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Abstract. We study a generalization of the Merton’s original problem of
optimal consumption and portfolio choice for a single investor in an inter-
temporal economy. The agent trades between a bond and a stock account and
he may consume out of his bond holdings. The price of the bond is determin-
istic as opposed to the stock price which is modelled as a diffusion process.
The main assumption is that the coefficients of the stock price diffusion are
arbitrary nonlinear functions of the underlying process. The investor’s goal is
to maximize his expected utility from terminal wealth and/or his expected
utility of intermediate consumption. The individual preferences are of Con-
stant Relative Risk Aversion (CRRA) type for both the consumption stream
and the terminal wealth. Employing a novel transformation, we are able to
produce closed form solutions for the value function and the optimal policies.
In the absence of intermediate consumption, the value function can be ex-
pressed in terms of a power of the solution of a homogeneous linear parabolic
equation. When intermediate consumption is allowed, the value function is
expressed via the solution of a non-homogeneous linear parabolic equation.

Key words: Portfolio management, Hamilton-Jacobi-Bellman equation, closed
form solutions, constrained viscosity solutions
1. Introduction

This paper is a contribution to the theory of optimal portfolio management in
intertemporal economies. The underlying task is to specify the maximal
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expected utility and the optimal investment and consumption strategies of a
single individual® who trades and consumes in the presence of uncertainty for
market returns. The market consists of two assets, a bond and a stock with
prices already prespecified via equilibrium conditions. The bond price is
deterministic and the stock price is modelled as a diffusion process. The
objective is to maximize the individual’s expected utility which comes from
terminal wealth and/or intermediate consumption.

The fundamental stochastic model of optimal investment and consump-
tion, was first introduced by Merton (1969, 1971) who constructed explicit
solutions under the assumption that the stock price follows a geometric
Brownian motion and the individual preferences are of special type. Specifi-
cally, the utilities are either of Constant Relative Risk Aversion (CRRA) type,
including the logarithmic case, or of exponential type. There are no binding
constraints on the traded portfolios besides the standard no arbitrage con-
straint of keeping the wealth nonnegative at all times. Merton’s pioneering
papers initiated a considerable volume of new work on the subject in various
directions.

The case of general utilities was analyzed in Karatzas et al. (1986, 1987)
who produced the value function in closed form. Models with general utilities
and trading constraints were subsequently studied by various authors (see
Karatzas et al. (1991), Zariphopoulou (1994), Cvitanic and Karatzas (1995)).
Generally speaking, there are two main methodologies for the study of these
stochastic optimization problems: one that relies heavily on the theory of
nonlinear partial differential equations and the alternative approach that is
based on martingale theory. Independently of the specific approach used, the
standing assumption in the existing literature is that the asset prices follow a
geometric Brownian motion. This special structure enables us to absorb the
stock price in the wealth variable — through the budget constraint — and,
therefore, to remove one of the state variables. This assumption facilitates the
analysis considerably but it does not accommodate a variety of applications
like, for example, the case of stochastic volatility. It has been relaxed in a
limited way by allowing the linearity coefficients to be deterministic functions
of time (see for example, Karatzas et al. (1991)).

In this paper, the above restrictive assumption on the underlying stock
price are removed by allowing the coefficients of the price process to be non-
linear functions of the current stock level. A special case of this class of prices
is the case of stochastic volatility perfectly correlated with the underlying
stock. The main contribution herein is the derivation of closed form solutions
for the value function and the optimal policies. This is accomplished by
exploring the homotheticity properties of the value function combined with a
novel transformation. The latter enables us to express the value function in
terms of a power of the solution of the so-called “reduced” equation. This
representation also facilitates the construction of the optimal portfolio and
consumption policies which are given in a simplified feedback form in terms of
the solution of the reduced equation and its first derivatives. If the goal of the
agent is to maximize his expected utility from terminal wealth, the latter
equation turns out to be a homogenecous linear parabolic one. If intermediate
consumption is allowed, the reduced equation is also linear parabolic but non-

! The investor is assumed to be “small” in the sense that his actions do not affect the equilibrium
asset prices.
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homogeneous. Nevertheless, in both cases, the reduced equations are similar
to the ones arising in bond pricing. An interesting consequence is the repre-
sentation of their solutions in terms of the expectation of an exponential pay-
off of a new state process. This process solves the same equation as the stock
price but with a modified drift which represents the effects of the inherent
nonlinearities of the model.

Besides the derivation of new results in the area of optimal portfolio
management, this paper offers an exposition — for the technically oriented
reader — of the use of a class of weak solutions, namely the viscosity solutions,
of the relevant Hamilton-Jacobi-Bellman equation. The HJB equation is the
offspring of the Dynamic Programming Principle and stochastic analysis and
it is expected to be satisfied by the value function. Due to specific degeneracies
and other characteristics of the stochastic optimization model, the value
function might not satisfy the HJB equation in the classical sense. Such sit-
uations are common in finance models with market imperfections like trading
constraints, transaction costs and stochastic labor income. It is thus useful to
relax the notion of solutions to the HJB equation and this has been success-
fully done in the aforementioned class. Viscosity solutions have become by
now an important tool in analyzing stochastic optimization problems that
arise in a variety of valuation models in economics, finance and insurance
theory.?

The paper is organized as follows: in Section 2, we introduce the invest-
ment model without intermediate consumption and we state the main results.
In Section 3, we derive the Hamilton-Jacobi-Bellman equation and we study
its solutions using elements from the theory of viscosity solutions. In Section
4, we derive the closed form solutions and we provide regularity and verifica-
tion results for the value function and the optimal policies. In Section 5, we
study the problem when intermediate consumption is allowed and we discuss
possible extensions.

2. The investment model and main results

We consider an optimal investment model of a single agent who manages his
portfolio by investing in a bond and a stock account. The price of the bond B,
solves

By — B (2.1

{ dB[ = }’B, dt
where r > 0 is the interest rate. The price of the stock is modelled as a
diffusion process S, satisfying

(2.2)

{ dS[ = //t(S[)S[ dt + O'(SI)S[ th
So=S8>0.

