
Vo< Xy Zosr sy sy gy o T
Vo= WSt g Ye) = 5

1 h
Eazyzvyy — MSESV), + pyVy + H (Vi) + XV

yShVyy

where all the above derivatives uf are evaluated at the point,fy — %). Using
(4.21) and rearranging terms the above inequality reduces to

2
%(uh = 20282 — sty + v, [(Sh — ). (S“‘; n

5 25 —2y)] >0 (422)

We now look at the following cases:

. S . ) . .
Case i: y> —. BecauseVy > 0, (4.13) yields that the first term in (4.22) is

(e
nonnegative. Sinc® is concave, to show that the second term is nonnegative
as well, it suffices to prove that

Sh +h
(Sh — h)( G Zy) <o. (4.23)
Observe that from (4.11) we have
Sh+h < %S
«
and, in turn,
Sh +h < 28y

where we used that > 2 Inequality (4.23) then follows from the above in-
equality and the assumption thah, — h > 0.

. h S
Case ii: 3 <y < —. Note that the reason we do not look at the cage< h
«

is because we only need to establish (4.22) when the priyt € %) belongs
to the region 47 which has been assumed to be a subset of the first quadrant.
As a matter of fact, recall that the regiom” is assumed to belong to the cone

{(ny) CAX <Y — % < BX, x > O} (see Fig. 3).



362 G.M. Constantinides, T. Zariphopoulou

First observe that iSh = h, then (4.22) follows directly. Next we assume
that Shy, > h.
If BA> 1, we claim that

Sheh gy (4.24)
p
We argue by contradiction. Suppose that the opposite inequality holds; then,
Sh +h 2 16} h
> ~S+— .
5 >2y_1+5A(AaS+6> (4.25)

where the right inequality follows from the fact that gy > §S andy—% > AX.
Combining inequality (4.25) with (4.11), yield$A — 1)h > (A — 1)Sh, which
contradicts the assumption th@h > h. The rest of the arguments follow as in
Case i.

If BA < 1and Sh+h < 28y , we can argue as in Case i. It remains to
establish (4.22) wherSh, +h > 23y.
To this end, we claim the following result which is proved in Appendix B.

Lemma 4.3. The value function V satisfies, for,y) € 47,

yVyy(X7 Y) Z —mVy(Xa y)7 (426)

where m is a constant depending on the market parameters and is given by

m:[(hﬁﬂﬂ))ﬁw%47+oﬂ_r)_p@+5;”04_

)\1(01"'%)7 ay aA 2

We proceed now with the proof of the proposition. Observing first that (4.16),
(4.17) and fact thap > p yield

1 -
ph 1~ 20*She st > (- (s —h) > 0
@]

Combining this last inequality and (4.26) — applied to the pc(imy - %) -
reduces the desired inequality (4.22) to the inequality
p Sh+h

(07

Vy {A_
y_% (0 — m)(

S =)y - )~ yoimsh - T -2 >0

(4.27)
Next observe that the constraimt> gs — By and the assumption th{ix,y —
g) e N7 yield

GA «

5% aa+mmS 5" @29

yf

and in turn



Bounds on option prices 363

Sh +h 26A a Sh —h
—y< ——"(S—=h)+ .
7Y @SV s
Multiplying by —%azm(sa — h) and using (4.11) gives

Sh+h

~gotmish - T - 2y)

> _EUZmM + 2mi(8 — gh)(S}’g —h)

=72 3 M@ +A 3
1, (Sh —h)? A
féazmT + 02m1 +5A(S“ —h)2
Therefore,
R B BA a
v (P — u)(aS - h)io[(1 ¥5R) (S- Eh)

azm(sh;/; h)? + 02m1 f\ﬂA(Sh’ — h)z]

Vy . A o’m  o?mA
> w0155 57 * ]
y— & +6A 26  1+4A

NI~ o

(Sh —h)*>0

which holds if > i+ M40

The rigorous argument amounts to repeating the proof of the subsolution
property for the functiorF%(x,y,S,t) = V"(x,y - @) whereV? is the
classical sup-convolution regularization éf given by

0 _ ooy X=XPly -y
V0w = supdv e g) - St - B
y—y

It follows thatV? — V, locally uniformly as? — 0. Moreover, the regularity
properties ofv ? together with the arguments used in the comparison principle,
allow us to work with pointsX, y) at whichDZV ¢, and therefor®? F?, D2 ;F?
andDZF? exist. Finally, it can be shown that the functi&i is a subsolution
of the appropriately modified equation far. All the above can be made precise,
but the arguments, which are tedious and also routine in the theory of viscosity
solutions are rather long, and beyond the interests of the readership.

