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Abstract

In Ito-diffusion environments, we introduce and analyze N-player and common-noise mean-field
games in the context of optimal portfolio choice in a common market. The players invest in a finite
horizon and also interact, driven either by competition or homophily. We study an incomplete market
model in which the players have constant individual risk tolerance coefficients (CARA utilities). We
also consider the general case of random individual risk tolerances and analyze the related games in a
complete market setting. This randomness makes the problem substantially more complex as it leads
to (IV or a continuum of) auxiliary “individual” Ité-diffusion markets. For all cases, we derive explicit
or closed-form solutions for the equilibrium stochastic processes, the optimal state processes, and the
values of the games.

1 Introduction

In Ttd-diffusion environments, we introduce N-player and common-noise mean-field games (MFGs) in the
context of optimal portfolio choice in a common market. We build on the framework and notions of [12]
(see, also, [11]) but allow for a more general market model (beyond the log-normal case) and, also, consider
more complex risk preferences.

The paper consists of two parts. In the first part, we consider a common incomplete market and players
with individual exponential utilities (CARA) who invest while interacting with each other, driven either
by competition or homophily. We derive the equilibrium policies, which turn out to be state (wealth)-
independent stochastic processes. Their forms depend on the market dynamics, the risk tolerance coeffi-
cients, and the underlying minimal martingale measure. We also derive the optimal wealth and the values
of both the N-player and the mean-field games, and discuss the competitive and homophilous cases.

In the second part, we assume that the common Ito-diffusion market is complete, but we generalize the
model in the direction of risk preferences, allowing the risk tolerance coefficients to be random variables.
For such preferences, we first analyze the single-player problem, which is interesting in its own right.
Among others, we show that the randomness of the utility “distorts” the original market by inducing a
“personalized” risk premium process. This effect is more pronounced in the N-player game where the
common market is now replaced by “personalized” markets whose stochastic risk premia depend on the
individual risk tolerances. As a result, the tractability coming from the common market assumption is
lost. In the MFG setting, these auxiliary individual markets are randomly selected (depending on the type
vector) and aggregate to a common market with a modified risk premium process. We characterize the
optimal policies, optimal wealth processes, and game values, building on the aforementioned single-player
problem.

To our knowledge, N-player games and MFGs in Ito-diffusion market settings have not been considered
before except in preprint [6]. Therein, the authors used the same asset specialization framework and same
CARA preferences as in [I2] but allowed for Ité-diffusion price dynamics. They studied the problem using
a forward-backward stochastic differential equation (FBSDE) approach. In our work, we have different
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model settings regarding both the measurability of the coefficients of the Ito-diffusion price processes and
the individual risk tolerance inputs. We also solve the problems using a different approach, based on the
analysis of portfolio optimization problems of exponential utilities in semi-martingale markets.

The theory of mean-field games was introduced by Lasry and Lions [I3], who developed the fundamental
elements of the mathematical theory and, independently, by Huang, Malhamé and Caines who considered
a particular class [§]. Since then, the area has grown rapidly both in terms of theory and applications.
Listing precise references is beyond the scope of this paper.

Our work contributes to IN-player games and MFG in Ito-diffusion settings for models with controlled
processes whose dynamics depend linearly on the controls and are state-independent, and, furthermore,
the controls appear in both the drift and the diffusion parts. Such models are predominant in asset pricing
and in optimal portfolio and consumption choice. In the context of the general MFG theory, the models
considered herein are restrictive. On the other hand, their structure allows us to produce explicit/closed-
form solutions for It6-diffusion environments.

The paper is organized as follows. In Section [2 we study the incomplete market case for both the
N-player game and the MFG, and for CARA utilities. In Section [3] we focus on the complete market case
but allow for random risk tolerance coefficients. In analogy to Section [2] we analyze both the N-player
game and the MFG. We conclude in Section

2 Incomplete Ito-diffusion common market and CARA utilities

We consider an incomplete Ito-diffusion market, in which we introduce an N-player and a mean-field game
for players who invest in a finite horizon while interacting among them, driven either by competition or
homophily. We assume that the players (either at the finite or the continuum setting) have individual
constant risk tolerance coefficients. For both the N-player and the MFG, we derive in closed form the
optimal policies, optimal controlled processes, and the game values. The analysis uses the underlying
minimal martingale measure, related martingales, and their decomposition.

2.1 The N-player game

Consider a probability space (€2, F,P) supporting two Brownian motions (W4, Wty)te[oﬂ, T < oo, imper-
fectly correlated with the correlation coefficient p € (—1,1). We denote by (F):e[o,7) the natural filtration
generated by both W and WY, and by (G;)ie[o,7] the one generated only by W¥. We then let (u)efo,r)
and (0¢)¢e[0,g be Gi-adapted processes, with 0 < ¢ < 0; < C and || < C, t € [0,T], for some (possibly
deterministic) constants ¢ and C.

The financial market consists of a riskless bond (taken to be the numeraire and with zero interest rate)
and a stock whose price process (S;):e[o, 1) satisfies

dSy = pueSpdt + 0¢Sy dWy,  Sp = sp € RT. (21)

In this market, N players, indexed by ¢ € Z, Z = {1,2,..., N}, have a common investment horizon [0, T
and trade between the two accounts. Each player, say player ¢, uses a self-financing strategy (wf)te[oﬂ,
representing (discounted by the numeraire) the amount invested in the stock. Then, her wealth (Xti)te[(),T]
satisfies

dX; =7} (e dt + oy dWy), X, =m; €R, (2.2)

with 7! being an admissible policy, belonging to
T
/ o?nlds| <ocop. (2.3)
0

Asin [12] (see also [I1 [, @] 10} 111, 20] ), players optimize their expected terminal utility but are, also, con-
cerned with the performance of their peers. For an arbitrary but fized policy (71, ..., mi—1, Tit1,.--,TN),
player i, ¢ € Z, seeks to optimize

A= {ﬂ' : self-financing, F-progressively measurable and Ep

V*(z1,...,2,...,xN) = sup Ep {—exp (—5 (Xr}—ciCT)>'X3 =x1,..., X =z, XY :J:N} ,
TieEA i
(2.4)



where

1L
Cr = N;X% (2.5)

averages all players’ terminal wealth, with X%, j=1,...,N, given by .