2 See for example, Zariphopoulou (1992), Fleming and Zariphopoulou (1991), Fitzpatrick and
Fleming (1990), Barles et al. (1993), Scheinkman and Zariphopoulou (1999), Shreve and Soner
(1994), Tourin and Zariphopoulou (1994), Young and Zariphopoulou (1999).
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The process W, is a Brownian motion defined on a probability space
(Q, 7, P). The coeflicients 1 and o are functions of the current stock price and
they are assumed to satisfy all the required regularity assumptions in order to
guarantee that a unique solution to (2.2) exists. These conditions, together
with some additional growth assumptions will be introduced later; at this
point, we only outlay the underlying structure of the model.

The investor rebalances his portfolio dynamically by choosing at any time
s, for se[t,T] and 0 <¢<T, the amounts 7’ and 7, to be invested
respectively in the bond and the stock accounts. His total wealth satisfies the
budget constraint X = n? + 7y and the stochastic differential equation

{ dX; = rX;di + (u(Sy) — r)mgds + o(Sy)7s AW (23)

X,=x>0 0<t<s<T.

The above state equation follows from the budget constraint and the dynam-
ics in (2.1) and (2.2). The wealth process must also satisfy the state constraint

X;>0 ae t<s<T. (2.4)

Remark 2.1: We assume that the coefficients 4 and ¢ do not depend explicitly
on time. This is assumed only to ease the presentation since the time-
dependent case follows easily from the autonomous one.

The pair of control processes (7, Cs) is said to be admissible if it is
Fs-progressively measurable, where %, = a(W,;t < u < s), satisfies the inte-
grability condition E LT a(Ss)zns2 ds < +00 and, is such that the above state
constraint is satisfied. We denote by .o/ the set of admissible policies.

The investor’s objective is to maximize his expected utility payoff

J(x,S,t;7) = E[U(X7)/X, = x,S, = S| (2.5)

with Xj, Ss given respectively in (2.3) and (2.2).
The value function of the investor is defined as

u(x,S,t) =sup J(x,S,t;n) (2.6)
o

with the utility function U : [0, +c0) — [0, +0) being of the form

U(x) = ;xV. (2.7

The quantity 1 — y is known as the risk aversion coefficient and it is assumed to
satisfy 0 < 1 —y < 1. The case y = 0 corresponds to logarithmic utilities.

The goal herein is to analyze the value function and to determine the
optimal investment strategies.

The special form of the above utilities together with the linearity of the
wealth dynamics with respect to the state and control processes (see (2.3)),
suggest that the value function may be written in a “separable” form. In other

y
words, the value function may be written as u(x, S,?) = il V(S,t). To our
7y
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knowledge, the component ¥ is in general unknown except for some very
special cases of the risk aversion parameter 1 — y and the components of the
state dynamics (see Merton (1971)). As a matter of fact, V" solves a nonlinear
equation for which no closed form solutions are available in general.

The novelty of our results lies in the fact that under a simple power trans-
formation, the factor V' can be expressed in terms of the solution of a linear
parabolic equation. This representation provides closed form solutions for the
value function and the optimal policies which can in turn be used effectively in
a more general class of valuation problems with stochastic components.
Without stating at this point the necessary technical assumptions and the
regularity properties of the solutions, we outline the main results below.

Proposition 2.1:
i) The value function u is given by

,
u(x, S, 1) = %U(S, £

where v: Rt x [0, T] — R* solves the linear parabolic equation

s,
-y 17

ws) - _
w%wu—w%‘o

1
v+ 502(5, 1)S%vss + {u(S)S +

Vv

+1—y

r+

o(S,T)=1 and v(0,1) ="/I=DT=0" o<t <T.

i) The optimal investment policy II} is given in the feedback form
II7 =n*(X/],Ss,s),t <s < T, where the function n*: R" x Rt x [0,T] — is
defined by

us(S, 1) Lou(S)—r
o(S, 1) 1—7y a2(S)

n*(x,S,t) =

We conclude this section by reviewing briefly the celebrated Merton’s
optimal portfolio management problem (see Merton (1969), (1971) and
(1973)). To this end, we consider a market with two securities, a bond whose
price solves (2.1) and a stock whose price process satisfies the linear stochastic
differential equation

dS[ = IUS[ dt + O'S[ dW[ (28)

with Sy = S > 0. The market parameters x and ¢ are, respectively, the mean
rate of return and the volatility; it is assumed that g > r > 0 and ¢ > 0. The
process W; is a standard Brownian motion defined on a probability space
(2,7, P).

The wealth process satisfies X, = n? 4+ 7y with the amounts n? and 7, rep-
resenting the current holdings in the bond and the stock accounts. The state
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wealth equation (2.3) reduces to

dXy =rXsds+ (i — r)mgds + ong dW,. (2.9)
The wealth process must satisfy the state constraint

X;>0 aet<s<T. (2.10)

The control n;, ¢t < s < T is admissible if it %s Fs-progressively measurable —
with Z; = a(W,;t < u < s) — it satisfies EJ; n‘f ds < +o0 and, it is such that
the state constraint (2.10) is satisfied. We denote the set of admissible policies
by .o/.

The value function is defined as in (2.6), namely

u(x, 1) = sup EFX%/Xt:x} (2.11)
o

Observe that the geometric Brownian motion assumption on prices results
in reduction of the number of state variables, from two to one.

A fundamental optimality fact, known as the Dynamic Programming
Principle yields that for every stopping time <,

i(x, 1) = E[i(X7,7)/ X, = x| (2.12)

with X" being the optimal wealth at time 7. Using stochastic analysis and
under appropriate regularity and growth conditions on the value function, we
get that V solves the associated Hamilton-Jacobi-Bellman equation, for x > 0
and 1 €0, 7),

1
il; + max Eaznzftm + (1 — r)midy | + rxity = 0, (2.13)
_ L,
a(x,T) = ;x*, x>0, (2.14)
u(0,71) =0, rel0,T). (2.15)

Remark 2.2: The boundary condition #(0, ¢) is not in general prespecified due
to the presence of the state constraint (2.10). The standard by now approach
to deal with this issue is to work with the appropriate class of weak solutions,
namely the constrained viscosity solutions, and to characterize the value
function as the unique solution of the HJB equation in this class. Once this is
established, the boundary value may be obtained from the values of the solu-
tion in the interior, for x > 0, after passing to the limit as x — 0.