Remark 4.11f SA > 1, it suffices to choos@ = p in view of Proposition 4.2
and the assumption that> .

Remark 4.2.The assumption thaA > 0 was motivated by the fact that, as
. mo?(1— BA) L . . .
m————— = o0. =

A— 0, we haveALlO 20A oo. This yieldsp = +oo, in which caseh;

degenerates to the trivial upper bouéds.

Before we present the main result we introduce the following assumption.
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Assumption 4.1.The function h given by (4.10), whesas defined as in (4.18),
satisfies Sh—h > 0.

Remark 4.3The above assumption on the candidate solutigplayed an im-
portant role in proving Proposition 4.2. Although we were not able to remove
this assumption, we were able to provide examples in whidfas the desired
properties. These examples are presented after the main theorem.

Theorem 4.1.Let h be given by (4.10), i.e.

h(s.t)="2s - 6 (E[e T VG(s; - o(s) | S =8
«

wherep is defined in (4.18). Under Assumptions 3.1 and 4.1, the funci{Snth
is an upper bound to the reservation write price.

Proof. In order to prove the theorem, it suffices to show that inequality (4.3)
holds onD; x [0, T], i.e. thatV (x7y — %) < J(x,Y,S,t).

First, we observe that at= T the above inequality holds. In fact, from (3.18)
and (4.10), the above inequality reduces to

0—a
\% (x,y - 3
which holds by suboptimality, the monotonicity of V and the fact that 0.

Next, recall that by the special choice bf (see Lemma 4.2), the desired
inequality holds for X,y,S) € dD;. Moreover, from Proposition 4.2 we have
that the functiorv (x, y— @ is a viscosity subsolution of the (HIB) equation
(3.17) whose unique solution is the value functibnFinally, routine arguments
can be used to show that the rest of the conditions for the comparison results
for solutions of (3.17) hold. We therefore conclude that the subsolMtipny —

NS4y is dominated by the solutiod(x,y, S,t) and the validity of the price
boundh is established.

s+ 92) < vix— 4(9).9)

Remark 4.4Note that when the utility function is of the fortd (c) = Sc7 with

0 < v < 1, the value functioV turns out to be homogeneous of degsedlany

steps of the main proofs can then be considerably simplified; see Constantinides
and Zariphopoulou (1997) for details and numerous illustrations.

We conclude this section by presenting some examples of value functions
that satisfy Assumption 4.1.

Example 1. Gz) = kz” for some constarit > 0.

This is the case whebl (c) = %c” with 0 < v < 1 (see Davis and Norman
1987). Then,

1—v
P

Sh—h=GY(f) - SE(G1(f)) =k~

[f — Skl
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Direct calculations show that the functian= ~f — Sf solves the same linear
equation ag. Therefore, in order to show th&h — h > 0, or equivalently,
thatv = vf — SE > 0, it suffices, using classical results from the theory of
linear parabolic equations, to show, thg8, T) > 0. (Note also that(0,t) = 0.)
Indeed, att = T, 4f — S§ = 7k(S — ¢(S))” [Sgs — ¢(S)] > 0 which follows
from the properties of the payoff function

Example 2The functionG has nondecreasing relative risk aversion coefficient,
/! !
ie. (—Zg, ) > 0.
Differentiating (4.16) yieldSh —h = (G~1)'(f) % — sg] . LetK(f) =
Sk . SinceG 1 is increasing, we have sgBi — h) = sgn K (f) — S&].
Therefore, we need to show that

w(S,t) = K(f(S,1)) — SE(S,t) > 0. (4.29)

Straightforward calculations and equation (4.15) yield thagolves

1 1
pw — wy — Eazszwss — uSws = pK (F) — K/ (F)) — EUZSZfSZK”(f). (4.30)

It follows easily thatw(S, T) > 0 andw(0,t) = 0. Therefore for inequality (4.29)
to hold, it suffices to find conditions which will ensure that

pw — wy — %JZSZwSS — uSws > 0. (4.31)

To this end, observe th&t > 0 and , ifz = G~(f), thenK (G(2)) = zG/(2).
Differentiating once more we get

!/
K'(G@) = 1+72 andG'@K"(G@) = () -
Given thatG is increasing and concave, the above equality yields khat
is concave, ifG has nondecreasing relative risk aversion coefficient. Moreover,
the utility function satisfiedJ (0) = 0 which in turn implies thaG(0) = 0. The
latter together with the concavity @& imply that lim,_,ozG/(z) = 0. It follows
then easily thaK (0) = 0 which, together with the concavity &f, hence, yields

K(f) — fK/(f) > 0 and (4.31).