The parameter ¢; > 0 is the individual (absolute) risk tolerance while the constant ¢; € (—oo, 1] models
the individual interaction weight towards the average wealth of all players. If ¢; > 0, the above criterion
models competition while when ¢; < 0 it models homophilous interactions (see, for example, [14]). The
optimization criterion can be, then, viewed as a stochastic game among the N players, where the
notion of optimality is being considered in the context of a Nash equilibrium, stated below (see, for example,

[2])-

Definition 2.1. A strategy (7} )cpo, 1] = (m*, .. ,Wtjv’*)te[o,;p] € A®N s called a Nash equilibrium if, for
each i € T and 7* € A,

1., ,
EIP [—eXp<—6_ (X;’ —Cic;«>)‘Xé:$1,...,X8:Z‘i,...,X(])V=$N:|
1/ » |
> Ep {—eXp(—J(XzT—CiC# ))‘Xé:xl,...,X(’):xi7...,XéV:$N (2.6)

with
1M , 1 N 4
Chi=5 D Xg" and Cplo=o | > X3"+ X7 |,
j=1 j=1#i
where X%*, j €T, solve (2.2) with ©7* being used.

In this incomplete market, we recall the associated minimal martingale measure QMM | defined on Fr,

with
dQMM 1 /T ) T
=exp|—= AZds — / AsdWys |, 2.7
dP ( 2 Jo ) (2.7)

where \; 1= ’;—:, t € [0,T], is the Sharpe ratio process (see, among others, [5]). By the assumptions on the
model coefficients, we have that, for t € [0,T], \; € G; and

Al < K, (2.8)

for some (possibly deterministic) constant K. We also consider the processes (Wt)te[(),;p] and (Wty)te[(),T]
with Wt =W+ fot As ds and Wty =WY + pfot A ds, which are standard Brownian motions under Q™M
with W, € F, and W) € G,.

Next, we introduce the QMM _martingale (M¢)ecio,m,

M = Eguu {eié(lfpz)foT A% ds

Qt} : (2.9)

From (2.8)) and the martingale representation theorem, there exists a Gi-adapted process & € L2 (P) such
that

AM, = &M, dWY = &M, <p AW, + /1 — p2 dWﬁ) , (2.10)

where W is a standard Brownian motion independent of W; appearing in the decomposition WY =
th + A/ 1-— pQth.
In the absence of interaction among the players (¢; = 0, i € 7), the optimization problem (2.4) has been

analyzed by various authors (see, among others, [I7, [18]). We recall its solution which will be frequently
used herein.



Lemma 2.2 (no interaction). Consider the optimization problem

v(x) = sup Ep [767%”
acA

2o = :17] , (2.11)

with 0 > 0 and (x¢)ep0,7] solving
d.’L't = Q¢ (/Lt dt+0't th), o= € R, a€ A (212)

Then, the optimal policy (af)te[o 7] and the value function are given by

At p &
S 2 St 2.13
i =o (2 L8, (213)
and . 1
’U(.’L‘) = —e_%zMF = _e—%z (E MM [6_%(1_p2)‘[f AL ds:|) e ) (214)

with (§&)yepo,r) as in (2.10).

Proof. We only present the key steps, showing that the process (ut)te[O,T] ,

1
al)"
with ug = v(x), * € R, is a supermartingale for z; solving (2.12) for arbitrary o € A and becomes a
martingale for o* as in (2.13]). To this end, we write

Up 1= e (EQMM [e_%(l_pQ)ftT Alds

- 1 1 t
up = —e" 3 M7 eNt with N, = 5/ A2 du,
0

and observe that

U 1 1 u
d’LLt = —§t dl’t + ﬁut d<fE>t —+ uq dNt + 1—7p2ﬁtt th
1 p2 Ut 1 Ut
5 dM)y - ———— d(x, M
Taa— 1 g MM s ey g, W M
1 LT 55 1o P P 2 P
= U (—5atut t552%0 T oA+ 1_7p2£t/\t + 20— p2)2§t T 50— p2)at0t€t dt

1 1
=+ uy (—5at0t th + 1= p2 ft thY)

1 1 ? 1 1
= Qut (—5O'tat + At + 1_pp2§t> dt + uy (—6(1t0t dW; + mft thY) .

Because u; < 0, the drift remains non-positive and vanishes for ¢ € [0, 7] if and only if the policy

At p &
*:5 7t St
at <0t+1_p20't

is being used. Furthermore, a* € A, as it follows from the boundedness assumption on o, inequality (2.8])
and that £ € £2 (P). The rest of the proof follows easily. O

Next, we present the first main result herein that yields the existence of a (wealth-independent) stochas-
tic Nash equilibrium.

Proposition 2.3. For §; > 0 and ¢; € (—o0, 1], introduce the quantities

1 < 1<
PN = N ;61- and Yy = )i ;ci, (2.15)



and

N PN
6i = (Si + Ci. 2.16
— (2.16)
The following assertions hold:
1. Ifin <1, there ezists a wealth-independent Nash equilibrium, (7} ),c(0. 7] = <7rt1’*, T Al

where Wi’*, i € L, is given by the Gi-adapted process

i 7 (M P&
e _ s (M 133 2.1
w2 2R, (2.17)
with (& )ejo,r) as in (2.10). The associated optimal wealth process (XZ*) 011 is
te(o,
t
< P

and the game value for player i, i € L, is given by

, 1 1
V' (z1,22,...,TN) = —exp <_6- (z; — cw)) My~
oo (L e
= —exp 5, Ti — G

1

(Bguoas [em 30 dm 0 ) 120 (2.19)

. — 1 N .
with T = « > ;1 .

2. If vy =1, then it must be that ¢; = 1, for oll i € T, and there is no such wealth-independent Nash
equilibrium.

Proof. We first solve the individual optimization problem (2.4]) for player ¢ € Z, taking the (arbitrary)
strategies (7!,..., 7wt w1 .. 7N) of all other players as given. This problem can be alternatively
written as
. 1 .
v' (Z;) = sup Ep [—exp (—5:%)
TieA d;

where Z := X] — % ;V:l X7, te[0,T], solves

Tl = x} , (2.20)

dit =7 (pedt + oy dWy)  and &) = 3 == x; — ¢;7.