The homogeneity of the utility function and the linearity of the state
dynamics with respect to both the wealth and the control portfolio process,
suggest that the value function must be of the form

x7

i, 0) ==/ (1) (2.16)
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with f(7) = 1. Using the above form in (2.13) and after some cancellations,
one gets that f must satisfy the first order equation

S0+ () =0

with
(T)=1
where
(u—r)?
Therefore,
x’
i(x, 1) = 76””"). (2.18)

Once the value function is determined, the optimal policy may be obtained
in the so-called feedback form as follows: first, we observe that the maximum
of the quadratic term appearing in (2.13) is achieved at the point

w—r dy(x,1)
0% (X, 1)

n*(x,t) = —

or, otherwise,

* H—-r
T (x,t)zmx

where we used (2.18). Next, we recall classical Verification results (see, for
example, Chapter VI in the book of Fleming and Soner (1993)) which yield
that the candidate solution, given in (2.18) is indeed the value function and
that, moreover, the policy

* H=r *
ns 0_2(173}) N ( 9)

is the optimal investment strategy.
In other words,

i) = £ X2 fx =]

where X solves

* (ﬂ_r)Z * n—r *
dx; = (r+ B2 NV xds o+ X dw,.
( (=) A=)
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The solution of the optimal state wealth equation is, for X; = x,
(u=r?  (u—r)? p—r
r—+ - S—t)+———W,|.
( 1= 2201 = ) " ey
The Merton optimal strategy dictates that it is optimal to keep a fixed
. L=
proportion, namely ———
oAl =) .
account. We will refer to this proportionality constant as the Merton ratio.

X = xexp

, of the current total wealth invested in the stock

Remark 2.3: Tt is important to observe that the Merton model uses heavily the
assumption that the stock price remains strictly positive even though the stock
price does not appear explicitly. One could easily verify this constraint by
looking at the actual derivation of the state wealth equation (2.9); we refer the
reader to Merton (1969) or Karatzas et al. (1987). Given that the stock price is
modelled as a log-normal process, it becomes zero only if it starts at the state
0. In this case, the Merton model degenerates to a deterministic model with no
(stochastic) optimization features. In fact, one could easily prove that no in-
vestment takes place in the stock account and that the wealth process satisfies
the deterministic equation dX; = rX;ds for t <s < T. In this case, the value

. ~ X7 T . .
function turns out to be i(x, 1) = —e’”"~) We can view this degenerate case

as the limiting case of (2.13) as 4 — r or as ¢ — +o0. Indeed, if u=r or
o = +o0, the solution of the HIB equation degenerates to i(x,?) and the
optimal policy, given in (2.19), becomes zero.

3. The HJB equation and viscosity solutions

In this section we analyze the associated Hamilton-Jacobi-Bellman (HJB)
equation and characterize the value function (2.6) as its solution. Generally
speaking, the fact that the value function of a stochastic optimization problem
solves, in the classical sense, the relevant HIB equation follows from the
optimality principle of Dynamic Programming and stochastic calculus. But it
is the case that this can be done only if it is known a priori that the value
function has enough regularity. Conversely, classical verification results (see,
for example, Fleming and Soner (1993)) yield that if the HIB equation has a
unique smooth solution then it coincides with the value function. In the
problem at hand, however, it does not follow directly that the value function
is smooth. Also the associated HJB equation, see (3.9) below, is a second-
order fully nonlinear and possibly degenerate equation and therefore might
not have a unique smooth solution. It is thus imperative to relax the notion of
solutions to the HJB equation. It turns out that a suitable class of solutions
are the so-called viscosity solutions; as a matter of fact, due to the presence
of the state constraint (2.4) we will actually work in the class of constrained
viscosity solutions.

The notion of viscosity solutions was introduced by Crandall and Lions
(1983) for first-order equations, and by Lions (1983) for second-order equa-
tions. For a general overview of the theory we refer to the User’s Guide by
Crandall, Ishii and Lions (1992) and the book by Fleming and Soner (1993).
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Next, we recall the notion of constrained viscosity solutions which was
introduced by Soner (1986) and Capuzzo-Dolcetta and Lions (1990) for first-
order equations (see also Ishii and Lions (1990)). To this end, we consider a
nonlinear second order partial differential equation of the form

F(X,V,DV,D*V)=0 inQx|0,T] (3.1)

where Q is an open subset of 22, DV and D*V denote the gradient vector and
the second derivative matrix of ¥, and the function F is continuous in all its
arguments and degenerate elliptic, meaning that

F(X,p,q,A+B) <F(X,p,q,4A) if B>0. (3.2)

Definition 3.1: A continuous function V :Q x [0,T] — R is a constrained
viscosity solution of (3.1) if the following two conditions hold:

i) V is a viscosity subsolution of (3.1) on Q x [0, T]; that is, if for any
¢ e C>1(Q x [0, T]) and any local maximum point Xy € Q x [0, T] of V — ¢,

F(Xo, V(Xo), Dg(X0), D*$(X0)) <0, (33)

ii) V' is a viscosity supersolution of (3.1) in 2 x [0, T]; that is, if for any
¢ e C*1(Q x [0, T]) and any local minimum point Xo € Q x [0, T] of V — ¢,

F(Xo, V(Xo), D$(Xo), D*$(Xo)) = 0. (3.4)

Viscosity solutions in stochastic control problems arising in mathematical
finance were first introduced by Zariphopoulou (1989) in the context of opti-
mal investment decisions with trading constraints. These solutions were
subsequently used in other asset valuation problems in markets with frictions
(see, for example, among others, Davis, Panas and Zariphopoulou (1993),
Shreve and Soner (1994), Barles and Soner (1999), Duffie et al. (1997), Con-
stantinides and Zariphopoulou (1999a)) and by now they have become a
standard tool in studying asset pricing models in general markets.

One of the main advantages to work with viscosity solutions comes from
the fact that such a characterization enables us to obtain convergence of a
large class of numerical schemes for the maximized utility — value function —
as well as the optimal trading strategies. This is desirable given the absence of
optimal feedback formulas for the optimal policies due to lack of sufficient
regularity of the value function (see, for example, Tourin and Zariphopoulou
(1994) and Pichler (1996)). Another contribution of the theory is that, if can-
didate solutions of the HIB equation can be computed, the characterization
of the value function as the unique viscosity solution of the same equation
results in identifying it with the candidate solution and, therefore, obtain it in
closed form. This is actually the main ingredient that is used herein for the
construction of the value function and the optimal policies. Finally, the char-
acterization of the value function as the unique viscosity solution may be used
effectively in obtaining estimates when closed form solutions are not available.
This methodology has been successfully used in valuation models of derivative
pricing and has been rather fruitful (see, for example, Barles et al. (1993),
Constantinides and Zariphopoulou (1999a, 1999b)).
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In the sequel, we derive the HIB equation and we provide results for its
viscosity solutions and the value function. Even though most of the involved
argument follow along the lines of existing ones, we choose to present the
main steps in order to provide a concise exposition on the use of viscosity
solutions for the technically oriented audience?.