Remark 4.5Although Example 1 comes from the case of power utilities,

U(c) = v ¢, it is not clear what class of utility functions generate value
functions with nondecreasing relative risk aversion coefficient like the ones dis-
cussed in Example 2. Despite the fact that, in the absence of transaction costs,
such characteristics are inherited from the utility functions to the value functions,

it remains an open and interesting question to study the case when transaction
costs are paid. As a matter of fact, such questions are rather challenging on their
own right independently of the problem of derivative pricing with transaction
costs.
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Appendix A

The notion ofviscosity solutionsvas introduced by Crandall and Lions (1983)
for first-order equations, and by Lions (1983) for second-order equations. For a
general overview of the theory we refer to thlser's Guideby Crandall, Ishii

and Lions (1992) and the book by Fleming and Soner (1993). Next, we recall
the notion of constrained viscosity solutionwhich was introduced by Soner
(1986) and Capuzzo-Dolcetta and Lions (1987) for first-order equations (see also
Ishii and Lions 1990). To this end, we consider a nonlinear second order partial
differential equation of the form

F(X,V,DV,D?V)=0 in 2 x [0,T] (A1)

wheref2 C R?, DV andD?V denote the gradient vector and the second deriva-
tive matrix of V, and the functionF is continuous in all its arguments and
degenerate elliptic, meaning that

F(X,p,q,A+B) <F(X,p,q,A) if B >0. (A.2)

Definition A.1. A continuous function V: 2 x [0,T] — R is a constrained
viscosity solution of (A.1) if the following two conditions hold:

i) V is a viscosity subsolution of (A.1) a2 x [0, T]; that is, if for any¢ €
CY2(f2 x [0, T]) and any local maximum pointeXe 2 x [0, T] of V — ¢,

F (X0, V (X0), D(Xo), D?p(Xo)) < 0.

i) V is a viscosity supersolution of (A.1) if? x [0, T]; that is, if for any¢ €
CL2(£2 x [0, T]) and any local minimum pointoXe £2 x [0, T] of V — ¢,

F (X0, V (Xo0), D¢ (Xo), D?¢(Xo)) > O.

Appendix B

Proof of Lemma 4.3
We first recall that in the region/.7" region, the value function satisfies

PV = 507y Vyy + YVl + XV + max —cVy + U (0)}. (B.1)
c=>

The monotonicity and concavity of the value functignyields that 2/ > xV +
yVy; this combined with

aVy <Vy < BV (B.2)
and the inequality (valid by Assumption 3.1)
Ax <y < Bx (B.3)

implies
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2v >y (1+ 6%) (B.4)

Combining (B.1), (B.2), (B.3) and (B.4) yields

%azyzvyy +max{ — eV +U ()} > Y [g (1 + %B) _ (u + aLA)} . (B5)

We next claim that there exist a constansuch that

m>a})x{—cvx +U ()} < oyVy. (B.6)
c>

In fact, becausé® (c) < /\2% for someX; > 0 and O< v < 1 and (B.2), we
get

max{—cVy + U (Q)} < —— 2 AF7 Wy 7 (B.7)
c>0 X -y 2 o o '

By the monotonicity of2© we have, forA > 1, U(\c) > AU (c); this

together with the linearity 01E the state dynami¢sandy;, gives

V (AX, \y) > NV (X, ). (B.8)

Next, using the above inequality and following similar arguments as in Sec-
tion 3 of Shreve and Soner (1994) we get

~
Vax,y) 2 S5V (XGY) (B.9)

and

_ v-1
Vo) = [T s ayy ] (8.10)
v o 1-nv
Combining (B.9) and (B.10) yields
o smp—arlat g) s
WS A 11—+ [ 8+ % ]

and, from (B.7), Tg{(—cvx +U(c)} < dyVy for
c=>

= () ®1

Finally, (B.5) and the above inequality yiejdy > —m\,, for

_porloran) ~8(r )]

o2

m
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