From Lemma [2.2] we deduce that its optimal policy is given by
ik A
ﬂ't) :5z(t+ pZ&)v

o 1—p?o;

and thus the optimal policy of (2.4]) can be written as

- :5i<t+ p ft)+]cv S+t (2.21)

Ot 1-— p2 Ot i
Symmetrically, all players j € Z follow an analogous to (2.21)) strategy. Averaging over j € Z yields

N N
1 ik 1 ik At p &
N;% _’(/}Nﬁizlﬂt +(‘0N<0t+1p20t

with ¢ and ¢y as in (2.15). If ¢y < 1, the above equation gives

N
1 ix __ ®N At p &
Nizzlﬁt _11/)N<Ut+1p20t ’

and we obtain (2.17)). The rest of the proof follows easily. O




We have stated the above result assuming that we start at ¢ = 0. This is without loss of generality, as
all arguments may be modified accordingly. For completeness, we present in the sequel the time-dependent
case, in the context of a Markovian market.

Remark 2.4. As discussed in [12, Remark 2.5], problem (2.4) may be alternatively and equivalently rep-
resented as

Vi (x1,...,2N) = SuaE]}» [—exp (—5/ (X3 _C;JCTZ)>‘X(% =z, X =z, XYY :xN] ,
S i
with C° :LZN X and(s-:‘sié and c; = <
T - N—-1 Jj=1,5#1 T 2 1+L—¢ i

N—1 cl
N-1% —1 4 %
' N TN

Remark 2.5. Instead of working with the minimal martingale measure in the incomplete Ito-diffusion
market herein, one may employ the minimal entropy measure, QM¥ | given by

dQME 1 T T T
= exp —7/ (A2 +x2) ds—/ As dWS—/ s AW |, (2.22)
dP 2 Jo 0 0

where x; = —Z;i- and (yt, Zy, Ztl)

+€[0,7] solves the backward stochastic differential equation (BSDE)

1 1
—dy, = (—2A§ + 5(Ztl)2 - /\tZt> dt — (Zy dWy + Z-dW-) and  yr = 0. (2.23)

The measures QME and QMM qre related through the relative entropy H in that —H(QME|P) = # In M,
(cf. [T7]). We choose to work with QMM for ease of the presentation.

From Lemma we see that the Nash equilibrium process,

x5 (M P&
R P (i St
Tt (O’t + 1-— p2 Ot ’

resembles the optimal policy of an individual player of the classical optimal investment problem with

exponential utility and modified risk tolerance, ;. The latter deviates from d; by

55— PN
0; — 0; 1_chZ.

In the competitive case, ¢; > 0, d; > 6; and their difference increases with ¢;, on and Y. At times ¢
such that 2—: + #% > 0 (resp. 2—1 + £ 2 % < 0), the competition concerns make the player invest more
(resp. less) in the risky asset than without such concerns.

In the homophilous case, ¢; < 0, we have that §; < §;. Furthermore, direct computations show that

their difference decreases with ¢; and each c;, j # 4, while it increases with ¢;. In other words,

65]. (Sl — (51) <0, Vj IS 8cj (5, — (51) <0, Vj ISHVAN {Z}, and 8Ci (Sl — (Sl) > 0.

At times t such that 2—: + #% > 0, the player would invest less in the risky asset, compared to without

homophilous interaction. This investment decreases if other players become more risk tolerant (their 5;- S

increase) or less homophilous (their ¢ s increase) or if the specific player i becomes more homophilous (c;

decreases). The case i—z + 1 fPQ g—i < 0 follows similarly. The comparison between the competitive and the
homophilous case is described in Figure 1.

2.1.1 The Markovian case

We consider a single stochastic factor model in which the stock price process (St)te[o,T] solves
dSt = [L(t, K)St dt —+ O'(t, K)St th, (224)
dY; = b(t,Y;) dt + a(t,Y;) dW)Y (2.25)

with Sp = S > 0 and Yy = y € R. The market coefficients pu,0,a and b satisfy appropriate conditions
for these equations to have a unique strong solution. Further conditions, added next, are needed for the
validity of the Feynman-Kac formula in Proposition [2.7]



0.000-00
Figure 1: The plot of §; — §; versus ¢; and 1, with N = 25 and oy = 6.

Assumption 2.6. The coefficients p,0,a and b are bounded functions, and a,b have bounded, uniformly

in t, y-derivatives. It is further assumed that the Sharpe ratio function A(t,y) := Zgzg is bounded and with

bounded, uniformly in t, y-derivatives of any order.

For t € [0,T], we consider the optimization problem

Vit, 21, ..., %y ..., TN, Y)

1 . )
= sup Ep {—exp (_(5_ (X}—ciCT)>‘th =21, , Xl =z XN =N, Y =y|, (2.26)
TteEA 7

with (X?)sep, ) solving dX? = u(s,Yy)wlds + o(s,Yy)nl dW, and 7° € A, and Cp as in (2.5). We also
consider the process (¢;)iejo,r) With ¢; := ((t,Y;), where ¢ : [0,7] x R — R* is defined as

((t,y) = Equm [e‘%ﬂ—f) ST N (s.Y0) ds

Y= y} .
Under QY the stochastic factor process (V;),¢(o 7y satisfies

dY; = (b(t,Y:) = pA(t, Ya)a(t, Yy)) dt + a(t, i) AW, .

Thus, using the conditions on the market coefficients and the Feynman-Kac formula, we deduce that (¢, y)
solves

1 1
Gt 5% (6 y)yy + (0t y) = AL Y)alt 9))Gy = 5(1 = PNt 9)C, (2.27)
with {(T,y) = 1. In turn, the function f(t,y) := 1_1p2 In {(t,y) satisfies

ft + %CLZ(t, y)fyy + (b(tvy) - p)‘(tvy)a<t7y)>f’y + %(1 - p2)a2(t’y)fy2 = %)‘Z(t7y)a f(T7 y) = 0' (228)

In the absence of competitive/homophilous interaction, this problem has been examined by various authors
(see, for example, [18§]).

Proposition 2.7. Under Assumption the following assertions hold for t € [0,T].