We start with some elementary properties for the value function. We note
that all the results in this section hold for general utility functions U, besides
the CRRA ones that were previously introduced (see (2.11)). The only stand-
ing assumption about the individual preferences is that U:[0,+o0) —
[0,400) is increasing and concave and satisfies the growth condition

Ux)<K(l+x)", Vx>0 (3.5)
for some positive constant K and 0 < y < 1.

Assumption 3.1: The coefficients p: [0,+00) — [0,4+00) and o : [0,+00) —
[0,400) in (2.2) have the following properties.
i) if f'stands for the functions u(S)S and o(S)S then, for all S >0

1£(S)—f(S)|<LIS—S8| and f*(S)<L(1+5? (3.6)

from some generic positive constant L.
ii) The function g : [0, +c0) — [0, +c0) satisfies

u(S)>r for§>0 and u(0)=r. (3.7)

The function ¢ : [0, +c0) — (0,400) is bounded away from zero and for all
S >0,

(u(S) = r)?
S <M 3.8
with M being a large constant.

iii) The coefficients x and ¢ are such that S; > 0 a.s. if S; > 0 and S; = 0 if
S;=0,fort<s<T.

The above assumptions were motivated by the following facts. First, stock
price processes are expected to stay positive, for positive initial condition, and
to remain at zero if they start there. For the necessary technical conditions
that ensure (iii), we refer the reader to Gikhman and Skorohod (1972). Sec-
ondly, it is natural to assume that the mean rate of return of the risky security
dominates the riskless interest rate at all levels of (positive) stock prices.
Thirdly, we impose the condition u(0) = r motivated by the behavior of the
degenerate Merton model for zero stock prices, as it was discussed in Remark
2.3. We will return to this issue at subsequent points in our analysis.

Proposition 3.1: i) The value function u is non-decreasing and concave with
respect to the wealth variable x.

3 We refer the technically non-interested reader to Section 4 which provides the closed form
solutions and the related verification results.
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.. ) , X7 x7 _
ii) There exists a constant ). > ry that — "7~ < u(x, S, 1) < —e* 771,
14 14

. . X7
iii) The value function satisfies u(x,0,t) = — "7,
Y

Proof: 1) The concavity of u is an immediate consequence of the concavity
of the utility function U and the fact that if 7' € .o/, 5), 7° € o, 5) and
A€ (0,1) then (An' + (1 — 2)7?) € A;x,+(1-)m, 5); the latter follows from the
linear dependence of the state dynamics (2.4) with respect to the control vari-
ables and the state wealth. That u is nondecreasing in x follows from the
observation that .7\, 5 S .9/, 5) for x| < x;.

ii) The lower bound for the value function follows directly from the defi-
nition of u and the fact that 7y =0, < s < T is an admissible policy. The
upper bound follows from a standard Girsanov transformation, Holder’s
inequality and the uniform bound in inequality (3.8). The relevant to
the change of measure Randon-Nikodym derivatizve is given by Zr =
exp{— J;T 0, dW, — %J;T ()f dW} with 0; = ('u(:;s()s)r). This kind of analysis
is standard in stochastic optimization problems and it is skipped for the sake
of the presentation. (We refer the reader to the book of Friedlin (1985) or, in
the context of relevant portfolio management problems, to the papers of
Huang and Pages (1992) and Duffie and Zariphopoulou (1993)).

iii) By assumption, {0} is an absorbing state and therefore if .S; = 0 then
Sy =0 for t <5 < T. The optimal strategy turns out tobe 77 =0, t <s < T
which in turn yields X; = xe’"=). The value u(x, 0, ¢) then follows from the
definition of u and the form of the utility function.

We continue with the main results of this section. We denote the solvency
domain by D = [0,+00) x [0,+00) x [0, T].

Theorem 3.1: The value function u: D — [0,+00) is a constrained viscosity so-
lution on D of the HJB equation

2(8) 2ty + 0 (S)Suxs + (u(S) — r)muy

U + m;lx 50
+ %JZ(S)SzuSS + u(S)Sus + rxu, = 0 (3.9)
with
ux,S,T)= %xy (3.10)
and

1
u(x,0,1) = ;x”e”’(T_’). (3.11)
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The fact that in general, value functions of (stochastic) control problems
and differential games turn out to be viscosity solutions of the associated
partial differential equations follows directly from the Dynamic Programming
Principle, stochastic analysis and the theory of viscosity solutions (see for
example Lions (1983), Evans and Souganidis (1984) and Fleming and Souga-
nidis (1989)). The main difficulty with the problem at hand, and in general in
all optimization problems of stochastic portfolio management, is that the
control processes, representing the risky investments, are not uniformly
bounded. In order to overcome this difficulty, we follow the approach of
Lions (1983) (see also Krylov (1980)) with which one works with the nor-
malized HJB equation which results from a time change. This methodology
was introduced in the context of stationary problems of optimal investments
with stochastic labor income by Duffie and Zariphopoulou (1993). Even
though the main arguments below are modifications of the ones used by
Duffie and Zariphopoulou (1993, Theorem 4.1) we present them here for
completeness.

Proof: We first show that u is a viscosity supersolution (3.9) in D. Let ¢ be a
smooth function on D and (xy, Sp, o) € D be a minimum of u — ¢. Without
loss of generality we can assume that

u(xo, So, l()) = ¢<X0, So, lg) and v > ¢ in D. (3.12)

We need to show that

¢t(x07 S07 ZO) + mlex G(X()7 SO) ZO; 7T) + gu(xov S()a lO) + rx0¢x(x07 SO? to) < 0

(3.13)
where
G(x0, So, to; )
= %Jz(So)n%xx(xo, So, %)
+ 7152 (S0) Sos (X0, S0, t0) + (£4(So) — 1) (X0, So, 10), (3.14)

and the operator . is defined as

$¢(XO, So, Zo) = %GZ(SQ)S§¢SS(X0, S0, to) + ,u(So)S()¢S(Xo, S0, lo). (315)

Next we consider a fixed policy 7, = np for # < s < 0 where § = min{0 :
t <0< Tand X,” = 0} with X, being the solution of (2.3) with the constant
policy being used and satisfying X, = x,. Since such policies are in general
suboptimal, we get that

u(xo, S(), lo) > E[u(/\;(;, Sg,@)/)?,o = Xy, Slo = So].

On the other hand, applying Itd’s lemma to the smooth function
#( Xy, S5, ) for 19 < 5 < 0, yields
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E[¢(X97S970)/X1 = X(),S[ - SO]

(4
= ¢(x0, So, o) + EH {G(X,, Sy, 5;m0) + LP( Xy, Sy, 5)

fo
+ rXY¢x(XYa ‘SSa S)} ds/if() = X(), SY[) = SO *

Combining the above and using standard estimates from the theory of
stochastic differential equations (see Gikhman and Skorohod (1972)), we get

0
E“ {¢,(x0, S0, t0) + G(x0, S0, to; m0) + L P(x0, So, to)

fo

0
+ rxo,(x0, S0, 20)} dS/Y,O = Xx0,8, = So} + EJ h(s)ds <0

fo

where h(s) = O(s). Dividing both sides by E(f) and passing to the limit as
n — oo, inequality (3.13) follows.

We next show that u is a viscosity subsolution of (3.9) on D. Let ¢ be a
smooth solution on D and let us assume that u — ¢ has a maximum at a point
(x0, S0, to) € D. Without loss of generality we may assume that u(xy, So, fy) =
#(x0, So, to) and u < ¢ otherwise. We need to show that

¢t(X(), S(), lo) + m;;lx G(Xo, S(), to; 77,') + ,ff(ﬁ(Xo, S(), l()) + VX0¢X()CQ, S(), [0) > 0.
(3.16)

In order to show the above inequality, we first recall that the value function u
is a viscosity subsolution on D of the normalized HJB equation

neR

1 1 2 2
max {1 g [(u, + i (S uyy + 0°(S)nSuys + (u(S) — r)nux>

—&-gu—&—rxux” =0. (3.17)

(For a proof see Lions (1983).) We next look at the following cases.

Case A. ¢ (x0,S0,10) = 0 and a*(Sy)Sod,s (X0, S0, 20) +

(u(So) — r)p(x0, S0, t0) # 0. Then (3.16) is automatically satisfied since the
right-hand side of (3.16) is +co.

Case B. ¢,.(x0, S0, %) > 0 and O'Z(SQ)So¢xS(Xo, So, to) +
(u(So) — r),(xo0, S0, ) # 0. This is the same as the situation in Case A.

Case C. ¢, (x0, S0, to) = 0 and *(So)Sob..s(x0, So, ) +
(u(So) — r),(x0, S0, ) # 0. Then (3.16) becomes

$.(x0, S0, t0) + L¢(x0, So, to) + rxop (X0, So, to) = 0. (3.18)
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We argue by contradiction. Let us assume that (3.18) is not true. Then define
A= — [4’5,()607 So, Zo) + $¢(X(), S0, lo) + VX()¢X(X(), So, lo)] > 0. (319)

Using the fact that u — ¢ has a maximum at (xo, So, fo) and inequality (3.19),
the normalized HJB equation (3.17) yields

A
max———-5 <
e 1 —|—7‘[2

which is a contradiction because

max——=A4 > 0.
ez 1 + w2

Case D. ¢..(x0,S0,%) < 0 and 2(So)Sods(x0, S0, to) +
(u(So) — r)d.(x0, S0, 20) # 0. Then the maximum with respect to 7 of

L2 (So)m* ¢ (x0, So, t0) + 02 (S0) Someh .5 (x0, So, 10)
+ (1(So) — )¢y (x0, S0, o)

occurs at a finite point, denoted n*. We argue again by contradiction. Let us
assume that (3.16) does not hold, that is

= — [¢,(x0, S0, t0) + %02(50)(7T*)2¢XX(X0,507 t)
+ 62 (So)So* p5(x0, So, o)

+ $¢(X0, S()a ZO) + VX0¢X(X0, S07 l())] > 0.

From the normalized HJB equation, we get max ;
nEY

5 <0 which again
v

yields a contradiction.

Case E. ¢..(x0,S0, %) < 0 and 2(Sp)S¢..s(x0, S0, o) +
(u(So) — r)d.(x0, S0, 2) = 0. This is the same as the situation in Case C.

We conclude this Section by presenting a uniqueness result for viscosity
solutions of the HJB equation. Such a uniqueness results will be used in the
sequel to identify the candidate closed form solution with the value function.
As it is common in the literature of nonlinear partial differential equations, we
present the uniqueness theorem as a comparison result.

Theorem 3.2. Let u be an upper-semicontinuous concave, with respect to Xx,
viscosity subsolution of (3.9) on D and v a supersolution of (3.9) in D that is
bounded from below, uniformly continuous on D and locally Lipschitz in D, such
that u(x,S,T) = v(x,S,T) and u(x, S, 1) + v(x, S, t) < O(x?), for x large, uni-

formly in S and t. Then u < v on D.
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The precise arguments used in the general proof of uniqueness of viscosity
solutions for second order non-linear partial differential equations are rather
lengthy and can be found in Ishii and Lions (1990) or in the User’s Guide by
Crandall, Ishii and Lions (1992). In the context of HIB equations arising in
stochastic optimization problems of portfolio management, such uniqueness
proofs can be found in Zariphopoulou (1989), (1994) and Duffie and
Zariphopoulou (1993). Below, we only present the main steps of the proof
and refer the technically oriented reader to Theorem 4.2 of Duffie and
Zariphopoulou (1993).

We consider two functions u and v which have the desired properties and
satisfy the appropriate growth conditions as stated in the assumptions of the
theorem. The function u is a viscosity subsolution of (3.9) on D and v is a
viscosity supersolution of (3.9) in D.

Next, we consider an arbitrary constant m > 0, we define the func-
tion @"(y,t) =u(y,t) —v(y,t) —m(T — ) and we look at sup @"(y,1).