1,% 0%
S ey T e

1. Ifyn < 1, there exists a wealth-independent Nash equilibrium (ﬁ:)se[t o= (77

where wh*, i € I, is given by the process

s



with (Y3)iejo,r) solving (2.28)) and ©** : [0,T] x R — R defined as

1,% 5. )‘(tvy) a(t,y)
mhe) =0 (o(t,m ot y)

with &; as in [2.16) and f(t,y) solving (2.28)). The game value of player i, i € I, is given by

fy(t’y)> ; (2.30)

(&

. 1 1
Vz(taxlv' .. 7xva) = —€Xp <5 ('IZ - sz\ile)> C(t7y) 1-p?

= —exp (—;1 (J:z — %Zizlxz) + f(t, y)) :

2. If ¢y = 1, there exists no such Nash equilibrium.

Proof. To ease the notation, we establish the results when ¢t = 0 in (2.26]). To this end, we first identify
the process ¢ in (2.10). For this, we rewrite the martingale in (2.9) as

M = C(ta th)e_%(l_pQ)fot /\2(5;Ys)ds7

and observe that

th(g(t,nmb(t,mpa(t,mx@,m)@(t,nw;a%,myy(t,m) M

C(t,Yz)
- %(1 — )Nt V) My dt + alt, n)%g’%) M, (det /12 dw,}) (2.31)
— a(t,Y)) Cy(t%) M, (det +/1-p? thl) , (2.32)

where we used that ¢ (¢, y) satisfies (2.27)). Therefore, & = a(t, Y}) %((tt’g,:‘)). In turn, using that ¢ (¢,y)/(1=r") =

ef(tY) | we obtain that

1 Gt y)
1- p2 C(tv y)

and we easily conclude by replacing & by (1 — p?)a(t, Y2) f,(t,Y:) in (2.17).

It remains to show that the candidate investment process in is admissible. Under Assumption
we deduce that fy(t,y) is a bounded function, since {(¢,y) is bounded away from zero and (y(¢,y) is
bounded. We easily conclude. O

fy(t,Y3) = and & = (1 - p?)a(t,Yy) [, (1, Y2),

Remark 2.8. In the Markovian model ([2.24) -([2.25), the density of the minimal entropy measure QME s
fully specified. Indeed, the BSDE ([2.23) admits the solution

Yt = f(ta }/t)v Zy = pa(t, }/t)fy(t’ i/t) and ZtJ_ =V 1- p2a(t’ 1/t)fy(th;f)a

and, thus, the density of QM is given by (2.22) with x: = x(t,Y2) = —/1 — p2a(t, Y;) f, (t, 7).

2.1.2 A fully solvable example
Consider the family of models with autonomous dynamics
1.1 1
pty) = py>*2, oft.y) =y, blt.y)=m—y, alt,y) =Ly,

with u > 0,8>0,¢#0and m > %52. Notable cases are £ = 1, which corresponds to the Heston stochastic
volatility model, and ¢ = —1 that is studied in [3].



Equation ([2.28) depends only on b(t,y), a(t,y) and the Sharpe ratio A(t,y) = u+/y, and thus its solution
f(t,y) is independent of the parameter £. Using the ansatz f(¢,y) = p(t)y + ¢(t) with p(T) = ¢(T) = 0,
we deduce from (2.28)) that p(t) and ¢(t) satisfy

BUE) = 3+ pBR(0) — p(0) + 5 6%°(0) = 0

q(t) +mp(t) = 0. (2.33)

In turn,
1+ pup— VA 1 — e~ VAT-t)

p(t) - )
1—p2)32 _ l+puB—VA /ATt
(1-p?) 1 - Hes VR )

A =1+ 5%p*+2pu8 >0,

and q(t) = mftT p(s)ds.
From ((2.30)), we obtain that the Nash equilibrium strategy (m%*)
by the process

wepr) t € 10,77, for player i is given

1,% N %1*
7% = 5,(u + pBp(s)) Vi

If £ = 1, the policy becomes deterministic, 7&* = &;(1+ pBp(s)), and the equilibrium wealth process solves

).

SE

dX7* = 8i(p+ pBp(s)) (nYs ds + /Y, dW).

2.2 The common-noise MFG

We analyze the limit as N 1 oo of the N-player game studied in Section [2:1] We first give an intuitive and
informal argument that leads to a candidate optimal strategy in the mean-field setting, and then propose
a rigorous formulation for the MFG. The analysis follows closely the arguments developed in [12].

For the N-player game, we denote by n; = (z;,0;, ¢;) the type vector for player i, where x; is her initial
wealth, and 7; and ¢; are her risk tolerance coefficient and interaction parameter, respectively. Such type
vectors induce an empirical measure my, called the type distribution,

N
Z 1,,(A), for Borel sets A C Z,
i=1

1
N
which is a probability measure on the space Z :=R x (0, 00) x (—o0, 1].

We recall (cf. ) that the equilibrium strategies (WZ’*)tG[O’T], 1 € Z, are given as the product of the
common (type-independent) process 2—1’4— s g—i and the modified risk tolerance parameter &; = it T i
Therefore, it is only the coefficient §; that depends on the empirical distribution my through ¢y and @y,
as both these quantities can be obtained by averaging appropriate functions over my. Therefore, if we
assume that my converges weakly to some limiting probability measure as N 1 co, we should intuitively
expect that the corresponding equilibrium strategies also converge. This is possible, for instance, by letting
the type vector n = (z, 0, ¢) be a random variable in the space £ with limiting distribution m, and take 7;
as 1.1.d. samples of 7. The sample 7; is drawn and assigned to player ¢ at initial time ¢ = 0. We would then
expect (ﬂ'i’*)te[o,T] to converge to the process

lim W;’* = (51 + 1?@) ()\t + p 5 &> s (234)

NToo C g¢ 1 — p° Ot

where ¢ and § represent the average interaction and risk tolerance coefficients.

Next, we introduce the mean-field game in the incomplete Ito-diffusion market herein, and we show that
indeed arises as its equilibrium strategy. We model a single representative player, whose type vector
is a random variable with distribution m, and all players in the continuum act in this common incomplete
market.



2.2.1 The Ito-diffusion common-noise MFG
To describe the heterogeneous population of players, we introduce the type vector
n=(z,9,¢c) € Z, (2.35)

where 6 > 0 and ¢ € (—o0, 1] represent the risk tolerance coefficient and interaction parameter, and z is
the initial wealth. This type vector is assumed to be independent of both W and WY, which drive the
stock price process , and is assumed to have finite second moments.