(y,0)eD
Clearly, if sup @"'(y,t) occurs at t = T for all m > 0, then the comparison
(y,0)eD
follows from using that u(y, T) = v(y, T) and passing to the limit as m | 0. It
remains to investigate if the comparison holds for the other case, i.e. in the
case that there exists m >0 with sup @"(y,f) >0 and the maximum
(y,0)eD

occurs at a point (y,, fo) € D such that 7y < T. We are going to establish that
this case cannot occur. To this end, we consider the function #(y,?) =
u(y,t) —m(T — t) and we define for y = (x,S), z= (%, S) with x,%,5,S e
[0, +c0), the function

z—y 4 e —
#(r,2,0) = [FF = dn| +00c+ 8) (T — 1)

where 7 € R?, ¢ € (,1) and 0,6 are positive constants.

From the growth assumptions on « and v, the definition of # and the role
of m, we get that the maximum of Y(y,z, ) =a(y,t) —v(z,t) — ¢(y,z,1)
occurs at a point, say (3,z,7) that converges to (y,,%) asd,60 | 0 and ||5]| | 0.
Using a straightforward variation of the arguments used in Theorem 4.2 of
Duffie and Zariphopoulou (1993) we get — after tedious but routine calcu-
lations — that m < 0 which is a contradiction. Note that the HJB equation
studied in Duffie and Zariphopoulou (1993) has a similar structure to (3.20),
(3.21) and (3.22) and the necessary calculations are explicitly outlayed in
Theorem 4.2 of their paper.

4. Closed form solutions of the HJB equation

In this section, we derive closed form solutions for the value function and the
optimal policies. We establish that the value function can be written as

1 5 . . . .
u(S, y, 1) = ;x’v(S, 1)° for § = 1 — y, with v solving a linear parabolic equa-

tion. The coefficients of the latter depend on the market coefficients and the
risk aversion 1 — 7.
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In order to demonstrate the key calculations, we start with a formal anal-
ysis assuming that all the required derivatives of the relevant solutions exist.
The rigorous results together with necessary assumptions on the market
coefficients are presented in subsequent theorems.

To this end, we continue with the construction of a candidate solution of
the HJB equation (3.9).

As it was discussed earlier, the homogeneity of the utility function together
with the fact that the state X, and the control 7, appear linearly in (2.3), sug-
gest that the value function must be of the form

u(x, S, 1) = x?} (S, 1). (4.1)

Direct substitution in the HIB equation (3.9) yields that V'(y, ) solves

1 1
5 [V, + 5<72(S)S2 Vss + u(S)SVs| +rV

+m§x[%(y1)02(S)ﬁ2V+o—2(S)SﬁVS+(ﬂ(S)r)sz =0 (42

together with the terminal and boundary conditions

V(S,T)=1 and V(0,7) =", (4.3)

Note that the control 7 corresponds T with = being the control variable
appearing in (3.9). X

We now apply, formally, the first order conditions in (4.2). Observe that
the maximum over 7 in (4.3) is well defined because 0 < y < 1 and one has
that (S, ¢) > 0 (see Proposition 3.1). We have that the maximum is achieved
at

o2(S)SVs(S,1) + ((S) = V(S,1)

7(S, 1) = (1 =)a2(S)V(S,1)

(4.4)

Substituting the above form of 7*(S, ¢) in (4.2) yields that ¥ must solve

1

5 Vi+ 1aZ(S)S2 Vs + ﬂ(s)SVS] Fa [(u(S) = 1)V + a*(S)SVs)?

2(1 —p)a2(S)V

> =0.

Expanding the quadratic term in the above equation and rearranging terms

gives

P(u(S) —r)S
(I=7)

p(u(S) —r)? yo*(S)S? V3
21 —y>a2<s>] - v *3

1
Vv, +§<72(S)S2 Vss + [/x(S)S+ ]Vs

+ |y +
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We now make the following transformation*. We let
V(S, 1) =u(S,1)° (4.6)
for a parameter J to be determined. Differentiating yields
V, =00, Vs =0vs0®!, Vg = vgsr®! +0(0 — l)vév(s’z.

Substituting the above derivatives in (4.5) gives

X 1 V
Sv® ! + 3 JZ(S)SzévSSv()_]

1 .
+5 a*(S)S%5(0 — v’ 2 + [,u(S)S -

+ [+

Hu(S) =0 | 5 | 797(S)S%6 o0
2(1 =7)a*(S) 21—y

which in turn implies that v solves the quasilinear equation

y(u(S) — V)S} o
(1-7)

02(§)52§{(51)+L5}0.

1
v +§O'2(S)52USS + [,u(S)S +

y(u(S) —n)?

- —

The above expression indicates that if we choose the parameter J to satisfy
o=1-y 4.7

then, equation (5) becomes a /inear parabolic differential equation. In fact, if &
satisfies (4.7) then v solves

v+ 30%(8)S%vss + [u(S)S + ¢(S)|vs + k(S)v =0 (4.8)
with
o(S,T)=1 and v(0,7) = el"/(1=7DT=0) (4.9)

The functions ¢(S) and k(S) are given in terms of the market coefficients,

c(S):y(“((]S)__y)r)S (4.10)
.y (u(S) —r)?
KS) =1 r+2(1_y)02(S)]. (4.11)

4 This novel transformation was first introduced in Zariphopoulou (1999a).
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We will refer to 0 as the distortion power.

Observe that, J coincides with the Risk Aversion coefficient of the utility
function. Also, notice that if 0 < y < 1, then k(S) > 0 and under appropriate
regularity and growth conditions, one expects, through the Feynman-Kac
formula, the stochastic representation

Ty (4(Ss) = 1) S _
eprr T [r+2o2(§ = y)] ds/S, = S] (4.12)

where the process SS, t <s < T solves

u(S,t) =E

dY, = [u(Sy)Ss + c(Sy)] ds + a(S,) Sy dW;. (4.13)

The process W is a standard Brownian motion on a probability space
(2,9,0) and E is the expectatlon with respect to Q. Observe that the above
stochastlc differential equation is similar to (2.2) but with a modified drift.

From all the above we see that the value function u is expected to be
represented in the form

Y
u(x, S, 1) = %u(s, ' (4.14)

or, alternatively,

LA s
u(x, S, 1) :x7 (E

with Sy solving (4.13).