To formulate the mean-field portfolio game, we now let the filtered probability space (€2, F,P) support
W, WY as well as n. We assume that 7 has second moments under P. We denote by (]:tJMF)te[OJ;l the
smallest filtration satisfying the usual assumptions for which 1 is 73 -measurable and both W, WY are
adapted. As before, we denote by (Ft)iepo,r] the natural filtration generated by W and WY, and by
(Gt)telo, 1) the one generated only by wY.

We also consider the wealth process (X;) 0,7 of the representative player solving

te|

dXt = ¢ (/Lt dt + oy th) s (236)

T
/ ofwfds] < oo} .
0

Similarly to the framework in [12], there exist two independent sources of randomness in the model:
the first is due to the evolution of the stock price process, described by the Brownian motions W and
WY The second is given by 7, which models the type of the player, i.e., the triplet of initial wealth, risk
tolerance, and interaction parameter in the population continuum. The first source of noise is stochastic
and common to each player in the continuum while the second is static, being assigned at time zero and
with the dynamic competition starting right afterwards.

In analogy to the N-player setting, the representative player optimizes the expected terminal utility,
taking into account the performance of the average terminal wealth of the population, denoted by X. As
in [I2], we introduce the following definition for the MFG considered herein.

Definition 2.9. For each m € AMY | let X := Ep|X7|Fr] with (Xt)te[o,T] solving (2.36)), and consider the
optimization problem

with Xg =z € R and 7 € AMF where

AME — {w : self-financing, .7-'tM F_progressively measurable and Ep

1 —
V(z)= sup Ep {—eXp (— (X7 — cX)) ’ FE X = x} : (2.37)
TEAMF )
A strategy m™ € AME s a mean-field equilibrium if 7 is the optimal strategy of the above problem when

X" = Ep|X3|Fp] is used for X, where (X7)iepo,m solves (2.36) with 7 being used.
Next, we state the main result.

Proposition 2.10. If Ep[c] < 1, there exists a unique wealth-independent MFG equilibrium (’ﬂ':)te[OyT],

* EP[(S] >‘t P gt
Ty = <6+1—E]p[c]c> <0’t+ 1_p20_t>, (238)

with € as in (2.10). The corresponding optimal wealth is given by

given by the FME v/ G, process

Xf=a+ (5 + %0) /Ot (As + 1_pp258> (A\ods + dW,), (2.39)

and

1

V(x) = —exp (—(15 (x — cm)) M, =" = —exp (—(1; (x — cm)) (EQMM [6_%(1—,)2)]‘5 A dst )

where m = Ep[z]. If Ep[c] =1, there is no such Nash equilibrium.

10



Proof. We first observe that 7* in (2.38) is F¥-measurable since (ﬂ + £ 5—‘) € G;, and thus

ot 1—p2 oy

(;\—z + 17—%%’) € F, while the factor (6—1— 1?}';3[5%61 c) € FMF (independent of F;). Furthermore, 7* is

also square-integrable under standing assumptions, and thus admissible. To show that it is also indeed
an equilibrium policy, we shall first define X using 7*, and then verify that the optimal strategy to the
representative player’s problem coincides with 7} when this specific X is used in . To this end,
we introduce the process X, := Fp[X}|F;] with (X])iepo,7) as in (2.39). Then,

X, = Ep [x + (6 + %0) /Ot <As + 1pp253> (As ds + dWy)

;

=t (Bl 4 2R mel) [ (e ) Qs+

e+ () /Ot (e 1256 ) s+ a.

where we have used that fg ()\s + #50 (Asds + dW;) is Gy-measurable and thus Fi-measurable, and

that ((5 + 11_5[%?%0] c) is independent of F;.
Next, we introduce the auxiliary process (jt)te[o L F = X, —cX,, with (Xt)te[o 7] 88 in (2.36]). Then,

dZy = T (pe dt + o dWy) and  Zg =T :=x —cm,

and T, = — ¢ (1135,5[5% C]> (% + #%). In turn, we consider the optimization problem

1
v(Z):= sup Ep [—exp (—QET> FME & = 5:} .
TEAME g
From Lemma we deduce that the optimal strategy is given by
- A
T = 5 (t + P 2 5t) )

o 1—p?oy

* A P& Ep[d] A P&
=6— = ) (24 22,
it <Ut+1—p20t>+c<1—E]p[c] at+1—p20t

The rest of the proof follows easily. O

and, thus,

If we view n = (x,0,¢) in the N-player game in Section as i.i.d. samples on the space Z with
distribution m, then limy+4oo ¥n = Eplc] and limytoo on = Ep[d] a.s.. We then obtain the convergence of
the corresponding optimal processes, namely, for ¢ € [0, 7],

lim 71'2’* =m;, and lim XZ’* = X;.
Ntoo NtToo

2.2.2 The Markovian case

In analogy to the N-player case, we have the following result.

Proposition 2.11. Assume that the stock price process follows the single factor model (2.24)—(2.25). Then,
if Eplc] < 1, there exists a unique wealth-independent Markovian mean-field game equilibrium, given by the
process (7] ) yeio.1) -

m =7 (1Y) = <5+ £zl ) (A(t’Yt) at, 11)

1—E]p>[c] U(t,Y;) +PU(t7Yt)fy(t7Y;:)>7

with the FME -measurable random function 7 (n,t,y) : Z x [0,T] x R,

L Eelsl N\ (ALy) | alty)
i by) = <‘” I —P}sp[c]c) (o<t,y> Tty

If Ep[c] = 1, there is no such mean-field game stochastic equilibrium.

fy(t,y)> :
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3 Complete Ito-diffusion common market and CARA utilities
with random risk tolerance coeflicients

In this section, we focus on the complete common market case, but we extend the model by allowing random
individual risk tolerance coefficients. We start with a background result for the single-player problem, which
is new and interesting in its own right. Building on it, we analyze both the N-player and the MFG. The
analysis shows that the randomness of the individual risk tolerance gives rise to virtual “personalized”
markets, in that the original common risk premium process now differs across players, depending on their
risk tolerance. This brings substantial complexity as the tractability coming from the original common
market is now lost.

3.1 The Ito-diffusion market and random risk tolerance coefficients

We consider the complete analog of the It6-diffusion market studied in Section |2} Specifically, we consider
a market with a riskless bond (taken to be the numeraire and offering zero interest rate) and a stock whose
price process (St);¢(o 7] SOlves

dSt = St (/Lt dt + ot th) s

with Sy > 0, and (Wt)te[o,T] being a Brownian motion in a probability space (Q, F,P). The market
coefficients (Mt)te[O,T] and (at)te[O,T] are Fi-adapted processes, where (F):epo,7) is the natural filtration
generated by W, and with 0 < ¢ < 0y < C and |u| < C, t € [0,T], for some (possibly deterministic)
constants ¢ and C'.

In this market, N players, indexed by ¢ € Z, Z = {1,2,..., N}, trade between the two accounts in

[0, T], with individual wealths (X}) te[0.7] solving

dX} =7l (g dt + oy dWy) (3.1)

and X} =z, € R.
Each of the players, say player i, has random risk tolerance, 6., defined on (£, F,P) with the following
properties:

Assumption 3.1. For each i € I, the risk tolerance 0% is an Fr-measurable random variable with & >
§ >0 and Ep (5%)2 < 00.

The objective of each player is to optimize
Vi(zy, .. 2. .., TN)

N
v [ e , 4
=sup Ep | —exp 3 X%—%E X, Xe=uy,.. . Xp=x..., XY =2an]|, (3.2)
A T =1

with ¢; € (—o00,1], X7, j € Z, solving , and A defined similarly to .

As in Section 2.1} we are interested in a Nash equilibrium solution, which is defined as in Definition 2.1
Before we solve the underlying stochastic N-player game, we focus on the single-player case. This is a
problem interesting in its own right and, to our knowledge, has not been studied before in such markets.
A similar problem was considered in a single-period binomial model in [I5] and in a special diffusion case
in [I6] in the context of indifference pricing of bonds. For generality, we present below the time-dependent
case.

3.2 The single-player problem

We consider the optimization problem

ve(x) = sup Ep [—e_ﬁw‘}"t,xt = x} , (3.3)
TEA
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with d7 € Fr satisfying Assumption and (ms)se[tﬂ solving (3.1)) with z; = x € R.

We define (Z¢),c (0,77 by
1 t t
Z; = exp (—/ Agds—/ ASdWS),
2 0 0

and recall the associated (unique) risk neutral measure Q, defined on Fr and given by

aQ _

= . 4
P Zr (3.4)

We introduce the process (6¢),c0.7) >
(St = E@[6T|]:t]7 (35)

which may be thought as the arbitrage-free price of the risk tolerance “claim” dr. We also introduce the
measure QQ, defined on Fr, with

aQ  or
dP ~ Eg[or] ™
Direct calculations yield that under measure Q, the process (%) 011 is an Fy-martingale.
t/telo,

By the model assumptions and the martingale representation theorem, there exists an Fi-adapted
process (§);e(0,7) With £ € L2 (P) such that

Aoy = £,6, AW, (3.6)

with W2 = W, + K As ds. Next, we introduce the process
t 0

1 (T
H, := Eg 5/ (As — &) ds ft] : (3.7)
t
where @ is defined on Fr by
d@ T ) T
< —= s — &) ds — As — &) dWs | . 3.8
dpexp<2/0u efds— [ =g (38)
~ @ .
Under Q, the process <Wt )te[o,T] with
~ t
w2 =W, +/ (As — &) ds (3.9)
0
is a standard Brownian motion, and ((%S ) 011 is a martingale with dynamics
t telo,
S, S, 3
d (5;) = (Ut — ft)éff dW;Q
Direct calculations yield N
dQ
Q- or.

Alternatively, H; may be also represented as

Eglor [ L(h — €)2 ds| ] or (71
H, = t 2 =F —/f/\s—Sst
¢ Eglor|F] e, ), 2( $s)

]’t] , (3.10)

13



which is obtained by using that

d@, 1 T2 T .
dQexp<2/0 fsder/O EdWE | .

Finally, we introduce the processes (M;),co ) and (0¢),e(o, 77 With

1 T ~
M, =Eg |5 / (s — &)? ds‘ ft] and  dM, = 1 AW,
0

We are now ready to present the main result.

Proposition 3.2. The following assertions hold:

1. The value function of (3.3)) is given by

with 6 and H as in and -

2. The optimal strategy (m ( )5€[t ] 18 given by

s —Ms — &s &s
T =y ———— + =z,
Os Os

with £,m as in (3.6) and (3.11)), and x* solving (3.1) with 7* being used.
3. The optimal wealth (x7) ey 7 solves

dx::)‘s (580‘8*77 —&s )JF@ )dSJF(és()\s*Ws s )Jrfe )dWs,
and is given by
1’ —mq)ts / 5 gu )\ — TN — gu)q)usdu'i‘/ 5 gu) us

where, for 0 <u<s<T,

B, = exp < / S <Av - ;) Codv + / 3 de) .

Using (3.13)), (3.12) gives the explicit representation of the optimal policy,

P Mt (mcpm n / 5t — €0) O — 1 — E0) B o +/ 5u(A
t t

os os
3.2.1 The Markovian case
We assume that the stock price process (St),co 7y solves

dSt = /J(t, St>St dt + O'(t, St)St th,

(3.11)
(3.12)
Ty =,
W, (3.13)
- €u)(bu,s qu) .

with the initial price So > 0, and the functions u(t,S;) and o(t,S;) satisfying appropriate conditions,
similar to the ones in Subsection and Assumption The risk tolerance is assumed to have the

functional representation

dr = 6(ST),

for some function 6 : R* — RT bounded from below and such that Ep [6%(Sr)] < oo, (cf. Assumption.
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The value function in (3.3)) takes the form

V(t,x,S) = sup Ep {e_ s(sr) "
TEA

:L't.T,StS:|,

and, in turn, Proposition [3.2] yields

x
V(t,x,S) = —exp <5(t,5) — H(t,S)) ,
with §(¢,S) and H(t,S) solving

1
o + 502(t7 S)526SS =0, 6(Ta S) = 5(S)a

and
1, ) 1, ) 1 1 ?
Ht+§a (t,5)S Hss—i—ma (t,8)S=0s(t, S)Hs+§ (A(t,S) - MU(?ﬁ,S)Ség(lﬁ,S)) =0, H(T,S)=0.
Clearly,
8(t,S) = Eg[0(S)| S; = 9],
and . )
H(t,8) = B /t % ()\(u,Su) - a(u,Su)Sum) du| S, = S] ,
and, furthermore,
& = M&o(t,&) and  n = Hg(t, St)Sto(t, St).