Using (4.4) and the representation formula (4.14) for the value function,
one obtains the following simplified expression for the optimal feedback port-
folio function

Ty (u(S,) = 1) - N
expjt T [H—Z(l — y)aZ(S'S)] ds/St = S])

(4.15)

Svs(S, 1) 1L w(S)—r
(S 1) 1—y a%(S)

n*(x,S,t) = (4.16)

From classical arguments in stochastic control theory, one recovers the
optlmal portfolio process via I1; =« (X* Y,,s) fort < s < T, where n* is as
in (4.16) and the optimal wealth X' is given by (2.3) with the optlmal process
IT7 being used.

The following theorem provides a verification result for the value function.
y
Theorem 4.3: The value function u is given by u(x,S,t) = X—U(S, N7 where v
V
is the unique viscosity solution of (4.8) and (4.9).

Proof: Applying the results of Ishii and Lions (1991) one easily gets that
equation (4.8) has a unique viscosity solution satisfying the boundary and
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terminal conditions (4.9). As a matter of fact, one can show (Lions (1983))
that v admits the stochastic representation (4.12). From (4.12) and the
. . . S) —
uniform bound on the risk-premium term M
a*(S)
r M?
4 n V -
I=7 2(1-y)
Applying once more the definition of viscosity solutions to F(x,S,7) =

(see (3.8)) one gets that

(S, 1) < M7 with /. =

x? — . . . L .
—o(S, l)1 7, one verifies easily that F is a viscosity solution of the HJB equa-
7

tion for x >0, S >0 and 7€ [0, T). Moreover, the fact that F is a viscosity
subsolution at the boundary points (0,S,¢) for S >0, r€0,T) is a direct
consequence of the infinite slope Fy(x,S,?) as x — 0. Therefore F is a con-
strained viscosity solution of the HJB equation and it also belongs to the
appropriate class of solutions in which uniqueness has been established. Be-
cause the value function belongs to the same class, we readily conclude that

x7 1—y
u(x,S,t) =F(x,S,1t) = ?U(S, 1)

Remark 4.1: Observe that as S — 0, the equation (4.8) “converges” to

v +1r—_yyv = 0 which yields the solution v(0,7) = e"?/(1=)(T=) recovering
the boundary condition (4.9).

5. Investment models with intermediate consumption

In this section we analyze the optimal investment model when intermediate
consumption is allowed. Models of optimal consumption may allow for either
infinite or finite trading horizon. In the case of infinite horizon trading, the
investor does not acquire any utility from his wealth holdings in that his utility
depends only on the consumption stream. If trading takes place in a finite
horizon, the agent maximizes his utility function from intermediate consump-
tion as well as his bequest utility from terminal wealth.

To preserve consistency with the optimal portfolio management model
previously studied, we introduce and analyze the investment/consumption
model in the case that the trading horizon is finite. We assume that the indi-
vidual preferences are modelled through a Constant Relative Risk Aversion
utility and a bequest function of the same risk aversion. Employing a similar
transformation as in the absence of intermediate consumption, we obtain the
value function and the optimal policies in closed form. The solutions are pro-
vided in terms of the “distorted’ solution of an underlying equation as it was
the case in (4.8). The fundamental difference when intermediate consumption
is allowed is that the underlying equation turns out to be an inhomogeneous
as opposed to the homogeneous linear parabolic partial differential equation
(4.8).

Below we introduce the optimal investment and consumption model and
we derive the closed form solutions. We choose not to present any rigorous
results because most of the arguments needed to establish that the value
function is the unique constrained viscosity solution of the relevant HJB
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equation follow along the lines of Theorems 4.1 and 4.2 of Duffie and
Zariphopoulou (1993) as well as Theorems 3.1 and 3.2 herein. Once the
uniqueness property is established, the verification follows readily if a smooth
candidate solution is available.

To this end, we consider an optimal investment/consumption model of a
single agent who manages his portfolio by investing in a bond and a stock
account. The processes that the prices of the primary securities follow are the
same as before solving (2.1) and (2.3).

The investor rebalances his portfolio dynamically by choosing at any time
s, for se[t,T] and 0 <¢< T, the amounts n’ and =, to be invested
respectively in the bond and the stock accounts. He also consumes out of his
bond holdings at a rate C,;. His total wealth satisfies the budget constraint
X, = ¥ + 7, and the stochastic differential equation

(5.1)

dXs = rX,dt + (u(Sy) — r)ngds — Cyds + o (Ss)ms AW
X,=x>0 0<r<s<T.

The above state equation follows from the budget constraint and the dynam-
ics in (2.1) and (2.2). The wealth process must also satisfy the state constraint

X;>0 aet<s<T. (5.2)

The pair of control processes (7, Cy) is said to be admissible if it is
Fs-progressively measurable, where #, = a(W,;t < u < s), satisfies the inte-
grability conditions E J;T Cyds < +o0 and E J;T o(Sy)’ntds < +o0 and, is
such that the above state constraint is satisfied. We denote by .o/ the set of
admissible policies.

The investor’s objective is to maximize his expected utility

J(x,8,t;m, C) = EUT U(Cy)ds+ @(Xr)/ X, =x,S =S/, (5.3)

t

with Xj, S; given in (5.1) and (2.2) respectively.
The value function of the investor is

v(x,S,t) = sup J(x,yt;7n). (5.4)
(n,C)eod

The utility function U : [0,+00) — [0,+00) and the bequest function @ :
[0,400) x R — [0,+0c0) are of the form

U(e) = %CV and &(x) = %xy. (5.5)

As it was the case in the model of Section 2, the special form of the above
functions together with the fact that the state equation (5.1) is linear with re-
spect to the portfolio and the consumption control processes, suggest that the

. . . x7
value function can be written in the “separable form” v(x, S, ) = —h(S,?).
7

The next goal is to determine the function /.
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We impose the same assumptions on the coefficients as in the no
consumption case. These assumptions imply therefore that if S;=0,
Sg=0 for +<s<T which in turn yields the deterministic wealth
equation dXy; =rX;ds — Cyds. The solution to the deterministic control