5(t, St)
Using the above relations and (3.12]), we derive the optimal investment process,

7 = 6(s, ) <2EZ g; — S, Hg(s, SS)) +65(5,55)S, (—1 + 5 (s’lss)x;> .

For completeness, we note that if 7 = § > 0, the above expression simplify to (see [18])
V(t,z,S) = —e 30 HES),

with H(¢,.S) solving
1 1
H; + 502@, S)S?Hgs + §A2(t, S)=0, H(T,S)=0.

The optimal strategy reduces to

7= (2&2?; - SsHs(s,SJ) :

3.3 N-player game

We now study the N-player game. The concepts and various quantities are in direct analogy to those in
Section [2.1] and, thus, we omit various intermediate steps and only focus on the new elements coming from
the randomness of the risk tolerance coefficients.

Proposition 3.3. Fori e Z, let _ _
&, = Eglor| Fil,

with Q as in (3.4) and (§§)t€[0’ﬂ be such that

ot = €i5t dw 2.
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Define the measure @l on Fr as

d@i 1 T ; T ;
P = exp <2A (/\s - 63)2 ds 7/0 ()‘s - 59) dVVS) ’

and the processes (M} )ejo,r) and (1)iepo, 1) with

. 1 T . . . i
M; =Eg, 5/0 (A — &)’ ds’]-'t] and  dM; =i aw Q.

Let also,
| X
1y
NI
and assume that Yy < 1. Then
1. The player i’s game value (3.2)) is given by

) 1
Vi(zy, ..., 2. .., = — —(z; — 2N — E=,
(331, ) L mN) exXp < E@[(SZF] ( N 11‘]) Q¢

2. The equilibrium strategies (7", . .. ,Wév’*)te[o’T] are given by
. 1 N
e o B0 (0 - X ).
where 7} 1= EN 17T§ * is defined as
r— L Oueh () = R0 + 0% (1) — R (X7
t = (Mepn (1) — o (8) + e (t) — N () X7),
1—’(/) Ot
with
(0= 2, G = Ll + )
N N j=1"t>» N N 7=1"t \St t/)
1 o ,
Su(t) = LB XIE, o) = S e
3. The associated optimal wealth processes <XZ*) 011 are given by
telo,T

t

(3.14)

(3.15)

;/OT(AS—éi)stD.

(3.16)

(3.17)

t
Xi* =i+ (50,4 [ O a0 -l - el ds+ [ a0 o - el ).
0 0

with

ok 1 i i 7 i i i ‘ i i 7 i
Xt = ( Zivl (xl(bot / 6 —55)(/\5_775—§s)q)s,td5+/0 65(/\5_775_55)(1)37

1—n

where T; = x; — NZ§V 1%, and
t 1.\ t
why o ([ (- g6 ) daur [ eam).
S 2 Bl
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Proof. Using the dynamics of X!,..., X" in (3.1]), problem (3.2)) reduces to

()]
T

where X} = X} — %¥N | X/ satisfies dX} = 7} (1 dt + oy dW;) with X{ = &;. Taking 7/ € A, j # i, as

fixed and using Proposition we deduce that 7% satisfies

v (Z) = sup Ep
TieA

~i,% iy % &5 j i % ')‘t - 7IZ - 51 gz by %
T =t — Nl (Zﬁgmi + ) = 6;# + U—ttXZ , (3.20)
where X’Z "™ is the wealth process )Z'tl associated with the strategy 'ﬁ*
At equilibrium, 7} in (3.20) coincides with 77"*. Therefore, averaging over i € Z gives
_ .1 .
T —UNTL = o (Mo () = @R (1) + o} (1) — e () XT) -
Dividing both sides by 1 — ¢ yields (3.17)), and then (3.16]) follows.
To obtain explicit expressions of X;"* and X}, we solve for X, using the optimal strategy deduced in

Section (¢f. (3.12)). We then obtain
X=X - X = a8 -0 ak - 0l t [ B~ —€)eL Y.
j=1
with @7 , as in (3.19). We conclude by averaging over all i € Z. O

3.4 The Ito-diffusion common-noise MFG

Let (Q,F,P) be a probability space that supports the Brownian motion W as well as the random type
vector
0 = (z,0r,c0),

which is independent of W. As before, we denote by (F;)¢cjo,) the natural filtration generated by W,
and (FMF),c0.7) with FME = F, v o(f). In the mean-field setting, we model the representative player.
One may also think of a continuum of players whose initial wealth x and the interaction parameter c
are random, chosen at initial time 0, similar to the MFG in Section [2:2] herein. However, now, their
risk tolerance coefficients have two sources of randomness, related to their form and their terminal (at T")
measurability, respectively. Specifically, at initial time 0, it is determined how these coefficients will depend
on the final information, provided at T. For example, in the Markovian case, this amounts to (randomly)
selecting at time 0 the functional form of §(-) and, in turn, the risk tolerance used for utility maximization
is given by the random variable 6(St), which depends on the information Fr through St.
Similarly to , we are concerned with the optimization problem

1 _
V(z)= sup Ep [— exp (— (X7 - cx)> ’ FME X = x] , (3.21)
WGAAMF JT

and the definition of the mean-field game is analogous to Definition [2.9
Let the processes (0¢),c(0,7) and (§¢);e(0,7) e given by

6 = Eg[op|FMF]  and  dé, = £,6,dW2, (3.22)

with Q defined on FM by (3.4). The process (0¢)tejo,7) may be interpreted as the arbitrage-free price of
the risk tolerance “claim” dr for this representative player. Let also Q be defined on FME by

@:6'1“,
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and consider the martingale M; = [ fo — &) ds‘ }'MF} and (nt)te[o 7] to be such that

dM, = 1, dW2, (3.23)
with Wt@ =W;+ fot (As — &) ds. The processes 4, & and 7 are all FMF-adapted.
We now state the main result of this section.

Proposition 3.4. If Eplc| <1, there exists a MFG equilibrium (77),c(0 ), given by

M = T o (W ERTIF] - Eolbr(€+ )l ] + EelX;17) — Erletu| P71 7:)

+ Gi (6 — & — ) + (X7 — cBp[X7|FDE), (3.24)

with 6,& and 1 as in (3.22) and (3.23), and (X{),c(07) being the associated optimal wealth process, solving

T
%/0 (A — gs)st’fg”FD , m = Bpla].

Lemma 3.5. If X is a FMF -measurable integrable random variable, then Ep[X|F;] = Ep[X|Fs], for
s €[0,t].

Proof. Let P:={A=CND:Ce€F,, Deo{W,—Ws,s<u<t}}and L ={A € F: Ep[X1y] =
Ep[Ep[X|Fs]1a]}. Then, the following assertions hold:

(1) P is a m-system since both Fy and o{W, — W, s < u < t} are o-algebras and closed under
intersection. Also Fy C P and o{W, — W, s <u <t} CP by taking D =Q and C = Q.

(2) PC L. Forany A€ P, A=CnND with C € Fs, D € o{W, — Wy, s <wu < t}, it holds that

The value of the MFG is given by

1
- (- _ B~
Bolor 7 " ™~ o

V(z) = —exp (—

For the proof, we will need the following lemma.

Ep|Ep[X|Fs]1a] = Ep[Ep|X|Fs]1lclp] = Ep[Ep[X1¢|Fs]1p] = Ep[X1¢|Ep[1p],

where we have consecutively used that C' L D, the metastability of 1<, and the independence between 1p
and Fs.
Furthermore, by the independence between 1p and FME = F, v o(6), we deduce

Ep[X14] = Ep[X1c1p] = Ep[X1¢]Ep[1p],

and conclude that A € £. Therefore P C L.

(3) £ is a A-system. It is obvious that Q € £ and A € £ imply that A¢ € L. For a sequence of disjoint
sets A1, As,... in L, one has |X1U§11Ai‘ < |X| and, thus, by the dominated convergence theorem, we
deduce that

Ep[X1u 4] ZEP [X14,]. (3.26)

Similarly, by the inequalities || Ep[X |F]1ue 4,1 < [[Ep[X|F]lls < [[X][1, we have

Ep[Ep[X|F]1ue a,] = iEp[Ep[X|fs]1Ai]. (3.27)

=1

Since A; € L, Vi, the right-hand-sides of (3.26) and (3.27) are equal, which implies U2, A; € L.
Therefore, by the m-A theorem, we obtain that F; = o(Fs Uo{W, — Ws,s < u < t}) C o(P) C L.
Noticing that Ep[X|Fs| is Fy-measurable by definition, we have that FEp[X|F;] = Ep[X|Fs). O
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Proof of Proposition[3.4} Let (Xta)te[O,T] be given by X[* =z + fg Usts ds+ fot osas AWy for an admissible
policy a; (FMF-adapted) and define X; := Ep[X{*|F;]. Then,
fs} .

Using Lemma [3.5] the adaptivity of p;, o with respect to F3, and the definition of It integral, we rewrite
the above as

¢ ¢
X;=m+ Ep {/ [T ds‘]:s} + FBp [/ osg AW,
0 0

t t
X, =m —|—/ wsEp [as| Fs] ds +/ osEp [as|Fs] dWs.
0 0
Direct arguments yield that the optimization problem (3.21)) reduces to

1

V()= sup Ep [—exp( 3
T

)?T) |7, Ko = 4 :
TEAME
where (jzt>t€[0,T] solves
dXt = d(Xt — Cyt) = ’H’t(/l,t dt + g¢ th)7 (328)

with Xo =% =2 — cm and 7y 1= 71 — cEplat|F]. Then, (3.12) yields

N — 1y — -
5, 2 = §t+§

7= X (3.29)
Ot Ot

with &¢, &, ¢ given in (3.22)) and (3.23)), and ()N(t*)te[o,T] solving ([3.28) with 7* being used. On the other

hand, using that 7} = n; — cEp[a¢|F], we obtain

A — — ~
7'('7;k — CEP[at|.Ft] = 6t7t Zt ft + %Xt*
t

t

In turn, using that, at equilibrium, a = 7*, we get

(1 Eele) Belmi| 7] = — (MEslol Fi] - Belon (& +no)|Fi) + B[ X6l 7)) -

1

Ot
Further calculations give

1 1

= C——

1 — Eplc] o4

ES
Ty

OB Ol Fr] = BelOn(Ge + m) ) - B (X7 6ol 7o) = Bl X7 |72 Bl 7))

(At = me) — 66 + X7 & — & Bp[X{ | F]

Ot

4o (3.30)

Finally, we obtain

(STZT
Zy

orZ
Bel6| 7] = Belalbrl P17 = B | Be [0 |77 | 7| = B | 22| 7| = Bolorl,
t
and a similar derivation for Ep[d:(& + n:)| F¢]. We conclude by checking the admissibility of 7* which
follows from model assumptions, the form of 7*, and equation ([3.25)). O

4 Conclusions and future research directions

In Ito-diffusion environments, we introduced and studied a family of N-player and common-noise mean-
field games in the context of optimal portfolio choice in a common market. The players aim to maximize
their expected terminal utility, which depends on their own wealth and the wealth of their peers.

We focused on two cases of exponential utilities, specifically, the classical CARA case and the extended
CARA case with random risk tolerance. The former was considered for the incomplete market model while
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the latter for the complete one. We provided the equilibrium processes and the values of the games in
explicit (incomplete market case) and in closed form (complete market case). We note that in the case of
random risk tolerances, for which even the single-player case is interesting in its own right, the optimal
strategy process depends on the state process, even if the preferences are of exponential type.

A natural extension is to consider power utilities (CRRA), which are also commonly used in models
of portfolio choice. This extension, however, is by no means straightforward. Firstly, in the incomplete
market case, the underlying measure depends on the individual risk tolerance, which is not the case for the
CARA utilities considered herein (see for the minimal martingale measure and — for the
minimal entropy measure, respectively). Secondly, while it is formally clear how to formulate the random
risk tolerance case for power utilities, its solution is far from obvious. The authors are working in both
these directions.

Our results may be used to study such models when the dynamics of the common market and/or
the individual preferences are not entirely known. This could extend the analysis to various problems in
reinforcement learning (see, for example, the recent work [I4] in a static setting). It is expected that results
similar to the ones in [I9] could be derived and, in turn, used to build suitable algorithms (see, also, [7] for
a Markovian case).
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