1

C’ . . -

problem  ¥(x,t) = sup J —%ds, with the state constraint X, >0,
c=0J: 7

t <s < T, can be easily computed and it is givelzn by

L=\ oaoma—n _L=7) 7
Y(x,t)=|(1+ 0 et/ (=m)(T=1) _ ) Therefore

) 1-y
b(x,0,0) = [(1 n ﬂ) oI/ (1=)(T=1) _ ﬂ} _
V I ry
Next, we state the main result and we outline the relevant computations.
Proposition 5.1: 1) The value function v is given by
y
o

o, 8,1) = (S, 1) (5.6)

where
h(S, 1) =w(S, 1)

with w: R x [0, T| — R" being the solution of

| y(u(S) =S

(u(S) —r)?
25%(S)(1 = 7)

v

+1_y

r+ w+1=0 (5.7

1- /(] 1-
w(S,T)=1 and w(0,1) = (1 —i——y)e('y/(]_”))(T_’) 7 (5.8)
ry ry
i) The optimal investment policy II; is given in the feedback form
II7 =n*(X/,Ss,s), t<s<T, where the function n*:R" x[0,T] — R is
defined by

(5.9)

e = [s280 , Lu9) 1,

w(S, 1)  1—7y a2(9)

iii) The optimal consumption policy C} is given in the feedback form
Cr=c*(X/,Ss,5), t<s<T, where the function ¢*: RT x[0,T) — R" is
defined by

x

c*(x,8,1) :m. (5.10)

We continue with the formal derivation of (5.6), (5.9) and (5.10).
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Following similar arguments as in the proof of Theorem 3.1 we can derive
the HJB equation associated with the optimal consumption problem presented
below

v, + max Eoz(S)nzvxx + 6*(8)Smvys + (u(S) — r)nvx]
1, 2 1
+ o (S)S*vss + 1(S)Svs + rxvy + max —Cu, +;C' =0. (5.11)
>

y
Direct substitution of a candidate solution v(x, S,7) = x—h(S ,1) yields
b4

1
|:h5 + Edz(S)SthS + ,u(S)ShS} +rh

= |-

+ max B (y — Da*(S)@*h + o> (S)Snhs + (u(S) — r)ith

~ 1~
—&-max[—Ch—&——C’] =0. (5.12)
C>0 14
- = . n Cc .
Note that the controls 7 and C correspond, respectively, to p and < with 7

and C being the control variables appearing in (5.11).
We now apply, formally, the first order conditions. We have that the
maximum is achieved at

a?(S)Shs(S, ) + (u(S) — r)h(S, 1)

TS = ) S)HS, 1) G-13)
or, in terms of (x, S, ), at

7 (x,8,1) = ‘72(S)Sh(sl(f’;;;(gﬂ)(}ls&t;)h(s’ & (5.14)
Similarly, the maximum over C is achieved at

C*(S,1) = h(S,)"/0~D (5.15)
or, in terms of (x, S, ¢) at

C*(x, S, 1) = xh(S, )"0V, (5.16)

The equalities (5.13) and (5.15) follow from (5.11) and the first order
conditions. ~
Using the form of 7*(S,¢) and C*(S,¢) in (5.12) yields
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1
ym 22@w%$+ﬂ@w% +rh

[(IU(S) B V)h + Uz(S)ShS]Z 1 - yhy/(yfl)

21— )(S)h y =0

+

Expanding the quadratic term in the above equation yields

he+ %02(5)52}155 + [u(S)S +M} hs

(I=7)
2 2
* V“zyflﬂﬁsy)izr()ks)lh*gﬁ(f)yf%+<1y)h?’/”“0~ (5.17)

‘We now make the transformation

h(y, 1) =w(y,1)° (5.18)

used in previous sections, with ¢ being a constant to be determined. Sub-
stituting the derivatives of 4 in (5.17) gives

) 1 X
w1 4 EUZ(S)Széwyywé’I
1, 2 2,02 y(u(S) —r) 5—1
+50 (8)S%6(0 — D)wyw® =+ | u(S) + (=)0 owyw
Y ) 2 52W2W25 1)
N W+?WG)'D Lo 4 79°(S)S
2(1 = »)a*(S) %1—@ we
+ (1= p)w?/= =0
which in turn implies that v solves the quasilinear equation
w, + 1O'Z(S)SZ//ISS + |:,M(S)S + )/(/I(S)—V)S:| hs
2 (1=7)
L o) =n ] - a%(8)s* W) y
z DS —1) e
i vyt K el Ayt
+Q%l%@w%m4mw:0 (5.19)

The above expression indicates that if we choose the parameter J to satisfy

s=1-y (5.20)
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then, equation (5.19) becomes the inhomogeneous linear parabolic equation
wi +362(8)S?wss + [u(S)S + ¢(S)ws + k(S)w+ 1 =0, (5.21)

where the coeflicients ¢(S) and k(S) are the same functions as in (4.10) and
(4.11), restated below for completeness

_(lS) - 9)s
“8)= (1—-7)

o [ s -
AR T y>02<s>]'

Using (5.15) and (5.16) and the above representation formula, one obtains
the following simplified expressions for the optimal feedback portfolio
functions

* WS(Sv t) 1 ﬂ(S) - r
' = . 22
(%, S,1) [W(W, 51—y a(S) ~ (522)
and the optimal feedback consumption rate
C*(x,S,1) = ——~ (5.23)
T w(S, ) '

From classical arguments in stochastic control, under enough regularity
one expects to recover the optimal portfolio and consumption processes via
I} = n* (X[, Y,,s) and Cf = C*(X[, Yy,s) for t <5 < T, where n*, C* and
Y, are as in (5.22), (5.23) and (2.3) respectively and the optimal wealth X" is
given by (2.4) with the optimal process II; being used.

Observe that as S — 0, the equation (5.21) “converges” to

wy + I v ; w+ 1 = 0, which yields the solution

1— _
w(0,1) = (1 + Ty) e/ (1=9)(T=1) _ Y recovering the boundary condition
(5.8).

Besides the case of non-linear stock dynamics, one could investigate the
optimal consumption/investment model when the stock price is affected by a
non-perfectly correlated stochastic factor. Partial results for models without
intermediate consumption are presented in Zariphopoulou (1999a). When
intermediate consumption is allowed, preliminary work indicates that the
“reduced” linear equation (5.8) becomes a reaction-diffusion equation (see
Zariphopoulou (1999b)) in the case of diffusion price processes and an integro-
differential reaction-diffusion equation (see Zariphopoulou (1999c)) when asset
prices are modelled as jump/diffusions.
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